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TO THE INSTRUCTOR 


This sixth edition of Beginning and Intermediate Algebra: An Integrated Approach is an 
exciting and innovative revision. The new edition reflects a thorough update, has new 
pedagogical features that make the text easier to read, and has an entirely new and fresh 
interior design. The revisions to this already successful text will further promote student 
achievement. This series is known for its integrated approach, for the clarity of its 
writing, for making algebra relevant and engaging, and for developing student skills. 
New coauthors Rosemary Karr and Marilyn Massey have joined David Gustafson, 
bringing more experience in, contributions to, developmental education. 
As before, our goal has been to write a book that 


is enjoyable to read, 
is easy to understand, 


is relevant, and 


Sw Nas 


will develop the necessary skills for success in future academic courses or on the job. 


In this new edition, we have developed a learning plan that helps students transition to 
the next level in their coursework, teaching them the problem-solving strategies that will 
serve them well in their everyday lives. Most textbooks share the goals of clear writing, 
well-developed examples, and ample exercises, whereas the Gustafson/Karr/Massey series 
develops student success beyond the demands of traditional required coursework. 

The sixth edition’s learning tools have been developed with your students in mind 
and include several new features: 


Learning Objectives appear at the beginning of each section and provide a map to the 
content. Objectives are keyed to Guided Practice exercises, indicating which are satis- 
fied by specific problems. 


The addition of the Now Try This exercises helps students develop a deeper concep- 
tual comprehension of the material. These exercises can also be used as questions for 
independent or group study, or for active classroom participation through in-class 
group discussions. 

+ The Guided Practice exercises are keyed both to examples and to section Learning 
Objectives. Students working these problems are directed to the specific section in the 
text where they can find help on approaches to solve these problems. 

+ While Guided Practice offers students support on their homework, the Additional 
Practice sections reinforce and stretch their newly developed skills by having them 
solve problems independent of examples. 
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Preface 


Through our collective teaching experience, we have developed an acute awareness of 
students’ approach to homework. Consequently, we have designed the problem sets to 
extend student learning beyond the mimicking of a previous example. 


WHY A COMBINED APPROACH? 


Beginning and Intermediate Algebra, Sixth Edition, combines the topics of beginning and 
intermediate algebra. This type of book has many advantages: 


1. By combining the topics, much of the overlap and redundancy of the material can 
be eliminated. The instructor thus has time to teach for mastery of the material. 


2. For many students, the purchase of a single book will save money. 


3. A combined approach in one book will enable some colleges to cut back on the 
number of hours needed for mathematics remediation. 


However, there are three concerns inherent in a combined approach: 


1. The first half of the book must include enough beginning algebra to ensure that stu- 
dents who complete the first half of the book and then transfer to another college 
will have the necessary prerequisites to enroll in an intermediate algebra course. 


2. The beginning algebra material should not get too difficult too fast. 


3. Intermediate algebra students beginning in the second half of the book must get 
some review of basic topics so that they can compete with students continuing on 
from the first course. 


Unlike many other texts, we use an integrated approach, which addresses each of the 
previous three concerns by 


including a full course in beginning algebra in the first six chapters, 
delaying the presentation of intermediate algebra topics until Chapter 7 or later, 


providing a quick review of basic topics for those who begin in the second half of 
the book. 


® Organization 


In the first six chapters, we present all of the topics usually associated with a first course 
in algebra, except for a detailed discussion of manipulating radical expressions and the 
quadratic formula. These topics can be omitted because they will be carefully introduced 
and taught in any intermediate algebra course. Harder topics, such as absolute-value 
inequalities and synthetic division, are left until Chapter 7. 

Chapter 3 discusses graphs of linear equations and systems of two equations in two 
variables. Systems of three equations in three variables and the methods for solving them 
are left until Chapter 13. 

Chapter 7 is the entry-level chapter for students enrolling in intermediate algebra. As 
such, it quickly reviews the topics taught in the first six chapters and extends these topics 
to the intermediate algebra level. 

Chapters 8 through 14 are written at the intermediate algebra level, and include a 
quick review of important topics as needed. For example, Chapter 8 begins with a review 
of the rectangular coordinate system and graphing linear equations, a topic first taught 
in Chapter 3. It then moves on to the topics of writing equations of lines, nonlinear func- 
tions, and variation. As another example, Chapter 13 begins with a review of solving 
simple systems of equations, a topic first taught in Chapter 3. It then moves on to solving 
more difficult systems by matrices and determinants. 


Professionally written objectives 


New vocabulary terms 
introduced in the section 
are listed. 


Getting Ready reviews concepts 
needed in the section. 


—>———_______________—_» 
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NEW TO THIS EDITION 

+ New design 

+ New Learning Objectives 

+ New Vocabulary feature 

+ New Glossary 

+ New Now Try This feature 


+ New Guided Practice exercises 

+ Retooled Exercise Sets 

+ Redesigned Chapter Reviews 

- New Basic Calculator Keystroke Guide 


® New Tabular Structure for Easier Feature Identification 


The design now incorporates a tabular structure identifying features such as Objectives, 
Vocabulary, Getting Ready exercises, definitions and formulas, and the new Now Try 
This feature. Students are visually guided through the textbook, providing for increased 
readability. 


Factoring the Sum and Difference of Two Cubes 


@ Factor the sum of two cubes. 
® Factor the difference of two cubes. 


©} completely factor a polynomial involving the sum or difference 
of two cubes. 


Objectives 


ae of two ct 


Vocabulary 


Find each product. 


1. (x2 3)? 1 3x1 9) 2. («1 2)(x? 2 2x1 4) 
3. (y1 4° 2 4y1 16) 4. (r2 5)? 1 Sri 25) 
5. (a2 bia? 1 abi Bb) 6. (a1 bya? 2 abi b) 


Getting Ready 


®@ New Learning Objectives for Measurable Outcomes 


Appearing at the beginning of each section, Learning Objectives are mapped to the 
appropriate content, as well as to relevant exercises in the Guided Practice section. Mea- 
surable objectives allow students to identify specific mathematical processes that may 
need additional reinforcement. For the instructor, homework can be more easily devel- 
oped with problems keyed to objectives, thus facilitating the instructors’ identification of 
appropriate exercises. 
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Now Try This exercises increase 
understanding through 
classroom participation. 


®@ New Section Vocabulary Feature plus Glossary 


In order to work mathematics, one must be able to speak the language. It is this philoso- 
phy that prompted us to strengthen the treatment of vocabulary. Not only are vocabulary 
words identified at the beginning of each section, these words are also bolded within the 
section. Exercises include questions on the vocabulary words, and a glossary has been 
included to facilitate the students’ reference to these words. 


@ New NowTry This Feature at the End of Each Section 


The Something to Think About feature within the exercises already serves as an excellent 
transition tool, but we wanted to add transitional group-work exercises. Thus, each exer- 
cise set has been preceded with Now Try This problems intended to increase conceptual 
understanding through active classroom participation and involvement. To discourage a 
student from simply looking up the answer and trying to find a process that will produce 
that answer, answers to these problems will be provided only in the Annotated Instructor’s 
Edition of the text. 

Now Try This problems can be worked independently or in small groups and transi- 
tion to the Exercise Sets, as well as to material in future sections. The problems will rein- 
force topics, digging a little deeper than the examples. 


To the Instructor 


Factor: 
Problem 1 requires recognition of the 1. (x + yO? - 3) + (xt y) 
coefficient of 1. 


2. a. x7" + x" 
b,x + x7! 


Problem 2 extends the concept of GCF to 
terms with a variable or negative 


exponent. 
F : . . 3% 
Problem 3 illustrates that a correct answer 3. Which of the following is equivalent to -— *? There may be more than one answer. 


has various forms and previews the next -(x — 3) x-3 x43 ox 3 


chapter. a . 7 
e+? x+2 5 a x+2 


®@ New Guided Practice and Retooled Exercise Sets 


The Exercise Sets for this sixth edition of Beginning and Intermediate Algebra have been 
retooled to transition students through progressively more difficult homework problems. 
Students are initially asked to work quick, basic problems on their own, then proceed to 
work exercises keyed to examples, and finally to complete application problems and crit- 
ical thinking questions on their own. 


Warm-Ups get students into the homework mindset, asking quick memory-testing ques- 
tions. Review and Vocabulary and Concepts emphasize the main concepts taught in the 
section. 


Guided Practice exercises are keyed to the objectives to increase student success by 
directing students to the concept covered in that group of exercises. Should a student 
encounter difficulties working a problem, a specific example within the objective is also 
cross-referenced. 
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“= —$—$———__ —_ 
5.7 EXERCISES —_— ’ 
Warm-Ups get students ready —t+e WARM-UPS Solve each equation. P17. (x -—4(x + 1) =0 18. (x + 5)(x + 2) =0 
for homework. 1. (x — 8x —7) =0 2. (x + 9x — 2) = 0 

19. (2x — 5)(3x + 6) = 0 > 20. (3x — 4)(x +1 =0 
3.x + 7x =0 4. x? — 12x =0 

21. (x — 1x + 2)(x — 3) =0 
5.x? -2x+1=0 6.x +x-20=0 22. (x + 2)(x + 3x — 4) = 0 


. S Solve each equation. See Example 1. (Objective 1) 
Review keeps previously learned —1-~ REVIEW Simplify each expression and write all results without 


kills ali using negative exponents. 28, 2° 3x = 0 28, x + Se= 0 
rach et Serene ena P 25. 5x? + 7x =0 > 26, 2x? — 5x =0 
7. wurut 8. > 27..° -7x=0 28. 2x° + 10x =0 
4a y 29. 3x° + 8x =0 30. 5x°- x =0 
ab 10. 3x5)° 
* Pb? nem) Solve each equation. See Example 2. (Objective 1) 
2-25 = —— = 
Vocabulary and Concepts —~-» VOCABULARY AND CONCEPTS Fill in the blanks. cia Nara a ae 
emphasize the main concepts > 11. An equation of the form ax? + bx + ¢ = 0, where a ¥ 0, is “ ae. y 49 _ 36, ie va _ 
i . - x= 7 =2 
taught in the section. called a_____ equation. ae eas sean 
12. The property “If ab = 0, then a = __ or b = _ is called oe = a 
the ______ property. Solve each equation. See Example 3. (Objective 1) 
Enhanced WebAssign problems 13, A quadratic equation contains a cdegree polyno-__, » 39, x7 — 13x + 12=0 > 40. P+ 7+ 6=0 
A < ‘ mial in one variable. 
are algorithmic and marked with ; 
. 14. If the product of three factors is 0, then at least one of the M1. 2 —-2x—-15=0 42. 2 —-x-20=0 
a blue icon. numbers must be _. - ° - : 
Guided Practice problems are —1-. GUIDED PRACTICE Solve each equation. See Example 4. (Objective 1) 
keyed to examples and Solve each equation. (Objective 1) 43. 6x + x= 2 44, 12x" + Sx =3 
objectives. 15. (x — 2x + 3) =0 > 16. (x — 3x — 2) =0 45. 2x? — 5x = -2 46. Sp — 6p = 1 
Solve each equation. See Example 5. (Objective 1) 
P Selected exercises available online at www.webassign.net/brookscole 47. (x — Dor + Sx + 6) =0 


Writing About Math problems 
increase communication skills. 
WRITING ABOUT MATH 


Additional Practice problems are ——-. ADDITIONAL PRACTICE | Solve each equation. 


93. If the product of several numbers is 0, at least one of the 


not keyed to examples or 59. 8x7 — 16x = 0 60. 15x7 — 20x = 0 numbers is 0. Explain why. 
objectives. 61. 10x27 + 2x =0 62. 5° +x=0 94, Explain the error in this solution. 
63. > — 49 =0 64. x — 121=0 5x2 + 2x = 10 
65. 4x7 -1=0 66. 9° —1=0 x(5e"2) = 10 
67. x — 4x —-21=0 > 68. x + 2x-15=0 x= 10 _ Se 42=10 
69. 7° +8 -9x =0 70. 45+ x7 — 14x =0 Sx = 
~~ 8 
P71. a + 8a = -15 72. « — a= 56 a 
Something to Think About 73. 2y —8 = -y* 74, —3y + 18 =y" SOMETHING TO THINK ABOUT 
a. J 95. Explain how you would factor 
transitions students’ concepts. ee peer ae pepe St 


3a + 3b + 3e — ax — bx — cx 


Additional Practice problems are mixed and not linked to objectives or examples, provid- 
ing the student the opportunity to distinguish between problem types and select an 
appropriate problem-solving strategy. This will facilitate in the transition from a guided 
set to a format generally seen on exams. 
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Applications ask students to apply their new skills to real-life situations. Writing About 
Math problems build students’ mathematical communication skills. Something to Think 
About transitions students to a deeper comprehension of the section. These questions 
require students to take what they have learned in a section, and use those concepts to 
work through a problem in a new way. 


Many exercises, indicated in the text by a blue triangle, are available online through 
Enhanced WebAssign. These homework problems are algorithmic, ensuring that your 
students will learn mathematical processes, not just how to work with specific numbers. 


™@ Redesigned Chapter Review 


For this edition of the text, we have combined the former Chapter Summaries and 
Chapter Reviews into a Chapter Review grid. The grid presents material cleanly and 
simply, giving students an efficient means of reviewing material. 


students an efficient means of 
reviewing material. 


Example problems are new to 
this edition. 


Se ss x? —3x-—4=0 Subtract 4 from both sides. 


DEFINITIONS AND CONCEPTS EXAMPLES 


A quadratic equation is an equation of the form 2x* + 5x = 8 and x* — 5x = 0 are quadratic equations. 
ax? + bx + c = 0, where a, b, and c are real 
numbers and a # 0. 


Zero-factor property: To solve the quadratic equation x? — 3x = 4, proceed as follows: 
If aand b represent two real numbers and if 2 -3x=4 

ab = 0, thena = Oorh = 0. ° F 
(x + 1)(x -— 4) =0 — Factor x? - 3x -4. 

x+1=0 or x—4=0 _ Set each factor equal to 0. 


x=-1 | x =4 — Solve each linear equation. 
REVIEW EXERCISES 
Solve each equation. 
55..x° + 2x =0 56. 2x° — 6x =0 65. 2x7 — 5x -3 =0 66. 2x7 +x -3=0 
57. 3x° = 2x 58. 5x° + 25x = 0 
59.7 -9= 60. x — 25=0 67. 4x7 = 1 68. 9x7 = 4 
61. a — Ja + 12=0 62. x — 2x - 15=0 69. 3 — 7x7 + 12x =0 70. x° + 5x7 + 6x =0 


63. 2x — x7 + 24=0 64. 16 + x* — 10x =0 71, 2x7 + 5x? = 3x 72. 3x7 — 2x = x7 
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® New Basic Calculator Keystroke Guide 


This tear-out card has been provided to assist students with their calculator functionality. 
It will serve as a quick reference to the TI-83 and TI-84 family of calculators, aiding stu- 
dents in building the technology skills needed for this course. 


New tear-out guide servesasa ——l 
quick reference to the TI-83/84 
family of calculators. 


Basic Calculator Keystroke Guide 
TI-83/84 Families of Calculators 


Words in RED are calculator keys 
For details on these and other functions, refer to the owner’s manual. 


(ome Sci Eng 


MODE 
All values down the left side should 
be highlighted. 


To return to the home screen at any time: 
2ND MODE 


eeu atbi reoi 
[gel Horiz G-T 


Entering a rational expression: (numerator) /(denominator) ENTER 


value (or variable) x* 
value (or variable) 


For x”: 


Raising a value (or variable) to a power: 
8 ¢ ) W For other powers: 


* power 


Converting a decimal to a fraction: decimal MATH ENTER ENTER 


Entering an absolute value: MATH > ENTER value or expression) 


Storing a value for x: value STO X,T,6.n ENTER 

: ; : re ,... | value STO ALPHA choose a variable from letters above keys on 
Storing a value for a variable other than x: the right, ENTER 
Accessing 7: 2ND “* 


Graphing an equation: Solve for y if needed: Y= right side of equation GRAPH 


Changing the viewing window for a graph: | WINDOW enter values and desired scales 


Tracing along a graph: 


(An equation must be entered.) Prot he roy: ABSCe Pe 


< as desired 


TRUSTED FEATURES 


Chapter Openers showcase the variety of career paths available in the world of math- 


ematics. We include a brief overview of each career, as well as job outlook statistics 
from the U.S. Department of Labor, including potential job growth and annual earn- 
ings potential. 

Getting Ready questions appear at the beginning of each section, linking past con- 
cepts to the upcoming material. 


Comment notations alert students to common errors as well as provide helpful and 
pertinent information about the concepts they are learning. 


Accent on Technology boxes teach students the calculator skills to prepare them for 
using these tools in science and business classes, as well as for nonacademic purposes. 
Calculator examples are given in these boxes, and keystrokes are given for both scien- 
tific and graphing calculators. For instructors who do not use calculators in the class- 
room, the material on calculators is easily omitted without interrupting the flow of 
ideas. 


Examples are worked out in each chapter, highlighting the concept being discussed. 
We include Author Notes in many of the text’s examples, giving students insight into 
the thought process one goes through when approaching a problem and working 
toward a solution. Most examples end with a Self Check problem, so that students 
may immediately apply concepts. Answers to each section’s Self Checks are found at 
the end of that section. 
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- Everyday Connections boxes reveal the real-world power of mathematics. Each 
Everyday Connection invites students to see how the material covered in the chapter 
is relevant to their lives. 


- Perspectives boxes highlight interesting facts from mathematics history or important 
mathematicians, past and present. These brief but interesting biographies connect 
students to discoveries of the past and their importance to the present. 


- Teaching Tips are provided in the margins as interesting historical information, alter- 
nate approaches for teaching the material, and class activities. 


- Chapter-ending Projects encourage in-depth exploration of key concepts. 


+ Chapter Tests allow students to pinpoint their strengths and challenges with the 
material. Answers to all problems are included at the back of the book. 


+ Cumulative Review Exercises follow the end of chapter material for every even-num- 
bered chapter, and keep students’ skills current before moving on to the next topic. 
Answers to all problems are included at the back of the book. 


CONTENT CHANGES FOR THE SIXTH EDITION 
Although the Table of Contents is essentially the same as the previous edition, we have 
made several changes to the content of the text. 

1. We have added a discussion of relations before introducing functions. 

2. We have included more work on the intersection and union of intervals. 


3. We have added many new example problems throughout the text to better illustrate 
the problem-solving process. 


> 


In the examples, we have increased the number of Author Notes and increased the 
number of Self Checks. 

We have added many new application problems throughout the text and have 
updated many others. The solutions to most application problems have been rewrit- 
ten for better clarity. 
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6. We now give general ordered-pair solutions to all systems of equations involving 
dependent equations. 


7. We have included examples in the Chapter Reviews and have made the reviews 
more comprehensive. 


8. We have given more emphasis to factoring by grouping. 


9. Throughout the text, we have given restrictions on the variable of all rational 
expressions to avoid any divisions by zero. 


10. We now solve quadratic and rational inequalities in two ways: by constructing a 
sign chart and by plotting critical points and checking a test point in each interval. 


CALCULATORS 


The use of calculators is assumed throughout the text. We believe that students should 
learn calculator skills in the mathematics classroom. They will then be prepared to use 
calculators in science and business classes and for nonacademic purposes. The directions 
within each exercise set indicate which exercises require the use of a calculator. 

Since most algebra students now have graphing calculators, keystrokes are given for 
both scientific and graphing calculators. A new, removable Basic Calculator Keystroke 
Guide is bound into the back of the book as a resource for those students learning how to 
use a graphing calculator 
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ANCILLARIES FOR THE INSTRUCTOR 


® Print Ancillaries 


Annotated Instructor’s Edition (0-538-73663-1) 

The Annotated Instructor’s Edition provides the complete student text with answers next 
to each respective exercise. Those exercises that also appear in Enhanced WebAssign are 
clearly indicated. 


Complete Solutions Manual (0-538-49547-2) 
The Complete Solutions Manual provides worked-out solutions to all of the problems in 
the text. 


Instructor’s Resource Binder (0-538-73675-5) 

New! Each section of the main text is discussed in uniquely designed Teaching Guides 
containing instruction tips, examples, activities, worksheets, overheads, and assessments, 
with answers provided. 


Student Workbook (0-538-73184-2) 

New! The Student Workbook contains all of the assessments, activities, and worksheets 
from the JInstructor’s Resource Binder for classroom discussions, in-class activities, and 
group work. 


® Electronic Ancillaries 


Solution Builder (0-8400-4554-9) 

This online solutions manual allows instructors to create customizable solutions that 
they can print out to distribute or post as needed. This is a convenient and expedient way 
to deliver solutions to specific homework sets. 


Pirvancead : 
WebAssign 

Enhanced WebAssign, used by more than one million students at more than 1,100 institu- 
tions, allows you to assign, collect, grade, and record homework assignments via the web. 
This proven and reliable homework system includes thousands of algorithmically gener- 
ated homework problems, an eBook, links to relevant textbook sections, video examples, 
problem-specific tutorials, and more. Contact your local representative for ordering 
details. 


PowerLecture with ExamView® (0-538-49598-7) 

This CD-ROM provides the instructor with dynamic media tools for teaching. Create, 
deliver, and customize tests (both print and online) in minutes with ExamView® Comput- 
erized Testing Featuring Algorithmic Equations. Easily build solution sets for homework 
or exams using Solution Builder’s online solutions manual. Microsoft® PowerPoint 
lecture slides, figures from the book, and Test Bank, in electronic format, are also 
included on this CD-ROM. 


Text Specific DVDs (0-538-73768-9) 

These text-specific DVD sets, available at no charge to qualified adopters of the text, 
feature 10- to 20-minute problem-solving lessons that cover each section of every 
chapter. 


Instructor Website 
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Plan a Strategy for Success 


ANCILLARIES FOR THE STUDENT 


®@ Print Ancillaries 


Student Solutions Manual (0-538-49533-2) 
The Student Solutions Manual provides worked-out solutions to the odd-numbered prob- 
lems in the textbook. 


Student Workbook (0-538-73184-2) 

Get a head-start! The Student Workbook contains all of the Assessments, Activities, and 
Worksheets from the Jnstructor’s Resource Binder for classroom discussions, in-class 
activities, and group work. 


@ Electronic Ancillaries 
Prasad ; 

WebAssign 
Enhanced WebAssign, used by more than one million students at more than 1,100 institu- 
tions, allows you to do homework assignments and get extra help and practice via the 
web. This proven and reliable homework system includes thousands of algorithmically 
generated homework problems, an eBook, links to relevant textbook sections, video 
examples, problem-specific tutorials, and more. 


Student Website 


TO THE STUDENT 


Congratulations! You now own a state-of-the-art textbook that has been written especially 
for you. We have tried to write a book that you can read and understand. The text includes 
carefully written narrative and an extensive number of worked examples with Self Checks. 
New Now Try This problems can be worked with your classmates, and Guided Practice 
exercises tell you exactly which example to use as a resource for each question. These are 
just a few of the many changes made to this text with your success in mind. 

To get the most out of this course, you must read and study the textbook properly. 
We recommend that you work the examples on paper first, and then work the Self 
Checks. Only after you thoroughly understand the concepts taught in the examples 
should you attempt to work the exercises. A Student Solutions Manuals available, which 
contains the worked-out solutions to the odd-numbered exercises. 

Since the material presented in Beginning and Intermediate Algebra, Sixth Edition, 
will be of value to you in later years, we suggest that you keep this text. It will be a good 
source of reference in the future and will keep at your fingertips the material that you 
have learned here. 

We wish you well. 


® Hints on Studying Algebra 


The phrase “Practice makes perfect” is not quite true. It is “Perfect practice that makes 
perfect.” For this reason, it is important that you learn how to study algebra to get the 
most out of this course. 

Although we all learn differently, here are some hints on studying algebra that most 
students find useful. 


To get where you want to be, you need a goal and a plan. Your goal should be to pass this 
course with a grade of A or B. To earn one of these grades, you must have a plan to 
achieve it. A good plan involves several points: 


Getting Ready for Class 


Attending Class 


Doing Homework 
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+ Getting ready for class, 
- Attending class, 
+ Doing homework, 


+ Making use of the extensive extra help available, if your instructor has set up a 
course, and 


- Having a strategy for taking tests. 


To get the most out of every class period, you will need to prepare for class. One of the 
best things you can do is to preview the material in the text that your instructor will be 
discussing in class. Perhaps you will not understand all of what you read, but you will be 
better able to understand your instructor when he or she discusses the material in class. 
Do your work every day. If you get behind, you will become frustrated and discour- 
aged. Make a promise that you will always prepare for class, and then keep that promise. 


The classroom experience is your opportunity to learn from your instructor and interact 
with your classmates. Make the most of it by attending every class. Sit near the front of 
the room where you can easily see and hear. Remember that it is your responsibility to 
follow the discussion, even though that takes concentration and hard work. 

Pay attention to your instructor, and jot down the important things that he or she 
says. However, do not spend so much time taking notes that you fail to concentrate on 
what your instructor is explaining. Listening and understanding the big picture is much 
better than just copying solutions to problems. 

Don’t be afraid to ask questions when your instructor asks for them. Asking ques- 
tions will make you an active participant in the class. This will help you pay attention and 
keep you alert and involved. 


It requires practice to excel at tennis, master a musical instrument, or learn a foreign lan- 
guage. In the same way, it requires practice to learn mathematics. Since practice in math- 
ematics is homework, homework is your opportunity to practice your skills and experi- 
ment with ideas. 

It is important for you to pick a definite time to study and do homework. Set a 
formal schedule and stick to it. Try to study in a place that is comfortable and quiet. If 
you can, do some homework shortly after class, or at least before you forget what was dis- 
cussed in class. This quick follow-up will help you remember the skills and concepts your 
instructor taught that day. 


Each formal study session should include three parts: 

1. Begin every study session with a review period. Look over previous chapters and 
see if you can do a few problems from previous sections. Keeping old skills alive will 
greatly reduce the amount of time you will need to prepare for tests. 

2. After reviewing, read the assigned material. Resist the temptation of diving into 
the problems without reading and understanding the examples. Instead, work the exam- 
ples and Self Checks with pencil and paper. Only after you completely understand the 
underlying principles behind them should you try to work the exercises. 

Once you begin to work the exercises, check your answers with the printed answers in 
the back of the text. If one of your answers differs from the printed answer, see if the two 
can be reconciled. Sometimes, answers have more than one form. If you decide that your 
answer is incorrect, compare your work to the example in the text that most closely 
resembles the exercise, and try to find your mistake. If you cannot find an error, consult 
the Student Solutions Manual. If nothing works, mark the problem and ask about it in 
your next class meeting. 

3. After completing the written assignment, preview the next section. This preview 
will be helpful when you hear that material discussed during the next class period. 
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Arranging for Special Help 


Taking Tests 


You probably already know the general rule of thumb for college homework: two 
hours of practice for every hour you spend in class. If mathematics is hard for you, plan 
on spending even more time on homework. 

To make doing homework more enjoyable, study with one or more friends. The inter- 
action will clarify ideas and help you remember them. If you must study alone, a good 
study technique is to explain the material to yourself out loud. 


Take advantage of any extra help that is available from your instructor. Often, your 
instructor can clear up difficulties in a short period of time. Find out whether your 
college has a free tutoring program. Peer tutors can often be of great help. 


Students often get nervous before taking a test because they are afraid that they will do 
poorly. 

To build confidence in your ability to take tests, rework many of the problems in the 
exercise sets, work the exercises in the Chapter Reviews, and take the Chapter Tests. 
Check all answers with the answers printed at the back of the text. 

Then guess what the instructor will ask, build your own tests, and work them. Once 
you know your instructor, you will be surprised at how good you can get at picking test 
questions. With this preparation, you will have some idea of what will be on the test, and 
you will have more confidence in your ability to do well. 

When you take a test, work slowly and deliberately. Scan the test and work the easy 
problems first. Tackle the hardest problems last. 
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Index of Applications 


Examples that are applications are shown with boldface numbers. 


Exercises that are applications are shown with lightface numbers. 


Architecture 
Calculating clearance, 868 
Designing an underpass, 868 
Designing a patio, 976 
Drafting, 450 
Gateway Arch, 852 
Landscape Design, 864-865 
Width of a walkway, 856 


Business 
Advertising, 102 
Annual rate of depreciation, 566 
Antique cars, 103 
Apartment rentals, 106 
Appreciation equations, 566 
Arranging appointments, 999 
Art, 566 
Auto sales, 155 
Baking, 472 
Balancing the books, 50 
Birthday parties, 177 
Blending gourmet tea, 139 
Boarding dogs, 106 
Building construction, 156, 599 
Buying boats, 234 
Buying furniture, 235 
Buying painting supplies, 219 
Carpentry, 129, 153, 374, 525, 630, 

669 

Cell Phone Growth, 782-784 
Closing real estate transactions, 50 
Coffee blends, 139 
Computing paychecks, 450 
Computing profit, 710 
Computing revenue, 279 
Conveyor belts, 433 
Cost of a car, 156 
Cost of carpet, 548-549 


Costs of a trucking company, 599 
Customer satisfaction, 97 
Cutting beams, 474 

Cutting boards, 474 

Cutting lumber, 219 

Cutting pipe, 219, 531 
Demand equations, 541 
Depreciation, 604, 669, 806 
Depreciation equations, 566 
Depreciation rates, 666-667 
Draining an oil tank, 429-430 
Earning money, 225 
Earnings per share, 58 
Economics, 195 

Employee discounts, 318 
Emptying a tank, 440 
Equilibrium price, 221 
Excess inventory, 107 
Finding profit, 474 

Fleet averages, 147 

Food service, 908 
Freeze-drying, 29 

Furniture pricing, 156 

Grass seed mixture, 220 
Hourly pay, 437 

Housing, 576 

Information access, 885 
Inventories, 57, 58, 938 
Inventory, 234 

Inventory costs, 29 

Lawn seed blends, 139 

Loss of revenue, 57 

Making clothing, 918 
Making statues, 917 

Making tires, 219 
Manufacturing, 148, 214-215 
Manufacturing concrete, 156 
Manufacturing footballs, 917 


Manufacturing hammers, 914-915 

Manufacturing profits, 29 

Marketing, 669 

Maximizing revenue, 735 

Merchandising, 908 

Metal fabrication, 710 

Mixing candy, 138, 139, 153 

Mixing coffee, 139, 564 

Mixing milk, 153 

Mixing nuts, 136, 139, 155, 220, 918 

Mixing paint, 138 

Mixing peanuts and candy, 220 

Monthly sales, 106 

Mowing lawns, 57 

Oil reserves, 267 

Online information network, 
584-586 

Online research company, 543 

Operating costs, 735 

Ordering furnace equipment, 235 

Packaging, 77 

Percent of discount, 150 

Percent of increase, 150 

Petroleum storage, 78 

Photography, 153 

Planning for growth, 29 

Plumbing, 66, 123-124, 129 

Printer charges, 566 

Printing stationery, 882 

Production planning, 233 

Property values, 284 

Publishing, 129 

Quality control, 29, 94, 447, 450, 
1005 

Rate of decrease, 553 

Rate of growth, 553 

Rate of pay, 439 

Real estate, 66, 566 
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Real estate listings, 566 
Retailing, 908 


Retail sales, 149, 150, 904-905 


Royalties, 885 

Sales, 433, 434 

Sales growth, 603 
Salvage value, 566, 788 
Sealing asphalt, 29 
Selling apples, 638 
Selling DVD players, 576 
Selling hot dogs, 576 
Selling ice cream, 220 
Selling microwave ovens, 97 
Selling radios, 219 
Selling real estate, 97 
Selling tires, 576 

Setting bus fares, 710 
Sharing costs, 434 
Shipping, 132-133 
Shipping crates, 689 
Shipping packages, 631 
Shipping pallets, 374 
Small business, 50 
Storing oil, 599 

Supply equations, 542 
Trail mix, 139 

Union membership, 97 
Value of a computer, 286 
Value of a lathe, 561 
Value of two computers, 286 


Wages and commissions, 465-466 


Education 


Absenteeism, 77 

Band trips, 153 
Calculating grades, 147 
Choosing books, 999 
College tuition, 49 


Comparing reading speeds, 440 


Course loads, 65 
Educational costs, 182 
Faculty-to-student ratio, 439 
Getting an A, 106, 107 
Grades, 144, 474 

Grading papers, 432 
Homework, 147 
Off-campus housing, 97 
Picking committees, 995 
Planning a picnic, 999 
Printing schedules, 432 
Rate of growth, 553 
Saving for college, 784 
Saving for school, 58 
School enrollment, 735 
Student/faculty ratios, 436 
Study times, 77 

Taking a test, 1000 
Volume of a classroom, 40 
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Electronics 
Broadcast ranges, 856 
Communications, 684 
dB gain, 839 
dB gain of an amplifier, 806 
Electronics, 490, 599, 623, 680, 908 
Generating power, 669 
Ohm’s Law, 680 
Power loss, 121 
Resistance, 40 
Sorting records, 66 
Television Translators, 849 


Entertainment 
Arranging an evening, 999 
At the movies, 220 
Battling Ships, 167 
Buying compact discs, 234, 474 
Buying tickets, 219 
Call letters, 999 
Concert tickets, 918 
Concert tours, 129 
DVD rentals, 166-167 
Phonograph records, 147 


Playing cards, 1002, 1003, 1005, 1012, 


1014 
Pricing concert tickets, 710 
Size of TV audience, 163 
Television programming, 220 
Tension, 599 
Theater seating, 927-928 
Ticket sales, 106 
TV coverage, 195 
TV programming, 993 
Watching TV, 991 
Water parks, 244 


Farming 
Buying fencing, 40 
Dairy production, 29 
Depreciation, 168 
Farming, 77, 211-212, 598 
Feeding dairy cows, 29 
Fencing a field, 734 
Fencing a garden, 29 
Fencing land, 22 
Fencing pastures, 473 
Fencing pens, 474 
Planting corn, 1010 
Raising livestock, 220 
Spring plowing, 28 


Finance 
Account balances, 46-47 
Amount of an annuity, 982 
Annuities, 984, 985 
Appreciation, 97 
Auto loans, 26 


Avoiding service charges, 147 

Banking, 49, 97 

Buying stock, 50 

Calculating SEP contributions, 122 

Comparing assets, 66 

Comparing interest rates, 433, 787 

Comparing investments, 66, 431-432, 
433 

Comparing savings plans, 787 

Comparison of compounding 
methods, 795, 796 

Compound interest, 254, 787, 834 

Continuous compound interest, 790, 
795, 834 

Declining savings, 984 

Depreciation, 97, 796 

Determining a previous balance, 795 

Determining the initial deposit, 795 

Doubling money, 785, 812 

Doubling time, 811 

Figuring inheritances, 218 

Finding interest rates, 710 

Frequency of compounding, 787 

Growth of money, 121 

Installment loans, 976 

Interest, 267 

Investing, 94, 153, 154, 215-216, 234, 
244, 254, 373, 472, 474, 733, 938 

Investing money, 219, 220, 242, 945 

Investments, 127-128, 130, 131 

Piggy banks, 927 

Present value, 260 

Retirement income, 29 

Rule of seventy, 834 

Saving money, 700-701, 703, 976 

Savings, 837 

Savings accounts, 669 

Savings growth, 984 

Stock appreciation, 1010 

Stock market, 49, 50, 58 

Stock reports, 55 

Stock splits, 97 

Stock valuations, 60 

T-bills, 66 

Time for money to grow, 806 

Tripling money, 812 


Geometry 


Altitude of equilateral triangle, 660 
Area of a circle, 598 

Area of an ellipse, 868 

Area of a triangle, 374 

Area of many cubes, 630 

Base of a triangle, 381, 710 

Circles, 34-35 

Circumference of a circle, 121 
Complementary Angles, 125 
Concentric circles, 318 


Curve fitting, 915-916, 918, 927 

Dimensions of a parallelogram, 375 

Dimensions of a rectangle, 381, 
707-708, 710, 766 

Dimensions of a triangle, 374 

DVDs, 700 

Equilateral triangles, 130, 145 

Focal length, 40 

Geometry, 78, 121, 122, 124-125, 147, 
148, 202, 219, 242, 381, 525, 531, 
598, 629, 630, 646-648, 686, 908, 
909, 917, 927, 945 

Height of a triangle, 710 

Hypotenuse of isosceles right triangle, 
660 

Interior angles, 976 

Isosceles triangles, 127 

Perimeter of a rectangle, 78, 121, 710 

Radius of a circle, 623 

Rectangles, 126, 153, 371-372, 373 

Side of a square, 710 

Storing solvents, 40 

Supplementary Angles, 126 

Surface area of a cube, 630 

Triangles, 372-373, 447-448 

Volume of a pyramid, 375 

Volume of a solid, 375 

Volume of a tank, 40 

Volume of cone, 119, 121 


Home Management and Shopping 


Arranging books, 991, 999 
Baking, 446-447 

Boat depreciation, 1014 
Building a dog run, 466-467 
Buying boats, 96 

Buying cameras, 104 

Buying carpets, 97 

Buying clothes, 96, 220 
Buying contact lens cleaner, 220 
Buying furniture, 91 

Buying grapefruit, 242 
Buying groceries, 242 

Buying houses, 96 

Buying paint, 97 

Buying real estate, 97 

Buying vacuum cleaners, 96 
Car depreciation, 541, 1010 
Car repairs, 567 

Choosing a furnace, 29, 219 
Choosing clothes, 1000 
Clearance sales, 106 
Comparative shopping, 439 
Comparing bids, 29 
Comparing electric rates, 440 
Cooking, 450 

Depreciating a lawn mower, 566 
Dimensions of a window, 710 


Draining pools, 57 

Electric bills, 156, 303 
Enclosing swimming pools, 474 
Energy consumption, 438 
Family of five children, 1004 
Filling a pond, 457 

Filling a pool, 433 

Filling pools, 57 

Finding dimensions, 473 
Framing a picture, 710 
Framing pictures, 130 
Furnace repairs, 433 
Furniture pricing, 106 
Furniture sales, 106 
Gardening, 213-214, 381, 450 
Grocery shopping, 450 
Hiring baby sitters, 233 
Home prices, 97 

House appreciation, 541, 984 
House construction, 375 
Installing carpet, 40 
Installing gutters, 156 
Installing solar heating, 156 
Insulation, 374 

Ironing boards, 650 
Landscaping, 229 

Lawn care, 212 


Length of a rectangular garden, 708 


Making brownies, 450 
Making clothes, 29 

Making cookies, 450 
Making cottage cheese, 138 
Making Jell-O, 813 
Maximizing area, 730-731, 734 
Mixing fuel, 450 

Monthly family budget, 439 
Motorboat depreciation, 984 
Nutritional planning, 917 
Painting a room, 97 
Painting houses, 458 

pH of pickles, 823 

Phone bills, 303 

Pumping a basement, 458 
Roofing a house, 433 

Sewage treatment, 375, 433 
Shopper dissatisfaction, 97 
Shopping, 243, 437 
Shopping for clothes, 450 
Slope of a ladder, 552 

Slope of a roof, 552 
Swimming pool borders, 375 
Swimming pools, 130 
Telephone charges, 106 
Telephone connections, 375 
Unit cost of apples, 445-446 
Unit cost of beans, 440 

Unit cost of cranberry juice, 440 
Unit cost of grass seed, 439 
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Utility bills, 242 

Value of a car, 168, 598 
Value of a house, 286 
Value of two houses, 286 
Values of coupons, 106 
Wallpapering, 40 

Water billing, 106 


Medicine 


Alcohol absorption, 796 

Antiseptic solutions, 138 

Body mass, 631 

Causes of death, 220 

Clinical trials, 1004 

Comparing weights, 147 

Dieting, 49, 57 

Epidemics, 796 

Finding the variance, 734 

Forensic medicine, 374, 576, 813 

Hospitals, 97 

Medical technology, 217-218, 242 

Medicine, 138, 623, 669, 703, 796, 834, 
1005 

Mixing pharmaceuticals, 220 

Nuclear medicine, 457 

Physical therapy, 927 

Physiology, 182-183 

Pulse rates, 660 

Red blood cells, 267 

Transplants, 194 

Variance, 731 


Miscellaneous 


Accidents, 703 

Aquariums, 823 

Backup generator, 1005 
Ballistics, 374 

Bookbinding, 296 

Bouncing balls, 254, 989 
Cannon fire, 381 

Cats and dogs, 927 

Cell phone usage, 787 
Chainsaw sculpting, 918 
Charities, 97 

Choosing committees, 1013 
Choosing people, 1011, 1013 
Combination locks, 999 
Computers, 999 

Cost of owning a horse, 590 
Cutting hair, 573-574 
Cutting ropes, 61, 66 
Designing tents, 374 
Dimensions of a painting, 293-294 
Dolphins, 576 

Drainage ditch, 300 

Falling balloons, 279 
Finding the constant of variation, 599 
Flying objects, 370-371 


XXX Index of Applications 


Flying speeds, 433 

Forming a committee, 1000, 1014 

Genealogy, 984 

Getting exercise, 147 

Guy wires, 130 

Hardware, 650 

Having babies, 254 

Height of a flagpole, 451 

Height of a pole, 459 

Height of a tree, 448, 450, 459 

Heights of trees, 65 

History, 49 

Hot pursuit, 138 

Inscribed squares, 984 

Integer problem, 220, 242, 373, 710, 
917, 945 

Invisible tape, 66 

Land areas, 130 

Land elevations, 147 

Lining up, 999, 1011, 1014 

Making cologne, 450 

Millstones, 296 

Mixing perfume, 450 

Mixing photographic chemicals, 138 

Model houses, 450 

Model railroading, 450 

Number problem, 381, 429, 432, 433, 
945 

Organ pipes, 598 

Packing a tennis racket, 630, 631 

Palindromes, 999 

Pendulums, 689, 702 

Period of a pendulum, 618 

Phone numbers, 999 

Photo enlargements, 451 

Photography, 657, 660 

Pony Express, 434 

Predicting heights and weights, 562-563 

Pulleys, 121 

Pythons, 147 

Reach of ladder, 630 

Renting a trailer, 164 

Rodent control, 834 

Ropes courses, 374 

Service club directory, 590 

Signaling, 938 

Splitting the lottery, 218 

Standard deviation, 619-620 

Statistics, 623 

Statue of Liberty, 129 

Supporting a weight, 631 

Surface area, 318 

Time of flight, 374 

Tornado damage, 376 

Tornadoes, 153 

Triangular bracing, 130 

Trusses, 130 

Wages, 168 


Water pressure, 167 
Wheelchair ramps, 553 
Width of a river, 451 
Window designs, 129 
Winning a lottery, 50, 1000 


Politics, Government, and the Military 


Building a freeway, 627-628 

Building highways, 596 

City planning, 792 

Cleaning highways, 459 

Congress, 995-996 

Crime prevention, 542 

Daily tracking polls, 194 

Disaster relief, 29 

Doubling time, 810 

Electric service, 590, 630 

Fighting fires, 625 

Flags, 703 

Forming committees, 1011 

Government, 218 

Growth of a town, 981-982 

Highway design, 668-669, 856 

Income taxes, 59-60 

Labor force, 711 

Law enforcement, 623, 703 

Legislation, 1005 

License plate numbering, 998 

Louisiana Purchase, 788 

Making a ballot, 999 

Making license plates, 999 

Military science, 49 

Minority population, 29 

Paving highways, 137 

Paying taxes, 29 

Police investigations, 734 

Population decline, 796, 984 

Population growth, 792-793, 795, 812, 
830-831, 834, 984 

Postage rates, 167 

Predicting burglaries, 567 

Ratio of men to women, 439 

Real estate taxes, 439 

Sales taxes, 97 

Sending signals, 991, 992 

Space program, 711 

Tax deductions, 440 

Taxes, 97 

Tax rates, 150 

Telephone service, 630 

Town population, 788 

Traffic control, 195 

US. population, 838, 839 

View from a submarine, 683 

Water usage, 735 

Women serving in U.S. House of 
Representatives, 568 

World population growth, 795 


Science 

Alloys, 753 

Alpha particles, 878 

Angstroms, 267 

Artillery, 946 

Artillery fire, 576 

Astronomy, 58, 318 

Atomic Structure, 875-876 

Bacteria cultures, 787, 834 

Bacterial growth, 834 

Ballistics, 576, 729-730, 734, 766 

Biology, 260 

Brine solutions, 138 

Carbon-14 dating, 829-830, 834, 841 

Change in intensity, 823 

Change in loudness, 823 

Chemistry, 138, 711 

Circuit boards, 130 

Comparing temperatures, 147 

Controlling moths, 989 

Conversion from degrees Celsius to 
degrees Fahrenheit, 576, 577 

Discharging a battery, 788 

Distance between Mercury and the 
Sun, 267 

Distance of Alpha Centauri, 266 

Distance to Mars, 266 

Distance to Venus, 266 

Earthquakes, 806, 839 

Earth’s atmosphere, 918 

Electrostatic repulsion, 879 

Falling objects, 598, 623, 702, 976, 
1010 

Finding dB gain, 802, 806 

Finding the hydrogen-ion 
concentration, 820 

Finding the pH of a solution, 820 

Force of gravity, 121 

Free-falling objects, 796 

Gas pressure, 598, 599 

Generation time, 831-832 

Global warming, 553 

Half-life, 834 

Half-life of radon-22, 828-829 

Height of a bridge, 662-663 

Height of a rocket, 279 

Horizon distance, 669 

Hydrogen ion concentration, 823 

Latitude and longitude, 195 

Lead decay, 834 

Length of one meter, 266 

Light intensity, 594-595 

Light year, 267 

LORAN, 878 

Mass of a proton, 267 

Measuring earthquakes, 803 

Melting iron, 147 

Meshing gears, 542, 856 


Mixing acid, 134-135 

Mixing alloys, 564 

Mixing chemicals, 220 

Mixing solutions, 155, 446, 638 

Object thrown straight up, 707 

Oceanography, 834 

Ohm’s law, 121 

Optics, 428 

Orbits, 161 

Path of a comet, 856 

pH of grapefruit, 840 

pH of solution, 823 

Projectiles, 856 

Pulley designs, 296 

Radioactive decay, 787, 793, 795, 834, 
838 

Reconciling formulas, 303 

Research, 183 

Robotics, 129 

Satellite antennas, 856 

Sonic boom, 878-879 

Speed of light, 264 

Speed of sound, 266, 267 

Temperature changes, 47, 55, 57, 751 

Temperatures, 49, 57 

Thermodynamics, 121 

Thorium decay, 834 

Tritium decay, 834 

Wavelengths, 267 

Weather forecasting, 753 

Weber-Fechner law, 821 


Sports 


Aerobic workout, 166 

Area of a track, 868 

Baseball, 296, 629 

Bowling, 628 

Buying baseball equipment, 219 


Buying tickets, 219, 234 


Diagonal of a baseball diamond, 623 


Exhibition diving, 374 
Fitness equipment, 867-868 
Football, 49, 129 

Football schedules, 375 
Golf swings, 167 

Jogging, 458 

Making sporting goods, 234 
Mountain climbing, 49 
NFL records, 918 

Physical fitness, 553 

Pool tables, 868 

Rate of descent, 549-550 
Renting a jet ski, 885 
Sailing, 630, 683 

Ski runs, 451 

Skydiving, 796 

Speed skating, 29 

Targets, 660 

Track and field, 29, 430-431 


Travel 
Antique cars, 65 
Auto repairs, 106 
Average speeds, 138 
Aviation, 49, 138, 220 
Biking, 137, 138 
Boating, 137, 210, 216-217, 220, 

241-242, 242, 433, 459 

Buying airplanes, 97 
Buying cars, 91-92 
Car repairs, 376 
Chasing a bus, 138 
Comparing gas mileage, 440 
Comparing speeds, 440 
Comparing travel, 433 
Cost of gasoline, 29 


Index of Applications Xxxi 


Driving rates, 946 

Filling a gas tank, 440 
Finding distance, 598 
Finding rates, 678, 710 
Finding the speed of a current, 220 
Flight path, 451, 459 
Flying, 210 

Gas consumption, 450 
Gas mileage, 168 

Grade of a road, 552 
Group rates, 182 

Hiking, 137 

Kayaking, 244 

Mixing fuels, 138 

Motion problem, 220 
Mountain travel, 451 
Plane altitudes, 147 
Planning a trip, 1011 

Rate of speed, 440 
Riding bicycles, 153 
Riding in a taxi, 885 
River tours, 434 

Road maps, 167 

Road Rally, 434 

Speed of airplanes, 138 
Speed of trains, 138 
Stopping distance, 279 
Stowing baggage, 908 
Touring, 433 

Travel, 17, 733 

Travel choices, 999 
Traveling, 132, 133-134, 155 
Travel times, 137, 138, 434, 589, 593 
Unit cost of gasoline, 439 
Vacation driving, 138 
Wind speed, 433, 458, 678 
Winter driving, 37 
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CHAPTER T 


Real Numbers 
and Their Basic 
Properties 


Real Numbers and Their Graphs 
Fractions 

Exponents and Order of Operations 
Adding and Subtracting Real Numbers 
Multiplying and Dividing Real Numbers 
Algebraic Expressions 

Properties of Real Numbers 

Projects 

CHAPTER REVIEW 

CHAPTER TEST 


Carpenters are involved in many kinds of construction 
activities. They cut, fit, and assemble wood and other 
materials for the construction of buildings, highways, 
bridges, docks, industrial plants, boats, and many 
other structures. About 32 percent of 
all carpenters—the largest 
construction 
trade—are self- 
employed. They 
held about 1.5 
million jobs in 2006. 
Future carpenters 
should take classes in 
English, algebra, 
geometry, physics, 
mechanical drawing, and 
blueprint reading. 


In this chapter > 


In Chapter 1, we will discuss the various types of 
numbers that we will use throughout this course. 
Then we will review the basic arithmetic of fractions, 
explain how to add, subtract, multiply, and divide 
real numbers, introduce algebraic expressions, and 
summarize the properties of real numbers. 


The Set of Natural 
Numbers 
(Positive Integers) 


Real Numbers and Their Graphs 


@ List the numbers in a set of real numbers that are natural, whole, integers, 
rational, irrational, composite, prime, even, or odd. 


® Insert a symbol <, >, or = to define the relationship between two 
rational numbers. 


€} Graph a real number or a subset of real numbers on the number line. 
@3 Find the absolute value of a real number. 


Objectives 


Vocabulary 


sum opposites 


| sub difference _ intervals 
set-builder SSS roe value 
| rational numbers quotient _ 


Give an example of a number that is used for counting. 

Give an example of a number that is used when dividing a pizza. 

3. Give an example of a number that is used for measuring temperatures that are below 
Zero. 

4. What other types of numbers can you think of? 


N = 


Getting Ready 


We will begin by discussing various sets of numbers 


Ga List the numbers in a set of real numbers that are natural, whole, 
integers, rational, irrational, composite, prime, even, or odd. 


A set is a collection of objects. For example, the set 
{1, 2, 3,4,5} Read as “the set with elements 1, 2, 3, 4, and 5.” 


contains the numbers 1, 2, 3, 4, and 5. The members, or elements, of a set are listed within 
braces { }. 

Two basic sets of numbers are the natural numbers (often called the positive integers) 
and the whole numbers. 


Hl, 2 4h, SO, 7, SO 10, . 2 of 


The Set of Whole 
Numbers 


Gi The Set of Integers 


The Set of Rational 
Numbers 


COMMENT Because division 
by 0 is undefined, expressions 


such as 6 and § do not 


represent any number. 
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HO, 2, dy ab SO 7 @, 9, WO, « lj 


The three dots in the previous definitions, called ellipses, indicate that each list of 
numbers continues on forever. 

We can use whole numbers to describe many real-life situations. For example, some 
cars might get 30 miles per gallon (mpg) of gas, and some students might pay $1,750 in 
tuition. 

Numbers that show a loss or a downward direction are called negative numbers, and 
they are denoted with a — sign. For example, a debt of $1,500 can be denoted as —$1,500, 
and a temperature of 20° below zero can be denoted as —20°. 

The negatives of the natural numbers and the whole numbers together form the set 
of integers. 


Ne of Oy Oh oh 2 IL I es & 


Because the set of natural numbers and the set of whole numbers are included within 
the set of integers, these sets are called subsets of the set of integers. 
Integers cannot describe every real-life situation. For example, a student might study 


35 hours, or a television set might cost $217.37. To describe these situations, we need frac- 


tions, more formally called rational numbers. 

We cannot list the set of rational numbers as we have listed the previous sets in this 
section. Instead, we will use set-builder notation. This notation uses a variable (or vari- 
ables) to represent the elements in a set and a rule to determine the possible values of the 
variable. 


Rational numbers are fractions that have an integer numerator and a nonzero integer 
denominator. Using set-builder notation, the rational numbers are 


te 


The previous notation is read as “the set of all numbers ; such that a is an integer 
and 5 is a nonzero integer.” 
Some examples of rational numbers are 


ais an integer and b is a nonzero integer } 


3 17 43 
Sree 0.2 —0. a 
1° 25 8° 0.25, and —0.66666 
The decimals 0.25 and —0.66666. . . are rational numbers, because 0.25 can be written 


as the fraction i and —0.66666. . . can be written as the fraction 2, 

Since every integer can be written as a fraction with a denominator of 1, every 
integer is also a rational number. Since every integer is a rational number, the set of inte- 
gers is a subset of the rational numbers. 
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Since 7 and V2 cannot be written as fractions with an integer numerator and a 
nonzero integer denominator, they are not rational numbers. They are called irrational 
numbers. We can find their decimal approximations with a calculator. For example, 


aw ~ 3.141592654 Using a scientific calculator, press 7. Using a graphing calculator, 
press 7 ENTER. Read ~ as “is approximately equal to.” 


V2 ~ 1.414213562 Using a scientific calculator, press 2 \/_. Using a graphing 
calculator, press \/ 2 ENTER. 


If we combine the rational and the irrational numbers, we have the set of real numbers. 


The Set of Real eth Rena b eee bent 
Number {x|x is either a rational number or an irrational number. 
COMMENT The symbol R is The previous notation is read as “the set of all numbers x such that x is either a 
often used to represent the set rational number or an irrational number.” 
of real numbers. Figure 1-1 illustrates how the various sets of numbers are interrelated. 
Real acai 
-3, V5, 0,55, % 
Rational numbers Irrational numbers 
6-8, 0, 9, 0.25 NS, m, \21, VI01 


Integers Noninteger rational numbers 
—4,-1,0, 21 te 2 
UBS) 
Negative integers Positive integers 
—47, -17,-5, -1 1, 4, 8, 10, 53, 101 


Figure 1-1 


EXAMPLE 1 Which numbers in the set {-3, 0, 5 155.3. 5} are a. natural numbers 
b. whole numbers c. negative integers d. rational numbers 
e. irrational numbers f. real numbers? 


Solution a. The only natural number is 5. b. The whole numbers are 0 and 5. 
c. The only negative integer is—3. d. The rational numbers are —3, 0, 7 1.25, 


and 5. (1.25 is rational, because 1.25 can 


i ; 125 
be written in the form >) 


e. The only irrational number isV3. f. All of the numbers are real numbers. 


EJ SELF CHECK 1 =Which numbers in the set {-2, 0, 1.5, V5, 7} are a. natural numbers 
b. rational numbers? 
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PERSPECTIVE The First Irrational Number 


The Greek mathematician and philosopher Pythagoras believed that every aspect of 
the natural world could be represented by ratios of whole numbers (1.e., rational 
numbers). However, one of his students accidentally disproved this claim by examin- 
ing a surprisingly simple example. The student examined a right triangle whose legs 
were each | unit long and posed the following question. “How long is the third side of 
the triangle?” 

Using the well-known theorem of Pythagoras, the length of the 
third side can be determined by using the formula c? = 17 + I’. 


In other words, c” = 2. Using basic properties of arithmetic, it 1 
turns out that the numerical value of c cannot be expressed as a 
Pythagoras rational number. So we have an example of an aspect of the natural ; 
(569-475 Bc) world that corresponds to an irrational number, namely c = Oy 


All ls Number. 


A natural number greater than | that can be divided evenly only by 1 and itself is 
called a prime number. 


The set of prime numbers: 
{2, 3, 5, 7, 11, 13, 17, 19, 23, 29,. . .} 


A nonprime natural number greater than | is called a composite number. 


The set of composite numbers: 
{4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22,. . .} 


An integer that can be divided evenly by 2 is called an even integer. An integer that 
cannot be divided evenly by 2 is called an odd integer. 


The set of even integers: 


{...,—10, —8, —6, —4, —2, 0, 2,4, 6, 8,10,. . .} 
The set of odd integers: 
eit gp 96 = 1293 3 1, 1 35 Ted. sh 


EXAMPLE 2. Which numbers in the set {—3, —2, 0, 1, 2, 3, 4, 5, 9} are 


a. prime numbers b. composite numbers 
c. even integers d. odd integers? 
Solution a. The prime numbers are 2, 3, and 5. b. The composite numbers are 4 and 9. 


n 


. The even integers are—2, 0, 2, and 4. d. The odd integers are —3, 1, 3, 5, and 9. 


SELF CHECK 2 Which numbers in the set {—5, 0, 1, 2, 4, 5} are 
a. prime numbers b. even integers? 
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EXAMPLE 3 


Ey SELF CHECK 3 


Insert a symbol <, >, or = to define the relationship 
between two rational numbers. 


To show that two expressions represent the same number, we use an = sign. Since 4 + 5 
and 9 represent the same number, we can write 


4+5=9  Readas “the sum of 4 and 5 is equal to 9.” The answer to any addition 
problem is called a sum. 


Likewise, we can write 


5—3=2 _ Readas “the difference between 5 and 3 equals 2,” or “5 minus 3 equals 2.” 
The answer to any subtraction problem is called a difference. 


4+-5=20  Readas “the product of 4 and 5 equals 20,” or “4 times 5 equals 20.” The 
answer to any multiplication problem is called a product. 


and 


30 +6=5_ Read as “the quotient obtained when 30 is divided by 6 is 5,” or “30 divided 
by 6 equals 5.” The answer to any division problem is called a quotient. 


We can use inequality symbols to show that expressions are not equal. 


Symbol Read as Symbol Read as 
= “is approximately equal to” # “is not equal to” 
< “is less than” > “is greater than” 
< = 


“is less than or equal to” “is greater than or equal to” 


Inequality symbols 

a. 7 ~ 3.14 Read as “pi is approximately equal to 3.14.” 

b. 6 #9 Read as “6 is not equal to 9.” 

c. 8 < 10 Read as “8 is less than 10.” 

d. 12>1 Read as “12 is greater than 1.” 

e555 Read as “5 is less than or equal to 5.” (Since 5 = 5, this is a true statement.) 
f.9=7 Read as “9 is greater than or equal to 7.” (Since 9 > 7, this is a true statement.) 


Determine whether each statement is true or false: 
a. 12 4 12 b. 727 c. 125 < 137 


COMMENT In algebra, we 
usually do not use the times 
sign (X) to indicate 
multiplication. It might be 
mistaken for the variable x. 


Inequality statements can be written so that the inequality symbol points in the 
opposite direction. For example, 


5<7 and 7>5 
both indicate that 5 is less than 7. Likewise, 
12=3 and 3=12 


both indicate that 12 is greater than or equal to 3. 
In algebra, we use letters, called variables, to represent real numbers. For example, 
If x represents 4, then x = 4. 
- If y represents any number greater than 3, then y > 3. 
- If zrepresents any number less than or equal to —4, then z = —4. 


COMMENT The number 0 is 
neither positive nor negative. 


Leonardo Fibonacci 


(late 12th and early 13th 
centuries) 

Fibonacci, an Italian mathemati- 
cian, is also known as Leonardo 
da Pisa. In his work Liber abaci, 
he advocated the adoption of 
Arabic numerals, the numerals 
that we use today. He is best 
known for a sequence of 
numbers that bears his name. 
Can you find the pattern in this 
sequence? 


Wp pcb eh leks 5 


Double Negative Rule 
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Graph a real number or a subset of real numbers on the number line. 


We can use the number line shown in Figure 1-2 to represent sets of numbers. The 
number line continues forever to the left and to the right. Numbers to the left of 0 (the 
origin) are negative, and numbers to the right of 0 are positive. 


Negative numbers Zero Positive numbers 
I, 
Origin 


76 5 4 3 2-101 2 3 4 5 6 7 


Figure 1-2 


The number that corresponds to a point on the number line is called the coordinate 
of that point. For example, the coordinate of the origin is 0. 
Many points on the number line do not have integer coordinates. For example, the 


point midway between 0 and | has the coordinate 7 and the point midway between —3 
and —2 has the coordinate -3 (see Figure 1-3). 


Figure 1-3 


Numbers represented by points that lie on opposite sides of the origin and at equal 
distances from the origin are called negatives (or opposites) of each other. For example, 5 
and —5 are negatives (or opposites). We need parentheses to express the opposite of a 
negative number. For example, —(—5) represents the opposite of —5, which we know to 
be 5. Thus, 


—(-5) =5 
This suggests the following rule. 


If x represents a real number, then 


= (6) — es 


If one point lies to the right of a second point on a number line, its coordinate is the 
greater. Since the point with coordinate | lies to the right of the point with coordinate —2 
(see Figure 1-4(a)), it follows that 1 > —2. 

If one point lies to the /eft of another, its coordinate is the smaller (see Figure 
1-4(b)). The point with coordinate —6 lies to the left of the point with coordinate —3 so 
it follows that —6 < —3. 


Figure 1-4 
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Figure 1-5 shows the graph of the natural numbers from 2 to 8. The points on the 
line are called graphs of their corresponding coordinates. 


~<—_|__1__l_¢—_#4—__¢@_—_@_#—_4«#__1__1_. 
23 4 5 67 8 
Figure 1-5 


EXAMPLE 4 Graph the set of integers between —3 and 3. 


~<—l|_4__4__4 4 4 | > 
Solution The integers between —3 and 3 are —2, —1,0, 1, and 3 2-10 1:2 3 
2. The graph is shown in Figure 1-6. Figure 1-6 


>| SELF CHECK 4 Graph the set of integers between —4 and 0. 


Graphs of many sets of real numbers are intervals on the number line. For example, 
two graphs of all real numbers x such that x > —2 are shown in Figure 1-7. The paren- 
thesis and the open circle at —2 show that this point is not included in the graph. The 
arrow pointing to the right shows that all numbers to the right of —2 are included. 


< a 
43 2-1 0 1 2 3 4 


Figure 1-7 


Figure 1-8 shows two graphs of the set of real numbers x between —2 and 4. This is 
the graph of all real numbers x such that x > —2 and x < 4. The parentheses or open 
circles at —2 and 4 show that these points are not included in the graph. However, all the 
numbers between —2 and 4 are included. 


Figure 1-8 


EXAMPLE 5 Graph all real numbers x such that x < —3 orx > 1. 


Solution The graph of all real numbers less thar —3 —— —<emnammndmensf}—1_L._1{d 


includes all points on the number line that 5 4-3 2 -1 0 1 2 3 
are to the left of —3. The graph of all real 

numbers greater than 1 includes all points 

that are to the right of 1. The two graphs 35 4 3 2 -1 0 1 2 3 
are shown in Figure 1-9. Figure 1-9 


EJ SELF CHECK 5 Graph all real numbers x such that x < —1 or x > 0. Use parentheses. 
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PERSPECTIVE 


Algebra is an extension of arithmetic. In algebra, the 
operations of addition, subtraction, multiplication, and 
division are performed on numbers and letters, with the 
understanding that the letters represent numbers. 

The origins of algebra are found in a papyrus written 
before 1600 Bc by an Egyptian priest named Ahmes. This 
papyrus contains 84 algebra problems and their solu- 
tions. 

Further development of algebra occurred in the 
ninth century in the Middle East. In AD 830, an Arabian 
mathematician named al-Khowarazmi wrote a book iiss Sdenes 
called [hm al-jabr wa’l mugqabalah. This title was short- The Ahmes Papyrus 
ened to al-Jabr. We now know the subject as algebra. The 
French mathematician Francois Vieta (1540-1603) later 
simplified algebra by developing the symbolic notation 
that we use today. 


©The British Museum 
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EXAMPLE 6_= Graph the set of all real numbers from —5 to —1. 


Solution The set of all real numbers from —5 to “4 a > 
—1 includes —5 and —1 and all the 76 5 4 3 2-1 0 1 
numbers in between. In the graphs shown 
in Figure 1-10, the brackets or the solid a —— > 
circles at —5 and —1 show that these 7-6 5 4 3 2 -1 0 1 
points are included. Figure 1-10 


SELF CHECK 6 Graph the set of real numbers from —2 to 1. Use brackets. 


4] Find the absolute value of a real number. 


On a number line, the distance between a number x and 0 is called the absolute value of x. 
For example, the distance between 5 and 0 is 5 units (see Figure 1-11). Thus, the absolute 
value of 5 is 5: 


|5| =5 Read as “The absolute value of 5 is 5.” 
Since the distance between —6 and 0 is 6, 


|—6| =6 Read as “The absolute value of —6 is 6.” 


6 units 5 units 
a 
Origin 
L L l L L L L a ae (as 
7 6 5S -4 3 2 -l 0 1 2 3 4 5 6 7 


Figure 1-11 
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Because the absolute value of a real number represents that number’s distance from 
0 on the number line, the absolute value of every real number x is either positive or 0. In 
symbols, we say 


|x| =0 for every real number x 


EXAMPLE 7 Evaluate: a. |6| b. |—-3| « |0| d. —|2 + 3}. 


Solution a. |6| = 6, because 6 is six units from 0. b. |—3| = 3, because —3 is three units 
from 0. 
c. |0| = 0, because 0 is zero units from0. d. —|2 + 3| = —|5| = —5 


FY SELF CHECK7 Evaluate: a. |8| b. |—8| c. —|—8]. 


SELF CHECK ANSWERS 1.a.7 b. —2,0,1.5,7  2.a.2,5 b.0,2,4 3. a. false bb. true c. true 


4, <—!—¢— 441 > 5. ny fle 5 f 4 
ae ee 25 = 09 ot 2) Sonn 
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Given the set {V/10, 4.2, V16, 0,|-1], gh, list 
1. the integer(s) 

. the irrational number(s) 

. the rational number(s) 

. the prime number(s) 


uu BW N 


. the composite number(s) 


1.1 EXERCISES } 


WARM-UPS Find each value. 
Describe each set of numbers. 11. —|15| 12. |—25| 
1. Natural numbers 2. Whole numbers 
3. Integers 4. Rational numbers VOCABULARY AND CONCEPTS fill inthe blanks. 
5. Real numbers 6. Prime numbers 13. A___ isa collection of objects. 
7. Composite numbers 8. Even integers 14. The numbers 1, 2, 3,4,5,. . . form the set of 
9. Odd integers 40. Teational auuibers numbers. This set is also called the set of 


15. The set of numbers is the set {0, 1, 2, 3,4,5,. . .}. 
16. The dots following the sets in Exercises 14 and 15 are called 


17. 


18. 


19. 


20. 


21. 


22. 
23. 


24. 


25. 


26. 


The set of 
Bh on eh 
Numbers that show a loss or a downward direction are 
called : 

Since every whole number is also an integer, the set of 
whole numbers is called a of the set of integers. 


is the set {. . ., —3, —2, -1, 0, 1, 2, 


The set {x | x is a whole number} is read as 


“ ” 


Fractions that have an integer numerator and a nonzero 
integer denominator are called numbers. 


V2 is an example of an real number. 

The set that includes the rational and irrational numbers is 
called the set of numbers. 

If a natural number is greater than | and can be divided 


exactly only by 1 and itself, it is called a number. 


A composite number is a 
than | and is not 


number that is greater 


An integer that can be evenly divided by 2 is called an 
integer. 


27. An integer that cannot be evenly divided by 2 is called an 
___ integer. 

28. The symbol #4 means 

29. The symbol __ means “is less than.” 

30. The symbol = means 

31. In algebra, we use letters, called , to represent real 
numbers. 

32. The figure <—1_1__1__1__1__1_1_, js called a 

3 2 -1 0 1 2 3 
line. The point with a coordinate of 0 is called the 

33. The negative, or opposite, of —7 is _. 

34. The graphs of inequalities are on the number line. 

35. A or circle shows that a point is not 
included in a graph. 

36. A or circle shows that a point is included 
in a graph. 

37. The distance between 8 and 0 on a number line is called the 

of 8. 

38. The result of an addition is called the . The result of a 
subtraction is called a . The result of a multipli- 
cation is called a . The result of a division is called 
a 

GUIDED PRACTICE 


Which numbers in the set {-3, -}, —1,0, 1, 2, Z, ‘/9. 3.25, 6, 9} 
are in each category? See Examples 1-2. (Objective 1) 


39. 


41. 


43. 


natural numbers 40. whole numbers 


positive integers 42. negative integers 


integers 44. rational numbers 


45 


47 


49 
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. real numbers 46. irrational numbers 


. odd integers 48. even integers 


. composite numbers 50. prime numbers 


Place one of the symbols =, <, or > in each box to make a true 
statement. See Example 3. (Objective 2) 


51. 
53. 
55. 


57 


3 5 52. 8 8 

5 342 54. 9 7 

25 32 56. 2+ 3 17 
2.0.7 10 58. 3 + 3 03 


Graph each pair of numbers on a number line. In each pair, 
indicate which number is the greater and which number lies 
farther to the right. (Objective 3) 


59 


61. 


63 


65 


. 3,6 60. 4,7 
11,6 62. 12, 10 

. 0,2 64. 4, 10 

. 8,0 66. 20, 30 


Graph each set of numbers on a number line. Use brackets or 
parentheses where applicable. See Examples 4-6. (Objective 3) 


67. 


68. 


69. 


70. 


71. 


73. 


74. 


The natural numbers between 2 and 8 


12 3 4 5 6 7 8 
The prime numbers between 5 and 15 


| 6 7 8 9 10 11 12 13 14 15 
The real numbers between | and 5 


The odd integers between —5 and 5 that are exactly divisible 
by 3 


PE an ES CD CE) [a(S [eH 


5 4 3 2-1 0 1 2 3 4 ~=5 
The real numbers greater than or equal to 8 


. The real numbers greater than or equal to 3 or less than or 
equal to —3 


The prime numbers from 10 to 20 


~< aa 


10 11 12 13 14 15 16 17 18 19 20 
The even integers greater than 10 but less than 20 


~< = 
10 11 12 13 14 15 16 17 18 19 20 
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Find each absolute value. See Example 7. (Objective 4) 


75. |36| 76. |—30| 

77. |0| 78. |120| 

79. |—230| 80. |18 — 12| 
81. |12 — 4| 82. |100 — 100| 
ADDITIONAL PRACTICE 


Simplify each expression. Then classify the result as a natural 
number, an even integer, an odd integer, a prime number, a 
composite number, and/or a whole number. 


83.4+5 84. 7-2 
85. 15 — 15 86. 0+7 
87. 3-8 88. 8-9 
89. 24+ 8 90.3 +3 


Place one of the symbols =, <, or > in each box to make a true 
statement. 


91.3+9 20 — 8 92. 19 — 3 8 + 6 
93. 4-2 2°4 94.7°9 9-6 
95.8+2 4+ 3 96.0+7 1 
97. 45 +9 36 + 12 98. 5-12 300 + 5 


99.34+2+5 5+2+3 100.8+5+2 Sb 24 


Write each sentence as a mathematical expression. 

101. Seven is greater than three. 

102. Five is less than thirty-two. 

103. Eight is less than or equal to eight. 

104. Twenty-five is not equal to twenty-three. 

105. The sum of adding three and four is equal to seven. 


106. Thirty-seven is greater than the product of multiplying 
three and four. 


107. V/2is approximately equal to 1.41. 
108. x is greater than or equal to 12. 


Write each inequality as an equivalent inequality in which the 
inequality symbol points in the opposite direction. 


109. 3 =7 110. 5>2 


111. 6>0 112. 34 = 40 
113.3 +8>8 114.8 -—3<8 
115.6-—2<10-4 116. 8-2=8-1 
117.2°-3<3-4 118. 8+ 229+3 
119 ae 120 Ze 

* 4 6 3° 4 


Graph each set of numbers on a number line. Use brackets or 
parentheses where applicable. 


121. The even integers that are also prime numbers 
mM —— 


122. The numbers that are whole numbers but not natural 


numbers 
SF 


123. The natural numbers between 15 and 25 that are exactly 
divisible by 6 
wg il l | | | | | | l is 


I 
15 16 17 18 19 20 21 22 23 24 25 
124. The real numbers greater than —2 and less than 3 


125. The real numbers greater than or equal to —5 and less 
than 4 


os 


126. The real numbers between —3 and 3, including 3 


SEE 


Find each absolute value. 
127. |21 — 19| 128. |25 — 21| 


WRITING ABOUT MATH 


129. Explain why there is no greatest natural number. 

130. Explain why 2 is the only even prime number. 

131. Explain how to determine the absolute value of a number. 
132. Explain why zero is an even integer. 


SOMETHING TO THINK ABOUT Consider the following 
sets: the integers, natural numbers, even and odd integers, 
positive and negative numbers, prime and composite numbers, 
and rational numbers. 


133. Find a number that fits in as many of these categories as 
possible. 


134. Find a number that fits in as few of these categories as 
possible. 
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Fractions 


GD Simplify a fraction. 
© Multiply and divide two fractions. 

€&} Add and subtract two or more fractions. 

@3 Add and subtract two or more mixed numbers. 

© Add, subtract, multiply, and divide two or more decimals. 
© Round a decimal to a specified number of places. 

Apply the appropriate operation to an application problem. 


Objectives 


numerator 
denominator 


actors of a product 
| prime-factored form 


Vocabulary 


2. Subtract: 173 


Getting Ready 


3. Multiply: 38 4. Divide: 37)3,885 


In this section, we will review arithmetic fractions. This will help us prepare for algebraic 
fractions, which we will encounter later in the book. 


@ Simplify a fraction. 


In the fractions 


the number above the bar is called the numerator, and the number below the bar is called 
the denominator. 

We often use fractions to indicate parts of a whole. In Figure 1-12(a), a rectangle has 
been divided into 5 equal parts, and 3 of the parts are shaded. The fraction 3 indicates 
how much of the figure is shaded. In Figure 1-12(b), 3 of the rectangle is shaded. In 
either example, the denominator of the fraction shows the total number of equal parts 
into which the whole is divided, and the numerator shows how many of these equal parts 
are being considered. 


14 
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EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


3 3 


5 a 
(a) (b) 


Figure 1-12 


We can also use fractions to indicate division. For example, the fraction $ indicates 
that 8 is to be divided by 2: 


COMMENT Note that . = 4, because 4-2 = 8, and that vy = 0, because 0:7 = 0. 
However, ; is undefined, because no number multiplied by 0 gives 6. Remember that the 
denominator of a fraction cannot be 0. 


A fraction is said to be in lowest terms (or simplest form) when no integer other than 
1 will divide both its numerator and its denominator exactly. The fraction é is in lowest 
terms because only | divides both 6 and 11 exactly. The fraction § is not in lowest terms, 


because 2 divides both 6 and 8 exactly. 
We can simplify a fraction that is not in lowest terms by dividing its numerator and 


its denominator by the same number. For example, to simplify g we divide the numera- 
tor and the denominator by 2. 


6 
8 
6 642 3 ————SSESE Ss 

8 8524 LTT TTT 1 | 
From Figure 1-13, we see that § and j are equal ; 


fractions, because each one represents the same part 
of the rectangle. Figure 1-13 

When a composite number has been written as the product of other natural 
numbers, we say that it has been factored. For example, 15 can be written as the product 
of 5 and 3. 


15 =5:-3 


The numbers 5 and 3 are called factors of 15. When a composite number is written as the 
product of prime numbers, we say that it is written in prime-factored form. 


Write 210 in prime-factored form. 


We can write 210 as the product of 21 and 10 and proceed as follows: 
210 = 21-10 
210 =3-7:2-5 Factor 21 as 3-7 and factor 10 as 2-5. 


Since 210 is now written as the product of prime numbers, its prime-factored form is 
210 =2+3-5°7. 


Write 70 in prime-factored form. 
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To simplify a fraction, we factor its numerator and denominator and divide out all 
factors that are common to the numerator and denominator. For example, 


COMMENT Remember that a fraction is in lowest terms only when its numerator and 
denominator have no common factors. 


EXAMPLE 2 Simplify, if possible: a. a b. ip 


Solution a. To simplify < we factor the numerator and denominator and divide out the 


common factor of 6. 


b. To simplify a we factor the numerator and denominator and divide out any 
common factors. 
33. _ 3 ei 
40 2:2-2°5 


‘ ‘ G3, 8 
Since the numerator and denominator have no common factors, 75 is in lowest 
terms. 


SELF CHECK 2 Simplify: 4. 


The preceding examples illustrate the fundamental property of fractions. 


The Fundamental If a, b, and x are real numbers, 
Property of Fractions ae 
——_ =— (b # 0andx # 0) 
nose lb 


2 | Multiply and divide two fractions. 


To multiply fractions, we use the following rule. 


Multiplying Fractions To multiply fractions, we multiply their numerators and multiply their denominators. 
In symbols, if a, b, c, and d are real numbers, 
Ge 


ae 
Boy. hed (b # Oandd # 0) 
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For example, 


ee apa Oe ge 
7 3 7:3 5 9 5-9 
28. = 
21 45 
1 To justify the rule for multiplying fractions, we consider the square in Figure 1-14. 
Because the length of each side of the square is | unit and the area is the product of the 
lengths of two sides, the area is | square unit. 
If this square is divided into 3 equal parts vertically and 7 equal parts horizontally, it 
1 is divided into 21 equal parts, and each represents sy of the total area. The area of the 
shaded rectangle in the square is x. because it contains 8 of the 21 parts. The width, w, 
of the shaded rectangle is 5; its length, /, is & and its area, A, is the product of / and w: 
| 
2 A=I-w 
3 
8 24 
Figure 1-14 1 06«37 


This suggests that we can find the product of 


4 2 
7 and 3 


by multiplying their numerators and multiplying their denominators. 

Fractions whose numerators are less than their denominators, such as 4, are called 
proper fractions. Fractions whose numerators are greater than or equal to their denomi- 
nators, such as 5 are called improper fractions. 


EXAMPLE 3 Perform each multiplication. 


313: 3813 Multiply the numerators and multiply the denominators. 


= q Ses There are no common factors. 
39 Seay os ‘ 
= 35 Multiply in the numerator and multiply in the denominator. 
pee Write 5 as the i fraction > 
o's S Se rite 5 as the improper fraction 7. 
Is 1 15 sis 
a2 ; ; 
= 115 Multiply the numerators and multiply the denominators. 
5°38 wee ; ; 
= 1-5-3 To simplify the fraction, factor the denominator. 
1 1 
_ BB sal 
= Divide out the common factors of 3 and 5. 
1-3-3 
1 1 
= Nes ees 
= As fete. 1 


FY SELF CHECK 3 = Multiply: 


EXAMPLE 4 


Solution 


SELF CHECK 4 


Dividing Fractions 


EXAMPLE 5 
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TRAVEL Out of 36 students in a history class, three-fourths have signed up for a trip 
to Europe. If there are 28 places available on the flight, will there be room for one more 
student? 


We first find three-fourths of 36. 


3 3 36 
fe Write 36 as *°, 
3 + 36 : ; F 
= aaah Multiply the numerators and multiply the denominators. 
3-4-9 ue 
= 4°] To simplify, factor the numerator. 
1 
3°-A-9 ~ 
= Al Divide out the common factor of 4. 
1 
ot 
1 
= 27 


Twenty-seven students plan to go on the trip. Since there is room for 28 passengers, 
there is room for one more. 


If seven-ninths of the 36 students had signed up, would there be room for one 
more? 


One number is called the reciprocal of another if their product is 1. For example, 2 is 
the reciprocal of 2 because 


5 15 
~=—=] 
3 


15 


To divide two fractions, we multiply the first fraction by the reciprocal of the second 
fraction. In symbols, if a, b, c, and d are real numbers, 


a@.¢_ad_ac-d 


i i i) fe Oe 


(b # 0,c # 0, and d # 0) 


Perform each division. 


Pe ee rca Multiply 3 by the reciprocal of ° 
ett T SETS ultiply = e reciprocal of <. 
5 5 ao Ply 5 by Pp rs 
3-5 . : : 
= 5.6 Multiply the numerators and multiply the denominators. 


= Factor the denominator. 
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1 1 
_ os Z 
= Divide out the common factors of 3 and 5. 
p 2-3 
1 1 
wee 
2 
15 15 10 
b. 7 - 10 7 ; 1 Write 10 as the improper fraction 0 
bi 1 cals 10 
=F 7 10 Multiply = by the reciprocal of >. 
15-1 : ; F 
= 7-10 Multiply the numerators and multiply the denominators. 
1 
3°3 Factor the numerator and the denominator, and divide out the 


7+2+8 common factor of 5. 
1 


(E) Add and subtract two or more fractions. 


To add fractions with like denominators, we will use the following rule. 


Adding Fractions with To add fractions with the same denominator, we add the numerators and keep the 
the Same Denominator common denominator. In symbols, if a, 6, and d are real numbers, 
@ ® arly 
=~+-==— (#0 
d @ d ( ) 
For example, 3 2 
3. 2  3+2 Add the numerators and keep the a a 


=~ 42 
7 ee _ CU 


-; a 
a 7 
Figure 1-15 illustrates why 3 + s = 2 Figure 1-15 


To add fractions with unlike denominators, we write the fractions so that they have 
the same denominator. For example, we can multiply both the numerator and denomina- 


tor of 7 by 5 to obtain an equivalent fraction with a denominator of 15: 


ee 2.8: 
+5 
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To write § as an equivalent fraction with a denominator of 15, we multiply the numerator 
and the denominator by 3: 


les 3 


1 _ 
5 623. 15 
Since 15 is the smallest number that can be used as a common denominator for ; and b 
it is called the least (or lowest) common denominator (the LCD). 

To add the fractions 7 and is we write each fraction as an equivalent fraction having 


a denominator of 15, and then we add the results: 


1:1 . beS.. 123 
+= - 
3. > 38h S23 
5 3 
= — + — 
15 15 
_d+3 
15 
a 
15 


In the next example, we will add the fractions a and x 


3 5 
EXAMPLE6 Add: io + 38° 


Solution To find the LCD, we find the prime factorization of each denominator and use each 
prime factor the greatest number of times it appears in either factorization: 
ae } LCD = 2-2+5+7= 140 
28 =2-2-7 7 7 


Since 140 is the smallest number that 10 and 28 divide exactly, we write both frac- 
tions as fractions with denominators of 140. 


3 fn 5 = 3-14 de 5:5 Write each fraction as a fraction with a denominator 
10 28 10-14 28-5 _ of 140. 
= = + Exe Do the multiplications. 
140 +140 


_ 42 + 25 
~ 140 
_ 67 

~ 140 


Add the numerators and keep the denominator. 


Since 67 is a prime number, it has no common factor with 140. Thus, & is in 
lowest terms. 


SELF CHECK6 Add: 3 + 
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To subtract fractions with like denominators, we will use the following rule. 


Subtracting Fractions To subtract fractions with the same denominator, we subtract their numerators and 
with the Same keep their common denominator. In symbols, if a, b, and d are real numbers, 
Denominator A b_a-b fen 

ad @ d 


For example, 


7 27-25 


To subtract fractions with unlike denominators, we write them as equivalent frac- 
tions with a common denominator. For example, to subtract 5 from 2 we write ; - z, 
find the LCD of 4 and 5, which is 20, and proceed as follows: 

3 2 3:5 2:4 

4 5 4-5 5:4 


Write each fraction as a fraction with a denominator of 20. 


= = = 2 Do the multiplications. 
20 =20 
15 = 8 ‘ 
= 0 Add the numerators and keep the denominator. 
_ 7 
~ 20 


: 23 23 «5 ; : ee, 
Solution 3 5 = 3 1 Write 5 as the improper fraction 7. 

23 «5:3 2 ; : ; 

= 3 = 1-3 Write 7 as a fraction with a denominator of 3. 
23. «15 ee 

=—- Do the multiplications. 
3 3 
23 — 15 ; 

= — Subtract the numerators and keep the denominator. 
8 


FJ SELF CHECK7 = Subtract: 2 - 7. 
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4 Add and subtract two or more mixed numbers. 


The mixed number 35 represents the sum of 3 and . We can write 35 as an improper frac- 
tion as follows: 


1 1 
5 2 
6 1 6 
=—+4— = 8 
2 2 =] 
6+ 1 ; 
= 5 Add the numerators and keep the denominator. 
mel 
2 
To write the fraction 2 as a mixed number, we divide 19 by 5 to get 3, with a remain- 
der of 4. 
19 4 4 
=3+2=3 
5 5 5 
1 1 
EXAMPLE 8 Add: ar + ln 


Solution We first change each mixed number to an improper fraction. 


= —— + — _ Write each fraction with the LCD of 12. 


43 i 7 


SELF CHECK8 Add: 57 + 44. 
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EXAMPLE 9 FENCINGLAND How much fencing will be needed to enclose the area within the trian- 
gular lot shown in Figure 1-16? 


Solution We can find the sum of the lengths by adding the whole-number parts and the frac- 
tional parts of the dimensions separately: 


1 3 1 1 3 1 
+ - = 334+57+724+—-+=4+- 
333 STA Rs 33 + 57 + 72 aay tee 


— 162 + al. i 2 is 2 Write 4 as 7 to obtain a common 
4 4 4 denominator. 


= 160% 6 Add the fractions by adding the numerators 
~ 4 and keeping the common denominator. 
3 1 
6 _ 2:3 293 
162 5 abr ie rie 
Figure 1-16 1 
1 
= 162 + 1 Write 5 as a mixed number. 
1 
= 163- 
2 


To enclose the area, 1635 meters of fencing will be needed. 


COMMENT Remember to include the proper units in your answer. The Mars Climate 
Orbiter crashed due to lack of unit communication between the Jet Propulsion Lab 
and Lockheed/Martin engineers. 


EY SELF CHECK9 Find the length of fencing needed to enclose a rectangular plot that is 855 feet wide 
and 1403 feet deep. 


5 Add, subtract, multiply, and divide two or more decimals. 


Rational numbers can always be changed to decimal form. For example, to write i and 3 
as decimals, we use long division: 


0.25 0.22727... 
4) 1.00 22)5.00000 
ae ecu 
20 60 
20 a4 
160 
154 
60 
44 
160 


The decimal 0.25 is called a terminating decimal. The decimal 0.2272727. . . (often 
written as 0.227) is called a repeating decimal, because it repeats the block of digits 27. 
Every rational number can be changed into either a terminating or a repeating decimal. 
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Terminating decimals Repeating decimals 
; = 0.5 : = 0.33333... or 0.3 
= 0.75 ae 0.16666... or 0.16 
4 6 
2 0.625 ae 02272727 «2. 060.227 
8 22 


The decimal 0.5 has one decimal place, because it has one digit to the right of the 
decimal point. The decimal 0.75 has two decimal places, and 0.625 has three. 
To add or subtract decimals, we align their decimal points and then add or subtract. 


EXAMPLE 10 = Add 25.568 and 2.74 using a vertical format. 


Solution We align the decimal points and add the numbers, column by column, 


25.568 
+ 2.74 
28.308 


SELF CHECK 10 Subtract 2.74 from 25.568 using a vertical format. 


To perform the previous operations with a calculator, we enter these numbers and 


press these keys: 
25.568 + 2.74 = and 25.568 — 2.74 = Using a scientific 
calculator 
25.568 + 2.74 ENTER and 25.568 — 2.74 ENTER — Usinga graphing 
calculator 


To multiply decimals, we multiply the numbers and place the decimal point so that 
the number of decimal places in the answer is equal to the sum of the decimal places in 
the factors. 


EXAMPLE 11 Multiply: 9.25 by 3.453. 


Solution We multiply the numbers and place the decimal point so that the number of decimal 
places in the answer is equal to the sum of the decimal places in the factors. 
3.453 Here there are three decimal places. 
x 9.25 Here there are two decimal places. 

17265 
6906 

31 077 

31.94025 = The product has 3 + 2 = 5 decimal places. 


SELF CHECK 11 Multiply: 2.45 by 9.25. 
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EXAMPLE 12 


Solution 


FY SELF CHECK 12 


Rounding Decimals 


To perform the multiplication of Example 11 with a calculator, we enter these 
numbers and press these keys: 


3.453 XK 9.25 = Using a scientific calculator 
3.453 X 9.25 ENTER — Usinga graphing calculator 


To divide decimals, we move the decimal point in the divisor to the right to make the 
divisor a whole number. We then move the decimal point in the dividend the same number 
of places to the right. 


Divide 30.258 by 1.23. 


We will write the division using a long division format in which the divisor is 1.23 and 
the dividend is 30.258. 


1.23)30.258 | Move the decimal point in both the divisor and the dividend two places to 
\* \* the right. 


We align the decimal point in the quotient with the repositioned decimal point in the 
dividend and use long division. 
24.6 
123)3025.8 
246 
565 
492 
738 
738 


Divide 579.36 by 12. 


To perform the previous division with a calculator, we enter these numbers and press 
these keys: 


30.258 + 1.23 = Using a scientific calculator 
30.258 + 1.23 ENTER — Using a graphing calculator 


Round a decimal to a specified number of places. 


We often round long decimals to a specific number of decimal places. For example, the 
decimal 25.36124 rounded to one place (or to the nearest tenth) is 25.4. Rounded to two 
places (or to the nearest one-hundredth), the decimal is 25.36. 

Throughout this text, we use the following rules to round decimals. 


1. Determine to how many decimal places you want to round. 
2. Look at the first digit to the right of that decimal place. 
3. If that digit is 4 or less, drop it and all digits that follow. If it is 5 or greater, add 1 


to the digit in the position to which you want to round, and drop all digits that 
follow. 
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EXAMPLE 13 Round 2.4863 to two decimal places. 


Solution — Since we are to round to two digits, we look at the digit to the right of the 8, which is 6. 
Since 6 is greater than 5, we add | to the 8 and drop all of the digits that follow. The 
rounded number is 2.49. 


SELF CHECK 13 Round 6.5731 to three decimal places. 


EVERYDAY CONNECTIONS 2008 Presidential Election 


UNITED STATES PRESIDENTIAL ELECTION 2008 
RESULTS BY STATE 


In the 2008 presidential election, six of the most closely contested states were North Carolina, New Hampshire, Iowa, 
Florida, Ohio, and Virginia. 


State John McCain total votes Barack Obama total votes 
North Carolina 2,109,698 2,123,390 
New Hampshire 316,937 384,591 
lowa 677,508 818,240 
Florida 3,939,380 4,143,957 
Ohio 2,501,855 2,708,685 
Virginia 1,726,053 1,958,370 


Source: https://www.msu.edu/~sheppa28/elections.html#2008 
Use the table to answer the given questions. 


1. What percentage of North Carolina votes were cast for Barack Obama? 
2. In which state did John McCain earn 47% of the votes cast? 
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EXAMPLE 14 


Solution 


FY SELF CHECK 14 


SELF CHECK ANSWERS 


Apply the appropriate operation to an application problem. 


A percent is the numerator of a fraction with a denominator of 100. For example, 6; 
percent, written 64%, is the fraction fe or the decimal 0.0625. In problems involving 
percent, the word of usually indicates multiplication. For example, 64% of 8,500 is the 
product 0.0625(8,500). 


AUTOLOANS Juan signs a one-year note to borrow $8,500 to buy a car. If the rate of 


interest is 64%, how much interest will he pay? 


For the privilege of using the bank’s money for one year, Juan must pay 64% of $8,500. 
We calculate the interest, i, as follows: 


i = 64% of 8,500 


= 0.0625 - 8,500 In this case, the word of means times. 
= 531.25 


Juan will pay $531.25 interest. 


If the rate is 9%, how much interest will he pay? 


1.2:5°7 22 37 4no 52 65 775 8.94% 9. 4525 ft 10. 22.828 
”) 


as 
11. 22.6625 12. 48.28 13. 6.573 14. $765 


Perform each operation. 


ip Oe 
12 18 
2. 25.2 — 13.58 


3. Robert’s answer to a problem asking to find the length of a piece of lumber is 3 feet. Is this 
the best form for the answer given the context of the problem? If not, write the answer in 
the most appropriate form. 

5 1 


1.2 EXERCISES 


WARM-UPS 
Simplify each fraction. 
3 5 
nas 2. ——— 
: 6 10 
10 25 
= 4. — 
20 75 
Perform each operation. 
53,1 3 3 
5. 6 = 2 6. 4 i 5 
2 3 3.5 
7. 375 8. a 
4.7 6 3 
2a ts 10. = -—= 
" 9 9 7 7 
aga ie ee 
“3 2 "4° 2 
13. 2.5 + 0.36 14. 3.45 — 2.21 
15. 0.2-2.5 16. 0.3 - 13 
Round each decimal to two decimal places. 
17. 3.244993 18. 3.24521 
REVIEW 


Determine whether the following statements are true or false. 


19. 6 is an integer. 20. j is a natural number. 


21. 21 is a prime number. 

22. No prime number is an even number. 

23. 8 > —2 24. —3< —2 
25. 9 < |-9| 26. |—11| = 10 


Place an appropriate symbol in each box to make the statement 
true. 


27.3+7f 10 
29. |—2| M2 30.4+8) 11 
VOCABULARY AND CONCEPTS fill in the blanks. 


31. The number above the bar in a fraction is called the 


32. The number below the bar in a fraction is called the 


33. The fraction a is said to be 


34. To a fraction, we divide its numerator and denom- 
inator by the same number. 
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35. To write a number in prime-factored form, we write it as the 
product of numbers. 


36. If the numerator of a fraction is less than the denominator, 
the fraction is called a fraction. 


37. If the numerator of a fraction is greater than the denomina- 
tor, the fraction is called an fraction. 

38. A fraction is written in or simplest form when 
its numerator and denominator have no common factors. 

39. If the product of two numbers is __, the numbers are called 

reciprocals. 

ax = 

bx 

41. To multiply two fractions, 
multiply the denominators. 

42. To divide two fractions, multiply the first fraction by the 

of the second fraction. 


43. To add fractions with the same denominator, add the 
and keep the common 


40. 


the numerators and 


44. To subtract fractions with the same , subtract 
the numerators and keep the common denominator. 
45. To add fractions with unlike denominators, first find the 
and write each fraction as an 


fraction. 


46. 75% means 75 5. The number 755 is called a 
number. 


47. 0.75 is an example of a decimal and it has __ 
decimal places. 
48. 5.327 is an example of a decimal. 
3 
49. In the figure 2)6, 2 represents the 
, and 3 represents the 
50. A 


tor is 100. 


, 6 represents the 


is the numerator of a fraction whose denomina- 


GUIDED PRACTICE 
Write each number in prime-factored form. See Example 1. 
(Objective 1) 
51. 30 
53. 70 


52. 105 
54. 315 


Write each fraction in lowest terms. If the fraction is already in 
lowest terms, so indicate. See Example 2. (Objective 1) 


6 3 
55. D 56. 9 

15 22 
57. 58. —- 


20 "77 
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* 18 “14 
72 26 
61. — 62. — 
64 21 


Perform each multiplication. Simplify each result when possible. 
See Example 3. (Objective 2) 


oe 4, 22 
"2 5 "47 
ge 2 8 aS 
“35 "8°15 
67. ge? 68. 9+ —_ 
6 12 

10 5 
69. 5-14 70. = 16 


Perform each division. Simplify each result when possible. 
See Example 5. (Objective 2) 


ee oe 
“5° 3 a5 
3 6 3 15 
73.—-+- 74. —-+— 
4° 5 8 28 
2 46 
75. 6+ 77 76. 23 5 
42 34 
77, — +7 78. — +17 


Ww 
So 
love} 


Perform each operation. Simplify each result when possible. 
See Examples 6-7. (Objective 3) 


3 3 4 2 

79, += 80. — — = 

5 5 BF 
403 65, Sie 
13 13 “11 11 
oe ee ve ee 
“6 24 * 25 5 
S55 ia 
10 14 25 10 


Perform each operation. Simplify each result when possible. 
See Example 8. (Objective 4) 


3 3 1 3 
»42+2 ~ 25+ 5 
87 4. - 88 23 ; 
89 a 90 guage 
"3 3 ae 7 
91. go 55 92. is ie 
4 “2 6 8 
2 2.2 4 1 


Change each fraction to decimal form and determine whether the 
decimal is a terminating or repeating decimal. (Objective 5) 
4 5 


95. = 96. — 
> 9 


97. 
"22 


98. 2 
“5 


Perform each operation. See Examples 10-12. (Objective 5) 


99. 23.45 + 135.2 
101. 67.235 — 22.45 


103. 3.4+ 13.2 


105. 0.23) 1.0465 


100. 345.213 — 27.35 
102. 12.17 + 3.457 


104. 4.21 - 2.73 


106. 4.7) 10.857 


Round each of the following to two decimal places and then to 
three decimal places. See Example 13. (Objective 6) 


107. 587.2694 


109. 6,025.3982 


ADDITIONAL PRACTICE 
Perform each operation. 


5 18 
111. + 


113. —-— 


119. 


121. 


123. 3 


BIW AlN wilt 


T7 
125. — +4 
3 


108. 21.0721 


110. 1.6048 


= 
= 
e 
Seale 
| 
| 


_ 


120. 


+ 
Ni[N 


_ Ww 
als 


Use a calculator to perform each operation and round each 


answer to two decimal places. 
127. 323.24 + 27.2543 


129. 25.25 + 132.179 


131. 0.456)4.5694323 


133. 55.77443 — 0.568245 


APPLICATIONS 


128. 843.45213 — 712.765 
130. 234.874 + 242.46473 
132. 43.225)32.465748 


134. 0.62317 + 1.3316 


See Examples 4, 9, and 14. (Objective 7) 


135. Spring plowing A farmer has plowed 125 acres of a 


435-acre field. How much more needs to be plowed? 


136. 


137. 


138. 


139. 


140. 


Fencing a garden The four sides of a garden measure 

73 feet, 15; feet, 195 feet, and 103 feet. Find the length of 
the fence needed to enclose the garden. 

Making clothes A designer needs 34 yards of material for 
each dress he makes. How much material will he need to 
make 14 dresses? 

Track and field Each lap around a stadium track is 

t mile. How many laps would a runner have to complete to 
run 26 miles? 

Disaster relief After hurricane damage estimated at 
$187.75 million, a county sought relief from three agen- 
cies. Local agencies gave $46.8 million and state agencies 
gave $72.5 million. How much must the federal govern- 
ment contribute to make up the difference? 


Minority population 26.5% of the 12,419,000 citizens of 
Illinois are nonwhite. How many are nonwhite? 


The following circle graph shows the various sources of retirement 
income for a typical retired person. Use this information in 
Exercises 141-142. 


141. 


142. 


143. 


144. 


145. 


Other 2% 


Pensions and 
Social Security 
34% 


Investments 
and savings 
40% 


Earned 
income 
24% 


Retirement income _ If a retiree has $36,000 of income, 
how much is expected to come from pensions and Social 
Security? 

Retirement income If a retiree has $42,500 of income, 
how much is expected to come from earned income? 


Quality control In the manufacture of active-matrix 
color LCD computer displays, many units must be rejected 
as defective. If 23% of a production run of 17,500 units is 
defective, how many units are acceptable? 

Freeze-drying Almost all of the water must be removed 
when food is preserved by freeze-drying. Find the weight 
of the water removed from 750 pounds of a food that is 
36% water. 

Planning for growth This year, sales at Positronics 
Corporation totaled $18.7 million. If the projection of 
12% annual growth is true, what will be next year’s sales? 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 
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Speed skating In tryouts for the Olympics, a speed skater 
had times of 44.47, 43.24, 42.77, and 42.05 seconds. Find 
the average time. Give the result to the nearest hundredth. 
(Hint: Add the numbers and divide by 4.) 

Cost of gasoline Otis drove his car 15,675.2 miles last 
year, averaging 25.5 miles per gallon of gasoline. If the 
average cost of gasoline was $2.87 per gallon, find the fuel 
cost to drive the car. 

Paying taxes A woman earns $48,712.32 in taxable 
income. She must pay 15% tax on the first $23,000 and 
28% on the rest. In addition, she must pay a Social Secu- 
rity tax of 15.4% on the total amount. How much tax will 
she need to pay? 

Sealing asphalt A rectangular parking lot is 253.5 feet 
long and 178.5 feet wide. A 55-gallon drum of asphalt 
sealer covers 4,000 square feet and costs $97.50. Find the 
cost to seal the parking lot. (Sealer can be purchased only 
in full drums.) 

Inventory costs Each television a retailer buys costs 

$3.25 per day for warehouse storage. What does it cost to 
store 37 television sets for three weeks? 

Manufacturing profits A manufacturer of computer 
memory boards has a profit of $37.50 on each standard- 
capacity memory board, and $57.35 on each high-capacity 
board. The sales department has orders for 2,530 standard 
boards and 1,670 high-capacity boards. Which order will 
produce the greater profit? 

Dairy production A Holstein cow will produce 

7,600 pounds of milk each year, with a 35% butterfat 
content. Each year, a Guernsey cow will produce about 
6,500 pounds of milk that is 5% butterfat. Which cow pro- 
duces more butterfat? 

Feeding dairy cows Each year, a typical dairy cow will eat 
12,000 pounds of food that is 57% silage. To feed 30 cows, 
how much silage will a farmer use in a year? 

Comparing bids Two carpenters bid on a home remodel- 
ing project. The first bids $9,350 for the entire job. The 
second will work for $27.50 per hour, plus $4,500 for mate- 
rials. He estimates that the job will take 150 hours. Which 
carpenter has the lower bid? 

Choosing a furnace A high-efficiency home heating 
system can be installed for $4,170, with an average 
monthly heating bill of $57.50. A regular furnace can be 
installed for $1,730, but monthly heating bills average 
$107.75. After three years, which system has cost more 
altogether? 

Choosing a furnace Refer to Exercise 155. Decide which 
furnace system will have cost more after five years. 


WRITING ABOUT MATH 


157. 


158. 


Describe how you would find the common denominator of 
two fractions. 

Explain how to convert an improper fraction into a mixed 
number. 
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159. Explain how to convert a mixed number into an improper 162. When would it be better to change an improper-fraction 
fraction. answer into a mixed number? 
160. Explain how you would decide which of two decimal frac- 163. Can the product of two proper fractions be larger than 
tions is the larger. either of the fractions? 
164. How does the product of one proper and one improper 
SOMETING TO THINK ABOUT fraction compare with the two factors? 


161. In what situations would it be better to leave an answer in 
the form of an improper fraction? 


Exponents and Order of Operations 


GB identify the base and the exponent to simplify an exponential expression. 
® Evaluate a numeric expression following the order of operations. 
&} Apply the correct geometric formula to an application problem. 


Objectives 


Vocabulary 


1. 2 5 y 3. 23 4. 2-2-2 


5. 


2. 


ne ee 
ome 


Getting Ready 


In algebra, we will encounter many expressions that contain exponents, a shortcut 
method of showing repeated multiplication. In this section, we will introduce exponen- 
tial notation and discuss the rules for the order of operations. 


GB Identify the base and the exponent to simplify 
an exponential expression. 


To show how many times a number is to be used as a factor in a product, we use expo- 
nents. In the expression 2°, 2 is called the base and 3 is called the exponent. 


Bate a Exponent 
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The exponent of 3 indicates that the base of 2 is to be used as a factor three times: 


COMMENT Note that 2° = 8. 

me 3 factors of 2 
This is not the same as —— 
2°34 =6. = 9294s 


In the expression x° (called an exponential expression or a power of x), x is the base 
and 5 is the exponent. The exponent of 5 indicates that a base of x is to be used as a 
factor five times. 


5 factors of x 
W=HxXK XXX 
In expressions such as 7, x, or y, the exponent is understood to be 1: 
(fais es ,Ssi 


In general, we have the following definition. 


Natural-Number If nis a natural number, then 


Exponents n factors of x 


Oe aye 


EXAMPLE 1. Write each expression without exponents. 


a 4=4-4= 16 Read 4° as “4 squared” or as “4 to the second power.” 
bie SS 5+ 5S 135. Read 5° as “5 cubed” or as “5 to the third power.” 
c. 6° = 6-6:6+6 = 1,296 Read 6° as “6 to the fourth power.” 


ay. 22 2-2 2 3 eos 
are Read (2) as “3 to the fifth power.” 


ap 34°33 <3 5a 


SELF CHECK1 Evaluate: a. 7° p. (3). 


We can find powers using a calculator. For example, to find 2.35*, we enter these 
numbers and press these keys: 


233 4E Using a scientific calculator 
2.35 % 4 ENTER — Usinga graphing calculator 


Either way, the display will read 30.49800625 . Some scientific calculators have an x” 
key rather thana y* key. 


In the next example, the base of an exponential expression is a variable. 


EXAMPLE 2 Write each expression without exponents. 
a. y? =yryryrysyey Read y°as “y to the sixth power.” 


b. x =x+x'x Read x° as “x cubed” or as “x to the third power.” 
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Fy SELF CHECK 2 


© 2=7z°2 Read z’ as “z squared” or as “z to the second power.” 
d.a' =a Read a' as “a to the first power.” 

e. 2(3x) = 2(3x)(3x) Read 2(3x)’ as “2 times (3x) to the second power.” 
Write each expression without exponents: a. a’ b. b*. 


Evaluate a numeric expression following the order of operations. 


Suppose you are asked to contact a friend if you see a Rolex watch for sale while traveling 
in Switzerland. After locating the watch, you send the following message to your friend. 


Inbox (1 message) 


c 


Reply Reply All Forward New Message 


Subject | Date Received 


gets wae tty 


ROLEX WATCH $10,800. SHOULD I BUY IT FOR YOU? 


The next day, you receive this response. 


Inbox (1 message) 
Reply Reply All Forward New Message Search 
Subject | Date Received 


fgets ne ay 


NO PRICE TOO HIGH! REPEAT...NO! PRICE TOO HIGH. 


The first statement says to buy the watch at any price. The second says not to buy it, 
because it is too expensive. The placement of the exclamation point makes these state- 
ments read differently, resulting in different interpretations. 

When reading a mathematical statement, the same kind of confusion is possible. To 
illustrate, we consider the expression 2 + 3 - 4, which contains the operations of addition 
and multiplication. We can calculate this expression in two different ways. We can 
perform the multiplication first and then perform the addition. Or we can perform the 
addition first and then perform the multiplication. However, we will get different results. 


Multiply first Add first 
2+3:4=2+12 = Multiply 3 and 4. 2+3-4=5:4 Add2and3. 
= 14 Add 2 and 12. = 20 Multiply 5 and 4. 


a 


Different results 


To eliminate the possibility of getting different answers, we will agree to perform 
multiplications before additions. The correct calculation of 2 + 3 - 4 is 
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2+3+-4=2+12 Do the multiplication first. 
= 14 
To indicate that additions should be done before multiplications, we use grouping 
symbols such as parentheses ( ), brackets [ ], or braces { }. The operational symbols 
, ||, and fraction bars are also grouping symbols. In the expression (2 + 3)4, the 
parentheses indicate that the addition is to be done first: 
(2 + 3)4 =5-4 Do the addition within the parentheses first. 
= 20 
To guarantee that calculations will have one correct result, we will always perform 
calculations in the following order. 


Rules for the Order Use the following steps to perform all calculations within each pair of grouping 
ae. : symbols, working from the innermost pair to the outermost pair. 


; 1. Find the values of any exponential expressions. 
\ 2. Perform all multiplications and divisions, working from left to right. 
3. Perform all additions and subtractions, working from left to right. 


« 4. Because a fraction bar is a grouping symbol, simplify the numerator and the 
denominator in a fraction separately. Then simplify the fraction, whenever possible. 


COMMENT Note that 4(2)° # (4- 2)*: 
4(2)) = 4-2-2-2=4(8) =32 and (4-27 =8 =8-8-8=512 
Likewise, 4x°7 # (4x)* because 


4x? = 4xxx and (4x)? = (4x)(4x)(4x) = 64xxx 


EXAMPLE3 Evaluate: 5° + 2(8 — 3-2). 


Solution We perform the work within the parentheses first and then simplify. 
53 + 2(8 — 3-2) = 5° + 2(8 — 6) Do the multiplication within the parentheses. 


= 5° + 2(2) Do the subtraction within the parentheses. 

= 125 + 2(2) Find the value of the exponential expression. 
= 125+4 Do the multiplication. 

= 129 Do the addition. 


SELF CHECK3 Evaluate: 5 + 4-37. 


3(3 + 2) +5 
17 — 3(4) © 


EXAMPLE 4 Evaluate: 


Solution We simplify the numerator and denominator separately and then simplify the fraction. 
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3334+2)+5 3(5)+5 
17-—3(4) 17 -3(4) 


Do the addition within the parentheses. 


LPS. , ae sheraultens 

7-D o the multiplications. 

20 ae F 
= = Do the addition and the subtraction. 
=4 Do the division. 


EB} seLFCHECK4 Evaluate: 45-3555. 


3(4*) — 2(3) 


EXAMPLE 5 Evaluate: 34 + 3) 


3(4°) — 2(3) _ 3(16) — 2(3) Find the value of 4” in the numerator and do the 
2(4 + 3) 2(7) addition in the denominator. 
— 48 — 6 
14 


Solution 


Do the multiplications. 


= Do th btracti 

= — o the subtraction. 
14 

= 3 Do the division. 


EEYSeLF CHECKS = Evaluate: 35-785. 


3 | Apply the correct geometric formula to an application problem. 


To find perimeters and areas of geometric figures, we often must substitute numbers for 
variables in a formula. The perimeter of a geometric figure is the distance around it, and 
the area of a geometric figure is the amount of surface that it encloses. The perimeter of 
a circle is called its circumference. 


EXAMPLE 6 CIRCLES Use the information in Figure 1-17 to find: 
a. the circumference b. the area of the circle 


Solution a. The formula for the circumference of a circle is 
C=7D 


where C is the circumference, 7 can be approximated by 2 and D is the diameter— 
a line segment that passes through the center of the circle and joins two points on 
the circle. We can approximate the circumference by substituting e for 7 and 14 for 
D in the formula and simplifying. 


C=a7D 


2 
C=—-14_ Read ~ as “is approximately equal to.” 
Figure 1-17 7 id 
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2 
22:4 
C= 7 M4 Multiply the fractions and simplify. 
1 
C~ 44 


The circumference is approximately 44 centimeters. To use a calculator, we enter 
these numbers and press these keys: 

aq xX 14= Using a scientific calculator 

a X 14 ENTER _ Usinga graphing calculator 


Either way, the display will read 43.98229715. The result is not 44, because a calcu- 
lator uses a better approximation for 7 than 2 


COMMENT A segment drawn from the center of a circle to a point on the circle is 
called a radius. Since the diameter D of a circle is twice as long as its radius r, we have 
D = 2r. If we substitute 27 for D in the formula C = 7D, we obtain an alternate 
formula for the circumference of a circle: C = 27r. 


b. The formula for the area of a circle is 
A= ar 


where A is the area, 7 ~ 2 and r is the radius of the circle. We can approximate the 


area by substituting = for 7 and 7 for rin the formula and simplifying. 


A=ar 
22 
Axa 7 
fi 
22 4 . . 
A= 7 . T Evaluate the exponential expression. 
7 
22+ 49 oe 
A= 7 Multiply the fractions and simplify. 
1 
A = 154 


The area is approximately 154 square centimeters. 
To use a calculator, we enter these numbers and press these keys: 


wl W<l= Using a scientific calculator 
aw X 7x% ENTER _ Usinga graphing calculator 
The display will read 153.93804. 


SELF CHECK6 Given acircle with a diameter of 28 meters, find an estimate of 
a. the circumference b. the area. 


(Use a to estimate 7.) Check your results with a calculator. 


Table 1-1 shows the formulas for the perimeter and area of several geometric 
figures. 
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Name Perimeter Area 
Square P= ay AS ye 
Rectangle P=21+ 2w A =lw 


Triangle P=atbt+e A = 4bh 


Euclid 


325-265 BC 


a i . 

b 

d 
Although Euclid is best known 
for his study of geometry, many w™X Trapezoid Bae ed Wes l(b +d) 
of his writings deal with number P 2 
theory. In about 300 ac, the = 
Greek mathematician Euclid 
proved that the number of 
prime numbers is unlimited— 
that there are infinitely many 
prime numbers. This is an 
important branch of mathemat- 
ics called number theory. 


Circle C= 7D =2ar A=ar 


Table 1-1 


The volume of a three-dimensional geometric solid is the amount of space it 
encloses. Table 1-2 shows the formulas for the volume of several solids. 


Figure Name Volume 
i —~ Rectangular solid V = Iwh 
Ww 
i 
Cylinder V = Bh, where B is the area of the base 


g\ Pyramid V= 5Bh, where B is the area of the base 


Cone V= 5Bh, where B is the area of the base 


ae 


Table 1-2 


EXAMPLE 7 


Solution 


SELF CHECK 7 


SELF CHECK ANSWERS 
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When working with geometric figures, measurements are often given in linear units 
such as feet (ft), centimeters (cm), or meters (m). If the dimensions of a two-dimensional 
geometric figure are given in feet, we can calculate its perimeter by finding the sum of the 
lengths of its sides. This sum will be in feet. 

If we calculate the area of a two-dimensional figure, the result will be in square units. 
For example, if we calculate the area of the figure whose sides are measured in centime- 
ters, the result will be in square centimeters (cm’). 

If we calculate the volume of a three-dimensional figure, the result will be in cubic 
units. For example, the volume of a three-dimensional geometric figure whose sides are 
measured in meters will be in cubic meters (m*). 


WINTER DRIVING Find the number of cubic feet of road salt in the conical pile shown 
in Figure 1-18. Round the answer to two decimal places. 


| 
| 
| 
| 
18.75 ft 


Figure 1-18 
We can find the area of the circular base by substituting = for w and 14.3 for the 


radius. 


A=ar 
22 
~ = (14.3) 


= 642.6828571 Use a calculator. 


We then substitute 642.6828571 for B and 18.75 for in the formula for the volume of 
a cone. 


1 
V =—=Bh 
3 


1 
~ 3 (642.6828571)(18.75) 


= 4,016.767857 Use a calculator. 


To two decimal places, there are 4,016.77 cubic feet of salt in the pile. 


To the nearest hundredth, find the number of cubic feet of water that can be contained 
in a spherical tank that has a radius of 9 feet. (Use 7 ~ 2) 


a 49 ba 2aa-a-a bbeb-b-b 341 41 5.2 6a. 88m b, 616m 
7. 3,054.86 ft* 
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Simplify each expression. 
1. 28 — 7(4 — 1) 


f= (asi) 


2 
2 


3. Insert the appropriate operations and one set of parentheses so that the expression yields 


the given value. 
a 16 3 5= 2 
b4 2 6=12 


1.3 EXERCISES — 


WARM-UPS 
Find the value of each expression. 
12° 2. 3+ 
3. 4 4. 3° 
Simplify each expression. 
5. 3(2)° 6. (3-2) 
7.3+2-4 8. 10 — 3” 
9.44 27-3 10. 2-3 +2-3° 
REVIEW 


11. On the number line, graph the prime numbers between 10 
and 20. 


“<< 


l I l l I l l l l l [35s 

10 11 12 13 14 15 16 17 18 19 20 

12. Write the inequality 7 = 12 as an inequality using the 
symbol =. 

13. Classify the number 17 as a prime number or a composite 
number. 


32 1 
14. Evaluate: = — -. 


5 2 
VOCABULARY AND CONCEPTS fill inthe blanks. 
15. An indicates how many times a base is to be used 


as a factor in a product. 


16. In the exponential expression (power of x) x’, x is called the 
and 7 is called an ; 


17. Parentheses, brackets, and braces are called 


symbols. 
18. A line segment that passes through the center of a circle 
and joins two points on the circle is called a LA 


line segment drawn from the center of a circle to a point on 
the circle is called a 


19. The distance around a rectangle is called the ____, 
and the distance around a circle is called the 


20. The region enclosed by a two-dimensional geometric figure 


is called the and is designated by units, and 
the region enclosed by a three-dimensional geometric figure 
is called the____——_and is designated by units. 


Write the appropriate formula to find each quantity and state the 
correct units. 


21. The perimeter of a square 
22. The area of a square : 


23. The perimeter of a rectangle : 


24. The area of a rectangle : 
25. The perimeter of a triangle : 


26. The area of a triangle : 


27. The perimeter of a trapezoid : 


28. The area of a trapezoid : 


29. The circumference of a circle : 


30. The area of a circle : 


31. The volume of a rectangular solid : 


32. The volume of a cylinder : 


33. The volume of a pyramid ; 


34. The volume of a cone : 


35. The volume of a sphere ; 
36. In Exercises 32-34, B is the of the base. 


GUIDED PRACTICE 


Write each expression without using exponents and find the value 
of each expression. See Example 1. (Objective 1) 


37. 4 38. 5° 
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1\4 Find the area of each figure. (Objective 3) 
an (3s) 81. 5m 82. 
1\° 5cm 
ao. (+) 
2 Sm 
ee 
Write each expression without using exponents. See Example 2. 8cm 
(Objective 1) 
2 3 
41. x 42. y 83. 6 ft 84. 16cm 
43. 32" 44. 5° 
45. (5t)” 46. (3z)* 
47. 5(2x)° 48. 7(3t) 10 ft 
Find the value of each expression. See Examples 3-5. (Objective 2) ———S 
49. 4(3°) 50. 4(2°) ae 
51. (5-2) 52. (2-2)* 
2 3 
53. 2(3°) . 54. 3(2°) P Find the circumference of each circle. Use 7 ~ 22 See Example 6. 
55. (3 + 2) 56. (2: 3) (Objective 3) 
57.3-5-—4 58.6+ 4-3 85. 86. 
59. 3(5 — 4) 60. 4(6 + 5) om 
61.2+3:-5-4 62. 12+2-3+2 
63. 64 + (3 + 1) 64. 16 + (5 + 3) te 
65. 3° + 2(1+4)-2 66. 4-3 + 2(5 — 2) - 2° 
3 10 1 15 3 
ia 5 3 viet me: =¢ 7 2) Find the area of each circle. Use 7 ~ 22. See Example 6. 
1 1\272 2\2 1/2 (Objective 3) 
.[3-(3)| 7. [(3) -3] 87. 88. 
3+5)+2 25 — (2-3-1) 
71. ———_—_ 72... >_> 
2(8 — 5) 2-9-8 
2 2 
- +2 4° —2)+ 
73. hes ae a 74. cae ed ) u 
4° — (8 + 2) 5(2 + 4) — 3 
2 2 
. = . — . —_— + 
ae eet as a) 76. co a Find the volume of each solid. Use 77 ~ 2 where applicable. 
43 4+ 2)- 3 +5 245 — 2) - See Example 7. (Objective 3) 
Find the perimeter of each figure. (Objective 3) 89. 2cm 
77. 4 in. Siew 3cm 
4 in. 4 in. : 3cm 
3cm 
4 in. 
78. 10cm at. 
10cm 
79.45 ce 
7m 
80. 6cm 


|«——12 in. ——>| 
y 
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93. 94. 


ADDITIONAL PRACTICE 
Simplify each expression. 

95. 6 96. 7° 

97.3+5 98. 4° — 2? 

99. (3 + 5) 100. (5 — 2)° 

101. (7 + 9) + (2-4) 102. (7+ 9) +2-4 
103. (5+ 7) +3°4 104. (5 + 7) = (3-4) 
105. 24+4-343 106. 36+9-4-2 
107. 5° — (7-3) 108. 3° + (3 — 1)° 
109. (2-3 — 4)° 110. (3-5 —2-6) 
a 2/4 + 23 - 1] 4a: 319 — 2(7 — 3)] 

3[3(2-3 — 4)] (8 — 5)(9 — 7) 

Fy Use a calculator to find each power. 

113. 7.9° 114. 0.454 

115. 25.3° 116. 7.567° 


Insert parentheses in the expression 3 - 8 + 5 - 3 to make its 
value equal to the given number. 
117. 39 
119. 87 


118. 117 
120. 69 


APPLICATIONS = Use acalculator. For 7, use the 7 key. 
Round to two decimal places. See Example 7. (Objective 3) 
121. Volume of atank Find the 
number of cubic feet of water in 
the spherical tank at the top of 
the water tower. 


122. Storing solvents A hazardous solvent fills a rectangular 
tank with dimensions of 12 inches by 9.5 inches by 
7.3 inches. For disposal, it must be transferred to a cylin- 
drical canister 7.5 inches in diameter and 18 inches high. 
How much solvent will be left over? 

123. Buying fencing How many meters of fencing are needed 
to enclose the square pasture shown in the illustration? 


ped 
or aa 


124. Installing carpet What will it cost to carpet the area 
shown in the illustration with carpet that costs $29.79 per 
square yard? (One square yard is 9 square feet.) 


23 ft 


E75. it 


125. Volume of aclassroom Thirty students are in a classroom 
with dimensions of 40 feet by 40 feet by 9 feet. How many 
cubic feet of air are there for each student? 

126. Wallpapering One roll of wallpaper covers about 33 
square feet. At $27.50 per roll, how much would it cost to 
paper two walls 8.5 feet high and 17.3 feet long? (Hint: 
Wallpaper can be purchased only in full rolls.) 

127. Focallength The focal length f of a double-convex thin 
lens is given by the formula 


rs 


f= (r + s)(n — 1) 


Ifr = 8,5 = 12, andn = 1.6, find f. 
128. Resistance The total resistance R of two resistors in par- 
allel is given by the formula 


rs 


Ifr = 170 and s = 255, find R. 
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WRITING ABOUT MATH SOMETHING TO THINK ABOUT 

129. Explain why the symbols 3x and x°* have different 131. If x were greater than 1, would raising x to higher and 
meanings. higher powers produce bigger numbers or smaller 

130. Students often say that x” means “x multiplied by itself numbers? 
n times.” Explain why this is not correct. 132. What would happen in Exercise 131 if x were a positive 


number that was less than 1? 


Adding and Subtracting Real Numbers 


GD Add two or more real numbers with like signs. 
© Add two or more real numbers with unlike signs. 
€&} Subtract two real numbers. 


@3 Use signed numbers and one or more operations to model an application 
problem. 


© Use a calculator to add or subtract two real numbers. 


Objectives 


Vocabulary 


Perform each operation. 


1. 14.32 + 3.2 5.54 — 2.6 
3. 42-0 08) 4. (5.42 — 4.22) — 0.2 
5. (437 — 198) — 143 6. 437 — (198 — 143) 


Getting Ready 


In this section, we will discuss how to add and subtract real numbers. Recall that the 
result of an addition problem is called a sum and the result of a subtraction problem is 
called a difference. To develop the rules for adding real numbers, we will use the number 
line. 


@ Add two or more real numbers with like signs. 


Since the positive direction on the number line is to the right, positive numbers can be 
represented by arrows pointing to the right. Negative numbers can be represented by 
arrows pointing to the left. 
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Adding Real Numbers 
with Like Signs 


EXAMPLE 1 


Fy SELF CHECK 1 


To add +2 and +3, we can represent +2 
with an arrow the length of 2, pointing to the 
right. We can represent +3 with an arrow of 42 uc 
length 3, also pointing to the right. To add the a 
numbers, we place the arrows end to end, as in 


Figure 1-19. Since the endpoint of the second 
arrow is the point with coordinate +5, we have Figure 1-19 


(+2) + (+3) = +5 


As a check, we can think of this problem in terms of money. If you had $2 and 
earned $3 more, you would have a total of $5. 
The addition 


(-2) + (-3) ee 


Start 


can be represented by the arrows shown in 
Figure 1-20. Since the endpoint of the final 
arrow is the point with coordinate —5, we have Figure 1-20 


(=2) +(-3)= =5 


76 5 4 3 2-1 0 1 


As a check, we can think of this problem in terms of money. If you lost $2 and then 
lost $3 more, you would have lost a total of $5. 

Because two real numbers with like signs can be represented by arrows pointing in 
the same direction, we have the following rule. 


1. To add two positive numbers, add their absolute values and the answer is positive. 
2. To add two negative numbers, add their absolute values and the answer is negative. 


ADDING REAL NUMBERS 
a. (+4) + (+6) = +(4 + 6) b. (—4) + (—6) = —(4 + 6) 
= 10 = -10 
c. +5 + (+10) = +(5 + 10) rr + ( *) (+3) 
= 2 2 2° 3 
= 
a; 
=-2 
Add: a. (+0.5) + (+1.2) b. (—3.7) + (—2.3). 


Add two or more real numbers with unlike signs. 


Real numbers with unlike signs can be represented by arrows on a number line pointing 
in opposite directions. For example, the addition 


(—6) + (+2) 


COMMENT We do not need 
to write a + sign in front of a 
positive number. 


+4=4 and +5=5 


However, we must always 
write a — sign in front of a 
negative number. 


Adding Real Numbers 
with Unlike Signs 


EXAMPLE 2 


SELF CHECK 2 
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can be represented by the arrows shown Start 
in Figure 1-21. Since the endpoint of -6 

the final arrow is the point with coordi- 
nate —4, we have 


(—6) + (+2) = —4 7.65 49 2+ 0 1 2-3 # 


Figure 1-21 


As a check, we can think of this problem in terms of money. If you lost $6 and then 
earned $2, you would still have a loss of $4. 

The addition 

(7) +4) 

Start 

can be represented by the arrows shown +7 
in Figure 1-22. Since the endpoint of 
the final arrow is the point with coordi- 
nate +3, we have 


(+7) + (-4) = +3 
Figure 1-22 


As a check, you can think of this problem in terms of money. If you had $7 and then 
lost $4, you would still have a gain of $3. 

Because two real numbers with unlike signs can be represented by arrows pointing in 
opposite directions, we have the following rule. 


To add a positive and a negative number, subtract the smaller absolute value from the 
larger. 


1. If the positive number has the larger absolute value, the answer is positive. 
2. If the negative number has the larger absolute value, the answer is negative. 


ADDING REAL NUMBERS 


a. (+6) + (—5) = +(6 — 5) b. (—2) + (+3) = +(3 — 2) 
=] =] 
9 1 as j 
c. en (2) o d. ‘+ (+4)--(2 *) 
- (3 
~ N66 
__l 
6 
Add: a. (+3.5) + (—2.6) b. (—7.2) + (+4.7). 


When adding three or more real numbers, we use the rules for the order of 
operations. 
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EXAMPLE 3 WORKING WITH GROUPING SYMBOLS 
a. [(+3) + (—7)] + (-4) = [-4] + (-4) _ Do the work within the brackets first. 


= —8 
b. —3 + [(—2) + (—8)] = —3 + [-10] Do the work within the brackets first. 
= —-]13 
c. 2.75 + [8.57 + (—4.8)] = 2.75 + 3.77 Do the work within the brackets first. 
= 6.52 


FY SELF CHECK3 Add: 9-2 + [(+5.2) + (-12.7)]. 


Sometimes numbers are added vertically, as shown in the next example. 


EXAMPLE 4 ADDING NUMBERS IN A VERTICAL FORMAT 


a. +5 b. +5 c —5 d. —5 
+2 =2 +2 =2 
+7 +3 3 -7 
EJ SELF CHECK4 Add: a. +3.2 b. —13.5 


(E)) Subtract two real numbers. 
In arithmetic, subtraction is a take-away process. For example, 


7-453 


can be thought of as taking 4 objects away from 7 objects, leaving 3 objects. 
For algebra, a better approach treats the subtraction problem 


7-4 

as the equivalent addition problem: 
7 + (-4) 

In either case, the answer is 3. 
7-4=3 and 7+(-4)=3 


Thus, to subtract 4 from 7, we can add the negative (or opposite) of 4 to 7. In general, to 
subtract one real number from another, we add the negative (or opposite) of the number 
that is being subtracted. 


Subtracting Real If a and b are two real numbers, then 
Numbers Fare) 
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EXAMPLE 5 Evaluate: a. 12-4 b. -13-—5 c. —14-(-6) 


Solution a. 12 — 4 = 12 + (-4) To subtract 4, add the opposite of 4. 
= 8 
b. —13 —5 = —13 + (—5) To subtract 5, add the opposite of 5. 
= —18 
c. —14 — (-—6) = —14+ [-(—6)] To subtract —6, add the opposite of —6. The opposite 
of —6is 6. 
=-14+6 
= —-8 
SELF CHECK5 Evaluate: a. —12.7 — 8.9 b. 15.7 — (-11.3) 


To use a vertical format for subtracting real numbers, we add the opposite of the 
number that is to be subtracted by changing the sign of the lower number and proceed- 
ing as in addition. 


EXAMPLE 6 Perform each subtraction by doing an equivalent addition. 


5 5 
a. The subtraction ——4 becomes the addition + +4 
9 
—8 —8 
b. The subtraction — +3 becomes the addition + —3 
—11 
; 5.8 
SELF CHECK 6 Perform the subtraction: __ 1) 


When dealing with three or more real numbers, we use the rules for the order of 
operations. 


EXAMPLE7 Simplify: a. 3 —[4+(-6] b. [—5 + (-3)] - [-2 -(+5)]. 


Solution a. 3 — [4 + (—6)] = 3 — (-2) Do the addition within the brackets first. 
= 3+ [-(-—2)] | To subtract —2, add the opposite of —2. 
=3+2 ~(-2) =2 
=5 


b. [=3 + (—3)| — [-2 ~ (9) 
= [-5 + (-3)] — [—-2 + (—5)] | To subtract —5, add the opposite of 5. 
= —8 — (-7) Do the work within the brackets. 

—8 + [-(-7)] To subtract —7, add the opposite of —7. 
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=-8+7 ~(-1)=7 
=-1 


FJ SELF CHECK7 Simplify: [7.2 — (-3)] - 3.2 + (-L.7)}. 


—3 —(-5) 6+(-5)  -3-4 


EXAMPLE 8 Evaluate: 7 4(-5) a=). Sy 


: 3 5 3+ 5 
Solution a. 74 SS 9 wes M] To subtract —5, add the opposite of —5. 


-34+5 
-. (-5) =5;7+ (-5) =2 
5 
me 
“2 
= 
6 +(-5 -3-4 I —3+(-4) SFOS = 1-9) = +5; 
ere 7+(-5) 345 ; P= == 3 + (8 
7 +(-5)=2 


a 3+ (-4) = -7;-3+5=2 
2 2 
=e) Subtract the numerators and 
2 keep the denominator. 
= 1 + [-(-7)] To subtract —7, add the oppo- 
2 site-of =7, 
tad “(= 
2 
8 
a 
=4 


EJ seLF CHECKS Evaluate: — 7G. 


4 Use signed numbers and one or more operations 
to model an application problem. 


Words such as found, gain, credit, up, increase, forward, rises, in the future, and to the right 
indicate a positive direction. Words such as Jost, loss, debit, down, decrease, backward, 
falls, in the past, and to the left indicate a negative direction. 


EXAMPLE 9 ACCOUNT BALANCES The treasurer of a math club opens a checking account by 
depositing $350 in the bank. The bank debits the account $9 for check printing, and 
the treasurer writes a check for $22. Find the balance after these transactions. 
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Solution The deposit can be represented by +350. The debit of $9 can be represented by —9, 
and the check written for $22 can be represented by —22. The balance in the account 
after these transactions is the sum of 350, —9, and —22. 
350 + (—9) + (—22) = 341 + (—22) Work from left to right. 
= 319 


The balance is $319. 


SELF CHECK9 Find the balance if another deposit of $17 is made. 


EXAMPLE 10 TEMPERATURE CHANGES At noon, the temperature was 7° above zero. At midnight, 
the temperature was 4° below zero. Find the difference between these two temperatures. 


+7° — 
Solution A temperature of 7° above zero can be represented as +7. A temperature of 4° below 
ii* zero can be represented as —4. To find the difference between these temperatures, we 
0° can set up a subtraction problem and simplify. 
a4 7 — (-4) =7+[-(-4)] | To subtract —4, add the opposite of —4. 
=7+4 -(-4) =4 
= 11 
The difference between the temperatures is 11°. Figure 1-23 shows this difference. 
Figure 1-23 


SELF CHECK 10 Find the difference between temperatures of 32° and — 10°. 


5 Use a calculator to add or subtract two real numbers. 


ComMENT A common error A calculator can add positive and negative numbers. 


is to use the subtraction key + You do not have to do anything special to enter positive numbers. When you press 5, 
— ona calculator rather than for example, a positive 5 is entered. 

the negative key (~). To enter —5 into a calculator with a +/— key, called the plus-minus or change-of- 

sign key, you must enter 5 and then press the +/— key. To enter —5 into a calculator 


with a (—) key, you must press the (—) key and then press 5. 


EXAMPLE 11 To evaluate —345.678 + (—527.339), we enter these numbers and press these keys: 


345.678 +/— + 527.339 +/— = Using a calculator with a +/— key 
(—) 345.678 + (—) 527.339 ENTER — Using a graphing calculator 


The display will read —873.017. 


EY SELF CHECK 11 Evaluate: —783.291 — (—28.3264). 


SELF CHECK ANSWERS 1.a.17 b.-6 2.4.09 b.-25 3.-95 4.a.-22 b. -178 5. a. —21.6 
b. 27 6.104 7.8.7 8 10 9. $336 10. 42° 11. —754.9646 
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1. Evaluate each expression. 


== 56) 


2. Determine the signs necessary to obtain the given value. 
a 3+( )S=-2 
b. Hic + Gis = -14 
c. Hse + 24 = -32 


1.4 EXERCISES 


WARM-UPS Find each value. 


1.243 2. 2 + (—5) 

$07 A SH 

5.6-2 6. —8 —4 

i.) 8. 12 — (-4) 
REVIEW Simplify each expression. 

9.5 + 3(7 — 2) 10. (5 + 3)(7 — 2) 
11.543 —2 12. (5+ 3)7 -2 


VOCABULARY AND CONCEPTS Fill inthe blanks. 
13. Positive and negative numbers can be represented by 
on the number line. 


14. The numbers +5 and +8 and the numbers —5 and —8 are 
said to have signs. 


15. The numbers +7 and —9 are said to have signs. 


16. To find the sum of two real numbers with like signs, 
their absolute values and their common sign. 


17. To find the sum of two real numbers with unlike signs, 
their absolute values and use the sign of the 
number with the absolute value. 
18.a—-—b= 
19. To subtract a number, we _____its ‘ 
20. The difference 


35 
—45 


is equivalent to the subtraction 35 : 


GUIDED PRACTICE 
Find each sum. See Example 1. (Objective 1) 
21.4+8 22. (—4) + (—2) 


23. (—3) + (-7) 24. (+4) + 11 


_l6-(-4)| 


[=o 


25 t+(+4) 26 -2+(-2) 
a) 7 “5 5 


27. 44.902 + 33.098 28. —421.377 + (—122.043) 


Find each sum. See Example 2. (Objective 2) 


29. 6 + (—4) 30, 5-4 (3) 
31. (—0.4) + 0.9 92..(-19). 4 (3) 
24 (1) ore 

3 4 a°3 


35. 87.63 + (—102.6) 36. —721.964 + (38.291) 


Evaluate each expression. See Example 3. (Objectives 1 and 2) 


37. 5+ [4+ (-2)] 38. —6 + [(-3) + 8] 

39. -2 + (-4+ 5) 40. 5 + [-4 + (-6)] 

41. (-3 + 5) +2 42. -7 + [-3 + (-7)] 
43. -15 + (-4 + 12) 44, —27 + [-12 + (-13)] 


Add vertically. See Example 4. (Objectives 1 and 2) 


45. 5 46. —20 

+—4 +-17 
47. —-13 48. 1.3 

+ 3.5 +-2.5 
Find each difference. See Example 5. (Objective 3) 
49.8 —4 50. —8 — 4 
51. 8 — (-4) 52. —9 — (-S) 
53. 0 — (5) 54. 0 — 75 

5. 7 3. 3 
35.37% 56. 5-3 


Subtract vertically. See Example 6. (Objective 3) 


57. 8 58. 8 
2 ~=3 


59. 


61. 
63. 


65. 


67. 


—10 60. —13 
== ~_5 
Simplify each expression. See Examples 7-8. (Objective 3) 
+3 — [(-4) - 3] 62. —5 — [4 — (-2)] 
(5 — 3) + (3 — 5) 64. (3 — 5) — [5 — (-3)] 
5 — [4 + (-2) — 5) 66. 3 — [-(—2) + 5] 
5 — (-4) 2 + (-3) 
3 = (—6) ae es (—4) 


69. 


70. 


G-3)-[e-Ca)] 


“62=95)=625.=5) 
(OT = 835) Ss 8S) 


Use a calculator to evaluate each quantity. Round the 
answers to two decimal places. See Example 11. (Objective 5) 


. 2.34 — 3.47 + 0.72 
. 3.47 — 0.72 — 2.34 

. (2.34) — (3.47) — (0.72)? 
. (0.72)? — (2.34)° + (3.47)° 


ADDITIONAL PRACTICE = Simplify each expression. 


77. 
79. 
80. 
81. 


83. 


85. 


87. 


89. 


91. 


93. 


94. 


a 


9 + (-11) 78. 10 + (—13) 
[-4 + (-3)] + 2 + (-2)] 
[3 + (-D] + [-2 + (-3)] 

4+ (-3 + 2) + (3) 2.522 4-514) 
=¢4C4| +7 84. 2 +(-2)| 

5 5 

5.2 + |-2.5 + (-4)| 86. 6.8 + |8.6 + (-1.1)| 
aed se. 2 (3!) 

2 74 2 2 
—6.7 — (-2.5) 90. 25.3 — 17.5 

-4-2 - 5 —4 
eee | 4—(-6) 8 +(-6) 


APPLICATIONS 


Use the appropriate signed numbers and operations for each 
problem. See Examples 9-10. (Objective 4) 


95. 


College tuition A student owes $575 in tuition. If she is 
awarded a scholarship that will pay $400 of the bill, what 
will she still owe? 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 
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Dieting Scott weighed 212 pounds but lost 24 pounds 
during a three-month diet. What does Scott weigh now? 


Temperatures The temperature rose 13 degrees in 1 hour 
and then dropped 4 degrees in the next hour. What signed 
number represents the net change in temperature? 
Mountain climbing A team of mountaineers climbed 
2,347 feet one day and then came down 597 feet to a good 
spot to make camp. What signed number represents their 
net change in altitude? 

Temperatures The temperature fell from zero to 14° 
below one night. By 5:00 P.M. the next day, the temperature 
had risen 10 degrees. What was the temperature at 5:00 
P.M.? 

History In 1897, Joseph Thompson discovered the elec- 
tron. Fifty-four years later, the first fission reactor was 
built. Nineteen years before the reactor was erected, James 
Chadwick discovered the neutron. In what year was the 
neutron discovered? 

History The Greek mathematician Euclid was alive in 
300 Bc. The English mathematician Sir Isaac Newton was 
alive in AD 1700. How many years apart did they live? 


Banking A student deposited $212 in a new checking 
account, wrote a check for $173, and deposited another 
$312. Find the balance in his account. 

Military science An army retreated 2,300 meters. After 
regrouping, it moved forward 1,750 meters. The next day it 
gained another 1,875 meters. What was the army’s net 


gain? 

Football A football 

player gained and 

lost the yardage 5] sil 41 
shown in the illustra- = 


tion on six consecu- 
tive plays. How many 
total yards were 
gained or lost on the 
six plays? 

Aviation A pilot flying at 32,000 feet is instructed to 
descend to 28,000 feet. How many feet must he descend? 


cal 


Gains and Losses 


Stock market Tuesday’s high and low prices for Tran- 
sitronics stock were 37.125 and 31.625. Find the range of 
prices for this stock. 

Temperatures Find the difference between a temperature of 
32° above zero and a temperature of 27° above zero. 
Temperatures Find the difference between a temperature of 
3° below zero and a temperature of 21° below zero. 

Stock market At the opening bell on Monday, the Dow 
Jones Industrial Average was 12,153. At the close, the Dow 
was down 23 points, but news of a half-point drop in 
interest rates on Tuesday sent the market up 57 points. 
What was the Dow average after the market closed on 
Tuesday? 


50 


110. 


112. 


CHAPTER 1 Real Numbers and Their Basic Properties 


Stock market Ona Monday morning, the Dow Jones 
Industrial Average opened at 11,917. For the week, the 
Dow rose 29 points on Monday and 12 points on Wednes- 
day. However, it fell 53 points on Tuesday and 27 points on 
both Thursday and Friday. Where did the Dow close on 
Friday? 


. Buying stock A woman owned 500 shares of Microsoft 


stock, bought another 500 shares on a price dip, and then 
sold 300 shares when the price rose. How many shares 
does she now own? 


Small business Maria earned $2,532 in a part-time busi- 
ness. However, $633 of the earnings went for taxes. Find 
Maria’s net earnings. 


Ry Use acalculator to help answer each question. 


113. 


114. 


115. 


Balancing the books On January 1, Sally had $437.45 in 
the bank. During the month, she had deposits of $25.17, 
$37.93, and $45.26, and she had withdrawals of $17.13, 
$83.44, and $22.58. How much was in her account at the 
end of the month? 

Small business The owner of a small business has a gross 
income of $97,345.32. However, he paid $37,675.66 in 
expenses plus $7,537.45 in taxes, $3,723.41 in health-care 
premiums, and $5,767.99 in pension payments. What was 
his profit? 

Closing real estate transactions A woman sold her house 
for $115,000. Her fees at closing were $78 for preparing a 
deed, $446 for title work, $216 for revenue stamps, and a 
sales commission of $7,612.32. In addition, there was a 
deduction of $23,445.11 to pay off her old mortgage. As 


116. 


part of the deal, the buyer agreed to pay half of the title 
work. How much money did the woman receive after 
closing? 

Winning the lottery Mike won $500,000 in a state lottery. 
He will get 4 of the sum each year for the next 20 years. 
After he receives his first installment, he plans to pay off a 
car loan of $7,645.12 and give his son $10,000 for college. 
By paying off the car loan, he will receive a rebate of 2% of 
the loan. If he must pay income tax of 28% on his first 
installment, how much will he have left to spend? 


WRITING ABOUT MATH 


117. 


118. 


Explain why the sum of two negative numbers is always 
negative, and the sum of two positive numbers is always 
positive. 

Explain why the sum of a negative number and a positive 
number could be either negative or positive. 


SOMETHING TO THINK ABOUT 


119. 


120. 


Think of two numbers. First, add the absolute values of 
the two numbers, and write your answer. Second, add the 
two numbers, take the absolute value of that sum, and 
write that answer. Do the two answers agree? Can you find 
two numbers that produce different answers? When do you 
get answers that agree, and when don’t you? 

“Think of a very small number,” requests the teacher. 
“One one-millionth,” answers Charles. “Negative one 
million,” responds Mia. Explain why either answer might 
be considered correct. 


Multiplying and Dividing Real Numbers 


Objectives 


Getting Ready 


@ Multiply two or more real numbers. 
@ Divide two real numbers. 
&} Use signed numbers and an operation to model an application problem. 
@3 Use a calculator to multiply or divide two real numbers. 


Find each product or quotient. 


Rules for Multiplying 
Signed Numbers 
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In this section, we will develop the rules for multiplying and dividing real numbers. We 
will see that the rules for multiplication and division are very similar. 


Multiply two or more real numbers. 


Because the times sign, X, looks like the letter x, it is seldom used in algebra. Instead, we 
will use a dot, parentheses, or no symbol at all to denote multiplication. Each of the fol- 
lowing expressions indicates the product obtained when two real numbers x and y are 
multiplied. 

xey (OY) xX) (yoy 


To develop rules for multiplying real numbers, we rely on the definition of multipli- 
cation. The expression 5 « 4 indicates that 4 is to be used as a term in a sum five times. 


5(44)=4+4+4+4+42= 20 Read 5(4) as “5 times 4.” 
Likewise, the expression 5(—4) indicates that —4 is to be used as a term in a sum five times. 


5(—4) = (-4) + (-4) + (-4) + (-4) + (-4) = —-20 Read 5(—4) as “5 times 
negative 4.” 


If multiplying by a positive number indicates repeated addition, it is reasonable that 
multiplication by a negative number indicates repeated subtraction. The expression (—5)4, 
for example, means that 4 is to be used as a term in a repeated subtraction five times. 

(“54 = =4)- 4-4) = 4) - 4) 

= (4) (4) > (4) + (-4) e (—4) 
= —20 


Likewise, the expression (—5)(—4) indicates that —4 is to be used as a term in a 
repeated subtraction five times. 
(=3)(=4) = (4) == = (= 4) = 9 
= =(—4) or (-(— a) + | -(-  e] P- 
=44+4+44+4+4 
= 20 


The expression 0(—2) indicates that —2 is to be used zero times as a term in a 
repeated addition. Thus, 
0(—2) = 0 


Finally, the expression (—3)(1) = —3 suggests that the product of any number and 1 
is the number itself. 
The previous results suggest the following rules. 


To multiply two real numbers, multiply their absolute values. 


. If the numbers are positive, the product is positive. 

. If the numbers are negative, the product is positive. 

. If one number is positive and the other is negative, the product is negative. 
. Any number multiplied by 0 is 0:a-0=0-a=0. 


uu bBWN = 


. Any number multiplied by | is the number itself:a-1 = 1-a=a. 
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EXAMPLE 1 Findeach product: a. 4(—7) b. (—5)(—4) ©. (—7)(6) d. 8(6) e. (—3) 
f. (—3)° g. (—3)(5)(—4)_ he (—4)(—2)(-3). 


Solution a. 4(—7) = (-4:-7) b. (—5)(—4) = +(5° 4) 
= —28 = +20 
c. (—7)(6) = —(7: 6) d. 8(6) = +(8: 6) 
= -42 = +48 
e. (—3)° = (-3)(-3) f. (—3)° = (-3)(-3)(-3) 
= +9 = 9(-3) 
== 27 
g- (—3)(5)(—4) = (—15)(-4) h. (—4)(—2)(—3) = 8(—3) 
= +60 = —24 
EY SELF CHECK 1 _- Find each product: a. —7(5) b. —12(—7) c. (—5) 
d. —2(—4)(—9). 


EXAMPLE 2 Evaluate: a. 2 + (—3)(4) b. -3(2-4) « (-2) — 3? d. -(-2)? +4. 


Solution a. 2 + (—3)(4) = 2 + (-12) b. —3(2 — 4) = —3[2 + (-4)] 
= —10 = —3(-2) 
= 6 
c. (—2)? — 3? =4-9 d. -(-2P +4=-44+4 
= —-5 =0 
FY SELF CHECK 2 Evaluate: a. —4 — (—3)(5) b. 32) 2-5). 


EXAMPLE 3 Find each product: a. (-2)(-2) b. (=)(-2) 


Solution a. (-2)( ®) = +(2.2) p. (3) >) = -( 2) 
3 5 3 5 10 9 10 9 
2:6 - 3 5 
355 = —“T9.9 
ae _ 15 
=i --¥ 
ee 1 
=< -- 


ES) SELF CHECK3 Evaluate: a. 3(—) b. —(/°)(-2). 
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3 Divide two real numbers. 


Rules for Dividing 
Signed Numbers 


EXAMPLE 4 


Solution 


Recall that the result in a division is called a quotient. We know that 8 divided by 4 has a 
quotient of 2, and 18 divided by 6 has a quotient of 3. 


1 
= = 2, because 2+4 = 8 > = 3, because 3-6 = 18 
These examples suggest that the following rule 


eae if andonlyif c-b=a 


is true for the division of any real number a by any nonzero real number b. For example, 


+10 

— — = +5, because (+5)(+2) = +10. 
+2 

—10 

a = +5, because (+5)(—2) = —10. 
+10 

<a —5, because (—5)(—2) = +10. 
Sas —5)(+2) = —10 
7 , because (—5) = : 
Furthermore, 


—-10. — ‘ 
oS is undefined, because no number multiplied by 0 gives —10. 


0 
oe 0(—10) = 0. 
Ti 0, because 0(—10) = 0 


These examples suggest the rules for dividing real numbers. 


To divide two real numbers, find the quotient of their absolute values. 


1. If the numbers are positive, the quotient is positive. 
2. If the numbers are negative, the quotient is positive. 
3. If one number is positive and the other is negative, the quotient is negative. 


a 


4. ae undefined. 5: i =a 


lta 0, then 2 = 0 Fikes 0, then © = il, 


36 —44 oe —64 
Find each tient: a. b. c. d. : 
ind each quotien 18 ll = —8 
36 36 : eT ee ee ie 
a. 18 = 18 = The quotient of two numbers with like signs is positive. 
—44 44 ee ; 
b. —— = ———- = —4 _ The quotient of two numbers with unlike signs is negative. 
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27 27 
c. = = ~9 =-=-3 The quotient of two numbers with unlike signs is negative. 
—64 64 ' bis ees tase aa 
d. 3 = 3 = 8 The quotient of two numbers with like signs is positive. 
FY SELF CHECK 4 Find each quotient: a. 522° b, 43) 


nC): «, (—4)°(16) 


EXAMPLE 5 Evaluate: a. ey. 


: 16(—4) _ —64 (—4)°(16) _ (—64)(16) 
Solution a. =(—64) oT ed b. a” (—64) 
=-] = 16 


FEY SELF CHECKS Evaluate: — “2° 


When dealing with three or more real numbers, we use the rules for the order of 
operations. 


(—50)(10)(—5) : 3(—50)(10) + 2(10)(—5) 
—50-5(-5) 2(—50 + 10) 


EXAMPLE 6 Evaluate: a. 


(=50)10)(=5) _ (~500)(~S) 


Solution a. =50 — 5(—5) —50 + 25 Multiply. 
mel Multiply and add. 
—25 
= —100 Divide. 


3(—50)(10) + 2(10)(—-5) _ —150(10) + (20)(—5) 


2(—50 + 10) 2(—40) Multiply and add. 
= a Multiply. 
—80 
= = Subtract. 
—80 
= 20 Divide. 


. 2(—50)00) — 3(—5) — 5 
FEY SELF CHECK6 Evaluate: ON — A) — 
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3 | Use signed numbers and an operation to model an application problem. 


EXAMPLE 7 TEMPERATURE CHANGES If the temperature is dropping 4° each hour, how much 
warmer was it 3 hours ago? 


Solution A temperature drop of 4° per hour can be represented by —4° per hour. “Three hours 
ago” can be represented by —3. The temperature 3 hours ago is the product of —3 and 
—4, 


(—3)(—4) = +12 


The temperature was 12° warmer 3 hours ago. 


SELF CHECK 7 How much colder will it be after 5 hours? 


EXAMPLE 8 STOCKREPORTS In its annual report, a corporation reports its performance on a per- 
share basis. When a company with 35 million shares loses $2.3 million, find the per- 
share loss. 


Solution A loss of $2.3 million can be represented by —2,300,000. Because there are 35 million 
—2,300,000 


shares, the per-share loss can be represented by the quotient 35,000,000" 
—2,300,000 
35,000,000 = —0.065714286 Use a calculator. 


The company lost about 6.6¢ per share. 


SELF CHECK 8 _ If the company earns $1.5 million in the following year, find its per-share gain for that 
year. 


4] Use a calculator to multiply or divide two real numbers. 


A calculator can be used to multiply and divide positive and negative numbers. To evalu- 
ate (—345.678)(—527.339), we enter these numbers and press these keys: 


345.678 +/— X 527.339 +/— = Using a calculator with a +/— key 
(=) 345.678 X |= 527.339 [ENTER Using a graphing calculator 
The display will read 182289.4908 . 


— 345.678 we enter these numbers and press these keys: 


To evaluate 597 339 


345.678 +/— + 527.339 +/— = Using a calculator with a +/— key 
(—) 345.678 + (—) 527.339 ENTER — Using a graphing calculator 


The display will read 0.655513815 . 


SELF CHECK ANSWERS 1a -35 b 84 «25 di -72 2a ll b. 260.24 3.a.-3 b6 4a 6 
b. 5.7 5.3 6. —22 7. 20°colder 8. about 4.3¢ 
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Perform the operations. 
1. —2 — 3(1 — 6) 
2. —37 — 4(3)(-1) 


Determine the value of x that will make the fraction undefined. 


3 5° — 2(6)(-1) 

" 45 -—5-+9 
12 

4, — oe 
x x I 


1.5 EXERCISES 


WARM-UPS Find each product or quotient. 


1. 1(-3) 2. —2(—-5) 

3. —2(3)(—4) 4. —2(-3)(—4) 
5, 2 g 2 

* 6 a) 

3(6) (—2)(—3) 

hy 8. 

9. 12 + 4(-3) 10. —16 + 2(—4) 
REVIEW 


11. A concrete block weighs 375 pounds. How much will 30 of 
these blocks weigh? 

12. If one brick weighs 1.3 pounds, how much will 500 bricks 
weigh? 

13. Evaluate: 3° — 8(3)>. 

14. Place <, =, or > in the box to make a true statement: 


2(-3 + 4) 3[3 — (-4)] 


VOCABULARY AND CONCEPTS fill in the blanks. 
15. The product of two positive numbers is 


16. The product ofa__ 
is negative. 


number and a negative number 


17. The product of two negative numbers is 


18. The quotient of a number and a positive number 


is negative. 
19. The quotient of two negative numbers is 
20. Any number multiplied by __ is 0. 
21. a-l1= 


22. The quotient is 


23. Ifa¥0,2=_ 24, Ifa 40,2 = 
a a 

GUIDED PRACTICE 

Perform the operations. See Example 1. (Objective 1) 

25. (+6)(+8) 26. (—9)(—7) 

27. (—8)(—7) 28. (9)(—6) 

29. (+12)(—12) 30. (—9)(12) 

31. (—32)(—14) 32. (—27)(14) 

33. (—2)(3)(4) 34. (5)(0)(—3) 

35. (—2)° 36. (-1)° 

37. (-4)° 38. (-6)° 

39. (3)(—4)(-6) 40. (—1)(—3)(—6) 


Perform the operations. See Example 2. (Objective 1) 
41. 2 + (—1)(-3) 42. —3 — (-1)(2) 
43. (—1 + 2)(—3) 44, 2[-1 — (—3)] 
45. [-1 — (-3)][-1 + (-3)] 

46. [2 + (—3)][-1 — (-3)] 

47. —1(2) + 2(-3)° 

48. (—1)°(2) + (-3) 


Perform the operation. See Example 3. (Objective 1) 


49. (5)-39 
(DC) = (-2)G) 


Perform the operation. See Example 4. (Objective 2) 


80 —66 
eer 54. —_ 
2 —20 33 
—110 200 

55. —— 56. —— 


57, — 160 58, 7250 
40 —25 
320 180 

59. 60. 3° 


Perform the operation. See Example 5. (Objective 2) 


61, 2 62, 40) 
—2 =2 
5(—18) -18 

63. 64. a) 


Perform the operations. If the result is undefined, so indicate. 
See Example 6. (Objective 2) 


ee 8-12 ie eS? 
“2 “2-9 
20 — 25 2(15)7 — 2 
67. 68, ——2—_—— 
7-12 -2P +1 
6 — 2(3) 2(—25)(10) + 4(5)(—5) 
oa —3(8 — 4) st 5(125 — 25) 
—4(3) — 5 —5(-2) + 4 
on 3(2) — 6 aa —4(2) + 8 


We 
ey Use a calculator to evaluate each expression. (Objective 4) 


(—6) + 4(—3) 4 — 2(4)(—3) + (~3) 
ae ay ee 74. 2O=3 
—6)2(— 2 2 4 _2)2 
ve EO t=) a9) 76, 4_= 2 OS) 


2(—6) — 2(—3) —4(—3) 


ADDITIONAL PRACTICE = Simplify each expression. 


1 2 
7.3!) 7. (5(-2) 


79. (-1)(2°) 80. [2(-3)/ 
81. (—2)(—2)(—2)(—3)(-4) 82. (—5)(4)(3)(—2)(-D 


83. (2)(—5)(—6)(—7) 84. (—3)(—5)(—5)(-2) 
85. (—7)° 86. (—2)° 
87. —(-3) 88. —(—1)(-3) 
89. (—1)"[2 — (-3)] 90. 27[-1 — (-3)] 
91. —3(-1) — (—3)(2) 92. —1(2)(—3) + 6 
93. (—1)°(-2)° + (-3)° 94. (—2)°[3 — (-5)] 
og S18) 96, ~23)4) 
-2 3-1 

—2(5)(4) —2+3-(-18) 
97. 3 ap 98. * et 
e225 (i; Sas 

4 3 2 4 


101. 


2 
1 
3 3 
103. (3 : 2\(4 + 2) 104. (3 P *\(3 : >) 
2 3/9 3 2° 4)\2 4 


102. — 
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ios (3 _ (3 7 ) ie (2 _ t)( _ 3) 
“\3 2/\3 2 "\5 4/N\5 4 


APPLICATIONS Use signed numbers and one or more 
operations to answer each question. See Examples 7-8. 
(Objective 3) 


107. Temperature changes If the temperature is increasing 
2 degrees each hour for 3 hours, what product of signed 
numbers represents the temperature change? 


108. Temperature changes If the temperature is decreasing 
2 degrees each hour for 3 hours, what product of signed 
numbers represents the temperature change? 


109. Loss of revenue A manufacturer’s website normally pro- 
duces sales of $350 per hour, but was offline for 15 hours 
due to a systems virus. What product of signed numbers 
represents the loss of revenue during this time? 


110. Draining pools A pool is emptying at the rate of 
12 gallons per minute. What product of signed numbers 
would represent how much more water was in the pool 
2 hours ago? 

111. Filling pools Water from a pipe is filling a pool at the rate 
of 23 gallons per minute. What product of signed numbers 
represents how much less water was in the pool 2 hours 
ago? 

112. Mowing lawns Justin worked all day mowing lawns and 
was paid $8 per hour. If he had $94 at the end of an 
8-hour day, how much did he have before he started 
working? 

113. Temperatures Suppose that the temperature is dropping 
at the rate of 3 degrees each hour. If the temperature has 
dropped 18 degrees, what signed number expresses how 
many hours the temperature has been falling? 


114. Dieting A man lost 37.5 pounds. If he lost 2.5 pounds 
each week, how long has he been dieting? 

115. Inventories A spreadsheet is used to record inventory 
losses at a warehouse. The items, their cost, and the 
number missing are listed in the table. 

a. Find the value of the lost MP3 players. 
b. Find the value of the lost cell phones. 
c. Find the value of the lost GPS systems. 
d 


. Find the total losses. 
A B Cc D 
Item Cost | Number of units | $ Losses 
1 | MP3 player | 75 ay 
2 | Cell phone 57 Aly 
3 | GPS system | 87 =||2 


58 CHAPTER 1 Real Numbers and Their Basic Properties 


116. Inventories A spreadsheet is used to record inventory 
losses at a warehouse. The item, the number of units, and 
the dollar losses are listed in the table. 


a. Find the cost of a truck. 
b. Find the cost of a drum. 
c. Find the cost of a ball. 


A B Cc D 
Item | Cost | Number of units | $ Losses 
1 | Truck —12 —$60 
2) Drum =7 —$49 
3 | Ball —13 S539) 


Ry Use acalculator to help answer each question. 


117. Stock market Over a 7-day period, the Dow Jones Indus- 
trial Average had gains of 26, 35, and 17 points. In that 
period, there were also losses of 25, 31, 12, and 24 points. 
What is the average daily performance over the 7-day 
period? 

118. Astronomy Light travels at the rate of 186,000 miles per 
second. How long will it take light to travel from the Sun 
to Venus? (Hint: The distance from the Sun to Venus is 
67,000,000 miles.) 


119. Saving for school A student has saved $15,000 to attend 
graduate school. If she estimates that her expenses will be 
$613.50 a month while in school, does she have enough to 
complete an 18-month master’s degree program? 

120. Earnings per share Over a five-year period, a corporation 
reported profits of $18 million, $21 million, and $33 
million. It also reported losses of $5 million and $71 
million. What is the average gain (or loss) each year? 


WRITING ABOUT MATH 
121. Explain how you would decide whether the product of 
several numbers is positive or negative. 


122. Describe two situations in which negative numbers are 
useful. 


SOMETHING TO THINK ABOUT 

123. If the quotient of two numbers is undefined, what would 
their product be? 

124. If the product of five numbers is negative, how many of 
the factors could be negative? 

125. If x isa negative number, can you determine whether x is 
also negative? 

126. If x°isa positive number, can you determine whether x is 
also positive? 


Algebraic Expressions 


Objectives 


Pot 
—_ 
SS 
> 
2 
© 
1S] 
2) 
=> 


GD Translate an English phrase into an algebraic expression. 
® Evaluate an algebraic expression when given values for its variables. 


&} Identify the number of terms in an algebraic expression and identify the 
numerical coefficient of each term. 
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Identify each of the following as a sum, difference, product, or quotient. 
te 3 2. 57x 
4. 19-y 


> 
a) 
6 
@ 
oc 
Dn 
= 
b=) 
w 
UO 


Algebraic expressions are a fundamental concept in the study of algebra. They convey 
mathematical operations and are the building blocks of many equations, the main topic 
of the next chapter. 


@ Translate an English phrase into an algebraic expression. 


Variables and numbers can be combined with the operations of arithmetic to produce 
algebraic expressions. For example, if x and y are variables, the algebraic expression 
x + y represents the sum of x and y, and the algebraic expression x — y represents their 
difference. 

There are many other ways to express addition or subtraction with algebraic expres- 
sions, as shown in Tables 1-3 and 1-4. 


translates into the translates into the 

The phrase algebraic expression The phrase algebraic expression 
the sum of t and 12 fap M2 the difference of 50 andr 2) = P 
5 plus s 53s 1,000 minus q 1,000 — q 
7 added to a @ar 7 15 less than w w-— 15 
10 more than q q+ 10 t decreased by q i= @ 
12 greater thanm a ae 2 12 reduced by m 2 = ima 
l increased by m care / subtracted from 250 2S) = I! 
exceeds p by 50 jp re 2,000 less p 2,000 — p 

Table 1-3 Table 1-4 


EXAMPLE 1 Let x represent a certain number. Write an expression that represents a. the number 
that is 5 more than x b. the number 12 decreased by x. 


Solution a. The number “5 more than x” is the number found by adding 5 to x. It is represented 
by x + 5. 


b. The number “12 decreased by x” is the number found by subtracting x from 12. It is 
represented by 12 — x. 


SELF CHECK 1 Let y represent a certain number. Write an expression that represents y increased by 25. 


EXAMPLE 2 _ INCOME TAXES Bob worked x hours preparing his income tax return. He worked 
3 hours less than that on his son’s return. Write an expression that represents 
a. the number of hours he spent preparing his son’s return 
b. the total number of hours he worked. 
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Solution a. Because he worked x hours on his own return and 3 hours less on his son’s return, 
he worked (x — 3) hours on his son’s return. 


b. Because he worked x hours on his own return and (x — 3) hours on his son’s return, 
the total time he spent on taxes was [x + (x — 3)] hours. 


Ey SELF CHECK 2 Javier deposited $d in a bank account. Later, he withdrew $500. Write an expression 
that represents the number of dollars in his account. 


There are several ways to indicate 
the product of two numbers with alge- The phrase 


translates into the 
algebraic expression 


braic expressions, as shown in Table 1-5. 


the product of a and b ab 

25 times B 25B 

twice x Dae 

1 il 

3 of z x2 

12 multiplied by m 12m 
Table 1-5 


EXAMPLE 3 Let x represent a certain number. Denote a number that is a. twice as large as x 
b. 5more than 3 timesx c. 4 less than 5 of x. 


Solution a. The number “twice as large as x” is found by multiplying x by 2. It is represented by 
2x. 


b. The number “5 more than 3 times x” is found by adding 5 to the product of 3 and 
x. It is represented by 3x + 5. 


c. The number “4 less than 5 of x” is found by subtracting 4 from the product of and 
x. It is represented by tx — 4, 


FS) SELF CHECK 3 Find the product of 40 and 1. 


EXAMPLE 4 _ STOCKVALUATIONS Jim owns x shares of Transitronics stock, valued at $29 a share; 
y shares of Positone stock, valued at $32 a share; and 300 shares of Baby Bell, valued 
at $42 a share. 

a. How many shares of stock does he own? 
b. What is the value of his stock? 


Solution a. Because there are x shares of Transitronics, y shares of Positone, and 300 shares of 
Baby Bell, his total number of shares is x + y + 300. 


b. The value of x shares of Transitronics is $29x, the value of y shares of Positone is 
$32y, and the value of 300 shares of Baby Bell is $42(300). The total value of the 
stock is $(29x + 32y + 12,600). 


EJ SELF CHECK 4 __ If water softener salt costs $p per bag, find the cost of 25 bags. 
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There are also several ways to indicate the quotient of two numbers with algebraic 
expressions, as shown in Table 1-6. 


translates into the 


The phrase algebraic expression 

470 

the quotient of 470 and A aoe 
oe B 
B divided by C = 
C 
; h 
the ratio of h to 5 5 
ae 
x split into 5 equal parts 5 


Table 1-6 


EXAMPLE 5 Let x and y represent two numbers. Write an algebraic expression that represents the 
sum obtained when 3 times the first number is added to the quotient obtained when the 
second number is divided by 6. 


Solution Three times the first number x is denoted as 3x. The quotient obtained when the 
second number y is divided by 6 is the fraction a Their sum is expressed as 3x + a 


SELF CHECK 5 If the cost c of a meal is split equally among 4 people, what is each person’s share? 


EXAMPLE6 CUTTINGROPES A 5-foot section is cut from 
the end of a rope that is / feet long. If the 
remaining rope is divided into three equal 
pieces, find an expression for the length of 
each of the equal pieces. 


Solution After a 5-foot section is cut from one end of 
/ feet of rope, the rope that remains is (/ — 5) 


feet long. When that remaining rope is cut 


into 3 equal pieces, each piece will be c= 


feet long. See Figure 1-24. 


Figure 1-24 


SELF CHECK 6 Ifa 7-foot section is cut from a rope that is / feet long and the remaining rope is divided 
into two equal pieces, find an expression for the length of each piece. 


—) Evaluate an algebraic expression when given values for its variables. 


Since variables represent numbers, algebraic expressions also represent numbers. We can 
evaluate algebraic expressions when we know the values of the variables. 
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EXAMPLE7 Ifx=8andy=10,evaluate ax+y by—-—x « 3xy d. ee 
Solution We substitute 8 for x and 10 for y in each expression and simplify. 
axt+y=8+ 10 b y—x=10-8 
= 18 =2 
c. 3xy = (3)(8)(10) 
= (24)(10) Do the multiplications from left to right. 


= 240 
5x S(8) 
“y-5 10-5 
40 oat ‘ 
= = Simplify the numerator and the denominator separately. 
= 8 Simplify the fraction. 


COMMENT When substituting a number for a variable in an expression, it is a good 
idea to write the number within parentheses. This will avoid mistaking 5(8) for 58. 


FY SELF CHECK7 §=If a = —2 and = 5, evaluate @ +2. 


Tx’y 3xz 


2 


EXAMPLE 8 If x = —4, y = 8,andz = —6, evaluate a. 


24 — 2) i W(x + 2) 


Solution We substitute —4 for x, 8 for y, and —6 for z in each expression and simplify. 
Tx’y 1(—4)°(8) 


* 30-9 I8— (Oo 
_ 1168) 


2(14) 


111 
_ 7(Z)(Z)(4)(8) Factor the numerator and denominator and divide out all 
X(2)(7) common factors. 
111 


= 32 4-8 = 32 
3xz (4-6) 
“yx tz) 8[-4+ (-6)] 
_ 3(—4)(36) 
~  8(—10) 


I hed 
_ 3(72)(2)(A)\(9) Factor the numerator and denominator and divide out all 


YAY >2)(5) common factors. 
11 1 


a 3(9) = 27; 1(5) = 5 


FRY SELF CHECK8 = If a = —3,b = —2, andc = —S, evaluate %4@ +), 
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3 | Identify the number of terms in an algebraic expression 
and identify the numerical coefficient of each term. 


Numbers without variables, such as 7, 21, and 23, are called constants. Expressions such 
as 37, xyz, and 32t, which are constants, variables, or products of constants and vari- 
ables, are called algebraic terms. 


+ The expression 3x + 5y contains two terms. The first term is 3x, and the second term 


is 5y. 
+ The expression xy + (—7) contains two terms. The first term is xy, and the second 
term is —7. 


The expression 3 + x + 2y contains three terms. The first term is 3, the second term 
is x, and the third term is 2y. 


Numbers and variables that are part of a product are called factors. For example, 


The product 7x has two factors, which are 7 and x. 
The product —3xy has three factors, which are —3, x, and y. 


The product sabe has four factors, which are 7 a, b, and c. 


The number factor of a product is called its numerical coefficient. The numerical 
coefficient (or just the coefficient) of 7x is 7. The coefficient of —3xy is —3, and the coef- 


ficient of sabe 1S 7 The coefficient of terms such as x, ab, and rst is understood to be 1. 


x = Ix, ab = lab, and rst = Irst 


EXAMPLE 9 sak The expression 5x + y has two terms. The coefficient of its first term is 5. The coef- 
ficient of its second term is 1. 


b. The expression —17wxyz has one term, which contains the five factors —17, w, x, 
y, and z. Its coefficient is —17. 


c. The expression 37 has one term, the constant 37. Its coefficient is 37. 


d. The expression 3x” — 2x has two terms. The coefficient of the first term is 3. Since 
3x* — 2x can be written as 3x* + (—2x), the coefficient of the second term is —2. 


SELF CHECK9 How many terms does the expression 3x* — 2x + 7 have? Find the sum of the coeffi- 
cients. 


SELF CHECK ANSWERS) 1. +25 24-500 3.40 4.9259 5.¢ 6. /5/ft 7.4 8 72 93,8 


If a = —2,b = —1, and c = 8, evaluate the expressions. 
1. 36° 
a-—b 
2. 
C4 
3. b? — 4ac 


. Write 2(a — b) as an English phrase. 
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1.6 EXERCISES 


WARM-UPS §/fx = —2 andy = 3, find the value of each 
expression. 


kxty 2. 7x 
3. 7x +y 4. 7(x + y) 
5. 4x7 6. (4x)? 
7. —3x° 8. (—3x) 
REVIEW Evaluate each expression. 
9. 0.14- 3,800 10. sof 4,765 
—4+ (7-9) ( :) 
11. ——W 12. -|l1-—= 
(-9-7)+4 4 5 


VOCABULARY AND CONCEPTS Fill inthe blanks. 
13. The answer to an addition problem is called a : 


14. The answer toa 

15. The answer toa 
product. 

16. The answer to a division problem is called a 

17. An expression is a combination of variables, 
numbers, and the operation symbols for addition, subtrac- 
tion, multiplication, or division. 

18. To an algebraic expression, we substitute values 
for the variables and simplify. 


problem is called a 


19. A is the product of constants and/or variables and 
the numerical part is called the 


20. Terms that have no variables are called . 


GUIDED PRACTICE 


Let x and y represent two real numbers. Write an algebraic 
expression to denote each quantity. See Example 1. (Objective 1) 
21. The sum of x and y 

22. The sum of twice x and twice y 

23. The difference obtained when x is subtracted from y 


24. The difference obtained when twice x is subtracted from y 


Let x, y, and z represent three real numbers. Write an algebraic 
expression to denote each quantity. See Example 3. (Objective 1) 
25. The product of x and y 

26. The product of x and twice y 

27. The product of 3, x, and y 

28. The product of 7 and 2z 


problem is called a difference. 


Let x, y, and z represent three real numbers. Write an algebraic 

expression to denote each quantity. Assume that no 

denominators are 0. See Example 5. (Objective 1) 

29. The quotient obtained when y is divided by x 

30. The quotient obtained when the sum of x and y is divided 
by z 

31. The quotient obtained when the product of 3 and z is 
divided by the product of 4 and x 

32. The quotient obtained when the sum of x and y is divided 
by the sum of y and z 


Evaluate each expression if x = —2,y = 5,andz = —3. 
See Examples 7-8. (Objective 2) 
33. x + y B4.x—2 
35. xyz 36. x72 
= 2 
a7 38, ~ 
xX Zz 
3(x + IE rk 
96, 2 2) ii 
y y 
+z)-—2 + + 
Pe eam a 42, & + Wy F 2) 
(x +2 -y eZ y 
3(x + 2°) +4 2 — 2z7)- 1 
Penta ike, A 
v(x — 2) 2(y — x°) 


Give the number of terms in each algebraic expression and also 
give the numerical coefficient of the first term. See Example 9. 


(Objective 3) 

45. 6d 46. —4c + 3d 

47. —xy — 4t + 35 48. xy 

49. 3ab + bc — cd — ef 50. —2xyz + cde — 14 
51. —4xyz + 7xy — 2 52. Suvw — 4uv + 8uw 


53. 3x + 4y + 272 +2 
54. Jabc — 9ab + 2bc +a- 1 


ADDITIONAL PRACTICE 


Let x, y, andz represent three real numbers. Write an algebraic 
expression to denote each quantity. Assume that no 
denominators are 0. 


55. The sum obtained when the quotient of x divided by y is 
added to z 


56. y decreased by x 
57. z less the product of x and y 
58. z less than the product of x and y 


59. The quotient obtained when the product of x and y is 
divided by the sum of x and z 

60. The sum of the product xy and the quotient obtained when 
y is divided by z 

61. The number obtained when x decreased by 4 is divided by 
the product of 3 and y 

62. The number obtained when 2z minus 5y is divided by the 
sum of x and 3y 


Let x, y, and z represent three real numbers. Write each algebraic 
expression as an English phrase. Assume that no denominators 
are 0. 


ai =. 
oe 64.3 += 
y y 
65. xy(x + y) 66. (x + y + z)(xyz) 
67. x +3 68. y — 2 
69. = 70. xz 
y 
ase 
71. 2xy |. es 
3 
73. — m4, 3% 
x+y yrz 


Let x = 8,y = 4,andz = 2. Write each phrase as an algebraic 
expression, and evaluate it. Assume that no denominators are 0. 


75. The sum of x and z 

76. The product of x, y, and z 

77. z less than y 

78. The quotient obtained when y is divided by z 

79. 3 less than the product of y and z 

80. 7 less than the sum of x and y 

81. The quotient obtained when the product of x and y is 
divided by z 

82. The quotient obtained when 10 greater than x is divided 
by z 

Consider the algebraic expression 29xyz + 23xy + 19x. 

83. What are the factors of the third term? 

84. What are the factors of the second term? 

85. What factor is common to the first and third terms? 


1.6 Algebraic Expressions 65 


86. What factor is common to all three terms? 


Consider the algebraic expression 3xyz + 5xy + 17xz. 
87. What are the factors of the first term? 
88. What are the factors of the second term? 
89. What are the factors of the third term? 
90. What factor is common to all three terms? 


Consider the algebraic expression 5xy + yt + 8xyt. 
91. Find the numerical coefficients of each term. 
92. What factor is common to all three terms? 
93. What factors are common to the first and third terms? 


94. What factors are common to the second and third terms? 


Consider the algebraic expression 3xy + y + 25xyz. 


95. Find the numerical coefficient of each term and find their 
product. 

96. Find the numerical coefficient of each term and find their 
sum. 


97. What factors are common to the first and third terms? 


98. What factor is common to all three terms? 


APPLICATIONS = Write an algebraic expression to denote 
each quantity. Assume that no denominators are 0. 
See Examples 2, 4, and 6. (Objective 1) 


99. Course loads A man enrolls in college for c hours of 
credit, and his sister enrolls for 4 more hours than her 
brother. Write an expression that represents the number of 
hours the sister is taking. 

100. Antique cars An antique Ford has 25,000 more miles on 
its odometer than a newer car. If the newer car has tray- 
eled m miles, find an expression that represents the mileage 
on the Ford. 


101. Heights of trees 
a. If / represents the height (in feet) of the oak tree, write 
an expression that represents the height of the crab 
apple tree. 
b. If c represents the height (in feet) of the crab apple tree, 
write an expression that represents the height of the 
oak. 


crab apple oak 
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102. 


103. 


104. 


105. 


106. 


107 


108. 
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T-bills Write an expression that represents the value of 

t T-bills, each worth $9,987. 

Real estate Write an expression that represents the value 
of n vacant lots if each lot is worth $35,000. 

Cutting ropes A rope x feet long is cut into 5 equal 
pieces. Find an expression for the length of each piece. 
Invisible tape If x inches of tape have been used off the 
roll shown below, how many inches of tape are left on the 
roll? 


Plumbing A plumber cuts a pipe that is 12 feet long into 
x equal pieces. Find an expression for the length of each 
piece. 

Comparing assets A girl had d dollars, and her brother 
had $5 more than three times that amount. How much did 
the brother have? 

Comparing investments Wendy has x shares of stock. Her 
sister has 2 fewer shares than twice Wendy’s shares. How 
many shares does her sister have? 


109. 


110. 


Sorting records In electronic data processing, the process 
of sorting records into sequential order is a common task. 
One sorting technique, called a selection sort, requires C 
comparisons to sort N records, where C and WN are related 
by the formula 


_NW-) 


. 3 


How many comparisons are necessary to sort 

10,000 records? 

Sorting records How many comparisons are necessary to 
sort 50,000 records? See Exercise 109. 


WRITING ABOUT MATH 


111. 


112. 
113. 


114. 


Distinguish between the meanings of these two phrases: 
“3 less than x” and “3 is less than x.” 


Distinguish between factor and term. 

What is the purpose of using variables? Why aren’t ordi- 
nary numbers enough? 

In words, xy is “the product of x and y.” However, a is 
“the quotient obtained when x is divided by y.” Explain 
why the extra words are needed. 


SOMETHING TO THINK ABOUT 


115. 


116. 


If the value of x were doubled, what would happen to the 
value of 37x? 

If the values of both x and y were doubled, what would 
happen to the value of Sxy”? 


Properties of Real Numbers 


@ Apply the closure properties by evaluating an expression for given values 


for variables. 


Objectives 


an expression. 


® Apply the commutative and associative properties. 
&} Apply the distributive property of multiplication over addition to rewrite 


@3 Recognize the identity elements and find the additive and multiplicative 
inverse of a nonzero real number. 


© Identify the property that justifies a given statement. 
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closure properties distributive property reciprocal 
commutative properties identity elements multiplicative inverse 
associative properties additive inverse 


Vocabulary 


Perform the operations. 


$4649) o G59 
23.7 + 14.9 . 1494 237 
+3) a ee 


1 
Ses, Ae 
125.3 + (—125.3) ies (ae) 
Sut TA 


> 
me} 
(s°} 
CD) 
c 
(2) 
— 
cod 
_ 
(J) 
Oo 


To understand algebra, we must know the properties that govern the operations of addi- 
tion, subtraction, multiplication, and division of real numbers. These properties enable 
us to write expressions in equivalent forms, often making our work easier. 


fale} Apply the closure properties by evaluating an expression 
for given values for variables. 


The closure properties guarantee that the sum, difference, product, or quotient (except for 
division by 0) of any two real numbers is also a real number. 


Closure Properties If aand b are real numbers, then 
a + bisa real number. a — bis areal number. 
ab is a real number. isarealnumber (b # 0). 


EXAMPLE 1 Let x = 8 and y = —4. Find the real-number answers to show that each expression 
represents a real number. 
axt+y bo x-y Cc. xy d. 


Is 


Solution We substitute 8 for x and —4 for y in each expression and simplify. 


aox+y=8 + (-4) b. x — y = 8 — (-4) 
=4 =8+4 
= 12 
8 
c. xy = 8(—-4) di: 2a 
y —4 
= -32 
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Fy SELF CHECK 1 


Commutative 
Properties 


EXAMPLE 2 


Solution 


COMMENT Since 
5—3#3- Sand 
5+343-+ 5,the 
commutative property cannot 
be applied to a subtraction or 
a division. 


Fy SELF CHECK 2 


Assume that a = —6 and b = 3. Find the real-number answers to show that each 
expression represents a real number. 


aa—b b. 5 are real numbers. 


Apply the commutative and associative properties. 


The commutative properties (from the word commute, which means to go back and forth) 
guarantee that addition or multiplication of two real numbers can be done in either 
order. 


If aand b are real numbers, then 


Garb = b +P @ commutative property of addition 
ab = ba commutative property of multiplication 


Letx = —3andy =7.Showthat aax+y=y+x b. xy = yx 


a. We can show that the sum x + y is the same as the sum y + x by substituting —3 
for x and 7 for y in each expression and simplifying. 


xty=-3+7=4 and ytx=7+(-3)=4 


b. We can show that the product xy is the same as the product yx by substituting —3 
for x and 7 for y in each expression and simplifying. 


xy = —3(7) = -21 and yx = 7(-3) = -21 


Let a = 6andb = —5.Showthat aaa+b=bhb+a 
b. ab = ba 


Associative Properties 


The associative properties guarantee that three real numbers can be regrouped in an 
addition or multiplication. 


If a, b, and c are real numbers, then 


(a+ b)+c=a+t+(b+0) associative property of addition 
(ab)c = a(bc) associative property of multiplication 


Because of the associative property of addition, we can group (or associate) the 
numbers in a sum in any way that we wish. For example, 


3+4+5=7+5 3+ (4+5)=3+9 
= 12 = 12 


The answer is 12 regardless of how we group the three numbers. 


COMMENT Since 
(2—5)-3 #2 —-—(5 — 3) 
and 

(2+ 5) +342 (5 = 3), 
the associative property 
cannot be applied to 
subtraction or division. 


Distributive Property 
of Multiplication Over 
Addition 


folie | 


Figure 1-25 
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The associative property of multiplication permits us to group (or associate) the 
numbers in a product in any way that we wish. For example, 
(3°4)°7=12-7 3-(4-7) =3-28 
= 84 = 84 


The answer is 84 regardless of how we group the three numbers. 


Apply the distributive property of multiplication 
over addition to rewrite an expression. 


The distributive property shows how to multiply the sum of two numbers by a third 
number. Because of this property, we can often add first and then multiply, or multiply 
first and then add. 

For example, 2(3 + 7) can be calculated in two different ways. We can add and then 
multiply, or we can multiply each number within the parentheses by 2 and then add. 


2(3 + 7) = 2(10) 23+ 7)=2+34+2°7 
= 20 =6+14 
= 20 


Either way, the result is 20. 
In general, we have the following property. 


If a, b, and c are real numbers, then 


a(b + c) = ab + ac 


Because multiplication is commutative, the distributive property also can be written 
in the form 


(b + cla = ba + ca 


We can interpret the distributive property geometrically. Since the area of the largest 
rectangle in Figure 1-25 is the product of its width a and its length b + c, its area is 
a(b + c). The areas of the two smaller rectangles are ab and ac. Since the area of the 
largest rectangle is equal to the sum of the areas of the smaller rectangles, we have 
a(b + c) = ab + ac. 

The previous discussion shows that multiplication distributes over addition. Multi- 
plication also distributes over subtraction. For example, 2(3 — 7) can be calculated in 
two different ways. We can subtract and then multiply, or we can multiply each number 
within the parentheses by 2 and then subtract. 


2(3 — 7) = 2(-4) 23 -—7)=2°3-2°-7 
= -8 =6- 14 
=-8 
Either way, the result is —8. In general, we have 


a(b — c) = ab — ac 
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EXAMPLE 3 _ Evaluate each expression in two different ways: 
a. 35 + 9) bh. 46 = 11) ¢ —2(-7 +3) 


Solution a. 3(5 + 9) = 3(14) 3(5 +: 9) =3-543-9 
= 42 = 15427 
= 42 
b. 4(6 — 11) = 4(-5) 4(6 — 11) =4-6-4°11 
= —20 =24-44 
= —20 


c. —2(-7 + 3) = —2(-4) —2(-7 + 3) = —2(—7) + (—2)(3) 
=8 = 14+ (-6) 
=% 


FEY SELF CHECK3 Evaluate —5(—7 + 20) in two different ways. 


The distributive property can be extended to three or more terms. For example, if a, 


b, c, and d are real numbers, then 


ab + c+ d)=ab+ac+t+ ad 


EXAMPLE 4 Write 3.2(x + y + 2.7) without using parentheses. 


Solution 3.2(x + y + 2.7) = 3.2x + 3.2y + (3.2)(2.7) Distribute the multiplication by 3.2. 
= 3.2x + 3.2y + 8.64 


Ey SELF CHECK 4 Write —6.3(a + 2b + 3.7) without using parentheses. 


4 Recognize the identity elements and find the additive 
and multiplicative inverse of a nonzero real number. 


The numbers 0 and 1 play special roles in mathematics. The number 0 is the only number 
that can be added to another number (say, a) and give an answer that is the same number a: 


O+ta=at+0=a 


The number | is the only number that can be multiplied by another number (say, a) 
and give an answer that is the same number a: 


legoea-laea 


Because adding 0 to a number or multiplying a number by | leaves that number the 
same (identical), the numbers 0 and | are called identity elements. 


Identity Elements 0 is the identity element for addition. 


1 is the identity element for multiplication. 
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If the sum of two numbers is 0, the numbers are called negatives (or opposites or 
additive inverses) of each other. Since 3 + (—3) = 0, the numbers 3 and —3 are negatives 
(or opposites or additive inverses) of each other. In general, because 


a+(-a)=0 
the numbers represented by a and —a are negatives (or opposites or additive inverses) of 
each other. 


If the product of two numbers is 1, the numbers are called reciprocals, or multiplica- 
tive inverses, of each other. Since 1(5) = |, the numbers 7 and 5 are reciprocals. Since 
(—0.25)(—4) = 1, the numbers —0.25 and —4 are reciprocals. In general, because 


1 
(+) =1 provided a # 0 


the numbers represented by a and : are reciprocals (or multiplicative inverses) of each 


other. 
Additive and Because a + (—a) = 0, the numbers a and —a are called negatives, opposites, or 
Multiplicative Inverses additive inverses. 


Because a(+) =1 (a #0), the numbers a and 1 are called reciprocals or multiplicative 


inverses. 


2 
EXAMPLE 5 Find the additive and multiplicative inverses of 3 
- ed 2. 2 2 
Solution The additive inverse of 3 is 5 because 3 + (-3) = 0. 


0 


ee Aun 3 
The multiplicative inverse of 385 because = 


1 
SELF CHECK 5 Find the additive and multiplicative inverses of —=. 


5] Identify the property that justifies a given statement. 


EXAMPLE 6 The property in the right column justifies the statement in the left column. 


a. 3 + 4isa real number closure property of addition 
8. Pee 
b. 3 is a real number closure property of division 
«. 3+4=4+4+3 commutative property of addition 
d. -3 + (2+ 7) =(-34+2)+7 associative property of addition 
e. (5)(—4) = (-4)(5) commutative property of multiplication 
f. (ab)c = a(bc) associative property of multiplication 
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Ey SELF CHECK 6 


Properties of Real 
Numbers 


SELF CHECK ANSWERS 


g.- 3(a + 2) = 3a+3-2 distributive property 

h. 3 +0=3 additive identity property 

i. 3(1) = 3 multiplicative identity property 
j. 2+ (-2) =0 additive inverse property 

k. (2)(3) = 1 multiplicative inverse property 


Which property justifies each statement? 
aat7=7+a4a 

b. 3(y + 2) = 3y + 3-2 

c« 3-(2:p)=(3-2)'p 


The properties of the real numbers are summarized as follows. 


For all real numbers a, b, and c, 


Closure properties a+ bisarealnumber. a- bisa real number. 
a — bisarealnumber. a~+ bisarealnumber (b + 0). 


Addition Multiplication 
Commutative properties at+tb=b+a a-b=b:-a 
Associative properties (a+ b)+c=at+(b+c)  (ab)c = a(bc) 
Identity properties a+O=a a-l=a 
1 
Inverse properties a+ (~—a)=0 (+) =1 (a#0) 
Distributive property a(b + c) = ab + ac 


la. -9 b.-2 2.aatb=landb+a=1 _  b. ab= —30andba=—30 3. —65 
tL = 6.3 = 1.00 = 233il 4 i —5 6. a. commutative property of addition _b. distributive 


property c. associative property of multiplication 


. Give the additive and multiplicative inverses of 1.2. 
2. Use the commutative property of multiplication to write the expression x(y + w). 
3. Simplify: —4(2a — 3b + 5). 


4. Use the distributive property to complete the following multiplication: 


9x — 12y — 3 = 3{ ) 


. Find the additive inverse of x — y. Try to find a second way to write it (there are three). 


1.7 EXERCISES 


WARM-UPS 
Give an example of each property. 
1. The associative property of multiplication 
2. The additive identity property 
3. The distributive property 
4. The inverse property for multiplication 


Provide an example to illustrate each statement. 
5. Subtraction is not commutative. 
6. Division is not associative. 


REVIEW 


7. Write as a mathematical inequality: The sum of x and the 
square of y is greater than or equal to z. 


8. Write as an English phrase: 3(x + 2). 


Fill each box with an appropriate symbol. 
9. For any number x, |x| 0. 
10.x-y=x+( ) 


Fill in the blanks. 
11. The product of two negative numbers is a number. 
12. The sum of two negative numbers is a number. 


VOCABULARY AND CONCEPTS fill in the blanks. 

13. Closure property: If a and b are real numbers, a + bisa 
_____ number. 

14. Closure property: If a and 6 are real numbers, ; is a real 
number, provided that 

15. Commutative property of addition: a + b=b + _ 

16. Commutative property of multiplication: a+b = __-a 

17. Associative property of addition: (a + 6) +c=a+t 


18. Associative property of multiplication: (ab)c = __ + (bc) 
19. Distributive property: a(b + c) = ab + __ 
20.0 +4a= __ 
21. a°1=__ 
22. 0 is the element for 
23. 1 is the identity for 
24. If a + (—a) = 0, then a and —a are called 
inverses. 


1 
25. If (+) = 1, then __and __are called reciprocals or 
a 


inverses. 


26. ab +c+d)=abt+ 
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GUIDED PRACTICE 


Assume that x = 12 andy = —2. Show that each expression 
represents a real number by finding the real-number answer. 
See Example 1. (Objective 1) 


27.x+y 28. y— x 
x 
29. xy 30. — 
y 
31. x7 32. ° 
33.5 34, — 
Paar) ar 
Letx = 5,y = 7,andz = —1. Show that the two expressions 
have the same value. See Example 2. (Objective 2) 
35.x+ysy+x 36. x3 Vx 
37. 3x + 2y;2y + 3x 38. 3xy; 3yx 
39. x(x + y); (x + y)x 40. xy + ys y? + xp 
AL. x°(y2?); (xy) 2? 42. x(y°z>); (xy)z7 


Use the distributive property to write each expression without 
parentheses. Simplify each result, if possible. See Examples 3-4. 
(Objective 3) 


43. 4(x + 2) 44. 5(v + 4) 

45. 2(z — 3) 46. 3(b — 4) 

47. 3(x + y) 48. 4(a + b) 

49. x(x + 3) 50. yy + 2) 

51. —x(a + b) 52. —a(x + y) 

53. —4(x° + x + 2) 54. —2(a — a+ 3) 


Give the additive and the multiplicative inverses of each number, 
if possible. See Example 5. (Objective 4) 


55. 2 56. 3 
57 - 58 ae 
“3 “9 
59. 0 60. —2 
5 
1... == 62. 0.5 
oes 
63. —0.2 64. 0.75 
65. : 66. —1.25 


Use the given property to rewrite the expression in a different 
form. See Example 6. (Objective 5) 


67. 3(x + 2); distributive property 
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68. x + y; commutative property of addition 
69. yx; commutative property of multiplication 


70. x + (vy + 2); associative property of addition 
71. (x + y)z; commutative property of addition 
72. x(y + 2); distributive property 

73. (xy)z; associative property of multiplication 
74. 1x; multiplicative identity property 


ADDITIONAL PRACTICE 


Letx = 2,y = —3,andz = 1. Show that the two expressions 
have the same value. 


75. (x+y) t+2zx+(y +2) 
76. (xy)z; x(yz) 

77. (xz)y; x(vz) 

78 (x+y) t+ zy t+ (x + 2) 
Use the distributive property to write each expression without 
parentheses. 
79. —5(t + 2) 
81. —2a(x — a) 


80. 2x(a — x) 

82. —p(p — 4) 
Which property of real numbers justifies each statement? 
83.3 +x=xt+3 

84.3 +x)+y=3+(xt+ jy) 


85. xy = yx 
86. (3)(2) = (2)(3) 
87. —2(x + 3) 2x + (—2)(3) 


PROJECTS 


Project 1 


The circumference of any circle and its diameter are 
related. When you divide the circumference by the diame- 
ter, the quotient is always the same number, pi, denoted by 
the Greek letter 77. 


= Carefully measure the circumference of several circles— 
a quarter, a dinner plate, a bicycle tire—whatever you 
can find that is round. Then calculate approximations of 
a by dividing each circle’s circumference by its diameter. 

= Use the wz key on the calculator to obtain a more 
accurate value of 7. How close were your 
approximations? 


Project 2 

a. The fraction = is often used as an approximation of 7. 
To how many decimal places is this approximation 
accurate? 


91.5-1=5 92.x+0=x 
1 

93. 3 + (-3) =0 94.9-—=] 
1 

95.0+x=x arene 

WRITING ABOUT MATH 


97. Explain why division is not commutative. 
98. Describe two ways of calculating the value of 3(12 + 7). 


SOMETHING TO THINK ABOUT 


99. Suppose there were no numbers other than the odd 
integers. 


+ Would the closure property for addition still be true? 

* Would the closure property for multiplication still be 
true? 

+ Would there still be an identity for addition? 

* Would there still be an identity for multiplication? 


100. Suppose there were no numbers other than the even inte- 
gers. Answer the four parts of Exercise 99 again. 


b. Experiment with your calculator and try to do better. 
Find another fraction (with no more than three digits 
in either its numerator or its denominator) that is 
closer to 7. Who in your class has done best? 


Project 3 


Write an essay answering this question. 

When three professors attending a convention in Las 
Vegas registered at the hotel, they were told that the room 
rate was $120. Each professor paid his $40 share. 

Later the desk clerk realized that the cost of the room 
should have been $115. To fix the mistake, she sent a 
bellhop to the room to refund the $5 overcharge. Realizing 
that $5 could not be evenly divided among the three profes- 
sors, the bellhop refunded only $3 and kept the other $2. 

Since each professor received a $1 refund, each paid 
$39 for the room, and the bellhop kept $2. This gives $39 + 
$39 + $39 + $2, or $119. What happened to the other $1? 
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SECTION 1.1 


DEFINITIONS AND CONCEPTS EXAMPLES 
Natural numbers: Which numbers in the set {-5, 0, z 1,5, V9, TT, 6} are 
{1, 2, 3,4, 5,...} a. natural numbers, b. whole numbers, c. integers, d. rational numbers, 
Wile numbers: e. irrational numbers, f. real numbers, g. prime numbers, h. composite 
50: 12: 3.45 } numbers, i. even integers, j. odd integers? 
Integers: a. V9, 6, \/9 is a natural number since V9 = 3 
Peete a 3 8 2s ae Oy Tae Bec a. at b. 0, V9, 6 
Rational numbers: c. —5,0, V9, 6 
\3 ais an integer and b is a nonzero integer} d. —5, 0, 5 1.5, V9, 6 
Irrational numbers: =? 3 
{x | x is a number such as 7 or V2 that cannot be | f. —5, 0, 3, 1.5, V9, 1, 6 
written as a fraction with an integer numerator g. V9 
and a nonzero integer denominator. } iG 
Real numbers: : 0.6 
{Rational numbers or irrational numbers} ae 
Prime numbers: j. -5, V9 
{2, 35.55.75 115.135. 17,065} 
Composite numbers: 
{4, 6, 8, 9, 10, 12, 14, 15, . . .} 
Even integers: 
{...,—6, —4, —2,0,2,4,6,.. .} 
Odd integers: 
de ty 5 = pg UB Shas a. at 
Double negative rule: 

—(-x) =x —(-3) =3 
Sets of numbers can be graphed on the number 1. Graph the set of integers between —2 and 4. 
line. ~<—l | rs o o + o 1 = 

3 2 -l 0 1 2 3 4 
2. Graph all real numbers x such that x < —2 or x > 1. 
ee 
3 2 -l O 1 2 3 
The absolute value of x, denoted as |x|, is the dis- | Evaluate: —|—8]. 
tance between x and 0 on the number line. 
|—8| (8) 8 

|x| =0 
REVIEW EXERCISES Consider the set {—6, —3, 0, V2, 2.6, 77, 5}. 
Consider the set {0, 1, 2, 3, 4, 5}. 5. Which b int 9 
1. Which numbers are natural numbers? . i esis astigs ccna 

. : 6. Which numbers are rational numbers? 
2. Which numbers are prime numbers? ich b : a 
3. Which numbers are odd natural numbers? ih i sisal calm is 
: : 8. Which numbers are real numbers? 

4. Which numbers are composite numbers? 
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9. Which numbers are even integers? 
10. Which numbers are odd integers? 
11. Which numbers are irrational? 
12. Which numbers are negative numbers? 


true statement. 


24 
13. —5 12 — 12 14. 7 5 
25 21 
15. 13 — 13 3-5 16. 7 
Simplify each expression. 
17. —(—8) 18. —(12 — 4) 


Place one of the symbols = , <,or > ineach box to make a 


Real Numbers and Their Basic Properties 


Draw a number line and graph each set of numbers. 
19. The composite numbers from 14 to 20 


~=< 


14 15 16 17 18 19 20 ~ 
20. The whole numbers between 19 and 25 


~< al 
19 20 21 22 23 24 25 
21. The real numbers less than or equal to —3 or greater than 2 


22. The real numbers greater than —4 and less than 3 


Find each absolute value. 


23. |53 — 42| 24. |—31| 


SECTION 1.2 


DEFINITIONS AND CONCEPTS EXAMPLES 
seas . ves 12 
To simplify a fraction, factor the numerator and Simplify: 37° 
the denominator. Then divide out all common 
factors. 1 
12 4:3 4-3 3 
32, 4:8 #8 8 
1 
To multiply two fractions, multiply their numera- re a _ 8.2 
tors and multiply their denominators. 6 1 6 
_ 4-5 
1:6 
— 2:2+5 
1-2-3 
ae 
3 
To divide two fractions, multiply the first by the 2,5 2 6 
reciprocal of the second. 3° 6 38 
_ 2-6 
3-5 
_2+2+B 
B:5 
a* 
5 
To add (or subtract) two fractions with like 9 2 942 
denominators, add (or subtract) their numerators V1 * dou 
and keep their common denominator. Wl 
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: . . 3 
To add (or subtract) two fractions with unlike Subtract: — — r 
denominators, rewrite the fractions with the same 
denominator, add (or subtract) their numerators, Begin by finding the LCD. 
and use the common denominator. 1D =2-2- 7 eee 
4=2-2 


1 


Write t as a fraction with a denominator of 12 and then do the subtraction. 


1 


1 


3 
2 4: 
9 


Before working with mixed numbers, convert 
them to improper fractions. 


45 7 52 


A percent is the numerator of a fraction with a 
denominator of 100. 


55% can be written as ~ or as the decimal 5.50. 


REVIEW EXERCISES 
Simplify each fraction. 


25. > teas 
“27 “11 
Perform each operation and simplify the answer, if possible. 
31 10 25 12 3 
27. 75° 6 ae ae ar 
oo, 18. 6 5g Mt a 
“21 °°7 “24° 12 5 
7 9 13 5 
1,.—+— 2. — — — 
2 12 12 ? 24 24 
33,i44 34,244 
“307 “79 
See eo< 
“3°07 “5 3 
2 1 i) 1 
7. 3= + 5— ~ 7-4 
3 33 x 38 re 5 


Perform the operations. 


39. 32.71 + 15.9 40. 27.92 — 14.93 


41. 5.3-3.5 42. 21.83 + 5.9 

Perform each operation and round to two decimal places. 
3.3 + 2.5 

43. 2.7(4.92 — 3.18) 44. —.—_ 


0.22 


45 


47. 


48. 


49. 


50. 


12.5 


Ma 46. (3 — 0.7)(3.63 — 2) 


Farming One day, a farmer plowed 175 acres and on the 
second day, 153 acres. How much is left to plow if the fields 
total 100 acres? 

Study times Four students recorded the time they spent 
working on a take-home exam: 5.2, 4.7, 9.5, and 8 hours. 
Find the average time spent. (Hint: Add the numbers 
and divide by 4.) 

Absenteeism During the height of the flu season, 15% of 
the 380 university faculty members were sick. How many 
were ill? 

Packaging Four steel bands surround the shipping crate 
in the illustration. Find the total length of strapping 
needed. 


4.2 ft 


2.7 ft 


12 tt 
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SECTION 1.3 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


If nis a natural number, then 


=H XONI XXX 


n factors of x b’ =b+b+ b+ b+ be bob 
Hh 
rr tn ere 
Order of operations Evaluate: 6° — 5(12 — 2:5). 
Within each pair of grouping symbols (working 6? — 5(12 — 2-5) = 6 — 5(12— 10) Do the multiplication within 
from the innermost pair to the outermost pair), the parentheses 
perform the following operations: 7 a oe 
= 6 — S5(2) Do the subtraction within the 
1. Evaluate all exponential expressions. parentheses. 
2. Perform multiplications and divisions, working = 96.— 470) Find the value of the 
from left to right. exponential expression. 
3. Perform additions and subtractions, working Ne ee 
from left to tight, = 36 — 10 Do the multiplication. 
4. Because the bar in a fraction is a grouping = 26 Do the subtraction. 
symbol, simplify the numerator and the B44-2 
denominator of a fraction separately. Then To simplify 346 7% first simplify the numerator and the denominator. 
simplify the fraction, whenever possible. 
2>+4+2  8+8 Find the power. Then find the product. Find the 
2+6 8 sum in the denominator. 
16 F 
ee Find the sum in the numerator. 
=2 Find the quotient. 


To find perimeters, areas, and volumes of geomet- 
ric figures, substitute numbers for variables in the 
formulas. Be sure to include the proper units in 
the answer. 


Find the perimeter of a rectangle whose length is 4 feet and whose width is 
1 foot. 


P=21+2w This is the formula for the perimeter of a rectangle. 
= 2(4) + 21) — Substitute 4 for /and 1 for w. 
=8+2 
= 10 


The perimeter is 10 feet. 


REVIEW EXERCISES 


to the nearest tenth. | 


Simplify each expression. 


Find the value of each expression. 59.54+3° 60.7°:2-—7 
S434 e (2) 61. 4+ (8 + 4) 62. (4+ 8) +4 
3 81 
3 2 2, 2 
53. (0.57 54, 52 +23 63. 5° — = 64. (5 — 2) + 5° +2 
55. 3° + 4 56. (3 + 4)” 4-3 +3 6 en og 
57. Geometry Find the area of a triangle with a base of 65. 31 ps: 3.2 ° 9 
65 feet and a height of 7 feet. Evaluate each expression. 
58. Petroleum storage __ 67. 8 — 6 68. (8 — 6)° 
Find the volume 6+8 6(8) — 12 
of the cylindrical 69. 4 Oe ag 
storage tank in the 243 
illustration. Round ‘18.7 ft 71, 2? + 2(3°) 72. a 
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SECTION 1.4 


DEFINITIONS AND CONCEPTS EXAMPLES 


To add two positive numbers, add their absolute (+1) + (+6) = +7 
values and make the answer positive. 


To add two negative numbers, add their absolute (-1) + (-6) = -7 
values and make the answer negative. 


To add a positive and a negative number, subtract 
the smaller absolute value from the larger. 


1. If the positive number has the larger absolute (-1) + (+6) = +5 
value, the answer is positive. 
2. If the negative number has the larger absolute (+1) + (-6) = -5 
value, the answer is negative. 
If aand b are two real numbers, then 8-2 8 +(-2) Tosubtract 2, add the opposite of 2. 
a-—b=a+(-b) = —10 
REVIEW EXERCISES 81. 15 — (-4) 82. —12 — (-13) 
Evaluate each expression. 83. [—5 + (—5)] — (—5) 84. 1 — [5 — (—3)] 
73. (+7) + (+8) 74, (—25) + (—32) 5 , > fl 2 
a es. 5_(2) ee 2_(1_2) 
75. (—2.7) + (—3.8) 76.—+=— 6 3 3 \3) 3 
2 3 4 3 4 
77. (+12) + (24) 78. (—44) + (+60) al |, 
79. 3.7 + (—2.5) 80. —5.6 + (+2.06) 
SECTION 1.5 
DEFINITIONS AND CONCEPTS EXAMPLES 


To multiply two real numbers, multiply their 
absolute values. 


1. If the numbers are positive, the product is 3(7) = 21 
positive. 

2. If the numbers are negative, the product is —3(-7) = 21 
positive. 

3. If one number is positive and the other is nega- —3(7) = -21 3(-7) = -21 
tive, the product is negative. 

4.a:0=0:a=0 5(0) = 0 

5.a:l=l-a=a —70) = -7 


To divide two real numbers, find the quotient of 
their absolute values. 


ws ee +6 
1. If the numbers are positive, the quotient is a, = +3 because (+2)(+3) = +6 
positive. 
. mses —6 
2. If the numbers are negative, the quotient is =" +3 because (—2)(+3) = —6 
positive. 
: co ; +6 
3. If one number is positive and the other is nega- a —3 because (—2)(—3) = +6 
tive, the quotient is negative. 
—6 


—~=-3 _ because (+2)(—3) = —6 
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4. ; is undefined. 


5. If a # 0, then = = 0. 


Real Numbers and Their Basic Properties 


2 : 
—isundefined because no number multiplied by 0 gives 2 


REVIEW EXERCISES 
Simplify each expression. 


89. (+3)(+4) 90. (—5)(—12) 


92. (3.75)(0.37) 


93. 5(-7) 94. (—15)(7) 
1\/4 
95. (-3\(2) 96. (—12.2)(3.7) 
+25 —14 
97. Ts 98. = 


0 
0 
.- 0 because (2)(0) = 0 
CHA-D =225 
9. 100. — =e 
725 (—3)(-4) 
101. 5 102. 6 
=10)" _ 1 [=3 + (4P 
103. ( 5 ) (-1) 10 as) 
—3 + (-3)\/-15 —2 — (-8) 
105. ( 3 ( 5 ) 106. are aR a + (1) 


SECTION 1.6 


DEFINITIONS AND CONCEPTS EXAMPLES 
Variables and numbers can be combined with 5x 3x> + 7x 5(3x — 8) 
operations of arithmetic to produce algebraic 
expressions. 
We can evaluate algebraic expressions when we Evaluate: Sx — 2 when x = 3. 
know the values of the variables. : 
5x +2 = 5(3)—2 Substitute 3 for x. 
=15-2 
= 13 


Numbers written without variables are called 
constants. 


Identify the constant in 6x” — 4x + 2. 


The constant is 2. 


Expressions that are constants, variables, or prod- 
ucts of constants and variables are called 
algebraic terms. 


6x7 — 4x + 2. 


The terms are 6x7, —4x, and 2. 


Identify the algebraic terms: 


Numbers and variables that are part of a product 
are called factors. 


Identify the factors in 7x. 


The factors are 7 and x. 


The number factor of a product is called its 
numerical coefficient. 


Identify the numerical coefficient of 7x. 


The numerical coefficient is 7. 


REVIEW EXERCISES 


expression that represents each quantity. 
107. The product of x and z 

108. The sum of x and twice y 

109. Twice the sum of x and y 

110. x decreased by the product of y and z 


111. 3xy 
112. 5 — yz 
113. yz — 5 


Let x, y, and z represent three real numbers. Write an algebraic 


Write each algebraic expression as an English phrase. 


Ko Yaz 

114. —— 
2xyz 

Let x = 2, y = —3, and z = —1 and evaluate each expression. 
115. yt2z 116. x+y 
117. x + (vy + 2) 118. x —y 
119. x — (vy — 2) 120. (x — y) —2z 
Let x = 2, y = —3, and z = —1 and evaluate each expression. 
121. xy 122. yz 
123. x(x + z) 124. xyz 
125. y2+x 126. yz* + (xy)? 
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127 xy 128 |xy| 130. What is the numerical coefficient of the term 7xy? 
2 3z 131. What is the numerical coefficient of the term xy? 
129. How many terms does the expression 3x + 4y + 9 132. Find the sum of the numerical coefficients in 
have? 2x7 + 4x? + 3x, 
SECTION 1.7 
DEFINITIONS AND CONCEPTS EXAMPLES 


The closure properties: 


a + bisa real number. 5 + (—2) = 3 isa real number. 

a — bisa real number. 5 — 2 = 3 isa real number. 

ab is a real number. 5(—2) = —10 is a real number. 
: 10 : 

sis arealnumber (b # 0). =_ = —2 is a real number. 


The commutative properties: 


a+b=b + a for addition. The commutative property of addition justifies the statement x + 3 = 3 + x. 
ab = ba for multiplication. The commutative property of multiplication justifies the statement 
X83 = 32x, 


The associative properties: 


(a+ b)+c=a-+ (b+ c) of addition. The associative property of addition justifies the statement 
(x+3)+4=x+(3+4). 
(ab)c = a(bc) of multiplication. The associative property of multiplication justifies the statement 


(x+3)-4=x+(3+4). 


The distributive property of multiplication over Use the distributive property to write the expression 7(2x — 8) without 
addition: parentheses. 
ah + c) = ab + ac 7(2x — 8) = 7(2x) — 7(8) = 14x — 56 


ab — c) = ab — ac 


The identity elements: 


0 is the identity for addition. 0+5=5 
1 is the identity for multiplication. 1-5=5 


The additive and multiplicative inverse properties: 


a+(-a)=0 The additive inverse of —2 is 2 because —2 + 2 = 0. 
1 ee | 1 
(+) =1 (a#0) The multiplicative inverse of —2 is “9 because -2(-5) =1. 
REVIEW EXERCISES 137,.a+x=xt+a 
Determine which property of real numbers justifies each state- 138. 3-(4-5) =(3°4):5 
ment. Assume that all variables represent real numbers. 
139.3 +(x+1=(*+1)+3 


133. x + yisa real number 
134. 3- (4-5) = (4-5):3 
135.3+(4+5)=(3+4)+5 
136. S(x + 2) =S+x+5-2 


140. x-l=x 
141. 17 + (-17) =0 
142,.x+0=x 


= 
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TEST 


Chapter 1 


1. List the prime numbers between 30 and 50. 


2. What is the only even prime number? 


3. Graph the composite numbers less than 10 on a number 
line. 


of 3 ma ae [2 el es [| ae e oee 


OY tt 2 fs 4 Ss © F 8 YO 10 
4. Graph the real numbers from 5 to 15 on a number line. 


5. Evaluate: —|23]. 
6. Evaluate: —|7| + |—7]. 


Place one of the symbols = , <, or >in each box to make a true 
statement. 


7. 3(4— 2) =O) = 5) 8 1+4-3 (a) 
1 
9. 25% of 136 5 of 66 10% IS =|=13.7/| 
Simplify each expression. 
11 28 12 if as 
* 40 8 Dil 
18 9 24 
— + 5 Se kB 
% 35) ila ua 16 
W=S AB =5) |=7 = (©) 
15. te SS 
36 1) =] = ||=6 
17. Find 17% of 457 and round the answer to one decimal 
place. 


18. Find the area of a rectangle 12.8 feet wide and 23.56 feet 
long. Round the answer to two decimal places. 


19. Find the area of the triangle in the illustration. 


12cm 


|- 16cm >| 


20. To the nearest cubic inch, find the volume of the solid in the 


illustration. 


14 in. 


|< 10 in. >| 


Let x = —2,y = 3,andz = 4. Evaluate each expression. 
Pile 2g ap x PPh, 3d) a2 2) 
z+4 
23. Z 24, |x? — z| 
Dx 
B.xet+ytz2 26. |x| — 3|y| — 4|z2| 


27. Let x and y represent two real numbers. Write an 
algebraic expression to denote the quotient obtained 
when the product of the two numbers is divided by 
their sum. 

28. Let x and y represent two real numbers. Write an 
algebraic expression to denote the difference obtained 
when the sum of x and y is subtracted from the product 
of 5 and y. 

29. A man lives 12 miles from work and 7 miles from the 
grocery store. If he made x round trips to work and y round 
trips to the store, write an expression to represent how 
many miles he drove. 

30. A baseball costs $a and a glove costs $b. Write an expres- 
sion to represent how much it will cost a community center 
to buy 12 baseballs and 8 gloves. 

31. What is the numerical coefficient of the term 3xy*? 

32. How many terms are in the expression 
3x°y + Sxy? +x4+7? 

Write each expression without using parentheses. 

yeh, sive => 2) eV all? = 1) 

35. What is the identity element for addition? 


36. What is the multiplicative inverse of 1) 


Determine which property of the real numbers justifies each 
statement. 


37. (xy)z = 2(xy) 38. 3(x + y) = 3x + 3y 
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CHAPTER 2 


Equations and 
Inequalities 


Solving Basic Linear Equations in One Variable 
Solving More Linear Equations in One Variable 


Simplifying Expressions to Solve Linear Equations 
in One Variable 


Formulas 

Introduction to Problem Solving 

Motion and Mixture Problems 

Solving Linear Inequalities in One Variable 
Projects 

CHAPTER REVIEW 

CHAPTER TEST 

CUMULATIVE REVIEW EXERCISES 


Many investors use securities and financial sales agents 
when buying or selling stocks, bonds, shares in mutual 
funds, annuities, or other financial products. Securities 
and financial services sales agents held about 
320,000 jobs in 2006. 
The overwhelming 
majority of 
workers in this 
occupation are 
college graduates, 
with courses in 
business 
administration, 
economics, 
mathematics, and 
finance. After working 
for a few years, many 
agents get a Master’s 
degree in Business 
Administration (MBA). 


In this chapter > 


In this chapter, we will learn how to solve basic linear 
equations and apply that knowledge to solving 
many types of problems. We also will consider special 
equations called formulas and conclude by solving 
linear inequalities. 
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Solving Basic Linear Equations in One Variable 


@D Determine whether a statement is an expression or an equation. 


® Determine whether a number is a solution of an equation. 


&} Solve a linear equation in one variable by applying the addition or 
subtraction property of equality. 


@3 Solve a linear equation in one variable by applying the multiplication or 
division property of equality. 


© Solve a linear equation in one variable involving markdown and markup. 


© Solve a percent problem involving a linear equation in one variable using 
the formula rb = a. 


Solve an application problem involving percents. 


Objectives 


equation 
expression 


Vocabulary 


Fill in the blanks. 


a 

©} 

i 1. 3+ =0 2. (-7)+B=0 3. (-x) + BP=0 
c 1 —6 

om 4. —°3= 5. 68 =1 x#0 6. —= 

£ 3 = 

£ 42 4 - 

ri 7. 2-9 8 5-2= ees 

'G) es) ae) 


To answer questions such as “How many?”, “How far?”, “How fast?”, and “How 
heavy?”, we will often use mathematical statements called equations. In this chapter, we 
will discuss this important idea. 


Gp Determine whether a statement is an expression or an equation. 


An equation is a statement indicating that two quantities are equal. Some examples of 
equations are 


x+5=21 2x -5=11 and 3x7 - 4x + 5=0 


The expression 3x + 2 is not an equation, because it does not contain an = sign. Some 
examples of expressions are 


6x — | 3x7 -x-2 and —8(x + 1) 


EXAMPLE 1 


Solution 


SELF CHECK 1 


EXAMPLE 2 


Solution 


SELF CHECK 2 
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Determine whether the following are expressions or equations. 
a. 9x*°-5x=4 bo3xt2 « 62x—-1)+5 


a. 9x? — 5x = 4 is an equation because it contains an = sign. 
b. 3x + 2 is an expression. It does not contain an = sign. 
c. 6(2x — 1) + Sis an expression. It does not contain an = sign. 


Is 8(x + 1) = 4an expression or an equation? 


Determine whether a number is a solution of an equation. 


In the equation x + 5 = 21, the expression x + 5 is called the /eft side and 21 is called 
the right side. The letter x is called the variable (or the unknown). 

An equation can be true or false. The equation 16 + 5 = 21 is true, but the equation 
10 + 5 = 21 is false. The equation 2x — 5 = 11 might be true or false, depending on the 
value of x. For example, when x = 8, the equation is true, because when we substitute 8 
for x we get 11. 


2(8) -5 = 16-5 
= 11 


Any number that makes an equation true when substituted for its variable is said to 
satisfy the equation. A number that makes an equation true is called a solution or a root 
of the equation. Since 8 is the only number that satisfies the equation 2x — 5 = 11, it is 
the only solution. 

The solution set of an equation is the set of numbers that make the equation true. In 
the previous equation, the solution set is {8}. 


Determine whether 6 is a solution of 3x — 5 = 2x. 


To see whether 6 is a solution, we can substitute 6 for x and simplify. 


3x —5 = 2x 
3-6—542-6 Substitute 6 for x. 
18-5412 Do the multiplication. 


13 = 12 False. 


Since 13 = 12 is a false statement, 6 is not a solution. 


Determine whether | is a solution of 2x + 3 = 5. 


Solve a linear equation in one variable by applying the addition or 
subtraction property of equality. 


To solve an equation means to find its solutions. To develop an understanding of how to 
solve basic equation of the form ax + b = c, called linear equations, we will refer to the 
scales shown in Figure 2-1. We can think of the scale shown in Figure 2-1(a) as representing 
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CHAPTER 2 Equations and Inequalities 


Francois Vieta (Viete) 
(1540-1603) 

By using letters in place of 
unknown numbers, Vieta simpli- 
fied algebra and brought its 
notation closer to the notation 
that we use today. The one 
symbol he didn't use was the 
equal sign. 


the equation x — 5 = 2. The weight on the left side of the scale is (x — 5) grams, and the 
weight on the right side is 2 grams. Because these weights are equal, the scale is in 
balance. To find x, we need to isolate it by adding 5 grams to the left side of the scale. To 
keep the scale in balance, we must also add 5 grams to the right side. After adding 5 
grams to both sides of the scale, we can see from Figure 2-1(b) that x grams will be bal- 
anced by 7 grams. We say that we have solved the equation and that the solution is 7, or 
we can say that the solution set is {7}. 


(a) (b) 
Figure 2-1 


Figure 2-1 suggests the addition property of equality: If the same quantity is added to 
equal quantities, the results will be equal quantities. 

We can think of the scale shown in Figure 2-2(a) as representing the equation 
x + 4 = 9. The weight on the left side of the scale is (x + 4) grams, and the weight on 
the right side is 9 grams. Because these weights are equal, the scale is in balance. To find 
x, we need to isolate it by removing 4 grams from the left side. To keep the scale in 
balance, we must also remove 4 grams from the right side. In Figure 2-2(b), we can see 
that x grams will be balanced by 5 grams. We have found that the solution is 5, or that the 
solution set is {5}. 


Figure 2-2 


Figure 2-2 suggests the subtraction property of equality. If the same quantity is sub- 
tracted from equal quantities, the results will be equal quantities. 
The previous discussion justifies the following properties. 


Addition Property 
of Equality 


Subtraction Property 
of Equality 


f Equivalent Equations 


EXAMPLE 3 


Solution 


SELF CHECK 3 


EXAMPLE 4 


Solution 
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Suppose that a, b, and c are real numbers. Then, 


Ifa=6,thena+c=b+e. 


Suppose that a, b, and c are real numbers. Then, 


Ifa =b,thena-c=b-—c. 


COMMENT The subtraction property of equality is a special case of the addition prop- 
erty. Instead of subtracting a number from both sides of an equation, we could just as 
well add the opposite of the number to both sides. 

When we use the properties described above, the resulting equation will have the 
same solution set as the original one. We say that the equations are equivalent. 


Two equations are called equivalent equations when they have the same solution set. 


Using the scales shown in Figures 2-1 and 2-2, we found that x — 5 = 2 is equivalent 
tox = 7and x + 4 = 9 is equivalent to x = 5. In the next two examples, we use proper- 
ties of equality to solve these equations algebraically. 


Solve: x —5=2. 


To isolate x on one side of the = sign, we will use the addition property of equality to 
undo the subtraction of 5 by adding 5 to both sides of the equation. 


x-5=2 
x-—5+5=2+5 _ Add5to both sides of the equation. 
x=7 —-5+5=0Oand2+5=7. 


We check by substituting 7 for x in the original equation and simplifying. 


x—-5=2 
7—52 Substitute 7 for x. 
2= True. 


Since the previous statement is true, 7 is a solution. The solution set of this equation is 
{7} 
U . 


Solve: 5b — 21.8 = 13. 


Solve: x +4= 9. 


To isolate x on one side of the = sign, we will use the subtraction property of equality 
to undo the addition of 4 by subtracting 4 from both sides of the equation. 
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COMMENT Note that x+4=9 
Example 4 can be solved by x+4—-—4=9-4 = Subtract 4 from both sides. 
using the addition property of pa Pee ee ee 


equality. We could simply add 
—4 to both sides to undo the © Wecan check by substituting 5 for x in the original equation and simplifying. 


addition of 4. 


x+4=9 
5+429 Substitute 5 for x. 
9=9 True. 


Since the solution 5 checks, the solution set is {5}. 


FJ SELF CHECK4 Solve: a + 17.5 = 12.2 


4 Solve a linear equation in one variable by applying 
the multiplication or division property of equality. 


We can think of the scale shown in Figure 2-3(a) as representing the equation - = 12. 
The weight on the left side of the scale is _ grams, and the weight on the right side is 


12 grams. Because these weights are equal, the scale is in balance. To find x, we can triple 
(or multiply by 3) the weight on each side. When we do this, the scale will remain in 
balance. From the scale shown in Figure 2-3(b), we can see that x grams will be balanced 
by 36 grams. Thus, x = 36. Since 36 is the solution of the equation, the solution set is {36}. 


o ? 


SOe 

es a | 
a OES 

. grams 12 grams x grams | 36 grams 


(a) (b) 
Figure 2-3 
PERSPECTIVE 

To answer questions such as How many?, How far?, How __ variables, best translated as heap. Others used the word 
fast?, and How heavy?, we often make use of equations. res, which is Latin for thing. In the fifteenth century, the 
This concept has a long history, and the techniques that letters p: and m: were used for p/us and minus. What we 
we will study in this chapter have been developed over would now write as 2x + 3 = 5 might have been written 
many centuries. by those early mathematicians as 


The mathematical notation that we use today to 
solve equations is the result of thousands of years of 
development. The ancient Egyptians used a word for 


2 res p:3 aequalis 5 


Multiplication Property 


of Equality 


Division Property 


of Equality 


EXAMPLE 5 


Solution 
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Figure 2—3 suggests the multiplication property of equality: If equal quantities are 
multiplied by the same quantity, the results will be equal quantities. 

We will now consider how to solve the equation 2x = 6. Since 2x means 2: x, the 
equation can be written as 2+ x = 6. We can think of the scale shown in Figure 2-4(a) as 
representing this equation. The weight on the left side of the scale is 2 - x grams, and the 
weight on the right side is 6 grams. Because these weights are equal, the scale is in 
balance. To find x, we remove half of the weight from each side. This is equivalent to 
dividing the weight on both sides by 2. When we do this, the scale will remain in balance. 
From the scale shown in Figure 2-4(b), we can see that x grams will be balanced by 3 
grams. Thus, x = 3. Since 3 is a solution of the equation, the solution set is {3}. 


2x grams 3 grams 


(a) (b) 
Figure 2-4 
Figure 2-4 suggests the division property of equality: If equal quantities are divided by 


the same quantity, the results will be equal quantities. 
The previous discussion justifies the following properties. 


Suppose that a, b, and c are real numbers. Then, 


If a = b, then ca = cb. 
Suppose that a, b, and c are real numbers and c # 0. Then, 


ee ee 
€ € 


COMMENT Since dividing by a number is the same as multiplying by its reciprocal, the 
division property is a special case of the multiplication property. However, because the 
reciprocal of 0 is undefined, we must exclude the possibility of division by 0. 

When we use the multiplication and division properties, the resulting equations will 
be equivalent to the original ones. 

To solve the previous equations algebraically, we proceed as in the next examples. 


x 
Solve: = = 12. 
olve 3 


To isolate x on one side of the = sign, we use the multiplication property of equality to 
undo the division by 3 by multiplying both sides of the equation by 3. 
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~=12 
3 

3: z = 3-12 Multiply both sides by 3. 
x = 36 3+3 = xand3- 12 = 36. 


Since 36 is a solution, the solution set is {36}. Verify that the solution checks. 


FEYSeLF CHECKS Solve: 2 = -7, 


EXAMPLE 6 Solve: 2x = 6. 


Solution — To isolate x on one side of the = sign, we use the division property of equality to undo 
the multiplication by 2 by dividing both sides by 2. 


2x = 6 
2x _ 6 es ; 
— =- _ Dwide both sides by 2. 
Zz 2 
x= 5 =] and § = 3 


Since 3 is a solution, the solution set is {3}. Verify that the solution checks. 


COMMENT Note that we could have solved the equation in Example 6 by using the 
multiplication property of equality. To isolate x, we could have multiplied both sides 


l 
by > 


EJ SELF CHECK6 Solve: —Sx = 15. 


EXAMPLE7 Solve: 3x = 7 


Solution — To isolate x on the left side of the equation, we could undo the multiplication by 3 by 
dividing both sides by 3. However, it is easier to isolate x by multiplying both sides by 


the reciprocal of 3, which is i 


1 
=(3x) = (3) Multiply both sides by i. 


1 1 
(2 : 3x = 15 Use the associative property of multiplication. 


SELF CHECK 7 


EXAMPLE 8 


Solution 


SELF CHECK 8 


EXAMPLE 9 


Solution 


2.1 Solving Basic Linear Equations in One Variable 91 


Since the solution is x the solution set is {it}. Verify that the solution checks. 


Solve: —5x = 5 


Solve a linear equation in one variable 
involving markdown and markup. 


When the price of merchandise is reduced, the amount of reduction is called the mark- 
down or the discount. To find the sale price of an item, we subtract the markdown from 
the regular price. 


BUYING FURNITURE A sofa is on sale for $650. If it has been marked down $325, find 
its regular price. 


We can let r represent the regular price and substitute 650 for the sale price and 325 for 
the markdown in the following formula. 


Sale price equals regularprice minus markdown. 
650 = r = 325 


We can use the addition property of equality to solve the equation. 


650 = r — 325 
650 + 325 = r — 325 + 325 = Add 325 to both sides. 
975 =r 650 + 325 = 975 and —325 + 325 = 0. 


The regular price is $975. 


Find the regular price of the sofa if the discount is $275. 


To make a profit, a merchant must sell an item for more than he paid for it. The retail 
price of the item is the sum of its wholesale cost and the markup. 


BUYINGCARS A car witha sticker price of $17,500 has a markup of $3,500. Find the 
invoice price (the wholesale price) to the dealer. 


We can let w represent the wholesale price and substitute 17,500 for the retail price and 
3,500 for the markup in the following formula. 


Retail price equals wholesalecost plus markup. 


17,500 = w si 3,500 
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Ey SELF CHECK 9 


Percent Formula 


COMMENT Note that the 
previous formula can be 
written in the equivalent form 
a=rb. 


EXAMPLE 10 


Solution 


We can use the subtraction property of equality to solve the equation. 


17,500 = w + 3,500 
17,500 — 3,500 = w + 3,500 — 3,500 Subtract 3,500 from both sides. 
14,000 = w 17,500 — 3,500 = 14,000 and 
3,500 — 3,500 = 0. 


The invoice price is $14,000. 


Find the invoice price of the car if the markup is $6,700. 


Solve a percent problem involving a linear equation 
in one variable using the formula rb = a. 


A percent is the numerator of a fraction with a denominator of 100. For example, 
64 percent (written as 64%) is the fraction oe or the decimal 0.0625. In problems involv- 
ing percent, the word of usually means multiplication. For example, 64% of 8,500 is the 
product of 0.0625 and 8,500. 
64°% of 8,500 = 0.0625 - 8,500 
= 531.25 


In the statement 64% of 8,500 = 531.25, the percent 64% is called a rate, 8,500 is 


called the base, and their product, 531.25, is called the amount. Every percent problem is 
based on the equation rate - base = amount. 


If r is the rate, b is the base, and a is the amount, then 


rh=a 


Percent problems involve questions such as the following. 


What is 30% of 1,000? In this problem, we must find the amount. 
45% of what number is 405? _In this problem, we must find the base. 
What percent of 400 is 60? In this problem, we must find the rate. 


When we substitute the values of the rate, base, and amount into the percent 
formula, we will obtain an equation that we can solve. 


What is 30% of 1,000? 
In this problem, the rate r is 30% and the base is 1,000. We must find the amount. 


Rate - base| = amount 
30% of 1,000 is the amount 


We can substitute these values into the percent formula and solve for a. 
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rh=a 
30% - 1,000 = a _ — Substitute 30% for r and 1,000 for b. 
0.30+ 1,000 = a Change 30% to the decimal 0.30. 
300 =a _ = Multiply. 
Thus, 30% of 1,000 is 300. 


SELF CHECK 10 Find 45% of 800. 


EXAMPLE 11 45% of what number is 405? 


Solution — In this problem, the rate r is 45% and the amount a is 405. We must find the base. 


ices - base = amount 
45% of whatnumber is 405? 
We can substitute these values into the percent formula and solve for b. 
rh=a 
45% -b = 405 — Substitute 45% for r and 405 for a. 
0.45-5=405 Change 45% to a decimal. 
uae = Bucs To undo the multiplication by 0.45, divide both sides by 0.45. 
0.45 0.45 
b=900 P82 = 1 and = 900. 


Thus, 45% of 900 is 405. 


SELF CHECK 11 35% of what number is 306.25? 


EXAMPLE 12 What percent of 400 is 60? 


Solution — In this problem, the base d is 400 and the amount a is 60. We must find the rate. 


Rate . base = amount 
What percent of 400 is 60? 


We can substitute these values in the percent formula and solve for r. 


th=a 
r- 400 = 60 Substitute 400 for 5 and 60 for a. 
mal = eas To undo the multiplication by 400, divide both sides by 400. 
400 =400 


— 400 _ 60 _ 

r=O015 fq = land g, = 0.15. 

r= 15% _ — Tochange the decimal into a percent, we multiply by 100 and insert a 
% sign. 


Thus, 15% of 400 is 60. 


94 CHAPTER 2 Equations and Inequalities 


FS) SELF CHECK 12 What percent of 600 is 150? 


Solve an application problem involving percents. 


The ability to solve linear equations enables us to solve many application problems. This 
is what makes the algebra relevant to our lives. 


EXAMPLE 13 INVESTING At a stockholders meeting, members representing 4.5 million shares 
voted in favor of a proposal for a mandatory retirement age for the members of the 
board of directors. If this represented 75% of the number of shares outstanding, how 
many shares were outstanding? 


Solution Let / represent the number of outstanding shares. Then 75% of b is 4.5 million. We can 
substitute 75% for r and 4.5 million for a in the percent formula and solve for b. 
rh=a 
75% > b = 4,500,000 4.5 million = 4,500,000 
0.755 = 4,500,000 Change 75% to a decimal. 
Heel = ULE To undo the multiplication of 0.75, divide both sides by 0.75. 
0.75 0.75 


b = 6,000,000 0-2 = 1 and #77202" = 6,000,000. 


There were 6 million shares outstanding. 


>| SELF CHECK 13 If 60% of the shares outstanding were voted in favor of the proposal, how many shares 
were voted in favor? 


EXAMPLE 14 QUALITYCONTROL After examining 240 sweaters, a quality-control inspector found 5 
with defective stitching, 8 with mismatched designs, and 2 with incorrect labels. What 
percent were defective? 


Solution Let r represent the percent that are defective. Then the base b is 240 and the amount a 
is the number of defective sweaters, which is 5 + 8 + 2 = 15. We can find r by using 
the percent formula. 


rh=a 
r+ 240 = 15 Substitute 240 for b and 15 for a. 
240r 15 eee ss : 
= — To undo the multiplication of 240, divide both sides by 240. 
240 240 


r= 0.0625 9 = 1 and $5 = 0.0625. 
r= 6.25% To change 0.0625 to a percent, multiply by 100 and insert a % sign. 
The defect rate is 6.25%. 


>| SELF CHECK 14 If a second inspector found 3 sweaters with faded colors in addition to the defects 
found by inspector 1, what percent were defective? 


SELF CHECK ANSWERS 


1. equation 2. yes 
10. 360 11. 875 


Solve each equation. 


x 


1.—=0 
12 
2 

2. ge 


3. —25 +x =25 


WARM-UPS Find the solution of each equation. 
1x-9=11 2.x -—3= 13 
Bwt5= 4. x + 32 = 36 
5. 3x = 6. —7x = 14 
x x 
7.-=2 8. ~ = -10 
5 2 


REVIEW Perform the operations. Simplify the result when 
possible. 


4 2 s 12 

.z+e 10. =-—= 

° 5 3 . 25 
es. 15 10 

1. 2 SS 12, = 
9. 5 3 

13.2+3-4 14, 3-4 

5(-4) — 3(-2) 
3 
34+ 4(- ( 

15. 3 + 4(—5) 6 10 — (<4) 

VOCABULARY AND CONCEPTS fill inthe blanks. 

17. An is a statement that two quantities are equal. 
An is a mathematical statement without an = 
sign. 

18. A or of an equation is a number that satis- 


fies the equation. 
19. If two equations have the same solutions, they are called 
equations. 
20. To solve an equation, we isolate the , or unknown, 


on one side of the equation. 


3. 34.8 


12. 25% 13. 3.6 million 
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Cb =f} Eb = sbi Gh =) 7 
14. 7.5% 


i; 8. $925 9. $10,800 


21. If the same quantity is added to 
results will be equal quantities. 


22. If the same quantity is subtracted from equal quantities, the 


quantities, the 


results will be quantities. 
23. If equal quantities are multiplied or divided by the same 


nonzero quantity, the results are quantities. 


24. An equation in the form x + b = ciscalleda 


equation. 
25. Sale price = — markdown 
26. Retail price = wholesale cost + 


27. A percent is the numerator of a fraction whose denominator 
is 


28. Rate - 


= amount 


GUIDED PRACTICE 


Determine whether each statement is an expression or an 
equation. See Example 1. (Objective 1) 


29. x =2 30. y =3 
31. 6x + 7 32. 8—x 
33.x+7=0 3B4.7+x=2 
35. 3(x — 4) 36. 5(2 + x) 


Determine whether the given number is a solution of the 
equation. See Example 2. (Objective 2) 


37.x+2=3;1 38. x —-2= 456 
39.a—7=0;-7 40.x+4=4;0 


y Cc 
41, — = 4; 28 42. —- = —2; -10 
7 5 
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43. x _ x0 44. x 7x: 0 Solve each problem involving markdown or markup. See 
| 7 Examples 8-9. (Objective 5) 
45. 3k + 5 = 5k — 1;3 46. 2s-l=s+7;6 89. Buying boats A boat is on sale for $7,995. Find its 
regular price if it has been marked down $1,350. 
fey fo F . 
47. Stx ee 2, 0 as. 2 3 xl! 90. Buying houses A house that was priced at $105,000 has 
10 2 6 been discounted $7,500. Find the new asking price. 


91. Buying clothes A sport jacket that sells for $175 has a 


Use the addition property of equality to solve each equation. menieip of $45. Find the wholesale price 


Check all solutions. See Example 3. (Objective 3) 
92. Buying vacuum cleaners A vacuum that sells for $97 has a 


ey Nee ae = Eh markup of $37. Find the wholesale price. 
51.a-—4=-12 52. m—-—5=-12 
53. p — 404 = 115 54.1 =y—5 Use the formularb = aora = rb to find each value. 
| 3 4 2 See Examples 10-12. (Objective 6) 
55.7 — 5 10 56. 3. 3 +x 93. What number is 40% of 200? 
94. What number is 35% of 520? 
Use the subtraction property of equality to solve each equation. 95. What number is 50% of 38? 
Check all solutions. See Example 4. (Objective 3) 96. What number is 25% of 300? 
37.x+ 7 = 13 i ae me 97. 15% of what number is 48? 
Peer a) SOs are 8 98. 26% of what number is 78? 
i es aa tan 99. 133 is 35% of what number? 
63. k + 2 = ms 64. b+ is = = 100. 13.3 is 3.5% of what number? 
a 2 qe 101. 28% of what number is 42? 
Use the multiplication property of equality to solve each equation. 102. 44% of what number is 143? 
Check all solutions. See Example 5. (Objective 4) 103. What percent of 357.5 is 71.5? 
65. = 5 66. ~ = 104. What percent of 254 is 13.208? 
b . ADDITIONAL PRACTICE | Solve each equation. Be sure to 
67. —=5 68. — = —3 check each answer. 
> 105. p + 0.27 = 3.57 106. m — 5.36 = 1.39 
b 41 a 1 
ae) a 26 107, = = -2 108, & = —5 
32 16 
71. = _ 72. i =+ 109. —57 = 4 — 29 110. —93 = 67+ » 
111. y — 2.63 = —8.21 112. s + 8.56 = 5.65 
Use the division property of equality to solve each equation. 
Check all solutions. See Example 6. (Objective 4) 143 es E) vid ae 3 
73. 6x = 18 74, 25x = 625 “=3 6 “= 16 
75. llx = —121 76. —9vy = -9 115. —37 + w = 37 116. —43 +a = —43 
77. —4x = 36 78. —l6y = 64 x w 
117. —3 = — 118. =4 
79. 4w = 108 80. —66 = —6w 11 —12 
Use the multiplication or division property of equality to solve 119.b+7= au 120. x + 2 = = 
each equation. Check all solutions. See Example 7. (Objective 4) 3 7 q 
81, 5x -2 a -+ 1244: 2% => 122. —8x + 1 = —7 
I ip gee 124. ¢+2=3 
83. WW = 14 84. —19x = —S7 5 5 3 2 
85. —1.2w = —102 86. 1.5a = —15 125, x => 126. —17x = —51 
87. 0.25x = 1,228 88. —0.2y = 51 
127. —32r = 64 128, 15 = =e 


129. 18x = —9 130. —12x = 3 


Find each value. 

131. 0.32 is what percent of 4? 
132. 3.6 is what percent of 28.8? 
133. 34 is what percent of 17? 
134. 39 is what percent of 13? 


APPLICATIONS 


Solve each application problem involving percents. 
See Examples 13-14. (Objective 7) 


135. Selling microwave ovens The 5% sales tax on a microwave 
oven amounts to $13.50. What is the microwave’s selling 
price? 

136. Hospitals 18% of hospital patients stay for less than 
1 day. If 1,008 patients in January stayed for less than 
1 day, what total number of patients did the hospital treat 
in January? 

137. Sales taxes Sales tax on a $12 compact disc is $0.72. At 
what rate is sales tax computed? 

138. Home prices The average price of homes in one neigh- 
borhood decreased 8% since last year, a drop of $7,800. 
What was the average price of a home last year? 


Solve each problem. 


139. Banking The amount A in an account is given by the 
formula 


A=pti 


where p is the principal and / is the interest. How much 
interest was earned if an original deposit (the principal) of 
$4,750 has grown to be $5,010? 

140. Selling real estate The money m received from selling a 
house is given by the formula 


Me = 8 =e 


where s is the selling price and c is the agent’s commission. 
Find the selling price of a house if the seller received 
$217,000 and the agent received $13,020. 

141. Customer satisfaction One-third of the movie audience 
left the theater in disgust. If 78 angry patrons walked out, 
how many were there originally? 

142. Off-campus housing One-seventh of the senior class is 
living in off-campus housing. If 217 students live off 
campus, how large is the senior class? 

143. Shopper dissatisfaction Refer to the survey results shown 
in the table. What percent of those surveyed were not 


pleased? 

Shopper survey results 

First-time shoppers Rell 
Major purchase today 539 
Shopped within previous month | 1,823 
Satisfied with service 4,140 
Seniors 2,387 
Total surveyed 9,200 
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144. Shopper satisfaction Refer to the survey results shown in 
the table above. What percent of those surveyed were 
satisfied with their service? 

145. Union membership If 2,484 union members represent 
90% of a factory’s work force, how many workers are 
employed? 

146. Charities Out of $237,000 donated to a certain charity, 
$5,925 is used to pay for fund-raising expenses. What 
percent of the donations is overhead? 

147. Stock splits After a 3-for-2 stock split, each shareholder 
will own 1.5 times as many shares as before. If 555 shares 
are owned after the split, how many were owned before? 


148. Stock splits After a 2-for-1 stock split, each shareholder 
owned twice as many shares as before. If 2,570 shares are 
owned after the split, how many were owned before? 


149. Depreciation Find the original cost of a car that is worth 
$10,250 after depreciating $7,500. 

150. Appreciation Find the original purchase price of a house 
that is worth $150,000 and has appreciated $57,000. 


151. Taxes Find the tax paid on an item that was priced at 
$37.10 and cost $39.32. 

152. Buying carpets How much did it cost to install $317 
worth of carpet that cost $512? 

153. Buying paint After 
reading this ad, a 
decorator bought 1 
gallon of primer, | 
gallon of paint, and 
a brush. If the total 
cost was $30.44, 
find the cost of the 
brush. 


154. Painting aroom After reading the ad above, a woman 
bought 2 gallons of paint, 1 gallon of primer, and a brush. 
If the total cost was $46.94, find the cost of the brush. 


155. Buying real estate The cost of a condominium is $57,595 
less than the cost of a house. If the house costs $202,744, 
find the cost of the condominium. 

156. Buying airplanes The cost of a twin-engine plane is 
$175,260 less than the cost of a 2-seater jet. If the jet cost 
$321,435, find the cost of the twin-engine plane. 


WRITING ABOUT MATH 


157. Explain what it means for a number to satisfy an equation. 


158. How can you tell whether a number is the solution to an 
equation? 
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SOMETHING TO THINK ABOUT 160. Calculate the Egyptians’ percent of error: What percent of 
the actual value of 7 is the difference of the estimate 


159. The Ahmes papyrus mentioned on page 9 contains this 
ries is obtained in Exercise 159 and the actual value of 7? 


statement: A circle nine units in diameter has the same area 
as a square eight units on a side. From this statement, 
determine the ancient Egyptians’ approximation of 7. 


Solving More Linear Equations in One Variable 


@ Solve a linear equation in one variable requiring more than one property 
of equality. 

®) Solve an application problem requiring more than one property of 
equality. 

&} Solve an application problem involving percent of increase or decrease. 


Objectives 


Vocabulary 


Perform the operations. 


Teo e385 2. 3(5' 47) 3. 


3(5 — 8) 
9 


ae een 7 oS 8. 3-2-8 


5. 
9 9 


Getting Ready 


We have solved equations by using the addition, subtraction, multiplication, and division 
properties of equality. To solve more complicated equations, we need to use several of 
these properties in succession. 


Gi Solve a linear equation in one variable requiring 
more than one property of equality. 


To solve many equations, we must use more than one property of equality. In the follow- 
ing examples, we will combine the addition or subtraction property with the multiplica- 
tion or division property to solve more complicated equations. 
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EVERYDAY CONNECTIONS Renting a Car 


Rental car rates for various cars are given for three different companies. In each formula, x represents the number of 
days the rental car is used. 


Economy car from Dan's Rentals Luxury car from Spencer's Cars SUV from Tyler's Auto Rentals 


C = 19.14x + 65.48 C = 55x + 124.15 C = 35.87x + 89.08 


We can solve an equation to compare the companies to one another. 

Suppose you have $900 available to spend on a rental car. Find the number of days you can afford to rent from 
each company. (Hint: Substitute 900 for C.) 

Dan’s Rentals 

Spencer’s Cars 

Tyler’s Auto Rentals 


EXAMPLE 1 Solve: -—12x +5 =17. 


Solution — The left side of the equation indicates that x is to be multiplied by — 12 and then 5 is to be 
added to that product. To isolate x, we must undo these operations in the reverse order. 


To undo the addition of 5, we subtract 5 from both sides. 
To undo the multiplication by —12, we divide both sides by — 12. 


-—12x+5=17 
-12x + 5-—5=17-—5 _ Toundo the addition of 5, subtract 5 from both sides. 
—12x = 12 5 —5=0and 17 — 5 = 12. 
—12x 12 To undo the multiplication by —12, divide both sides 
-12 = =i? by =12, 
x=-l =e land 43, = -1. 
Check: —12x+5=17 
—12(-1) + 5217 — Substitute —1 for x. 
12+5217 — Simplify. 
17 = 17 True. 


Since 17 = 17, the solution —1 checks and the solution set is {—1}. 


SELF CHECK 1 Solve: 2x + 3 = 15. 


EXAMPLE2 Solve: : oS ae 
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Solution The left side of the equation indicates that x is to be divided by 3 and then 7 is to be 
subtracted from that quotient. To isolate x, we must undo these operations in the 
reverse order. 


To undo the subtraction of 7, we add 7 to both sides. 
To undo the division by 3, we multiply both sides by 3. 


x : 
3 —7+7=-3+7  Toundo the subtraction of 7, add 7 to both sides. 
x 
os 7+7=0O0and-3+7=4. 
3: = =3-4 To undo the division by 3, multiply both sides by 3. 
x= 12 3-4 =1and3-4 = 12. 
Check: ~—7=~-3 
3 
12 A 
3 7=-3 Substitute 12 for x. 
4—7+4-3 Simplify. 
—3=—3 
Since —3 = —3, the solution 12 checks and the solution set is {12}. 


EJ SELF CHECK2 Solve: ¥-3=5. 


EXAMPLE 3 Solve: a = 


Solution The left side of the equation indicates that 7 is to be subtracted from x and that the dif- 
ference is to be divided by 3. To isolate x, we must undo these operations in the reverse 
order. 

To undo the division by 3, we multiply both sides by 3. 
To undo the subtraction of 7, we add 7 to both sides. 


x= 7 
3 =9 
(252) = 3(9) To undo the division by 3, multiply both sides by 3. 
x-7=27 3 +4 = 1 and 3(9) = 27. 
x -—7+7=27+7 - Toundo the subtraction of 7, add 7 to both sides. 
x = 34 —7+7=0and 27 + 7 = 34. 


Since the solution is 34, the solution set is {34}. Verify that the solution checks. 


EB) SELF CHECK 3 Solve: 
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3x 
4 


EXAMPLE4 Solve. ~~ + ; =e 


Solution The left side of the equation indicates that x is to be multiplied by 3, then 3x is to be 
divided by 4, and then 5 is to be added to that result. To isolate x, we must undo these 
operations in the reverse order. 

To undo the addition of 5, we subtract : from both sides. 
+ To undo the division by 4, we multiply both sides by 4. 
To undo the multiplication by 3, we multiply both sides by 7 


3x 2 
—+-=-7 
4 3 
3x 2 2 ve 2 2 . 
ri + 3 - 3 =-7-— To undo the addition of 3 subtract 5 from both sides. 
3x 23 p. .9 2 23 
4 ad 3 3 3 = O0and —7 3 = 3° 


cS 
i 
a2 
a 
II 


23 
4( -2) To undo the division by 4, multiply both sides by 4. 


1f/ 92 
=(3x) = ( -72) To undo the multiplication by 3, multiply both sides by i. 


92 
x = -— 5+ 3x = xand3(—¥) = -". 


Since the solution is — the solution set is {-2}. Verify that the solution checks. 


SELF CHECK4 Solve: %* — $= 3. 


EXAMPLES Solve, 2% —!” _ 3.67 = -6.67. 


0.33 


Solution — The left side of the equation indicates that x is to be multiplied by 0.6, then 1.29 is to 
be subtracted from 0.6x, then that difference is to be divided by 0.33, and finally 3.67 is 
to be subtracted from the result. To isolate x, we must undo these operations in the 
reverse order. 
To undo the subtraction of 3.67, we add 3.67 to both sides. 
To undo the division by 0.33, we multiply both sides by 0.33. 

+ To undo the subtraction of 1.29, we add 1.29 to both sides. 

+ To undo the multiplication by 0.6, we divide both sides by 0.6. 


0.6x — 1.29 
0.33 


0.6x — 1.29 To undo the subtraction of 3.67, add 
63g SOP SOOT ESET 5 eran botivside 


3.67 = —6.67 
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0.6x — 1.29 _ 4 Do the additi 
933. o the additions. 
0.6x — 1.29\ | To undo the division by 0.33, 
0.33( 0.33 ) =i ee 3) multiply both sides by 0.33. 
0.6x — 1.29 = —0.99 Do the multiplications; i =] 


0.6x — 1.29 + 1.29 = —0.99 + 1.29 To undo the subtraction of 1.29, add 
1.29 to both sides. 


0.6x = 0.3 Do the additions. 
0.6x _ 0.3 To undo the multiplication by 0.6, 
0.6 0.6 divide both sides by 0.6. 

x = 0.5 Do the divisions. 


The solution set is {0.5}. Verify that the solution checks. 


FEY SELF CHECKS Solve: “4514 4.71 = 16.71. 


2 | Solve an application problem requiring 
more than one property of equality. 


EXAMPLE 6 ADVERTISING A store manager hires a student to distribute advertising circulars door 
to door. The student will be paid $24 a day plus 12¢ for every ad she distributes. How 
many circulars must she distribute to earn $42 in one day? 


Solution We can let a represent the number of circulars that the student must distribute. Her 
earnings can be expressed in two ways: as $24 plus the 12¢-apiece pay for distributing 
the circulars, and as $42. 


$24 plus ah ee is |$42. 12¢ = $0.12 
mM + 0.120 = 4 


We can solve this equation as follows: 


24 + 0.12a = 42 
24 — 24 + 0.12a = 42 — 24 = To undo the addition of 24, subtract 24 from both 


sides. 
0.12a = 18 24 — 24 = Oand 42 — 24 = 18. 
0.12a _ 18— To undo the multiplication by 0.12, divide both sides 
0.12 0.12 by 0.12. 
a = 150 p45 = Lands = 150. 


The student must distribute 150 ads. Check the result. 


>| SELF CHECK 6 How many circulars must the student deliver in one day to earn $48? 
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( Solve an application problem involving percent of increase or decrease. 


We have seen that the retail price of an item is the sum of the cost and the markup. 
Retail price equals cost plus markup 

Often, the markup is expressed as a percent of the cost. 
Markup equals percentofmarkup times cost 


Suppose a store manager buys toasters for $21 and sells them at a 17% markup. To 
find the retail price, the manager begins with his cost and adds 17% of that cost. 


Retail price = cost + markup 


= cost +  percentofmarkup -_ cost 
= 21 + 0.17 : 21 
= 21 + 3.57 
= 24.57 

The retail price of a toaster is $24.57. 


EXAMPLE 7 = ANTIQUECARS In 1956, a Chevrolet BelAir automobile sold for $4,000. Today, it is 
worth about $28,600. Find the percent that its value has increased, called the percent of 
increase. 


Solution We let p represent the percent of increase, expressed as a decimal. 


Current price equals original price plus  p(original price) 
28,600 a 4,000 + p(4,000) 


28,600 — 4,000 = 4,000 — 4,000 + 4,000p To undo the addition of 4,000, 
subtract 4,000 from both sides. 


24,600 = 4,000p 28,600 — 4,000 = 24,600 and 
4,000 — 4,000 = 0. 
24,600 4,000p To undo the multiplication by 
4,000 4,000 4,000, divide both sides by 4,000. 
6.15 =p Simplify. 


To convert 6.15 to a percent, we multiply by 100 and insert a % sign. Since the percent 
of increase is 615%, the car has appreciated 615%. 


SELF CHECK 7 Find the percent of increase if the car sells for $30,000. 


We have seen that when the price of merchandise is reduced, the amount of reduc- 
tion is the markdown (also called the discount). 


Sale price equals regularprice minus markdown 
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Usually, the markdown is expressed as a percent of the regular price. 
Markdown equals  percentofmarkdown times | regular price 
Suppose that a television set that regularly sells for $570 has been marked down 25%. 


That means the customer will pay 25% less than the regular price. To find the sale price, 
we use the formula 


Sale price = regular price —  markdown 
— regular price _ oes regular price 
cous markdown g P 
= $570 - 25% of $570 


= $570 — (0.25)($570) 25% = 0.25 
= $570 — $142.50 
= $427.50 

The television set is selling for $427.50. 


EXAMPLE 8 BUYINGCAMERAS A camera that was originally priced at $452 is on sale for $384.20. 
Find the percent of markdown. 


Solution We let p represent the percent of markdown, expressed as a decimal, and substitute 
$384.20 for the sale price and $452 for the regular price. 


Sale price equals regularprice minus perccnu ol times regular price 
P 4 g P markdown e P 
384.20 = 452 — p : 452 
384.20 — 452 = 452 — 452 — p(452) To undo the addition of 452, subtract 452 from 
both sides. 
—67.80 = —p(452) 384.20 — 452 = —67.80; 452 — 452 = 0 
—67.80 — —p(452) To undo the multiplication by —452, divide 
—452 —452 both sides by —452. 
0.15 =p —o7 8) = 0.15 and =435 = 1. 


The camera is on sale at a 15% markdown. 


>| SELF CHECK 8 _ If the camera is reduced another $22.60, find the percent of discount. 


COMMENT When a price increases from $100 to $125, the percent of increase is 25%. 
When the price decreases from $125 to $100, the percent of decrease is 20%. These differ- 
ent results occur because the percent of increase is a percent of the original (smaller) 
price, $100. The percent of decrease is a percent of the original (larger) price, $125. 


SELF CHECK ANSWERS 1.6 2.32 3-7 477 5.06 6.200 7. 650% 8 20% 


Solve each equation. 
2 


lege a=3 


2 
2. 1 = 8 


3. —0.2x — 4.3 = —-10.7 


2.2 EXERCISES 
WARM-UPS 
What would you do first when solving each equation? 
1. 5x—7=-12 2.152243 
x bean 
3. --3=0 F =-7 
7 7 
° eamae | ox =) 
= ; +2=0 
5 3 5 6 5 
Solve each equation. 
7.72-7=14 g. P—* 6 


REVIEW Refer to the formulas given in Section 1.3. 
9. Find the perimeter of a rectangle with sides measuring 8.5 
and 16.5 cm. 


10. Find the area of a rectangle with sides measuring 2.3 in. 
and 3.7 in. 


11. Find the area of a trapezoid with a height of 8.5 in. and 
bases measuring 6.7 in. and 12.2 in. 


12. Find the volume of a rectangular solid with dimensions of 
8.2 cm by 7.6 cm by 10.2 cm. 

VOCABULARY AND CONCEPTS fill inthe blanks. 

13. Retail price = ___ + markup 

14. Markup = percent of markup + __ 

15. Markdown = 

16. Another word for markdown is 


of markdown - regular price 


17. The percent that an object has increased in value is called 
the d 

18. The percent that an object has deceased in value is called 
the 
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GUIDED PRACTICE 


Solve each equation. Check all solutions. See Example 1. 
(Objective 1) 


19. 5x -—1=4 20. 5x +3=8 
21. -—6x+2= 14 22. 4x —4=8 
23. 6x +2= —-4 24. 4x -—-4=4 


25. 3x -—8=1 26. 7x — 19 =2 


Solve each equation. Check all solutions. See Example 2. 
(Objective 1) 


Zz y 
27.—-+5=-1 28. —-3=3 
9 5 
b a 
29.-+5=2 30. —--3=-4 
3 5 
x x 
31.2 = 3S 2 32.-+3=5 
3 7 
33,2 49=6 34, +2= 
“11 ~ “12 7 


Solve each equation. Check all solutions. See Example 3. 
(Objective 1) 


35 oF an 36 a =3 

37,214 38, 1—* - -3 
ag Paar, 
41 ee a 42, A=" = -5 


Solve each equation. Check all solutions. See Example 4. 
(Objective 1) 


k 1 3 y 8 1 
43. --—=< 44, ——-—=—— 
ae re a 5 7 7 
ag, Yes 
“16 47 “7 14° 14 
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106 CHAPTER 2 _ Equations and Inequalities 


3x 5x 

47. -6=9 6. 43258 
3y Z 

49, 2 4+5=11 50. —+3=-2 
2 3 


Solve each equation. Check all solutions. See Example 5. 
(Objective 1) 


2.4x + 4.8 1Sx— 15 
. ———_ = 52, ————_-_ = -5.l 
a4 1.2 3: 2.5 
2.1x — 0.13 
53. + 2.5 = 0.5 
0.8 
+ 4, 
54, Os ope ao 
0.24 
ADDITIONAL PRACTICE Solve each equation. Check all 
solutions. 
55. llx +17 = —-5 56. 13x — 29 = —3 
57. 43p + 72 = 158 58. 96qg + 23 = —265 
59. —47 — 21n = 58 60. —151 + 13m = —229 
5 4 1 3 
61. 2yv —--=-= 62. 99+ === 
oa 8 oY 3 
63. —0.4y — 12 = —20 64. —0.8y + 64 = -32 
2x 1 4x 1 
—— ~—-sHl 
65 3 5 3 66. 5 3 
3x 2 5x 3 
,=-ts 68. —+—=3 
ee 4 5 = 6 5 
rs 70, 7-1 =~} 
5) 3 
x-4 ay 
71. =-3 72. =-3 
4 5 
95 az 2 74 10n-4 | 
an “2 
75. eS 2 6 
21 3 3 6 
x 1 5 7 — Ta 
a 8. =2 
“7 3 2 2 ? 8 
ag 80 3p-5 1 19 
a. ee via Oe 2 
APPLICATIONS 


Solve each problem. See Example 6. (Objective 2) 


81. Apartment rentals A student moves into a bigger apart- 
ment that rents for $400 per month. That rent is $100 less 
than twice what she had been paying. Find her former rent. 


82. Auto repairs A mechanic charged $20 an hour to repair 
the water pump on a car, plus $95 for parts. If the total bill 
was $155, how many hours did the repair take? 


83. Boarding dogs A sportsman boarded his dog at a kennel 
for a $16 registration fee plus $12 a day. If the stay cost 
$100, how many days was the owner gone? 

84. Water billing The city’s water department charges $7 per 
month, plus 42¢ for every 100 gallons of water used. Last 
month, one homeowner used 1,900 gallons and received a 
bill for $17.98. Was the billing correct? 


Solve each problem. See Examples 7-8. (Objective 3) 


85. Clearance sales Sweaters already on sale for 20% off the 
regular price cost $36 when purchased with a promotional 
coupon that allows an additional 10% discount. Find the 
original price. (Hint: When you save 20%, you are paying 
80%.) 

86. Furniture sales A $1,250 sofa is marked down to $900. 
Find the percent of markdown. 


87. Value of coupons 
The percent dis- 
count offered by 
this coupon 
depends on the 
amount pur- 
chased. Find the 
range of the 
percent discount. 


Value coupon 


Save $15 


on purchases of $100 to $250. 


88. Furniture pricing A bedroom set selling for $1,900 cost 
$1,000 wholesale. Find the percent markup. 


Solve each problem. 


89. Integer problem Six less than 3 times a number is 9. Find 
the number. 

90. Integer problem Seven less than 5 times a number is 23. 
Find the number. 

91. Integer problem If a number is increased by 7 and that 
result is divided by 2, the number 5 is obtained. Find the 
original number. 

92. Integer problem If twice a number is decreased by 5 and 
that result is multiplied by 4, the result is 36. Find the 
number. 

93. Telephone charges A call to Tucson from a pay phone in 
Chicago costs 85¢ for the first minute and 27¢ for each addi- 
tional minute or portion of a minute. If a student has $8.68 
in change, how long can she talk? 

94. Monthly sales A clerk’s sales in February were $2,000 less 
than 3 times her sales in January. If her February sales were 
$7,000, by what amount did her sales increase? 

95. Ticket sales A music group charges $1,500 for each per- 
formance, plus 20% of the total ticket sales. After a concert, 
the group received $2,980. How much money did the ticket 
sales raise? 

96. Getting an A_ To receive a grade of A, the average of four 
100-point exams must be 90 or better. If a student received 
scores of 88, 83, and 92 on the first three exams, what 
minimum score does he need on the fourth exam to earn an 
A? 
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97. Getting an A The grade in history class is based on the 100. To solve the equation 3x ~ 4 2, what operations would 
average of five 100-point exams. One student received scores pia penioeen. andaasheeondee 
of 85, 80, 95, and 78 on the first four exams. With an ee , : 
average of 90 needed, what chance does he have for 
an A? 

98. Excess inventory From the portion of the following ad, 
determine the sale price of a shirt. 


SOMETHING TO THINK ABOUT 


101. Suppose you must solve the following equation but you 
can’t read one number. If the solution of the equation is 1, 
what is the equation? 


22 2 


7x+@ 1 


Clearance Sale 


Save 40% a 102. A store manager first 
ERIN 2 increases his prices by 30% to 
Sweaters $45.95 $27.57 


get a new retail price and 
then advertises as shown at 
the right. What is the real 
percent discount to 
customers? 


Shirts $37.50 ) 


WRITING ABOUT MATH 


99. In solving the equation 5x — 3 = 12, explain why you would 
add 3 to both sides first, rather than dividing by 5S first. 


Simplifying Expressions to Solve Linear Equations 
in One Variable 


GD Simplify an expression using the order of operations and combining like 
terms. 


®) Solve a linear equation in one variable requiring simplifying one or both 
sides. 


&} Solve a linear equation in one variable that is an identity ora 
contradiction. 


Objectives 


Vocabulary 


Use the distributive property to remove parentheses. 


1. (3+ 4)x 2. (7 + 2)x 
3. (8 — 3)w 4. (10 —- 4)y 


Simplify each expression by performing the operations within the parentheses. 


Getting Ready 


5. (3+ 4)x 6. (7+ 2)x 
7. (8 — 3)w 8. (10 — 4)y 
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Like Terms 


COMMENT Terms are 
separated by + and — signs. 


Combining Like Terms 


EXAMPLE 1 


Solution 


When algebraic expressions with the same variables occur, we can combine them. 


Simplify an expression using the order of operations 
and combining like terms. 


Recall that a term is either a number or the product of numbers and variables. Some 
examples of terms are 7x, —3xy, y*, and 8. The number part of each term is called its 
numerical coefficient (or just the coefficient). 


The coefficient of 7x is 7. 

The coefficient of —3xy is —3. 

The coefficient of y* is the understood factor of 1. 
The coefficient of 8 is 8. 


Like terms, or similar terms, are terms with the same variables having the same 
exponents. 


The terms 3x and 5x are like terms, as are 9x” and —3x*. The terms 4xy and 3x? are 
unlike terms, because they have different variables. The terms 4x and 5x7 are unlike 
terms, because the variables have different exponents. 

The distributive property can be used to combine terms of algebraic expressions that 
contain sums or differences of like terms. For example, the terms in 3x + 5x and 
9xy* — 11xy” can be combined as follows: 


expressions with expressions with 
like terms like terms 
SS S055 
3x + 5x = (3 + 5)x Oxy? — Lxy? = (9 — 11)xy’ 
= 8x = -2xy 


These examples suggest the following rule. 


To combine like terms, add their coefficients and keep the same variables and 
exponents. 


COMMENT If the terms of an expression are unlike terms, they cannot be combined. 
For example, since the terms in 9xy* — 11x*y have variables with different exponents, 
they are unlike terms and cannot be combined. 


Simplify: 3(« + 2) + 2(x — 8). 
To simplify the expression, we will use the distributive property to remove parentheses 
and then combine like terms. 
3(x + 2) + 2(x — 8) 
=3x+3-2+2x—2:+8 Use the distributive property to remove parentheses. 
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=3x+6+2x -— 16 3°2=64and 2 +s = 16, 


=3x+2x+6- 16 Use the commutative property of addition: 
6+ 2x = 2x + 6. 


= 5x — 10 Combine like terms. 


SELF CHECK 1 Simplify: —5(a + 3) + 2(a — 5). 


EXAMPLE 2 Simplify: 3(x — 3) — 5(x + 4). 


Solution — To simplify the expression, we will use the distributive property to remove parentheses 
and then combine like terms. 


3(x — 3) — 5(x + 4) 


= 3(x — 3) + (—5)(x + 4) a= b=a+(-9) 

= 3x —3-3+4+ (—5)x + (—5)4 — Use the distributive property to remove 
parentheses. 

= 3x — 9 + (—5x) + (—20) 3-3 = 9 and (—5)(4) = —20. 

= —2x — 29 Combine like terms. 


FJ SELF CHECK 2 Simplify: —3(b — 2) — 4(b - 4). 


COMMENT In algebra, you will simplify expressions and solve equations. Recognizing 
which one to do is a skill that we will apply throughout this course. 

Since an expression does not contain an = sign, it can be simplified only by combin- 
ing its like terms. Since an equation contains an = sign, it can be solved. Remember that 


Expressions are to be simplified. Equations are to be solved. 


2] Solve a linear equation in one variable requiring 
simplifying one or both sides. 


To solve a linear equation in one variable, we must isolate the variable on one side. This 
is often a multistep process that may require combining like terms. As we solve equations, 
we will follow these steps, if necessary. 


. Clear the equation of any fractions. 
. Use the distributive property to remove any grouping symbols. 


Solving Equations 


1 
2 
3. Combine like terms on each side of the equation. 
4 


. Undo the operations of addition and subtraction to get the variables on one side 
and the constants on the other. 
5. Combine like terms and undo the operations of multiplication and division to 
isolate the variable. 


6. Check the solution. 
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EXAMPLE 3 Solve: 3(x + 2) — 5x =0. 


Solution — To solve the equation, we will remove parentheses, combine like terms, and solve for x. 


3(x + 2) — 5x =0 


3x +3-2-5x=0 Use the distributive property to remove parentheses. 
3x —5x+6=0 Rearrange terms and simplify. 
—2x+6=0 Combine like terms. 
—2x +6—-6=0-—6 — Subtract 6 from both sides. 
—2x = -6 Combine like terms. 
—2x . —6 


—_ = Divide both sides by —2. 


af. ae 
x=3 Simplify. 
Check; 3(x + 2) —- 5x =0 
3(3 + 2)-5+340 — Substitute 3 for x. 
3-5-5-3240 
15-1520 
0=0 = True. 


Since the solution 3 checks, the solution set is {3}. 


FEY SELF CHECK3 Solve: —2(y — 3) — 4y = 0. 


EXAMPLE 4 Solve: 3(x — 5) = 4(x + 9). 


Solution — To solve the equation, we will remove parentheses, get all like terms involving x on one 
side, combine like terms, and solve for x. 


3(x — 5) = 4(x + 9) 


3x — 15 = 4x + 36 Remove parentheses. 
3x — 15 — 3x = 4x + 36 — 3x — Subtract 3x from both sides. 
-15=x + 36 Combine like terms. 
—15 — 36 = x + 36 — 36 Subtract 36 from both sides. 
-S5l=x Combine like terms. 
x=—51 


Check: 3(x — 5) = 4(x + 9) 
3(-51 — 5) + 4(-51 + 9) — Substitute —51 for x. 
3(—56) = 4(—42) 
—168 = —168 True. 


Since the solution —51 checks, the solution set is {—51}. 


EJ SELF CHECK4 Solve: 4(2 + 3) = —3(z - 4). 
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EXAMPLE 5. Solve: —— Bande 


Solution We first multiply both sides by 5 to clear the equation of fractions. When we multiply 
the right side by 5, we must multiply the entire right side by 5. 


3x¢.11 deg 
——— =x 
5 
COMMENT Remember that 3x + 11 ; 
. F ee a + : 
den vousmulliply one ideot s( 5 ) 5(x + 3) Multiply both sides by 5 
an equation by a nonzero 3x + 11 =5x 4+ 15 Remove parentheses. 


number, you must multiply 


the other side by the same 3x + 11-11 =5x + 15-11 Subtract 11 from both sides. 


number to maintain the 3x = 5x +4 Combine like terms. 
equality. 3x —5x =5x+4-—5x Subtract 5x from both sides. 
—2x=4 Combine like terms. 
—2% 4 aa ; 
oe = ae Divide both sides by —2. 


x= -2 Simplify. 
+ 
Check: “a =x+3 
3(-2) + 11 


2 (-2) +3 Substitute —2 for x. 


5 
-—6+ 11 , a 
——— = 1 Simplify. 
5 
5 3 
5 
1=1 True. 


Since the solution —2 checks, the solution set is {—2}. 


SELF CHECK5 Solve: >3 = x - 2. 


EXAMPLE 6 Solve: 0.2x + 0.4(50 — x) = 19. 


Solution Since 0.2 = in and 0.4 = > this equation contains fractions. To clear the fractions, we 
will multiply both sides by 10. 
0.2x + 0.4(50 — x) = 19 
10[0.2x + 0.4(50 — x)] = 10019) = Multiply both sides by 10. 
10[0.2x] + 10[0.4(50 — x)] = 10019) — Use the distributive property on the left side. 


2x + 4(50 — x) = 190 Do the multiplications. 
2x + 200 — 4x = 190 Remove parentheses. 
—2x + 200 = 190 Combine like terms. 


—2x = -10 Subtract 200 from both sides. 
x=5 Divide both sides by —2. 
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Since the solution is 5, the solution set is {5}. Verify that the solution checks. 


FEY SELF CHECK6 Solve: 0.3(20 — x) + 0.5x = 15. 


3 | Solve a linear equation in one variable 
that is an identity or a contradiction. 


The equations solved in Examples 3-6 are called conditional equations. For these equa- 
tions, each has exactly one solution. 

An equation that is true for all values of its variable is called an identity. For 
example, the equation x + x = 2x is an identity because it is true for all values of x. The 
solution of an identity is the set of all real numbers and is denoted by the symbol R. 

An equation that is not true for any value of its variable is called a contradiction. For 
example, the equation x = x + | is a contradiction because there is no value of x that 
will make the statement true. Since there are no solutions to a contradiction, its set of 
solutions is empty. This is denoted by the symbol @ or { } and is called the empty set. 


Type of equation Examples Solution sets 
Conditional x+4=8 x -4=12 {2} and {323 
Identity eo 2(x + 3) = 2x + 6 Rand R 
Contradiction x=x-1 Mee 4p 3) = Dre 4b S @and O 

Table 2-1 


EXAMPLE 7 Solve: 3(x + 8) + 5x = 2(12 + 4x). 


Solution — To solve this equation, we will remove parentheses, combine terms, and solve for x. 


3(x + 8) + 5x = 2(12 + 4x) 


3x + 24 + 5x = 24 + 8x Remove parentheses. 
8x + 24 = 24 + 8x Combine like terms. 

8x + 24 — 8x = 24+ 8x — 8x — Subtract 8x from both sides. 
24 = 24 Combine like terms. 


Since the result 24 = 24 is true for every number x, every number is a solution of the 
original equation. The solution set is the set of real numbers, R. This equation is an 
identity. 


FRY SELF CHECK7 Solve: —2(x + 3) — 18x = 5(9 — 4x) — 51. 


EXAMPLE 8 Solve: 3(x + 7) — x = 2(x + 10). 


Solution — To solve this equation, we will remove parentheses, combine terms, and solve for x. 


2.3 Simplifying Expressions to Solve Linear Equations in One Variable 


3(x + 7) — x = 2(x + 10) 


3x + 21 —x = 2x + 20 

2x + 21 = 2x + 20 

2x + 21 — 2x = 2x + 20 
21 = 20 


Since the result 21 = 20 is false, the original equation is a contradiction. Since the orig- 


inal equation has no solution, 


Solve: 


SELF CHECK 8 5(x — 2) — 2x = 3(x 


FEY SELF CHECK ANSWERS =, -30 25 2. -7h +22 3, 


Identify each of the following as an expression or an equation. Simplify or solve as appropriate. 


+ 2) 


1. (x-2) 43004 
2. (x-2) = 3(x 4 


3. 6x — 2(3x — 9) 


+ 2) 


2.3 EXERCISES 


WARM-UPS 

Simplify by combining like terms. 

1. 3x + 5x 2. —2y + 3y 

3. 3x 2% — 5x 4. 3y + 2y — Ty 

5. 3(x + 2) -3x + 6 6. 3(x + 2) + 3x — 6 


Solve each equation. 


7. 5x = 4x43 ~ 24x -)D=2a4+) 


9. 3x = 2x + 1) 10. x + 2(x + 1) = 3 
REVIEW 
Evaluate each expression when x = —3,y = —5,andz = 0. 
11. x°2(y' — 2) 12.2-y)° 


1 
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Remove parentheses. 
Combine like terms. 
— 2x Subtract 2x from both sides. 


Combine like terms. 


the solution set is @. 


+ 7). 


6. 45 7. identity,R 8. contradiction, @ 


Nilw 


— 
’ 
x-y 2y+1 
13. ————_ 14. =x 
2yriaex x 
Perform the operations. 
6 5 6 5 
15. 778 16. 7 . 8 
17,22 ie 
"7 8 "7 8 
VOCABULARY AND CONCEPTS Fill inthe blanks. 


19. If terms have the same with the same exponents, 
they are called terms. Terms that have different vari- 
ables or have a variable with different exponents are called 

terms. The number part of a term is called its 
coefficient. 


20. To combine like terms, their numerical coefficients and 


_____ the same variables and exponents. 
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21. If an equation is true for all values of its variable, it is called 
an_____. If an equation is true for no values of its vari- 


able, it is called a 


22. If an equation is true for some values of its variable, but not 


all, it is called a equation. 


GUIDED PRACTICE 


Simplify each expression, when possible. See Example 1. 
(Objective 1) 


23. 3x + 17x 24. 12y — 15y 
25. 80° = 5x" 26. 17x? + 3x? 
27. 9x + 3y 28. 5x + 5y 

29. 3(x + 2) + 4x 30. 9(y — 3) + 2y 


Simplify each expression. See Example 2. (Objective 1) 


31. 5(z — 3) +22 32. 4(y + 9) — by 
33. 12x + 11) - 11 34, —3(3 + z) + 2z 
35. 8(y + 7) — Ay — 3) 36. 9(z + 2) + 5(3 —2) 
37. 2x + A(y — x) + 3y 38. 3y — Oy +2) +y 


Solve each equation. Check all solutions. See Example 3. 
(Objective 2) 

39. 9x + 11) + 503 — x) = 0 

40. 3(x + 15) + 411 — x) = 0 

41. 11x + 6(3 — x) =3 42. 5(x — 6) — 8x = 15 


Solve each equation. Check all solutions. See Example 4. 
(Objective 2) 


43. 3x + 2 = 2x 44. 5x +7=4x 
45. 5x —3 = 4x 46. 4x +3 = 5x 
47. 9y —-3 = 6y 48. 8y + 4 = 4y 
49. 8y —-T=y 50. 9v -8 =y 
51. 3(a + 2) = 4a 52. 4(a — 5) = 3a 
53. 5(b + 7) = 6b 54. 8(b + 2) = 9b 


55. 2+ 3(x — 5) = 4(x - 1) 
56. 2 — (4x + 7) =3 + 2(x + 2) 
57. 3(a + 2) = 2(a — 7) 

58. 9m — 1) = 61 + 2) -— 1 


Solve each equation. Check all solutions. See Example 5. 
(Objective 2) 
3(t — 7) 2(p + 9) 
5 =t-6 60. a ee 
at — 1) Bi t+2 
6 6 

2Q2r— 1) , 5= 3(r + 7) 

"6 6 


59. 


61 


62 


Solve each equation. Check all solutions. See Example 6. 
(Objective 2) 

63. 3.1(x — 2) = 1.3x + 2.8 

64. 0.6x — 0.8 = 0.8(2x — 1) — 0.7 

65. 2.7(y + 1) = 0.3(3y + 33) 

66. 1.5(5 — y) = 3y + 12 


Solve each equation. If it is an identity or a contradiction, so 
indicate. See Examples 7-8. (Objective 3) 

67. 8x + 3(2— x) = S5(x + 2) -4 

68. 21(b — 1) + 3 = 3(7b — 6) 

69. 2(s + 2) = 2(s + 1) + 3 

70. 2(3z + 4) = 2(3z — 2) + 13 


71. 5(x + 3) ee aa 
3 3 
72. 5(x +2) =5x—-2 
+ 
73.x+7= Sia 


pe 3 
74, 2(y — 3) — =50-4) 


ADDITIONAL PRACTICE 

Identify each statement as an expression or an equation, and then 
either simplify or solve as appropriate. 

75. (x + 2) —- (x — y) 76. 32+ 2%y-—z)t+y 


4(2x — 10) 


HW(« - 12 
77. = 2x — 4) 7, 


2 


=9—-2x 


79. 2( 4x + >) _ a(x + 2) 80. ae) =m+6 


3 3 
8(5 — 4) 20-a 3 
(a , ==(a+ 
81 5 2q 82 5 Ph 4) 
x + x + 
83. 3x +14 | ey esipel x + 18 
2 2, 
2 3 
84. 1(3x =) s(2x :) + x 
85. 5 — 7r = 8r 86. y+ 4=—Ty 
87. 22 — 3r = 8r 88. 14+ 7s=s 
89. 8(x + 3) — 3x 90. 2x + 2(x + 3) 


91. 19.1x — 4(x + 0.3) = —46.5 

92. 18.6x + 7.2 = 1.5(48 — 2x) 

93. 3.2(m + 1.3) — 2.5(m — 7.2) 

94. 6.7(t — 2.1) + 5.5(t + 1) 

95. 14.3(x + 2) + 13.7(x — 3) = 15.5 
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96. 1.25(x — 1) = 0.53x —-1)- 1 WRITING ABOUT MATH 
97. 10x + 32 — x) = S(x + 2)- 4 101. Explain why 3x°y and 5x’y are like terms. 
98. 19.1x — 4(x + 0.3) 102. Explain why 3x°y and 3xy’ are unlike terms. 


103. Discuss whether 7xxy* and 5x*ypyy are like terms. 


Solve each equation and round the result to the nearest tenth. % 
104. Discuss whether 5x and a are like terms. 


(2.3% = 2. 
99. eet = 5.2(x — 1.2) 
41 - + 0.9) SOMETHING TO THINK ABOUT 
100. —— 3 i 7.A(x — 1.3) 105. What number is equal to its own double? 


106. What number is equal to one-half of itself? 


Formulas 


GD Solve a formula for an indicated variable using the properties of equality. 
© Evaluate a formula for specified values for the variables. 


&} Solve an application problem using a given formula and specified values 
for the variables. 


Objectives 


Vocabulary 


Fill in the blanks. 
3x 


Getting Ready 


Equations with several variables are called literal equations. Often these equations are 
formulas such as A = /w, the formula for finding the area of a rectangle. 

Suppose that we want to find the lengths of several rectangles whose areas and 
widths are known. It would be tedious to substitute values for A and w into the formula 
and then repeatedly solve the formula for /. It would be much easier to solve the formula 
A = lw for / first, then substitute values for A and w, and compute / directly. 
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a Solve a formula for an indicated variable using 
the properties of equality. 


To solve a formula for a variable means to isolate that variable on one side of the equation, 
with all other numbers and variables on the opposite side. We can isolate the variable by 
using the equation-solving techniques we have learned in the previous three sections. 


EXAMPLE 1 Solve 4 = Jw for /. 


Solution — To isolate / on the left side, we undo the multiplication by w by dividing both sides of 
the equation by w. 


A=lw 
A_lw pipes - ; 
— =— _ To undo the multiplication by w, divide both sides by w. 
w w 
A aA 
—# a =] 
A 
l=— 


EY SELF CHECK 1 Solve 4 = Iw for w. 


EXAMPLE 2 Recall that the formula 4 = Sbh gives the area of a triangle with base b and height h. 
Solve the formula for b. 


Solution — To isolate b on the left side, we will undo the multiplication by 5 by multiplying both 
sides by 2. Then we will undo the multiplication by / by dividing both sides by h. 


1 
A= wer 


1 
24 =2:- bh To eliminate the fraction, multiply both sides by 2. 


24 = bh a= 1 


2A bh ee 6.3 ; 
—_— =— To undo the multiplication by h, divide both sides by h. 


h h 
2A ; 
ao 06lU 


If the area A and the height / of a triangle are known, the base 5 is given by the 


formula b = = 


FEY SELF CHECK 2 Solve A = 4bh for h. 


EXAMPLE 3 The formula C = RF — 32) is used to convert Fahrenheit temperature readings into 
their Celsius equivalents. Solve the formula for F. 
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Solution — To isolate F on the left side, we will undo the multiplication by 7 by multiplying both 


sides by the reciprocal of 2, which is 2, Then we will use the distributive property to 
remove parentheses and finally undo the subtraction of 32 by adding 32 to both sides. 


5 
C = ~-(F — 32 
9 ) 
9 9 5 ioe 5 . ‘ 9 
BC = 5 : of — 32) To eliminate 5, multiply both sides by ¢. 
9 CH= F- 9 20s _ 
5c 32) 5°g ecg 21 
9 
5c = F — 32 Remove parentheses. 


9 
5 + 32 = F — 32 + 32 To undo the subtraction of 32, add 32 to both sides. 


9 
5c +32=F Combine like terms. 
F= =C + 32 


The formula F = 2C + 32 is used to convert degrees Celsius to degrees Fahrenheit. 


SELF CHECK 3 Solve x = 3(y + 5) for y. 


EXAMPLE 4 Recall that the area A of the trapezoid shown in Figure 2-5 is given by the formula 


1 
A= s(B + b) 
where B and b are its bases and / is its height. Solve the formula for b. 


Solution There are two different ways to solve this formula. 


1 
: Method 1: A= B+ bh 
h 1 
Ly 2A =2- 38 + b)h Multiply both sides by 2. 
. 2A = Bh + bh Simplify and remove parentheses. 
Figure 2-5 2A — Bh = Bh + bh — Bh Subtract Bh from both sides. 
2A — Bh = bh Combine like terms. 
2A — Bh bh sacs : 
——————_— = — Divide both sides by h. 
h h 
h a n=l 
1 
Method 2: A= 38 + b)h 


1 
2:A=2: 38 + b)h Multiply both sides by 2. 
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2A =(B+ b)h Simplify. 

2A (Bt+b)h ae P 

—_ = —— Divide both sides by h. 
h h 

2A I 

he =Brt b i =1 


2A 

as B=B+b-8B Subtract B from both sides. 
2A er 

Ee — B= Combine like terms. 


Although they look different, the results of Methods | and 2 are equivalent. 


FEY SELF CHECK 4 Solve A = 44(B + b) for B. 


2 | Evaluate a formula for specified values for the variables. 


EXAMPLE 5 Solve the formula P = 2/ + 2w for /and find / when P = 56 and w = 11. 


Solution We first solve the formula P = 2/ + 2w for 1. 


P=21+2w 
P —2w = 21+ 2w —2w — Subtract 2w from both sides. 
P-— 2w=2!/ Combine like terms. 
P-2w 2/1 sts ; 
=— Divide both sides by 2. 
2 2 
P — 2w 
ea t=1 
P — 2w 
[= —— 
p) 


Albert Einstein 
(1879-1955) 


We will then substitute 56 for P and 11 for w and simplify. 


Einstein was a theoretical physi- fx P—2w 
cist best known for his theory of 2 
relativity. Although Einstein was 

born in Germany, he became a [= oa 2) 
Swiss citizen and earned his 2 
doctorate at the University of 56 — 22 
Zurich in 1905. In 1910, he i a 
returned to Germany to teach. - 

He fled Germany because of the 34 

Nazi government and became a = 2 

United States citizen in 1940. He 

is famous for his formula = 17 
gaa Thus, ! = 17. 


EJ SELF CHECK 5 = Solve P = 2/ + 2w for w and find w when P = 46 and/ = 16. 
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3 | Solve an application problem using a given formula 


EXAMPLE 6 


Solution 


SELF CHECK 6 


SELF CHECK ANSWERS 


and specified values for the variables. 


Recall that the volume V of the right-circular cone shown in Figure 2-6 is given by the 
formula 


1 
V = —Bi 
3 1 
where B is the area of its circular base and / is its height. Solve the formula for and 
find the height of a right-circular cone with a volume of 64 cubic centimeters and a 


base area of 16 square centimeters. 


We first solve the formula for h. 


1 
V= Bh 


1 
3V=3:- gon Multiply both sides by 3. 


3V = Bh 3-4=1 
3V__ Bh eee er Figure 2-6 
BB 1vide both sides by B. 
3V B 
BO es 
3V 
h=— 
B 


We then substitute 64 for V and 16 for B and simplify. 


3V 
h=— 


The height of the cone is 12 centimeters. 


Solve V = +Bh for B, and find the area of the base when the volume is 42 cubic feet and 
the height is 6 feet. 
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A student’s test average for four tests can be modeled by the equation 


fe a ae Ae oa 2 
~ 4 


A 


where 7, is the grade for Test 1, T> is the grade for Test 2, and so on. 

1. Solve the equation for 7. 

2. Julio has test grades of 82, 88, and 71. What grade would he need on Test 4 to have a test 
average of 80? 

3. Melinda has test grades of 75, 80, and 89. What grade would she need on Test 4 to have a 
test average of 90? Interpret your answer. 


2.4 EXERCISES —— } 


WARM-UPS 17. V = Iwh for w 18. C = 2ar forr 
Solve the equationab + c = 0. 19. K= A+ 32forA 20. P=a+bh+cforb 
1. fora 2. forc 


b Solve for the indicated variable. See Example 2. (Objective 1) 
Solve the equationa = . 


1 1 
21. V = =Bh forh 22. V = —Bh for B 
3. ford 4. forc 3 3 
1 E 
REVIEW Simplify each expression, if possible. 23. V= anh for h 24. [= a for R 
5. 2x — Sy + 3x 6. 2x°p + 5x°y* 
Solve for the indicated variable. See Examples 3-4. (Objective 1) 
Pe S10 4 ) 8. 2(22x - Tee 25 ae Sh toe i= = Die 
ae 5 I “i x y i - JV 7 le 2 5 y 
Btr+4 
VOCABULARY AND CONCEPTS Fill inthe blanks. 27. A= 8 for B 28. y = mx + b for x 
9. Equations that contain several variables are called 
equations. 3 
10. The equation A = /w is an example of a ; 29. A= 38 + 5) for B 
11. To solve a formula for a variable means to the vari- 5 
able on one side of the equation. 30. y= rhs — 10) for x 
12. To solve the formula d = rt for t, divide both sides of the h 
formula by _. 31. p= 34 + r) for gq 
13. To solve A = p + iforp, i from both sides. h 
32. p= 54 + r)forr 


14. To solve t = “for d, both sides by r. 
33. G = 2b(r — 1) forr 
GUIDED PRACTICE 34. F = f(1 — M) for M 


olve for the indicated variable. See E le 1. (Objective 1 
solve torteindicated variable, see Example | (Ghlectivet Solve each formula for the indicated variable. Then evaluate the 


15. £ = IR for! 16. i = prt forr new formula for the values given. See Example 5. (Objective 2) 
35.d=rt Findtif d= 135 andr = 45. 


36. 
37. 


38. 


d=rt Findrif d= 275andt=5 
P=a+t+b+c Findcif P = 37,a = 15,andb = 19. 


y=mx+b Find xif y = 30,m = 3,andb = 0. 


ADDITIONAL PRACTICE Solve each formula for the 


indicated variable. 
39. P = 4sfors 40. P=I’RforR 
41. P = 2/1 + 2w for w 42. d= rt fort 
1 
43. A = P + Prt fort 44. A= 38 + byhforh 


45. 


47. 


49. 


51. 


52. 


53. 


54. 


K = —— for w 46. V = arhforh 

2g 
K= al for 48. P= aa V 

2g S ° mV 

GM A 
FH 5" for M 50. C= 1-—-—forA 

d a 

Given that i = prt, find tif i = 12, p = 100, andr = 0.06. 


Given that i = prt, find r if i = 120, p = 500, and t = 6. 


1 
Given that K = aia + b), find hif K = 48, a = 7, and 
b=5. 


Given that > + y=2', find x if y =3andz = 


APPLICATIONS Solve. See Example 6 (Objective 3) 


55. 


56. 


57. 


Volume of acone The volume V of a cone is given by the 
formula V = iarh. Solve the formula for 4, and then calcu- 
late the height / if Vis 367 cubic inches and the radius r is 
6 inches. 
aw! Circumference of a circle The circumference C of a 
circle is given by C = 2a, where r is the radius of the 
circle. Solve the formula for r, and then calculate the radius 
of a circle with a circumference of 14.32 feet. Round to the 
nearest hundredth of a foot. 
Ohm’s law The formula E = JR, called Ohm’s law, is used 
in electronics. Solve for J, and then calculate the current J if 
the voltage E is 48 volts and the resistance R is 12 ohms. 
Current has units of amperes. 


58. 


59. 


60. 


61. 


62. 


63. 
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ww! Growthof money Ata simple interest rate r, an 
amount of money P grows to an amount A in ¢ years 
according to the formula A = P(1 + rt). Solve the formula 
for P. After t = 3 years, a girl has an amount A = $4,357 
on deposit. What amount P did she start with? Assume an 
interest rate of 6%. 
aw) Power loss The power P lost when an electric current 
I passes through a resistance R is given by the formula 
P = P°R. Solve for R. If P is 2,700 watts and Tis 14 
amperes, calculate R to the nearest hundredth of an ohm. 


an) Geometry The perimeter P of a rectangle with length 

/and width w is given by the formula P = 2/ + 2w. 
Solve this formula for w. If the perimeter of a certain rec- 
tangle is 58.37 meters and its length is 17.23 meters, find its 
width. Round to two decimal places. 


Force of gravity The masses of the two objects in the illus- 
tration are m and M. The force of gravitation F between the 
masses is given by 


GmM 
FH Pp 
where G is a constant and d is the distance between them. 
Solve for m. 


a 


F 
— en, = 
m 
nceaul 


Thermodynamics In thermodynamics, the Gibbs free- 
energy equation is given by 

G=U-TS + pV 
Solve this equation for the pressure, p. 


Pulleys The approximate length L of a belt joining two 
pulleys of radii r and R feet with centers D feet apart is 
given by the formula 


L = 2D + 3.25(r + R) 


Solve the formula for D. If a 25-foot belt joins pulleys with 
radii of 1 foot and 3 feet, how far apart are their centers? 
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64. Geometry The measure a of an interior angle of a regular 


polygon with n sides is given by a = 180°(1 a 2) Solve the 
formula for n. How many sides does a regular polygon have 


if an interior angle is 108°? (Hint: Distribute first.) 


One common retirement plan for self-employed people is called a 
Simplified Employee Pension Plan. It allows for a maximum 
annual contribution of 15% of taxable income (earned income 
minus deductible expenses). However, since the Internal Revenue 
Service considers the SEP contribution to be a deductible expense, 
the taxable income must be reduced by the amount of the 
contribution. Therefore, to calculate the maximum contribution C, 
we take 15% of what's left after we subtract the contribution C 
from the taxable income T. 


C = 0.15(T — C) 


65. Calculating SEP contributions Find the maximum allow- 
able contribution to a SEP plan by solving the equation 
C = 0.15(T — C) for C. 


66. Calculating SEP contributions Find the maximum allow- 
able contribution to a SEP plan for a person who earns 
$75,000 and has deductible expenses of $27,540. See 
problem 65. 


WRITING ABOUT MATH 


67. The formula P = 2/ + 2w is also an equation, but an equa- 
tion such as 2x + 3 = 5is not a formula. What equations 
do you think should be called formulas? 

68. To solve the equation s — A(s — 5) = r for the variable s, 
one student simply added A(s — 5) to both sides to get 
s =r-+t A(s — 5). Explain why this is not correct. 


SOMETHING TO THINK ABOUT 

69. The energy of an atomic bomb comes from the conversion 
of matter into energy, according to Einstein’s formula 
E = mc’. The constant c is the speed of light, about 300,000 
meters per second. Find the energy in a mass m of | kilo- 
gram. Energy has units of joules. 

70. When a car of mass m collides with a wall, the energy of the 
collision is given by the formula E = Smv?. Compare the 
energy of two collisions: a car striking a wall at 30 mph, 
and at 60 mph. 


Introduction to Problem Solving 


Objectives 


Pot 
— 
£ 
=] 
2 
© 
Uv 
fo) 
=> 


@ Solve a number application using a linear equation in one variable. 
® Solve a geometry application using a linear equation in one variable. 
&} Solve an investment application using a linear equation in one variable. 


> 
xo} 
(se) 
(J) 
ce 
(©) 
= 
~~ 
Y 
(J) 
Oo 


Problem Solving 
i 


EXAMPLE 1 


Analyze the problem 
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1. If one part of a pipe is x feet long and the other part is (x + 2) feet long, find an expres- 
sion that represents the total length of the pipe. 

2. If one part of a board is x feet long and the other part is three times as long, find an 
expression that represents the length of the board. 

3. What is the formula for the perimeter of a rectangle? 

4. Define a triangle. 


In this section, we will use the equation-solving skills we have learned in the previous four 
sections to solve many types of problems. The key to successful problem solving is to 
understand the problem thoroughly and then devise a plan to solve it. To do so, we will 
use the following problem-solving strategy. 


1. Analyze the problem and identify a variable by asking yourself “What am I asked to 
find?” Choose a variable to represent the quantity to be found and then express all 
other unknown quantities in the problem as expressions involving that variable. 


2. Form an equation by expressing a quantity in two different ways. This may require 
reading the problem several times to understand the given facts. What information 
is given? Is there a formula that applies to this situation? Often a sketch, chart, or 
diagram will help you visualize the facts of the problem. 


3. Solve the equation found in Step 2. 
4. State the conclusion. 
5. Check the result. 


In this section, we will use this five-step strategy to solve many types of applications. 


Solve a number application using a linear equation in one variable. 


PLUMBING A plumber wants to cut a 17-foot pipe into three parts. (See Figure 2-7.) 
If the longest part is to be 3 times as long as the shortest part, and the middle-sized 
part is to be 2 feet longer than the shortest part, how long should each part be? 


17 ft = total length 
[| 


es SY 


x x+2 3x 
Length of Length of Length of 
first section second section third section 

Figure 2-7 


We are asked to find the length of three pieces of pipe. The information is given in 
terms of the length of the shortest part. Therefore, we let x represent the length of the 
shortest part and express the other lengths in terms of x. Then 3x represents the length 
of the longest part, and x + 2 represents the length of the middle-sized part. 
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Form an equation 


Solve the equation 


State the conclusion 


Check the result 


The sum of the lengths of these three parts is equal to the total length of the pipe. 


The length fhe the length us the length eae the total 
of part | P of part 2 P of part 3 4 length. 
x + Ke? + 3x = 17 


We can solve this equation as follows. 


x+x+2+3x=17 This is the equation to solve. 
5x +2 =17 Combine like terms. 
5x = 15 Subtract 2 from both sides. 
x= 3 Divide both sides by 5. 
The shortest part is 3 feet long. Because the middle-sized part is 2 feet longer than the 


shortest, it is 5 feet long. Because the longest part is 3 times longer than the shortest, it 
is 9 feet long. 


Because the sum of 3 feet, 5 feet, and 9 feet is 17 feet, the solution checks. 


EXAMPLE 2 


Analyze the problem 


Form an equation 


Solve the equation 


COMMENT Remember to include any units (feet, inches, pounds, etc.) when stating the 
conclusion to an application problem. 


Solve a geometry application using a linear equation in one variable. 


The geometric figure shown in Figure 2-8(a) is an angle. Angles are measured in degrees. 
The angle shown in Figure 2-8(b) measures 45 degrees (denoted as 45°). If an angle 
measures 90°, as in Figure 2-8(c), it is a right angle. If an angle measures 180°, as in 
Figure 2-8(d), it is a straight angle. 


180° 
/ y by <8 
S., 45° 90° A. \ 
(a) (b) (c) (d) (e) (f) 


Figure 2-8 


GEOMETRY Refer to Figure 2-8(e) and find x. 


In Figure 2-8(e), we have two angles that are side by side. The unknown angle measure 
is designated as x. 


From the figure, we can see that the sum of their measures is 75°. Since the sum of x 
and 37° is equal to 75°, we can form the equation. 


The angle that the angle that the angle that 
plus > ~—s equals a 
measures x measures 37 measures 75°. 
x + 37 — 75 
We can solve this equation as follows. 
x + 37 = 75 This is the equation to solve. 


x + 37 — 37 = 75 — 37 — Subtract 37 from both sides. 
x = 38 37 — 37 = Oand 75 — 37 = 38. 


State the conclusion 


Check the result 


EXAMPLE 3 
Analyze the problem 


Form an equation 


Solve the equation 


State the conclusion 


Check the result 
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The value of x is 38°. 


Since the sum of 38° and 37° is 75°, the solution checks. 


GEOMETRY Refer to Figure 2-8(f) and find x. 


In Figure 2-8(f), we have two angles that are side by side. The unknown angle measure 
is designated as x. 


From the figure, we can see that the sum of their measures is 180°. Since the sum of x 
and 53° is equal to 180°, we can form the equation. 


The angle that the angle that the angle that 
lus > ~~ equals 5 
measures x measures 53 measures 180°. 
x + 53 = 180 
We can solve this equation as follows. 
x + 53 = 180 This is the equation to solve. 
x + 53 — 53 = 180 — 53 — Subtract 53 from both sides. 
x = 127 53 — 53 = Oand 180 — 53 = 127. 


The value of x is 127°. 
Since the sum of 127° and 53° is 180°, the solution checks. 


EXAMPLE 4 


Analyze the problem 


Form an equation 


Solve the equation 


State the conclusion 


Check the result 


If the sum of two angles is 90°, the angles are complementary angles and either angle 
is the complement of the other. If the sum of two angles is 180°, the angles are supplemen- 
tary angles and either angle is the supplement of the other. 


COMPLEMENTARY ANGLES Find the complement of an angle measuring 30°. 


To find the complement of a 30° angle, we must find an angle whose measure plus 30° 
equals 90°. We can let x represent the complement of 30°. 


Since the sum of two complementary angles is 90°, we can form the equation. 


The angle that the angle that A 
plu > equals 90°. 
measures x measures 30 
% + 30 - 90 
We can solve this equation as follows. 

x + 30 = 90 This is the equation to solve. 

x + 30 — 30 = 90 — 30 ~— Subtract 30 from both sides. 
x = 60 30 — 30 = 0 and 90 — 30 = 60. 


The complement of a 30° angle is a 60° angle. 


Since the sum of 60° and 30° is 90°, the solution checks. 
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EXAMPLE 5 SUPPLEMENTARYANGLES Find the supplement of an angle measuring 50°. 


Analyze the problem To find the supplement of a 50° angle, we must find an angle whose measure plus 50° 
equals 180°. We can let x represent the supplement of 50°. 


Forman equation Since the sum of two supplementary angles is 180°, we can form the equation. 


The angle that pis the angle yea equals [ama 
measures x measures 50 
x + 50 = 180 


Solve the equation Wecan solve this equation as follows. 


x + 50 = 180 This is the equation to solve. 
x + 50 — 50 = 180 — 50 — Subtract 50 from both sides. 
x = 130 50 — 50 = 0 and 180 — 50 = 130. 


State the conclusion The supplement of a 50° angle is a 130° angle. 


Check the result Since the sum of 50° and 130° is 180°, the solution checks. 


EXAMPLE 6 RECTANGLES The length of a rectangle is 4 meters longer than twice its width. If the 
perimeter of the rectangle is 26 meters, find its dimensions. 


Analyze the problem Because we are asked to find the dimensions of the rectangle, we will need to find both 
the width and the length. If we let w represent the width of the rectangle, then 4 + 2w 
will represent its length. 


Forman equation To visualize the problem, we sketch the rectangle as shown in Figure 2-9. Recall that 
the formula for finding the perimeter of a rectangle is P = 2/ + 2w. Therefore, the 


w 7 perimeter of the rectangle in the figure is 2(4 + 2w) + 2w. We also are told that the 


aaa perimeter is 26. 
Ww) m 


Figure 2-9 We can form the equation as follows. 


2 times thelength plus 2 times thewidth equals _ the perimeter. 
2 : (4 + 2w) + 2 . w = 26 


Solve the equation Wecan solve this equation as follows. 
2(4 + 2w) + 2w = 26 This is the equation to solve. 
8 + 4w + 2w = 26 Remove parentheses. 
6w + 8 = 26 Combine like terms. 
6w = 18 — Subtract 8 from both sides. 
w= 3 Divide both sides by 6. 


State the conclusion The width of the rectangle is 3 meters, and the length, 4 + 2w, is 10 meters. 


Check the result If the rectangle has a width of 3 meters and a length of 10 meters, the length is 4 meters 
longer than twice the width (4 + 2-3 = 10), and the perimeter is 26 meters. The solu- 
tion checks. 


EXAMPLE 7 


Analyze the problem 


Form an equation 


Solve the equation 


State the conclusion 


Check the result 
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ISOSCELES TRIANGLES ‘The vertex angle of an isosceles tri- 
angle is 56°. Find the measure of each base angle. ‘ 


An isosceles triangle has two sides of equal length, which 
meet to form the vertex angle. See Figure 2-10. The angles 
opposite those sides, called base angles, are also equal. If we 
let x represent the measure of one base angle, the measure of 


the other base angle is also x. 
X Base angles ait 


From geometry, we know that in any triangle the sum of the 
measures of its three angles is 180°. Therefore, we can form Figure 2-10 
the equation. 


One base the other the vertex 5 
lus plus equals | 180°. 
angle base angle angle 
x + x + 56 = 180 


We can solve this equation as follows. 
x +x + 56 = 180 This is the equation to solve. 
2x + 56 = 180 Combine like terms. 
2x = 124 Subtract 56 from both sides. 
x = 62 Divide both sides by 2. 


The measure of each base angle is 62°. 


The measure of each base angle is 62°, and the vertex angle measures 56°. Since 
62° + 62° + 56° = 180°, the sum of the measures of the three angles is 180°. The 
solution checks. 


EXAMPLE 8 


Analyze the problem 


Form an equation 


Solve an investment application using a linear equation in one variable. 


INVESTMENTS A teacher invests part of $12,000 at 6% annual simple interest, and the 
rest at 9%. If the annual income from these investments was $945, how much did the 
teacher invest at each rate? 


We are asked to find the amount of money the teacher has invested in two different 
accounts. If we let x represent the amount of money invested at 6% annual interest, the 
remainder, 12,000 — x, represents the amount invested at 9% annual interest. 


The interest 7 earned by an amount p invested at an annual rate r for ¢ years is given by 
the formula i = prt. In this example, t = 1 year. Hence, if x dollars were invested at 
6%, the interest earned would be 0.06x dollars. If x dollars were invested at 6%, the rest 
of the money, (12,000 — x) dollars, would be invested at 9%. The interest earned on 
that money would be 0.09(12,000 — x) dollars. The total interest earned in dollars can 
be expressed in two ways: as 945 and as the sum 0.06x + 0.09(12,000 — x). 

We can form an equation as follows. 


The interest the interest the total 


earned at 6% plus earned at 9% equals interest. 


0.06x +  0.09(12,000 — x) = 945 
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Solve the equation Wecan solve this equation as follows. 


0.06x + 0.09(12,000 — x) = 945 This is the equation to solve. 


6x + 9(12,000 — x) = 94,500 Multiply both sides by 100 to clear the 
equation of decimals. 


6x + 108,000 — 9x = 94,500 Remove parentheses. 

—3x + 108,000 = 94,500 Combine like terms. 
—13,500 Subtract 108,000 from both sides. 
x = 4,500 Divide both sides by —3. 


State the conclusion The teacher invested $4,500 at 6% and $12,000 — $4,500 or $7,500 at 9%. 


=3% 


Check the result The first investment earned 6% of $4,500, or $270. The second investment earned 9% 
of $7,500, or $675. Because the total return was $270 + $675, or $945, the solutions 
check. 


1. Mark invested $100,000 in two accounts. Part was in bonds that paid 7% annual interest 
and the rest in stocks that lost 5% of their value. How much did he originally invest in each 
account if his total earned interest for the year was $2,200? How much money does he have 
in each account now? 


2.5 EXERCISES — } 


WARM-UPS Simplify each expression. 
1. Find the complement of a 20° angle. 7. 3(x + 2) + 4(x — 3) 8. 4(x — 2) — 3(x + 1) 
2. Find the supplement of a 70° angle. 


3. Find the perimeter of a rectangle 4 feet wide and 6 feet long. Dd i= I +4 1 ( =) pies 
9. yo ) Phd ) 0. 5 x 3 ha 8) 

4. Find an expression that represents one year’s interest on 

$18,000, invested at an annual rate r. 11. The amount A on deposit in a bank account bearing simple 

interest is given by the formula 

REVIEW 
Refer to the formulas in Section 1.3. See ar 
5. Find the volume of a pyramid that has a height of 6 centime- Find A when P = $1,200, r = 0.08, and ¢ = 3. 

ters and a square base, 10 centimeters on each side. 12. The distance s that a certain object falls from a height of 


350 ft in t seconds is given by the formula 
6. Find the volume of a cone with a height of 6 centimeters and s = 350 — 162 + vt 
a circular base with radius 6 centimeters. Use 7 ~ 7. 


Find s when t = 4 and vy = —3. 


VOCABULARY AND CONCEPTS Fill in the blanks. 


13. The perimeter of a rectangle is given by the formula 
P= 


14. An triangle is a triangle with two sides of equal 
length. 

15. The sides of equal length of an isosceles triangle meet to 
form the angle. 


16. The angles opposite the sides of equal length of an isosceles 
triangle are called angles. 


17. Angles are measured in 


18. If an angle measures 90°, it is called a angle. 


19. If an angle measures 180°, it is called a angle. 


20. If the sum of the measures of two angles is 90°, the angles 


are called angles. 
21. If the sum of the measures of two angles is 180°, the angles 
are called angles. 


22. The sum of the measures of the angles of any triangle is 


APPLICATIONS 
See Example 1. (Objective 1) 


23. Carpentry The 12-foot board in the illustration has been 
cut into two parts, one twice as long as the other. How long 
is each part? 


12 ft 


24. Plumbing A 20-foot pipe has been cut into two parts, one 
3 times as long as the other. How long is each part? 


25. Robotics If the robotic 
arm shown in the illustra- 
tion will extend a total dis- 
tance of 30 feet, how long 
is each section? 


26. Statue of Liberty If the figure part 
of the Statue of Liberty is 3 feet 
shorter than the height of its 
pedestal base, find the height of the 


figure. 305 ft 
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27. Window designs The perimeter 
of the triangular window shown 
in the illustration is 24 feet. How 
long is each section? 


28. Football In 1967, Green Bay beat Kansas City by 
25 points in the first Super Bowl. If a total of 45 points 
were scored, what was the final score of the game? 


29. Publishing A book can be purchased in hardcover for 
$15.95 or in paperback for $4.95. How many of each type 
were printed if 11 times as many paperbacks were printed 
as hardcovers and a total of 114,000 books were printed? 


30. Concert tours A rock group plans three concert tours over 
a period of 38 weeks. The tour in Britain will be 4 weeks 
longer than the tour in France and the tour in Germany will 
be 2 weeks shorter than the tour in France. How many 
weeks will they be in France? 


Find x. See Examples 2-3. (Objective 2) 


31. 32. 
123° 
50° 7 4 
40° 
33. 34. 
180° 
aS 180° 
80° 
A110 
35. 36. 
12° 180° 

59° a 

37. 
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\Z 


93° 


38. 
. YAMAHA 


Find each value. See Examples 4-5. (Objective 2) 
39. Find the complement of an angle measuring 37°. 
40. Find the supplement of an angle measuring 37°. 


41. Find the supplement of the complement of an angle 
measuring 40°. 


42. Find the complement of the supplement of an angle 
measuring 140°. 
Solve each problem. See Example 6. (Objective 2) 


43. Circuit boards The perimeter of the circuit board in the 
illustration is 90 centimeters. Find the dimensions of the 
board. 


wem 


©Shutterstock.co/DariushM. 


(w +7) cm 


44. Swimming pools The width of a rectangular swimming 
pool is 11 meters less than the length, and the perimeter is 
94 meters. Find its dimensions. 

45. Framing pictures The length of a rectangular picture is 
5 inches greater than twice the width. If the perimeter is 
112 inches, find the dimensions of the frame. 


46. Land areas The perimeter of a square piece of land is 
twice the perimeter of an equilateral (equal-sided) triangu- 
lar lot. If one side of the square is 60 meters, find the length 
of a side of the triangle. 


Solve each problem. See Example 7. (Objective 2) 


47. Triangular bracing The outside perimeter of the triangular 
brace shown in the illustration is 57 feet. If all three sides 
are of equal length, find the length of each side. 


48. Trusses The truss in the illustration is in the form of an 
isosceles triangle. Each of the two equal sides is 4 feet less 
than the third side. If the perimeter is 25 feet, find the 
length of each side. 


49. Guy wires The two guy wires in the illustration form an 
isosceles triangle. One of the two equal angles of the trian- 
gle is 4 times the third angle (the vertex angle). Find the 
measure of the vertex angle. 


Guy wires 


50. Equilateral triangles Find the measure of each angle of an 
equilateral triangle. (Hint: The three angles of an equilat- 
eral triangle are equal.) 


Solve each problem. See Example 8. (Objective 3) 


51. Investments A student invested some money at an annual 
rate of 5%. If the annual income from the investment is 
$300, how much did he invest? 

52. Investments A student invested 90% of her savings in the 
stock market. If she invested $4,050, what are her total 
savings? 

53. Investments A broker invested $24,000 in two mutual 
funds, one earning 9% annual interest and the other earning 
14%. After 1 year, his combined interest is $3,135. How 
much was invested at each rate? 


54. Investments A rollover IRA of $18,750 was invested in 
two mutual funds, one earning 12% interest and the other 
earning 10%. After 1 year, the combined interest income is 
$2,117. How much was invested at each rate? 


55. Investments One investment pays 8% and another pays 
11%. If equal amounts are invested in each, the combined 
interest income for | year is $712.50. How much is invested 
at each rate? 

56. Investments When equal amounts are invested in each of 
three accounts paying 7%, 8%, and 10.5%, one year’s com- 
bined interest income is $1,249.50. How much is invested in 
each account? 


57. 


58. 


59. 


60. 


Investments A college professor wants to supplement her 
retirement income with investment interest. If she invests 
$15,000 at 6% annual interest, how much more would she 
have to invest at 7% to achieve a goal of $1,250 in supple- 
mental income? 

Investments A teacher has a choice of two investment 
plans: an insured fund that has paid an average of 11% 
interest per year, or a riskier investment that has averaged a 
13% return. If the same amount invested at the higher rate 
would generate an extra $150 per year, how much does the 
teacher have to invest? 

Investments A financial counselor recommends investing 
twice as much in CDs (certificates of deposit) as in a bond 
fund. A client follows his advice and invests $21,000 in CDs 
paying 1% more interest than the fund. The CDs would 
generate $840 more interest than the fund. Find the two 
rates. (Hint: 1% = 0.01.) 

Investments The amount of annual interest earned by 
$8,000 invested at a certain rate is $200 less than $12,000 
would earn at a 1% lower rate. At what rate is the $8,000 
invested? 
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WRITING ABOUT MATH 
61. Write a paragraph describing the problem-solving process. 


62. List as many types of angles as you can think of. Then 
define each type. 


SOMETHING TO THINK ABOUT 


63. If two lines intersect as in the illus- 

tration, angle 1 (denoted as 21) and 

Z2,and 23 and Z4, are called 3 
vertical angles. Let the measure of 1 2 
Z1 be various numbers and 

compute the values of the other 

three angles. What do you discover? 

If two lines meet and form a right angle, 

the lines are said to be perpendicular. See 

the illustration. Find the measures of 21, 0" 1 
Z2, and 23. What do you discover? 32 
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Motion and Mixture Problems 


Objectives 


mixture contain? 


Getting Ready 


GD Solve a motion application using a linear equation in one variable. 


At 30 mph, how far would a bus go in 2 hours? 
2. At 55 mph, how far would a car travel in 7 hours? 
3. If 8 gallons of a mixture of water and alcohol is 70% alcohol, how much alcohol does the 


At $7 per pound, how many pounds of chocolate would be worth $63? 


@9 Solve a liquid mixture application using a linear equation in one variable. 
&} Solve a dry mixture application using a linear equation in one variable. 


In this section, we continue the discussion of applications by considering uniform motion 
and mixture problems. In these problems, we will use the following three formulas: 


ret= 
reb= 
yo p* 


d_ The rate multiplied by the time equals the distance. 
a Therate multiplied by the base equals the amount. 
n 


The value equals the price multiplied by the number. 
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(i) Solve a motion application using a linear equation in one variable. 


EXAMPLE 1 


Analyze the problem 


Form an equation 


Solve the equation 


State the conclusion 


Check the result 


TRAVELING Chicago and Green Bay are about 200 miles apart. If a car leaves 
Chicago traveling toward Green Bay at 55 mph at the same time as a truck leaves 
Green Bay bound for Chicago at 45 mph, how long will it take them to meet? 


We are asked to find the amount of time it takes for the two vehicles to meet, so we will 
let t represent the time in hours. 


Motion problems are based on the formula d = rt, where dis the distance traveled, r is 
the rate, and ¢ is the time. We can organize the information of this problem in a chart 
or a diagram, as shown in Figure 2-11. 


ba 200 mi a 
Chicago Green Bay 
r-t=d 
Car Bama 
Truck 45 | ¢ | 45¢ 55 mph 
(a) (b) 


Figure 2-11 


We know that the two vehicles travel for the same amount of time, t hours. The 
faster car will travel 55t¢ miles, and the slower truck will travel 45t¢ miles. At the time 
they meet, the total distance traveled can be expressed in two ways: as the sum 
55t + 45t, and as 200 miles. 

After referring to Figure 2-11, we can form the equation. 


The distance fie the distance Seuai the total 
the car goes P the truck goes 4 distance. 
55t + 45t = 200 


We can solve this equation as follows. 


55t + 45t = 200 This is the equation to solve. 
100¢ = 200 Combine like terms. 
t=2 Divide both sides by 100. 


The vehicles will meet in 2 hours. 


In 2 hours, the car will travel 55 - 2 = 110 miles, while the truck will travel 45 - 2 = 90 
miles. The total distance traveled will be 110 + 90 = 200 miles. Since this is the total 
distance between Chicago and Green Bay, the solution checks. 


EXAMPLE 2 


Analyze the problem 


Form an equation 


SHIPPING Two ships leave port, one heading east at 12 mph and one heading west at 
10 mph. How long will it take before they are 33 miles apart? 


We are asked to find the amount of time in hours, so we will let t represent the time. 


In this problem, the ships leave port at the same time and travel in opposite directions. 
We know that both travel for the same amount of time, ¢ hours. The faster ship will 
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travel 12t miles, and the slower ship will travel 10¢ miles. We can organize the informa- 
tion of this problem in a chart or a diagram, as shown in Figure 2-12. When they are 
33 miles apart, the total distance traveled can be expressed in two ways: as the sum 
12¢ + 10t, and as 33 miles. 


33 miles 


ae ea! aie, Port ae 
Faster ship 12 | 7 | 127 a en 
Slower ship 10 | ¢ | 10¢ 10 mph 12 mph 


(a) (b) 
Figure 2-12 


After referring to Figure 2-12, we can form the equation. 


The distance the The distance the the total 
j lu ! equals : 
faster ship goes slower ship goes distance. 
12t + 10¢ = 33 


Solve the equation Wecan solve this equation as follows. 


12¢ + 10¢ = 33 This is the equation to solve. 
22t = 33. Combine like terms. 


33 
t ==, _ Divide both sides by 22. 
22 
3 I 
t= > Simplify the fractions: 2 = Ay = 3. 
I 


State the conclusion The ships will be 33 miles apart in 3 hours (or 15 hours.) 


Check the result In 1.5 hours, the faster ship travels 12 - 1.5 = 18 miles, while the slower ship travels 
10+ 1.5 = 15 miles. Since the total distance traveled is 18 + 15 = 33 miles, the solu- 
tion checks. 


EXAMPLE 3 TRAVELING A car leaves Beloit, heading east at 50 mph. One hour later, a second car 
leaves Beloit, heading east at 65 mph. How long will it take for the second car to over- 
take the first car? 


Analyze the problem In this problem, the cars travel different amounts of time. In fact, the first car travels 
for one extra hour because it had a 1-hour head start. It is convenient to let the variable 
t represent the time traveled by the second car. Then ¢ + | represents the number of 
hours the first car travels. 


Forman equation We know that car | travels at 50 mph and car 2 travels at 65 mph. Using the formula 
r+ t = d, when car 2 overtakes car 1, car 2 will have traveled 65 miles and car | will 
have traveled 50(t + 1) hours. 

We can organize the information in a chart or a diagram, as shown in Figure 2-13. 
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Car 1 
50 mph for (t + 1) hours 


= 


iP oo t 
Carl 50 
Car2 65 t 


(a) 


The distance the cars travel can be expressed in two ways: as 50(¢t + 1) miles, and 


as 65¢ miles. 


Since these distances are equal when car 2 overtakes car 1, we can form the equation: 


The distance that 


car | goes 
50(t + 1) 
Solve the equation 


50(¢ + 1) = 65¢ 


50t + 50 = 65t 
50 = 15t 
at 
15 
,-10 
3 


State the conclusion 


Check the result 


will have traveled 50(2 + 1) = 50(3), or 3 


solution checks. 


COMMENT In this problem, we could let ¢ represent the time traveled by the first car. 
Then ¢ — | would represent the time traveled by the second car. 


(+e iD) 


In 34 hours, car 2 will have traveled 65( 


Beloit @ 
Car 2 
= d 65 mph for ¢ hours 
50(t + 1) 
65t 


Figure 2-13 


the distance that 
car 2 goes. 


= 65 


equals 


We can solve this equation as follows. 


This is the equation to solve. 
Use the distributive property to remove parentheses. 
Subtract 50¢ from both sides. 


Divide both sides by 15. 


Simplify the fraction: a Se Ss 
1 


Car 2 will overtake car | in 2 or 34 hours. 


»), or ose miles. With a 1-hour head start, car | 


650 


Solve a liquid mixture application using 


a linear equation in one variable. 


EXAMPLE 4 


MIXING ACID A chemist has one solution that is 50% sulfuric acid and another that is 
20% sulfuric acid. How much of each should she use to make 12 liters of a solution 


that is 30% sulfuric acid? 


miles. Since these distances are equal, the 
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Analyze the problem We will let x represent the number of liters of the 50% sulfuric acid solution. Since 
there must be 12 liters of the final mixture, 12 — x represents the number of liters of 
20% sulfuric acid solution to use. 


Forman equation Liquid mixture problems are based on the percent formula rb = a, where b is the base, 
r is the rate, and a is the amount. 

If x represents the number of liters of 50% solution to use, the amount of sulfuric 
acid in the solution will be 0.50x liters. The amount of sulfuric acid in the 20% solution 
will be 0.20(12 — x) liters. The amount of sulfuric acid in the final mixture will be 
0.30(12) liters. We can organize this information in a chart or a diagram, as shown in 


Figure 2-14. 
x liters (12 — x) liters 12 liters 

r : b = a | 
50% solution 0.50 x 0.50x es 7 | 
20% solution 0.20 | 12 — x | 0.20012 — x) | [ J 
30% solution 0.30 [2 0.30(12) E +S - > 

50% 20% 30% 
(a) (b) 
Figure 2-14 


Since the number of liters of sulfuric acid in the 50% solution plus the number of 
liters of sulfuric acid in the 20% solution will equal the number of liters of sulfuric acid 
in the mixture, we can form the equation: 


The amount of the amount of the amount of 
sulfuric acid plus sulfuricacidin equals sulfuric acid 
in the 50% solution the 20% solution in the final mixture. 
50% of x + 20% of (12 — x) = 30% of 12 


Solve the equation Wecan solve this equation as follows. 


0.5x + 0.2(12 — x) = 0.3(12) _ This is the equation to solve. 50% = 0.5, 20% = 0.2, 
and 30% = 0.3. 


5x + 2112 — x) = 3(12) Multiply both sides by 10 to clear the equation of 


decimals. 
5x + 24 — 2x = 36 Remove parentheses. 
3x + 24 = 36 Combine like terms. 
3x = 12 Subtract 24 from both sides. 
x=4 Divide both sides by 3. 


State the conclusion The chemist must mix 4 liters of the 50% solution and 12 — 4 = 8 liters of the 20% 
solution. 


Check the result The amount of acid in 4 liters of 50% solution is 4(0.50) = 2 liters. 
The amount of acid in 8 liters of 20% solution is 8(0.20) = 1.6 liters. 
The amount of acid in 12 liters of 30% solution is 12(0.30) = 3.6 liters. 


Since 2 + 1.6 = 3.6, the results check. 
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3 | Solve a dry mixture application using 


EXAMPLE 5 


Analyze the problem 


Form an equation 


pr nh = y 
Filberts 6 Xs 6x 
Cashews 9 50 9(50) 


Mixture 7 | 50+ x | 7(50 + x) 


Solve the equation 


State the conclusion 


Check the result 


a linear equation in one variable. 


MIXING NUTS Fancy cashews are not selling at $9 per pound, because they are too 
expensive. However, filberts are selling well at $6 per pound. How many pounds of fil- 
berts should be combined with 50 pounds of cashews to obtain a mixture that can be 
sold at $7 per pound? 


We will let x represent the number of pounds of filberts in the mixture. Since we will be 
adding the filberts to 50 pounds of cashews, the total number of pounds of the mixture 
will be 50 + x. 


Dry mixture problems are based on the formula v = pn, where vy is the value of the 
mixture, p is the price per pound, and v is the number of pounds. At $6 per pound, x 
pounds of the filberts are worth $6x. At $9 per pound, the 50 pounds of cashews are 
worth $9 + 50, or $450. The mixture will weigh (50 + x) pounds, and at $7 per pound, 
it will be worth $7(50 + x). The value of the filberts (in dollars) 6x plus the value of the 
cashews (in dollars) 450, is equal to the value of the mixture (in dollars) 7(50 + x). We 
can organize this information in a table or a diagram, as shown in Figure 2-15. 


(50 + x) Ib 


(a) (b) 


Figure 2-15 
We can form the equation: 
The value of fae the value of cena the value of 
the filberts P the cashews q the mixture. 
6x + 9(50) = 7(50 + x) 


We can solve this equation as follows. 
6x + 9(50) = 7(50 + x) This is the equation to solve. 
6x + 450 = 350 + 7x Remove parentheses and simplify. 

100 = x Subtract 6x and 350 from both sides. 
The storekeeper should use 100 pounds of filberts in the mixture. 
The value of 100 pounds of filberts at $6 per pound is $ 600 
The value of 50 pounds of cashews at $9 per pound is $ 450 
The value of the mixture is $ 1,050 


The value of 150 pounds of mixture at $7 per pound is also $1,050. 


137 


2.6 Motion and Mixture Problems 


the desired strength? 


2. A paramedic has 5 ml of a 5% saline solution. If she needs a 4% saline solution, how much 
water must she add to obtain the desired strength? 


2.6 EXERCISES 


WARM-UPS 


1. How far will a car travel in / hours at a speed of 50 mph? 


2. Two cars leave Midtown at the same time, one at 55 mph 
and the other at 65 mph. If they travel in the same direc- 
tion, how far apart will they be in / hours? 


3. How many ounces of alcohol are there in 12 ounces of a 
solution that is 40% alcohol? 


4. Find the value of 7 pounds of coffee worth $d per pound. 


REVIEW 
Simplify each expression. 
—5(3) — 2(-2) 
234+ 4- ‘oe 
5. 3 (—5) 6 6-4) 
7.23 -37 8. 37 + 3(2) — (-5) 
Solve each equation. 
1 
9. -2x+3=9 a aaa 


2 
a 12. 2(z + 3) = 4(z — 1) 


VOCABULARY AND CONCEPTS Fill in the blanks. 


13. Motion problems are based on the formula 


14. Liquid mixture problems are based on the formula 


15. Dry mixture problems are based on the formula 


16. The information in motion and mixture problems can be 
organized in the form of a ora 


APPLICATIONS 
Solve each problem. See Examples 1-2. (Objective 1) 


17. Travel times Ashford and Bartlett are 315 miles apart. A 
car leaves Ashford bound for Bartlett at 50 mph. At the 
same time, another car leaves Bartlett bound for Ashford at 
55 mph. How long will it take them to meet? 


1. A nurse has 5 ml of a 10% solution of benzalkonium chloride. If a doctor orders a 
40% solution, how much pure benzalkonium chloride must he add to the solution to obtain 


18. 


19. 


20. 


21. 


22. 


23. 


315 mi 


Ashford 


Soe 


50 mph 


55 mph 


Travel times Granville and Preston are 535 miles apart. A 
car leaves Preston bound for Granville at 47 mph. At the 
same time, another car leaves Granville bound for Preston 
at 60 mph. How long will it take them to meet? 

Paving highways Two crews working toward each other 
are 9.45 miles apart. One crew paves 1.5 miles of highway 
per day, and the other paves 1.2 miles per day. How long 
will it take them to meet? 

Biking Two friends who live 33 miles apart ride bikes 
toward each other. One averages 12 mph, and the other 
averages 10 mph. How long will it take for them to meet? 


Travel times Two cars leave Peoria at the same time, one 
heading east at 60 mph and the other west at 50 mph. How 
long will it take them to be 715 miles apart? 


715 mi 
|< >| 
50 mph | 60 mph 
Peoria 


Boating Two boats leave port at the same time, one 
heading north at 35 knots (nautical miles per hour) and the 
other south at 47 knots. How long will it take them to be 
738 nautical miles apart? 

Hiking Two boys with two-way radios that have a range of 
2 miles leave camp and walk in opposite directions. If one 
boy walks 3 mph and the other walks 4 mph, how long will 
it take before they lose radio contact? 
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24. Biking Two cyclists leave a park and ride in opposite 
directions, one averaging 9 mph and the other 6 mph. If 
they have two-way radios with a 5-mile range, for how many 
minutes will they remain in radio contact? 


Solve each problem. See Example 3. (Objective 1) 
25. Chasing a bus Complete 


the table and compute how eee 
long it will take the car to Car 60 mph t 
overtake the bus if the bus Bus 50mph | ¢+ 2 


had a 2-hour head start. 


26. Hot pursuit Two crooks rob a bank and flee to the east at 
66 mph. In 30 minutes, the police follow them in a helicop- 
ter, flying at 132 mph. How long will it take for the police to 
overtake the robbers? 

27. Travel times Two cars 
start together and head 
east, one averaging 
42 mph and the other 
averaging 53 mph. See 
the illustration. In how 
many hours will the 
cars be 82.5 miles 
apart? 

28. Aviation A plane leaves an airport and flies south at 
180 mph. Later, a second plane leaves the same airport and 
flies south at 450 mph. If the second plane overtakes the 


first one in 14 hours, how much of a head start did the first 
plane have? 
29. Speed of trains Two trains are 330 miles apart, and their 


speeds differ by 20 mph. They travel toward each other and 
meet in 3 hours. Find the speed of each train. 


30. Speed of airplanes Two planes are 6,000 miles apart, and 
their speeds differ by 200 mph. They travel toward each 
other and meet in 5 hours. Find the speed of the slower 
plane. 

31. Average speeds An automobile averaged 40 mph for part 
of a trip and 50 mph for the remainder. If the 5-hour trip 
covered 210 miles, for how long did the car average 40 mph? 


32. Vacation driving A family drove to the Grand Canyon, 
averaging 45 mph. They returned using the same route, 
averaging 60 mph. If they spent a total of 7 hours of 
driving time, how far is their home from the Grand 
Canyon? 


Solve each problem. See Example 4. (Objective 2) 


33. Chemistry A solution contains 0.3 liters of sulfuric acid. If 
this represents 12% of the total amount, find the total 
amount. 

34. Medicine A laboratory has a solution that contains 
3 ounces of benzalkonium chloride. If this is 15% of the 
total solution, how many ounces of solution does the lab 
have? 


35. Mixing fuels How many gallons of fuel costing $1.15 per 
gallon must be mixed with 20 gallons of a fuel costing 
$0.85 per gallon to obtain a mixture costing $1 per gallon? 


$1.15 per gal 


$0.85 per gal 


$1.00 per gal 


36. Mixing paint Paint costing $19 per gallon is to be mixed 
with 5 gallons of paint thinner costing $3 per gallon to 
make a paint that can be sold for $14 per gallon. Refer to 
the table and compute how much paint will be produced. 


Pp: n = r 
Paint $19 x gal $19x 
Thinner $3 5 gal $3(5) 
Mixture $14 | (x + 5) gal | $14(x + 5) 


37. Brine solutions How many gallons of a 3% salt solution 
must be mixed with 50 gallons of a 7% solution to obtain a 
5% solution? 

38. Making cottage cheese To make low-fat cottage cheese, 
milk containing 4% butterfat is mixed with 10 gallons of 
milk containing 1% butterfat to obtain a mixture containing 
2% butterfat. How many gallons of the fattier milk must be 
used? 

39. Antiseptic solutions A nurse wants to add water to 
30 ounces of a 10% solution of benzalkonium chloride to 
dilute it to an 8% solution. How much water must she add? 


40. Mixing photographic chemicals A photographer wants to 
mix 2 liters of a 5% acetic acid solution with a 10% solution 
to get a 7% solution. How many liters of 10% solution must 
be added? 


Solve each problem. See Example 5. (Objective 3) 


41. Mixing candy Lemon drops are to be mixed with jelly 
beans to make 100 pounds of mixture. Refer to the illustra- 
tion and compute how many pounds of each candy should 
be used. 


0 o O 


Mixture 
$1.48/Ib 


Jelly Beans 
$1.20/Ib 


Lemon Drops 
$1.90/Ib 


42. Blending gourmet tea One grade of tea, worth $3.20 per 
pound, is to be mixed with another grade worth $2 per 
pound to make 20 pounds that will sell for $2.72 per pound. 
How much of each grade of tea must be used? 


43. Mixing nuts A bag of peanuts is worth 30¢ less than a bag 
of cashews. Equal amounts of peanuts and cashews are 
used to make 40 bags of a mixture that sells for $1.05 per 
bag. How much would a bag of cashews be worth? 

44. Mixing candy Twenty pounds of lemon drops are to be 
mixed with cherry chews to make a mixture that will sell for 
$1.80 per pound. How much of the more expensive candy 
should be used? See the table. 


Price per pound 


Peppermint patties $1.35 
Lemon drops $1.70 
Licorice lumps $1.95 
Cherry chews $2.00 


45. Coffee blends A store sells regular coffee for $4 a pound 
and a gourmet coffee for $7 a pound. To get rid of 40 
pounds of the gourmet coffee, the shopkeeper plans to 
make a gourmet blend to sell for $5 a pound. How many 
pounds of regular coffee should be used? 
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46. Lawnseed blends A garden store sells Kentucky bluegrass 
seed for $6 per pound and ryegrass seed for $3 per pound. 
How much rye must be mixed with 100 pounds of bluegrass 
to obtain a blend that will sell for $5 per pound? 

47. Mixing coffee A shopkeeper sells chocolate coffee beans for 
$7 per pound. A customer asks the shopkeeper to mix 
2 pounds of chocolate beans with 5 pounds of hazelnut coffee 
beans. If the customer paid $6 per pound for the mixture, 
what is the price per pound of the hazelnut beans? 

48. Trail mix Fifteen pounds of trail mix are made by mixing 
2 pounds of raisins worth $3 per pound with peanuts worth 
$4 per pound and M&Ms worth $5 per pound. How many 
pounds of peanuts must be used if the mixture is to be 
worth $4.20 per pound? 


WRITING ABOUT MATH 


49. Describe the steps you would use to analyze and solve a 
problem. 

50. Create a mixture problem that could be solved by using the 
equation 4x + 6(12 — x) = S(12). 

51. Create a mixture problem of your own, and solve it. 

52. In mixture problems, explain why it is important to distin- 
guish between the quantity and the value (or strength) of 
the materials being combined. 


SOMETHING TO THINK ABOUT 


53. Is it possible for the equation of a problem to have a solu- 
tion, but for the problem to have no solution? For example, 
is it possible to find two consecutive even integers whose 
sum is 16? 

54. Invent a motion problem that leads to an equation that has 
a solution, although the problem does not. 

55. Consider the problem: How many gallons of a 10% and a 
20% solution should be mixed to obtain a 30% solution? 
Without solving it, how do you know that the problem has 
no solution? 

56. What happens if you try to solve Exercise 55? 


Solving Linear Inequalities in One Variable 


Objectives 


GD Solve a linear inequality in one variable using the properties of inequality 
and graph the solution on a number line. 


®) Solve a compound linear inequality in one variable. 
&} Solve an application problem involving a linear inequality in one variable. 
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CHAPTER 2 _ Equations and Inequalities 


Inequality Symbols 


Vocabulary 


> 
mo) 
o 
wv 
ce 
(©) 
= 
~ 
~ 
9) 
Oo 


Graph each set on the number line. 


1. All real numbers greater than —1 . All real numbers less than or equal to 5 


3. All real numbers between —2 and 4 4. All real numbers less than —2 or greater than 
or equal to 4 


Many times, we will encounter mathematical statements indicating that two quantities 
are not necessarily equal. These statements are called inequalities. 


Solve a linear inequality in one variable using the properties 
of inequality and graph the solution on a number line. 


Recall the meaning of the following symbols. 


< means “is less than” 

> means “is greater than” 

<= means “is less than or equal to” 

= means “is greater than or equal to” 


An inequality is a statement that indicates that two quantities are not necessarily 
equal. A solution of an inequality is any number that makes the inequality true. The 
number 2 is a solution of the inequality 


x=3 


because 2 = 3. 

This inequality has many more solutions, because any real ——}—__» 
number that is less than or equal to 3 will satisfy it. We can use a 3 
graph on the number line to represent the solutions of the Figure 2-16 
inequality. The red arrow in Figure 2-16 indicates all those points 
with coordinates that satisfy the inequality x < 3. 

The bracket at the point with coordinate 3 indicates that the 
number 3 is a solution of the inequality x = 3. 

The graph of the inequality x > 1 appears in Figure 2-17. 
The red arrow indicates all those points whose coordinates satisfy ——S—— 
the inequality. The parenthesis at the point with coordinate 1| indi- : 
cates that 1 is not a solution of the inequality x > 1. Figure 2-17 


Addition Property 
of Inequality 


Subtraction Property 
of Inequality 


EXAMPLE 1 


Solution 
as 
~9 
Figure 2-18 


SELF CHECK 1 
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To solve more complicated inequalities, we need to use the addition, subtraction, 
multiplication, and division properties of inequalities. When we use any of these proper- 
ties, the resulting inequality will have the same solutions as the original one. 


If a, b, and c are real numbers, and 


Ii a << , Wena ae © < ly 4F @, 


If a, b, and c are real numbers, and 
lia <b, iene = e <b = @. 


Similar statements can be made for the symbols >, S$, and =. 


The addition property of inequality can be stated this way: If any quantity is added to 
both sides of an inequality, the resulting inequality has the same direction as the original 
inequality. 

The subtraction property of inequality can be stated this way: If any quantity is sub- 
tracted from both sides of an inequality, the resulting inequality has the same direction as 
the original inequality. 


COMMENT The subtraction property of inequality is included in the addition property: 
To subtract a number a from both sides of an inequality, we could just as well add the 
negative of a to both sides. 


Solve 2x + 5 > x — 4and graph the solution on a number line. 


To isolate the x on the left side of the > sign, we proceed as if we were solving an 
equation. 
2x+5>x-—4 
2x+5-5>x--—4-5 — Subtract 5 from both sides. 
2x >x-9 Combine like terms. 
2x —x>x—-—9-—-x Subtract x from both sides. 
x>-9 Combine like terms. 


The graph of the solution (see Figure 2-18) includes all points to the right of —9 but 
does not include —9 itself. For this reason, we use a parenthesis at —9. 


Graph the solution of 2x —-2<x + I. 


If both sides of the true inequality 6 < 9 are multiplied or divided by a positive 
number, such as 3, another true inequality results. 
6<9 6<9 
3-6<3-9 Multiply both sides by 3. 
18 < 27 True. 


6 9 
3 < 3 Divide both sides by 3. 


2<3 True. 


The inequalities 18 < 27 and 2 < 3 are true. 
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Multiplication Property 
of Inequality 


Division Property 
of Inequality 


COMMENT In the previous 
definitions, we did not 
consider the case of c = 0. If 
a < bandc = 0, thenac = be, 


and and 5 are not defined. 


However, if both sides of 6 < 9 are multiplied or divided by a negative number, such 
as —3, the direction of the inequality symbol must be reversed to produce another true 
inequality. 

6<9 6<9 
—3-6>-3:-9 Multiply both sides 
by —3 and reverse 
the direction of the 
inequality. 
—18 > —27 True. 


6 9 
— = 33 Divide both sides by —3 
and reverse the direction 
of the inequality. 


—2>-3 _ True. 


The inequality —18 > —27 is true, because —18 lies to the night of —27 on the number 
line. The inequality —2 > —3 is true, because —2 lies to the right of —3 on the number 
line. This example suggests the multiplication and division properties of inequality. 


If a, b, and c are real numbers, and 


If a < band c > 0, then ac < he. 
If a < band c < 0, then ac > be. 


If a, b, and c are real numbers, and 


b 
Ifa <bande > 0, then” <~. 


eee oe 
@ € 


Similar statements can be made for the symbols >, $, and =. 


The multiplication property of inequality can be stated this way: 
If unequal quantities are multiplied by the same positive quantity, the results will 
be unequal and in the same direction. 
If unequal quantities are multiplied by the same negative quantity, the results will 
be unequal but in the opposite direction. 
The division property of inequality can be stated this way: 
If unequal quantities are divided by the same positive quantity, the results will be 
unequal and in the same direction. 
If unequal quantities are divided by the same negative quantity, the results will be 
unequal but in the opposite direction. 
To divide both sides of an inequality by a nonzero number c, we could instead multi- 
ply both sides by +. 
COMMENT Remember that if both sides of an inequality are multiplied by a positive 
number, the direction of the resulting inequality remains the same. However, if both sides 


of an inequality are multiplied by a negative number, the direction of the resulting 
inequality must be reversed. 


Note that the procedures for solving inequalities are the same as for solving equa- 
tions, except that we must reverse the inequality symbol whenever we multiply or divide 
by a negative number. 
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EXAMPLE 2 Solve 3x + 7 = —5, and graph the solution on the number line. 


Solution — To isolate x on the left side, we proceed as if we were solving an equation. 


3x+7s-5 
3x + 7-75 -5—-—7 Subtract 7 from both sides. 
3x = -12 Combine like terms. 
3x, = 12 es : 
SS Divide both sides by 3. 
3 3 
= The solution consists of all real numbers that are less than or equal to —4. The bracket 
Figure 2-19 at —4 in the graph of Figure 2-19 indicates that —4 is one of the solutions. 


SELF CHECK 2 Graph the solution of 2x — 5 = —3 on the number line. 


EXAMPLE 3 Solve 5 — 3x = 14, and graph the solution on the number line. 


Solution — To isolate x on the left side, we proceed as if we were solving an equation. This time, we 


will have to reverse the inequality symbol. 


5-—3x= 14 
5—3x—-5=14-—5 — Subtract 5 from both sides. 
—3x=9 Combine like terms. 
73x = a Divide both sides by —3 and reverse the direction of the = 
== =a symbol. 
>[—_—_ x= 3 


3 
indicates that —3 is one of the solutions. 


SELF CHECK 3 Graph the solution of 6 — 7x = —15 on the number line. 


2] Solve a compound linear inequality in one variable. 


Since both sides of the inequality were divided by —3, the direction of the inequal- 
Figure 2-20 ity was reversed. The graph of the solution appears in Figure 2-20. The bracket at —3 
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Two inequalities often can be combined into a double inequality or compound inequality 
to indicate that numbers lie between two fixed values. For example, the inequality 
= 2 <x < 5 indicates that x is greater than 2 and that x is also less than 5. The solution of 
2 <x <5 consists of all numbers that lie between 2 and 5. The graph of this set (called 


2 5 


Figure 2-21 an interval) appears in Figure 2-21. 


EXAMPLE 4 Solve —4 < 2(x — 1) <= 4, and graph the solution on the number line. 


Solution — To isolate x in the center, we proceed as if we were solving an equation with three parts: 


a left side, a center, and a right side. 
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—-4<%x-1)s4 
—4<2x —2=4 Remove parentheses. 
—2<2x=6 Add 2toall three parts. 


ee 
-1 3 —-1<x#3 Divide all three parts by 2. 
Figure 2-22 The graph of the solution appears in Figure 2-22. 


EE SELF CHECK 4 Graph the solution of 0 = 4(x + 5) < 26 on the number line. 


€} Solve an application problem involving 
a linear inequality in one variable. 


When solving application problems, there are certain words that help us translate a sen- 
tence into a mathematical inequality. 


Words Sentence Inequality 

at least To earn a grade of A, you must score at least 90%. S= 90% 

is less than The perimeter is less than 30 feet. E83 (Nit 

is no less than | The perimeter is no less than 100 centimeters. P= 100cm 

is more than The area is more than 30 square inches. A > 30 sq in. 

exceeds The car’s speed exceeded the limit of 45 mph. S > 45 mph 

cannot exceed | The salary cannot exceed $50,000. S = $50,000 

at most The perimeter is at most 75 feet. PUD 

is between The altitude was between 10,000 and 15,000 feet. 10,000 < A < 15,000 


EXAMPLE 5 GRADES A student has scores of 72, 74, and 78 points on three mathematics examina- 
tions. How many points does he need on his last exam to earn a B or better, an average 
of at least 80 points? 


Solution Wecan let x represent the score on the fourth (last) exam. To find the average grade, we 
add the four scores and divide by 4. To earn a B, this average must be greater than or 
equal to 80 points. 


The average of the 
four grades 
72+ 74+ 78+x 
4 


is greater than or equalto 80. 


V 


80 


We can solve this inequality for x. 
224 +x 
—__ = 

4 
224 + x = 320 = =Multiply both sides by 4. 
x = 96 Subtract 224 from both sides. 


80 72 + 74+ 78 = 224 


To earn a B, the student must score at least 96 points. 
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EXAMPLE 6_ EQUILATERAL TRIANGLES If the perimeter of an equilateral triangle is less than 15 
feet, how long could each side be? 


Solution Recall that each side of an equilateral triangle is the same length and that the perime- 
ter of a triangle is the sum of the lengths of its three sides. If we let x represent the 
length of one of the sides, then x + x + x represents the perimeter. Since the perime- 
ter is to be less than 15 feet, we have the following inequality: 

xtx+x<15 
3x < 15 Combine like terms. 
x<5 Divide both sides by 3. 


Each side of the triangle must be less than 5 feet long. 


FY SELF CHECK ANSWERS =. | ; 2. a ee ee 


Solve each inequality and graph the solution. 
1. 2@—3) 2x = 1 


2, $y = FS 5G = 5) 


3. A person’s body-mass index (BMI) determines the amount of body fat. BMI is represented 
by the formula B = 70373, where w is weight (in pounds) and / is height (in inches). A 
5'8” gymnast must maintain a normal body-mass index. If the normal range for men is rep- 
resented by 18.5 < 70375 < 25, within what range should the gymnast maintain his weight? 
Give the answer to the nearest tenth of a pound. 


2.7 EXERCISES } 


WARM-UPS | Solve each inequality. 9. nC + 6) - s(x — 9) 10. ax + 1) are 1) 
1. 2x <4 2.x +526 

3. —3x = -6 4. -x>2 

5. 2x —-5<7 6.5 -—2x<7 


VOCABULARY AND CONCEPTS fill in the blanks. 


REVIEW Simplify each expression. 11. The symbol < means . The symbol > means 


7. 3x? — 2(y? — x°) 8. S(xy + 2) — 3xy — 8 . 
12. The symbol __ means “is greater than or equal to.” The 
symbol __ means “‘is less than or equal to.” 
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13. Two inequalities often can be combined into a 
or compound inequality. 


14. The graph of the solution of 2 < x < 5 on the number line 
is called an 


15. An is a statement indicating that two quantities 
are not necessarily equal. 


16. A of an inequality is any number that makes the 
inequality true. 


GUIDED PRACTICE 
Solve each inequality and graph the solution on the number line. 
See Example 1. (Objective 1) 


17,.x+2>5 18 x+522 


19.2x+9=x+8 20.3 +x<2 


Solve each inequality and graph the solution on the number line. 
See Example 2. (Objective 1) 


21. 2x -3=5 22. 9x + 13 = 8x 


23. 8x +4> 6x —2 


24. 7x + 6 = 4x 


25. 7x +2>4x- 1 26. 5x + 7<2x+1 


) 13 3 
t = 2 
27. atl 15)+ x a* 5 
28 Re t+ 1l)s-x4 
° 3 T js XT 3 


Solve each inequality and graph the solution on the number line. 
See Example 3. (Objective 1) 


29. —-x -3 57 30. -x —-9 >3 


31. —3y -5 <4 32. 3x +7=4x-2 


33.°=3x—- 7 > 1 34. -5x+7=12 

35. —-4x + 1>17 36. 7x —9>5 

37. 9 — 2x > 24 — 7x 38. 13 — 17x < 34 — 10x 
39. 3(x — 8) << 5x + 6 40. 9x — 11) > 13 + 7x 


Solve each inequality and graph the solution on the number line. 
See Example 4. (Objective 2) 


41.2<x-5<5 42.3 <x-2<7 


43. -S<x+4s7 44.-9=x+8<1 


45.0=x+10<=10 46. -8<x-8<8 


47. -6 < 3(x +2) <9 48. —18 < 9x — 5) <27 


ADDITIONAL PRACTICE | Solve each inequality and graph 
the solution on the number line. 


49.5+x2=3 50. 7x — 16 < 6x 


51.7-—x=s=3x-1 52.2-3x=6+%x 


53. 8(5 — x) = 10(8 — x) 54. 1773 — x) =3 — 13x 


Bee gt 
ke ere, sg, 82 


55. 


+ 3(x - 1 
ce ee ee | 
3 4 
59.4 < -2x < 10 60. —4 < —4x < 12 
x x 
61. -3 =~ <5 62. -12=-—<0 
2 3 
63.3 =2x-1<5 64.4<3x-557 
65.0<10-5x= 15 66. 1 = —-7x+8=15 
x — + 
67. -4<2—7% <6 6-12" "425 
2 3 
APPLICATIONS 
Express each solution as an inequality. See Examples 5-6. 
(Objective 3) 
69. Calculating grades A student has test scores of 68, 75, and 


70. 


71. 


72. 


79 points. What must she score on the fourth exam to have 
an average score of at least 80 points? 

Calculating grades A student has test scores of 70, 74, and 
84 points. What must he score on the fourth exam to have 
an average score of at least 70 points? 

Geometry The perimeter of a square is no less than 

68 centimeters. How long can a side be? 

Geometry The perimeter of an equilateral triangle is at 
most 57 feet. What could be the length of a side? (Hint: 
All three sides of an equilateral triangle are equal.) 


Express each solution as an inequality. 


73. 


Fleet averages An automobile manufacturer produces 
three light trucks in equal quantities. One model has an 
economy rating of 17 miles per gallon, and the second 
model is rated for 19 mpg. If the manufacturer is required 
to have a fleet average of at least 21 mpg, what economy 
rating is required for the third model? 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 
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Avoiding service charges When the average daily balance 
of a customer’s checking account is less than $500 in any 
business week, the bank assesses a $5 service charge. Bill’s 
account balances for the week were as shown in the table. 
What must Friday’s balance be to avoid the service charge? 


Monday $540.00 
Tuesday $435.50 
Wednesday $345.30 
Thursday $310.00 


Land elevations The land elevations in Nevada fall from 
the 13,143-foot height of Boundary Peak to the Colorado 
River at 470 feet. To the nearest tenth, what is the range of 
these elevations in miles? (Hint: 1 mile is 5,280 feet.) 


Homework A teacher requires that students do homework 
at least 2 hours a day. How many minutes should a student 
work each week? 

Plane altitudes A pilot plans to fly at an altitude of 
between 17,500 and 21,700 feet. To the nearest tenth, what 
will be the range of altitudes in miles? (Hint: There are 
5,280 feet in | mile.) 

Getting exercise A certain exercise program recommends 
that your daily exercise period should exceed 15 minutes but 
should not exceed 30 minutes per day. In hours, find the 
range of exercise time for one week. 

Comparing temperatures To hold the temperature of a 
room between 19° and 22° Celsius, what Fahrenheit temper- 
atures must be maintained? (Hint: Fahrenheit tempera- 
ture (F) and Celsius temperature (C) are related by the 
formula C = 3(F — 32).) 

Melting iron To melt iron, the temperature of a furnace 
must be at least 1,540°C but at most 1,650°C. What range 
of Fahrenheit temperatures must be maintained? 


Phonograph records The radii of old 
phonograph records lie between 5.9 and 
6.1 inches. What variation in circumference 
can occur? (Hint: The circumference of 
a circle is given by the formula C = 27r, 
where r is the radius. Use 3.14 to approxi- 
mate 77.) 


Pythons A large snake, the African Rock Python, can 
grow to a length of 25 feet. To the nearest hundredth, find 
the snake’s range of lengths in meters. (Hint: There are 
about 3.281 feet in 1 meter.) 

Comparing weights The normal weight of a 6 foot 2 inch 
man is between 150 and 190 pounds. To the nearest hun- 
dredth, what would such a person weigh in kilograms? 
(Hint: There are approximately 2.2 pounds in | kilogram.) 
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84. Manufacturing The time required to assemble a television 
set at the factory is 2 hours. A stereo receiver requires only 
1 hour. The labor force at the factory can supply at least 644 
and at most 805 hours of assembly time per week. When the 
factory is producing 3 times as many television sets as 
stereos, how many stereos could be manufactured in 1 
week? 

85. Geometry A rectangle’s length is 3 feet less than twice its 
width, and its perimeter is between 24 and 48 feet. What 
might be its width? 

86. Geometry A rectangle’s width is 8 feet less than 3 times its 
length, and its perimeter is between 8 and 16 feet. What 
might be its length? 


PROJECTS 


Project 1 

Build a scale similar to the one shown in Figure 2-1. 
Demonstrate to your class how you would use the scale to 
solve the following equations. 


bx+3=2 c. 2x = 6 


ee 


REVIEW 


Chapter 2 


SECTION 2.1 


WRITING ABOUT MATH 


87. Explain why multiplying both sides of an inequality by a 
negative constant reverses the direction of the inequality. 


88. Explain the use of parentheses and brackets in the graphing 
of the solution of an inequality. 


SOMETHING TO THINK ABOUT 
89. To solve the inequality 1 < * one student multiplies both 
sides by x to get x < 1. Why is this not correct? 


90. Find the solution of 1 < i 
values of x work?) 


(Hint: Will any negative 


Project 2 


Use a calculator to determine whether the following state- 
ments are true or false. 


i a 2.24+7=(2+79 
10° 
3. (-4)4 = -44 4. a > 
5. 84-94 = (8 -9)* 62°F =f 
sae 5 372 233 
7; a 3 8. [(1.2)°P = [(.2)"] 


9. (7.2)" — (5.1% = (7.2 — 5.1)? 


DEFINITIONS AND CONCEPTS EXAMPLES 

An equation is a statement indicating that two Equations: 3x = 5 3x —-4= 10 8x — 7 = —2x 
quantities are equal. 

An expression is a mathematical statement that Expressions: 5x + 1 5x? + 3x -2 8(2x — 4) 
does not contain an = sign. 


A number is said to satisfy an equation if it makes 
the equation true when substituted for the 
variable. 
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To determine whether 3 is a solution of the equation 2x + 5 = 11, substitute 
3 for x and determine whether the result is a true statement. 


2x+5=11 
23)+5211 
6+5=11 

l= 11 


Since the result is a true statement, 3 satisfies the equation. 


Addition and subtraction properties of equality: 
Any real number can be added to (or subtracted 
from) both sides of an equation to form another 
equation with the same solutions as the original 
equation. 


Two equations are equivalent equations when they 
have the same solutions. 


Multiplication and division properties of equality: 
Both sides of an equation can be multiplied (or 
divided) by any nonzero real number to form 
another equation with the same solutions as the 
original equation. 


To solve x — 3 = 8, add 3 to both sides. To solve x + 3 = 8, subtract 3 from 
both sides. 


x-3=8 x+3=8 
x-3+3=8+4+3 x-3-3=8-3 
x=11 x=5 


Verify that each result satisfies its corresponding equation. 


3x + 4 = 10 and 3x = 6 are equivalent equations because 2 is the only solu- 
tion of each equation. 


To solve a = 4, multiply both sides by 3. To solve 3x = 12, divide both sides 
by 3. 


54 3x = 12 
x 3x 12 
rt = 4 es 
(G)-3m BaF 
x=12 x=4 


Verify that each result satisfies its corresponding equation. 


Sales price = regular price — markdown 


Retail price = wholesale cost + markup 


A percent is the numerator of a fraction with a 
denominator of 100. 


Amount = rate + base 


If a coat regularly costs $150 and is marked down $25, its selling price is 
$150 — $25 = $125. 


If the wholesale cost of a television is $500 and it is marked up $200, its retail 
price is $500 + $200 = $700. 


6 8 
oY = —_— = 4% = —_—= 
6% 100 0.06 8% 100 0.08 


An amount of $150 will be earned when a base of $3,000 is invested at a rate 
of 5%. 


a=rb 

150 = 0.05 - 3,000 

150 = 150 
REVIEW EXERCISES = 33 
Determine whether the given number is a solution of the equation. an ee er 5 
1. 34-7 = E2 2. 5 — 2x = 3;-1 | 5 1 

Ale TN pe _—\yy=9_ a4, W.y-tHt 12,.2+7->=--> 

3. 2(x + 3) = x; -3 4. 5(3 — x) = 2 — 4x; 13 2 2 3 3 


5. 3(x 


5) = 2(x — 3); -21 


Solve each equation and check all solutions. 
Tex T= =6 8 y-4=5 


6. 2(x — 7) = x + 14:50 


13. Retail sales A necklace is on sale for $69.95. If it has been 
marked down $35.45, what is its regular price? 

14. Retail sales A suit that has been marked up $115.25 sells 
for $212.95. Find its wholesale price. 
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Solve each equation and check all solutions. Solve each problem. 
15. 3x = 15 16. 8 = —16 23. What number is 35% of 700? 
17. 102 = 18. 14g = 21 24. 72% of what number is 936? 
y w 25. What percent of 2,300 is 851? 
19. —-=6 20. = = —5 ; 
3 7 26. 72 is what percent of 576? 
1 Pp 1 
a aur ee 
SECTION 2.2 
DEFINITIONS AND CONCEPTS EXAMPLES 
Solving a linear equation may require the use of To solve a — 4 = —§8, proceed as follows: 


several properties of equality. 


. —4+4=-8+4  Toundothe subtraction of 4, add 4 to both sides. 

*~=-4 
3 

x To undo the division of 3, multiply both sides 

3{ —) = 3(-4) 

3 by 3. 

x=-—12 
Retail price = cost + parecer, cost A wholesale cost of a necklace is $125. If its retail price is $150, find the 


aaa’ percent of markup. 


Markup = percent of markup - cost 
150 = 125 + p- 125 


25 = 125p Subtract 125 from both sides. 
0.20 = p Divide both sides by 125. 


The percent of markup is 20%. 
Sale percent of 


price = regular price — suckdawh regular price | A used textbook that was originally priced at $95 is now priced at $57. Find 


the percent of markdown. 
Markdown __ percent of 


(discount) | markdown BeenieE Duce of = 95 p95 
—38 = —95p Subtract 95 from both sides. 
0.40 = p Divide both sides by —95. 


The used textbook has a markdown of 40%. 


x vas 
abe beara and check all solutions. sae Taal eu os a aa 
27. 5y+6=21 28. 5y-9=1 & se 
5 ha thoes 30, 172 +3 = 20 45.5 4+2=6 Mi eee 
31. 13 — 13p = 0 32. 10 + 7p = —4 47. Retail sales An iPod is on sale for $240, a 25% savings 
33. 23a — 43 = 3 34. 84 — 2la = —63 from the regular price. Find the regular price. 
35. 3x+7=1 36. 7 — 9x = 16 48. Tax rates A $38 dictionary costs $40.47 with sales tax. 
b+3 b-—7 Find the tax rate. 
37, a 7 ae: a =e 49. Percent of increase A Turkish rug was purchased for 
me, #4 10 $560. If it is now worth $1,100, find the percent of increase 
39. 5 1 40. a 1 to the nearest 10th. 
ay —2 3y +12 50. Percent of discount A clock on sale for $215 was regularly 
41. =? 42. = priced at $465. Find the percent of discount. 
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SECTION 2.3 


DEFINITIONS AND CONCEPTS EXAMPLES 


Like terms are terms with the same variables Combine like terms. 
having the same exponents. They can be combined 


by adding their numerical coefficients and using A(x + 3) + 6 — 5) 


the same variables and exponents. = 4x + 12+ 6x — 30 Use the distributive property to remove 
parentheses. 
= 10x — 18 Combine like terms: 


4x + 6x = 10x, 12. — 30 = —18:. 


An identity is an equation that is true for all Show that the following equation is an identity. 


values of its variable. 
2(x — 5) + 6x = B(x — 1) - 2 


2x — 10+ 6x = 8x —8- 2 Remove parentheses. 
8x — 10 = 8x — 10 Combine like terms. 
—10 = -10 Subtract 8x from both sides. 


Since the final result is always true, the equation is an identity and its solution 
set is R. 


A contradiction is an equation that is true for no Show that the following equation is a contradiction. 
values of its variable. 


6x — 2(x + 5) = 4x —- 1 


6x — 2x — 10 =4x—1 Remove parentheses. 


4x — 10 =4x-—1 Combine like terms. 


-10=-1 Subtract 4x from both sides. 
Since the final result is false, the equation is a contradiction and its solution 
set is ©. 
REVIEW EXERCISES 65. 10(p — 3) = 3(—~ + 11) 66. 2(5x — 7) = 2(x — 35) 
Simplify each expression, if possible. 
51. 5x + 9x 52. 7a + 12a Bu — 6 Sy — 35 
53. 18b — 13b 54. 21x — 23x ot ae ee 
55. Sy — Ty 56. 19x — 19 ae) 2749 
69," ; ii 70. —— = -27 
57. T(x + 2) + Ax — 7) 58. 2(3 — x) + x — 6x Classify each equation as an identity or a contradiction and give 
the solution. 
59. y°> + 30° — 2) 60. 2x7 — 2(x? — 2) 71. 2x —-S=x-S5+x 
72. —3(a+ 1)-a=—4a + 3 
Solve each equation and check all solutions. 73. 2x — 1) + 4 = 4(1 + x) — (2x + 2) 
61, 2x —-19=2-x 62. 5b — 19 = 2b + 20 74, 3(2x + 1) +3 = 9x + 2) +9 — 3x 


63. 3x + 20 =5 — 2x 64. 0.9x + 10 = 0.7x + 1.8 
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SECTION 2.4 


DEFINITIONS AND CONCEPTS EXAMPLES 


A literal equation or formula often can be solved Solve 2x + 3y = 6 for y. 


for any of its variables. 
2x + 3y =6 


3y = —2x +6 Subtract 2x from both sides. 


2 
y= —3* +2 Divide both sides by 3. 


REVIEW EXERCISES 
Solve each equation for the indicated variable. 


75. E=IR;for R 76. i = prt; fort 81. V = arh; forh 82. a = 2arh; forr 
77. P=IR; for R 78. d= rt; f Mi RT 

= acaeaed 83. F= e alle for G 84. P = ——; form 

d mV 

79. V = Iwh; for h 80. y = mx + b; form 
SECTION 2.5 
DEFINITIONS AND CONCEPTS EXAMPLES 
To solve application problems, follow these steps: The length of a rectangular frame is 4 in. longer than twice the width. If the 


4;- Analyze the problem anil choose variable perimeter is 38 in., find the width of the frame. 


2. Form an equation. 1. Analyze the problem and let w represent the width of the frame. 

3. Solve the equation. 2. The width of the frame is w and since the length is 4 in. longer than twice 
the width, the length is 2w + 4. Since the frame is a rectangle, its perimeter 
is the sum of two widths and two lengths. This perimeter is 38. So 


4. State the conclusion. 
5. Check the result. 
2w + 2(2w + 4) = 38 


3. To solve the equation, proceed as follows: 


2w + 2(2w + 4) = 38 
2w + 4w + 8 = 38 


6w + 8 = 38 
6w = 30 
w=5 


4. The frame is 5 inches wide. 


5. If the width is 5 in., the length is 2-5 + 4 = 14 in. The perimeter is 
2°5+2-14= 10 + 28 = 38. The result checks. 


If the sum of the measures of two angles is 90°, Find the complement of an angle measuring 42°. 
the angles are called complementary angles. 
x + 42 = 90 
x+42-42=90-42 
x = 58° 
If the sum of the measures of two angles is 180°, Find the supplement of an angle measuring 42°. 
the angles are called supplementary angles. 
x + 42 = 180 
x + 42 — 42 = 180 - 42 


x = 138° 


REVIEW EXERCISES 
85. Carpentry A carpenter wants to cut an 8-foot board into 
two pieces so that one piece is 7 feet shorter than twice the 
longer piece. Where should he make the cut? 
86. Find x. 87. Find x. 
180° 


88. Find the complement of an angle that measures 69°. 
89 
90 


47° 
x 


Find the supplement of an angle that measures 69°. 
Rectangles If the length of the rectangular painting in the 
illustration is 3 inches more than twice the width, how wide 
is the rectangle? 
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84 in. 


91. Investing A woman has $27,000. Part is invested for 
1 year in a certificate of deposit paying 7% interest, and the 
remaining amount in a cash management fund paying 9%. 
The total interest on the two investments is $2,110. How 
much does she invest at each rate? 


SECTION 2.6 


DEFINITIONS AND CONCEPTS EXAMPLES 


Distance = rate - time 


d=rt 


Value = price - number 


v= pn 


How far will a car go traveling at 40 mph for 3 hours? 
d = rt = 40(3) = 120 
The car will go 120 miles. 
How much will 3 Ib of peanuts cost if the cost is $2 per lb? 


v = pn = 3(2) = 6 
The cost will be $6. 


REVIEW EXERCISES 

92. Riding bicycles A bicycle path is 5 miles long. A man 
walks from one end at the rate of 3 mph. At the same time, 
a friend bicycles from the other end, traveling at 12 mph. In 
how many minutes will they meet? 


93 


Tornadoes During a storm, two teams of scientists leave a 
university at the same time in specially designed vans to 
search for tornadoes. The first team travels east at 20 mph 
and the second travels west at 25 mph. If their radios have 
a range of up to 90 miles, how long will it be before they 
lose radio contact? 


——— i 
25 mph 


eee 


20 aa 


94. Band trips A bus carrying the members of a marching 
band and a truck carrying their instruments leave a high 
school at the same time and travel in the same direction. 
The bus travels at 65 mph and the truck at 55 mph. In how 
many hours will they be 75 miles apart? 

95. Mixing milk A container is partly filled with 12 liters of 
whole milk containing 4% butterfat. How much 1% milk 
must be added to get a mixture that is 2% butterfat? 


96. Photography A photographer wants to mix 2 liters of a 
6% acetic acid solution with a 12% solution to get an 
8% solution. How many liters of 12% solution must be 
added? 

97. Mixing candy A store manager mixes candy worth 90¢ 
per pound with gumdrops worth $1.50 per pound to make 
20 pounds of a mixture worth $1.20 per pound. How many 
pounds of each kind of candy must he use? 


154 CHAPTER 2 _ Equations and Inequalities 


DEFINITIONS AND CONCEPTS EXAMPLES 
Inequalities are solved by techniques similar to To solve the inequality —3x — 8 < 7, proceed as follows: 
those used to solve equations, with this exception: 
—3x-8<7 
If both sides of an inequality are multiplied or 3x < 15 


divided by a negative number, the direction of 


the inequality must be reversed. x >-—5 Divide both sides by —3 and reverse the inequality 


symbol. 
The solution of an inequality can be graphed on : 
the number line. The graph of x > —Sis 
ee 
-5 
REVIEW EXERCISES 
Graph the solution to each inequality. 
98. 3x +2<5 99. —5x-8>7 104. 8<x+2< 13 105.0 =2-2x<4 
100. Sx —-3 =2x+9 101. 7x +1=8x—5 106. Swimming pools By city ordinance, the perimeter of a 


rectangular swimming pool cannot exceed 68 feet. The 
width is 6 feet shorter than the length. What possible 
102. 5(3 — x) < 3(x — 3) 103. 3(5 — x) = 2x lengths will meet these conditions? 


cg OOO 


Chapter 2 TEST 


Determine whether the given number is a solution of the Solve each equation. 
equation. 3x — 18 al 

ee ee Dh AG <o 2) a e =es arr a 

ei Se 4, 30 2) =] oe Solve each equation for the variable indicated. 

19. d=rt; fort 20. P = 2] + 2w; for / 

Solve each equation. 

6. 217 = =19 6 HSS = 3 21. A = 2arh; forh 22. A= P+ Prt; forr 

x 
7. 12x = -144 on 23. Find x. 
9. 8x +2=—-14 10. 3 = 5 — 2x 120° 


a a2 =3 12. 23 — 5(x + 10) = -12 7 :/ 


24. Find the supplement of a 105° angle. 
Simplify each expression. 25. Investing A student invests part of $10,000 at 6% annual 
VE ae ap oe = 3}) ith she = 2 = 23) interest and the rest at 5%. If the annual income from these 
investments is $560, how much was invested at each rate? 


13 ye 16. —4(2x — 5) — 7(4x + 1) 


26. Traveling A car leaves Rockford at the rate of 65 mph, 
bound for Madison. At the same time, a truck leaves 

Madison at the rate of 55 mph, bound for Rockford. If the 

cities are 72 miles apart, how long will it take for the car 

and the truck to meet? 

27. Mixing solutions How many liters of water must be added 

to 30 liters of a 10% brine solution to dilute it to an 

8% solution? 


28. Mixing nuts Twenty 


pounds of cashews are to One! 


Cashews $6 
Peanuts $3 


be mixed with peanuts to 
make a mixture that will 
sell for $4 per pound. 
How many pounds of 
peanuts should be used? 


Classify each number as an integer, a rational number, an 
irrational number, and/or a real number. Each number may be in 
several classifications. 


27 


1. 
9 


25 =W25) 


Graph each set of numbers on the number line. 
3. The natural numbers between 2 and 7 


ei a SS A 


ly 27 S742 5 RO 
4. The real numbers between 2 and 7 


Simplify each expression. 


|=3] = |3] 5 14 
—— Qe 
jJ=3 = 3 7 3 
eee 8. 35.7 — 0.05 
— 5 b Sob : 
Letx = —5,y = 3,andz = 0, and evaluate each expression. 
= Syp oF 
Ch (Gx = Bye 10. Biased) 
2 = 38 
ap 2) 
Wie = io 
Vy SS2 


13. What is 75% of 330? 
14. 1,688 is 32% of what number? 
Consider the algebraic expression 3x° + 5x*y + 37y. 


15. Find the coefficient of the second term. 
16. List the factors of the third term. 
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Graph the solution of each inequality. 
29. 8x — 20 =4 


30. x —2(x+7)> 14 


31. —4=964 I= 10 


32, 2 = 5 = = 10 


Simplify each expression. 


Ue dee — she sb 2p uth ies = 7) se A = 29) 


19. 2x7y? — 4x73 20. 2(3 — x) + 5(x + 2) 


Solve each equation and check the result. 


LS 


21. 3(x — 5) +2 = 2x 22; 5=7 


5 2 
PY AG = 3) = ha = 2) = =a 


x ole pill 
23. = 


Solve each formula for the variable indicated. 


1 
25. A= ail + B); forh 


26. y = mx + b; for x 


27. Autosales An auto dealer’s promotional ad appears in the 
illustration. One car is selling for $23,499. What was the 
dealer’s invoice? 
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28. Furniture pricing A sofa and a $300 chair are discounted 
35%, and are priced at $780 for both. Find the original price 
of the sofa. 

29. Cost of acar The total cost of a new car, including an 
8.5% sales tax, is $13,725.25. Find the cost before tax. 


30. Manufacturing concrete Concrete contains 3 times as 
much gravel as cement. How many pounds of cement are in 
500 pounds of dry concrete mix? 

31. Building construction A 35-foot beam, | foot wide and 
2 inches thick, is cut into three sections. One section is 
14 feet long. Of the remaining two sections, one is twice as 
long as the other. Will the shortest section span an 
8-foot-wide doorway? 


32. Installing solar heating One solar panel in the illustration 
is 3.4 feet wider than the other. Find the width of each 
panel. 


33. Electric bills An electric company charges $17.50 per 
month, plus 18¢ for every kwh of energy used. One resi- 
dent’s bill was $43.96. How many kwh were used that 
month? 

34. Installing gutters A contractor charges $35 for the installa- 
tion of rain gutters, plus $1.50 per foot. If one installation 
cost $162.50, how many feet of gutter were required? 


Evaluate each expression. 
35. 4 — 5? 
37. 5(4° — 23) 


36. (4 — 5) 

38. —2(5* — 7°) 

Graph the solutions of each inequality. 

39. 8(4 + x) > 10(6 + x) Li), =O < aos sr 2) 3 


~ ©Shutterstock.com/Gina Sanders 


Careers and Mathematics 
MARKET AND SURVEY RESEARCHERS 


Market and survey researchers gather information about 
what people think. They help companies understand 
what types of products people want to buy and at what 
price. Gathering statistical data on competitors 

and examining prices, sales, and 

methods of marketing 


and distribution, ms aiche og 
ye ran 
they analyze z Gutiook —enatket arene gecate o 
per a) fo e 
statistical data on EMMPIOYTET, grow OY man tne nes 
past sales to predict ve cre 
2016. | 
future sales. wo upation® 
Market and survey <gueannins® 
iy 9 84070 


researchers held about 6A2.A9 
261,000 jobs in 2006. 


, For Mo 
Prospective researchers Jw 
.__\ wate! aoe 
should study mathematics, Te Applic? 
see : fot aoame section 
statistics, sampling theory, mort 


and survey design. 
Computer science courses 
are extremely helpful. 


CHAPTER 3 


Graphing and 
Solving Systems of 
Linear Equations and 
Linear Inequalities 


The Rectangular Coordinate System 
Graphing Linear Equations 
Solving Systems of Linear Equations by Graphing 


Solving Systems of Linear Equations by 
Substitution 

Solving Systems of Linear Equations by 
Elimination (Addition) 

Solving Applications of Systems of Linear 
Equations 

Solving Systems of Linear Inequalities 
Projects 

CHAPTER REVIEW 

CHAPTER TEST 


In this chapter > 


Many problems involve linear equations with two 
variables. In this chapter, we will use the rectangular 
coordinate system to graph these equations and 
then consider three methods to solve systems of 
these equations. Finally, we will use these methods to 
solve many application problems. 
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The Rectangular Coordinate System 


@ Graph ordered pairs and mathematical relationships. 
@® Interpret the meaning of graphed data. 
&} Interpret information from a step graph. 


Objectives 


rectangular coordinate 


Vocabulary 


Graph each set of numbers on the number line. 


12S? 38 2. All numbers greater than —2 


3. All numbers less than or equal to 3 4. All numbers between —3 and 2 


Getting Ready 


It is often said, “A picture is worth a thousand words.” In this section, we will show how 
numerical relationships can be described by using mathematical pictures called graphs. 
We also will show how we can obtain important information by reading graphs. 


GR Graph ordered pairs and mathematical relationships. 


When designing the Gateway Arch in St. Louis, shown in Figure 3-1(a), architects 
created a mathematical model of the arch called a graph. This graph, shown in Figure 
3-1(b), is drawn on a grid called the rectangular coordinate system. This coordinate 
system is sometimes called a Cartesian coordinate system after the 17th-century French 
mathematician René Descartes. 

A rectangular coordinate system (see Figure 3-2) is formed by two perpendicular 
number lines. Recall that perpendicular lines are lines that meet at a 90° angle. 


The horizontal number line is called the x-axis. 
- The vertical number line is called the y-axis. 
The positive direction on the x-axis is to the right, and the positive direction on the y-axis 
is upward. The scale on each axis should fit the data. For example, the axes of the graph 


of the arch shown in Figure 3-1(b) are scaled in units of 100 feet. If no scale is indicated 
on the axes, we assume that the axes are scaled in units of 1. 


René Descartes 
(1596-1650) 

Descartes is famous for his work 
in philosophy as well as for his 
work in mathematics. His philos- 
ophy is expressed in the words “I 
think, therefore | am.’ He is best 
known in mathematics for his 
invention of a coordinate 
system and his work with conic 
sections. 
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> xX 


Scale: 1 unit = 100 ft 
(a) (b) 
Figure 3-1 


The point where the axes cross is called the origin. This is the 0 point on each axis. 
The two axes form a coordinate plane (often referred to as the Cartesian plane) and divide 
it into four regions called quadrants, which are numbered as shown in Figure 3-2. 


¥ 
4 The vertical number 
line is called the y-axis. 


Quadrant Quadrant 
II I 
Origin 
> xX 
The horizontal number 
line is called the x-axis. 


Quadrant Quadrant 
Il IV 
Figure 3-2 


Each point in a coordinate plane can be identified by a pair of real numbers x and 
y, written as (x, y). The first number in the pair is the x-coordinate, and the second 
number is the y-coordinate. The numbers are called the coordinates of the point. Some 


examples of ordered pairs are (3, —4), (- iP -3), and (0, 2.5). 
(3,4) 
t 


In an ordered pair, the The y-coordinate 
x-coordinate is listed first. _ is listed second. 


The process of locating a point in the coordinate plane is called graphing or plotting 
the point. In Figure 3-3(a), we show how to graph the point A with coordinates of 
(3, —4). Since the x-coordinate is positive, we start at the origin and move 3 units to the 
right along the x-axis. Since the y-coordinate is negative, we then move down 4 units to 
locate point A. Point A is the graph of (3, —4) and lies in quadrant IV. 
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EXAMPLE 1 
y Solution 
A 
A(-2, 3) 
e 
@ C(0, 2.5) 
D(4, 2) 
> XxX 
3 
B{-1,-5 ° 
Figure 3-4 


Fy SELF CHECK 1 


To plot the point B(—4, 3), we start at the origin, move 4 units to the left along the 
x-axis, and then move up 3 units to locate point B. Point B lies in quadrant II. 


o> < 


(4, 0) (0, 0) 
ee od 


> XxX > xX 


Figure 3-3 


COMMENT Note that point A with coordinates of (3, —4) is not the same as point B 
with coordinates (—4, 3). Since the order of the coordinates of a point is important, we 
call them ordered pairs. 


In Figure 3-3(b), we see that the points (—4, 0), (0, 0), and (2, 0) lie on the x-axis. In 
fact, all points with a y-coordinate of 0 will lie on the x-axis. 

From Figure 3-3(b), we also see that the points (0, —3), (0, 0), and (0, 4) lie on the 
y-axis. All points with an x-coordinate of 0 lie on the y-axis. From the figure, we also can 
see that the coordinates of the origin are (0, 0). 


GRAPHING POINTS Plot the points 
a. A(-2,3) b. B(-1,-3) « (0,25) d. D(4,2) 


a. To plot point A with coordinates (—2, 3), we start at the origin, move 2 units to the 
left on the x-axis, and move 3 units up. Point A lies in quadrant IT. (See Figure 3-4.) 


b. To plot point B with coordinates of ( =. -3), we start at the origin and move | unit to 
the /eft and 3 (or 14) units down. Point B lies in quadrant I, as shown in Figure 3-4. 


c. To graph point C with coordinates of (0, 2.5), we start at the origin and move 0 units 
on the x-axis and 2.5 units up. Point C lies on the y-axis, as shown in Figure 3-4. 

d. To graph point D with coordinates of (4, 2), we start at the origin and move 4 units 
to the right and 2 units up. Point D lies in quadrant I, as shown in Figure 3-4. 


Plot the points. a. E(2,-2) b. F(—4,0) « G{1.5,3) d. H0,5) 


EXAMPLE 2 ORBITS The circle shown in Figure 3-5 is an approximate graph of the orbit of the 
Earth. The graph is made up of infinitely many points, each with its own x- and 
y-coordinates. Use the graph to find the approximate coordinates of the Earth’s posi- 
tion during the months of February, May, and August. 
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February 


December 
x 


August 


Solution — To find the coordinates of each position, we start at the origin and move left or right 
along the x-axis to find the x-coordinate and then up or down to find the y-coordinate. 


See Table 3-1. 


Figure 3-5 


Month Position of the Earth on the graph Coordinates 
February 3 units to the right, then 4 units up (3, 4) 
May 4 units to the /eft, then 3 units up (—4, 3) 
August 3.5 units to the /eft, then 3.5 units down (=3.5, =3.5) 


PERSPECTIVE 


As achild, René Descartes was frail and often sick. To 
improve his health, eight-year-old René was sent to a 
Jesuit school. The headmaster encouraged him to sleep in 
the morning as long as he wished. As a young man, 
Descartes spent several years as a soldier and world trav- 
eler, but his interests included mathematics and philoso- 
phy, as well as science, literature, writing, and taking it 
easy. The habit of sleeping late continued throughout his 
life. He claimed that his most productive thinking 
occurred when he was lying in bed. According to one 
story, Descartes first thought of analytic geometry as he 
watched a fly walking on his bedroom ceiling. 


SELF CHECK 2 Find the coordinates of the Earth’s position in December. 


Table 3-1 


Descartes might have lived longer if he had stayed in 
bed. In 1649, Queen Christina of Sweden decided that 
she needed a tutor in philosophy, and she requested the 
services of Descartes. Tutoring would not have been diffi- 
cult, except that the queen scheduled her lessons before 
dawn in her library with her windows open. The cold 
Stockholm mornings were too much for a man who was 
used to sleeping past noon. Within a few months, 
Descartes developed a fever and died, probably of 
pneumonia. 
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COMMENT Note that the 
scale for the gallons of water 
(y-axis) is 4 units while the 
scale for minutes (x-axis) is 

1 unit. The scales on both 
axes do not have to be the 
same, but remember to label 
them! 
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Every day, we deal with quantities that are related. 


- The distance that we travel depends on how fast we are going. 

- Our weight depends on how much we eat. 

- The amount of water in a tub depends on how long the water has been running. 

We often can use graphs to visualize relationships between two quantities. For 
example, suppose that we know the number of gallons of water that are in a tub at 
several time intervals after the water has been turned on. We can list that information in 
a table of values. (See Figure 3-6.) 


Time Water in tub 
(minutes) (gallons) 
0 0 — (0, 0) 
1 8 — (1, 8) 
3 24 — (3, 24) 
4 2) — (4, 32) 
At various times, the f : t A t . 
amountof water inthe tub x-coordinate y-coordinate The data in the table can 
was measured and recorded be expressed as ordered 
in the table of values. pairs (x, y). 
Figure 3-6 


The information in the table can be used to construct a graph that shows the rela- 
tionship between the amount of water in the tub and the time the water has been 
running. Since the amount of water in the tub depends on the time, we will associate time 
with the x-axis and the amount of water with the y-axis. 

To construct the graph in Figure 3-7, we plot the four ordered pairs and draw a line 
through the resulting data points. 


t 


the amount of water 
in the tub increases. 


Gallons of water in tub 


1 2 3 4 5 
Minutes the water is running 


as 


As the number of minutes increases, 


Figure 3-7 


From the graph, we can see that the amount of water in the tub increases as the water 
is allowed to run. We also can use the graph to make observations about the amount of 
water in the tub at other times. For example, the dashed line on the graph shows that in 5 
minutes, the tub will contain 40 gallons of water. 
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2] Interpret the meaning of graphed data. 


EXAMPLE 3 
Solution 
Time Audience 
0 200 
Time Audience 
—10 150 
Time Audience 
=X) 100 
80 100 
SELF CHECK 3 


In the next example, we show that valuable information can be obtained from reading a 
graph. 


READING GRAPHS The graph in Figure 3-8 shows the number of people in an audi- 
ence before, during, and after the taping of a television show. On the x-axis, 0 repre- 
sents the time when taping began. Use the graph to answer the following questions, 
and record each result in a table of values. 

a. How many people were in the audience when taping began? 


b. What was the size of the audience 10 minutes before taping began? 


c. At what times were there exactly 100 people in the audience? 


Size of audience 


x 
-40-30-20-10 0 10 20 30 40 50 60 70 80 90 
Time (minutes) 
Taping begins Taping ends 


Figure 3-8 


a. The time when taping began is represented by 0 on the x-axis. Since the point on the 
graph directly above 0 has a y-coordinate of 200, the point (0, 200) is on the graph. 
The y-coordinate of this point indicates that 200 people were in the audience when 
the taping began. 


b. Ten minutes before taping began is represented by —10 on the x-axis. Since the 
point on the graph directly above —10 has a y-coordinate of 150, the point 
(—10, 150) is on the graph. The y-coordinate of this point indicates that 150 people 
were in the audience 10 minutes before the taping began. 


c. We can draw a horizontal line passing through 100 on the y-axis. Since this line 
intersects the graph twice, there were two times when 100 people were in the audi- 
ence. The points (—20, 100) and (80, 100) are on the graph. The y-coordinates of 
these points indicate that there were 100 people in the audience 20 minutes before 
and 80 minutes after taping began. 


Use the graph in Figure 3-8 to answer the following questions. 
a. At what times were there exactly 50 people in the audience? 


b. What was the size of the audience that watched the taping? 
c. How long did it take for the audience to leave the studio after taping ended? 
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3 | Interpret information from a step graph. 


EXAMPLE 4 
Solution 
Length of rental Cost 
(days) (dollars) 
2 40 
1 
55 80 
3 50 
Table 3-2 


The graph in Figure 3-9 shows the cost of renting a trailer for different periods of time. 
For example, the cost of renting the trailer for 4 days 1s $60, which is the y-coordinate of 
the point with coordinates of (4, 60). For renting the trailer for a period lasting over 4 
and up to 5 days, the cost jumps to $70. Since the jumps in cost form steps in the graph, 
we call the graph a step graph. 


STEP GRAPHS Use the information in Figure 3-9 to answer the following questions. 
Write the results in a table of values. 
a. 


b. 


Cc 


. Is the rental cost per day the same? 


. We locate 2 days on the x-axis and move up to locate the point on the graph directly 


. We locate 55 days on the x-axis and move straight up to locate the point on the 


. We draw a horizontal line through the point labeled 50 on the y-axis. Since this line 


. No, the cost per day is not the same. If we look at the y-coordinates, we see that for 


Rental cost (dollars) 
wn 
o 


1. 2 3 4 5 6 7 
Length of rental (days) 


Figure 3-9 


Find the cost of renting the trailer for 2 days. 
Find the cost of renting the trailer for 55 days. 


How long can you rent the trailer if you have $50? 


above the 2. Since the point has coordinates (2, 40), a two-day rental would cost 
$40. We enter this ordered pair in Table 3-2. 


graph with coordinates (54, 80), which indicates that a 55-day rental would cost 
$80. We enter this ordered pair in Table 3-2. 


intersects one step of the graph, we can look down to the x-axis to find the x-values 
that correspond to a y-value of 50. From the graph, we see that the trailer can be 
rented for more than 2 and up to 3 days for $50. We write (3, 50) in Table 3-2. 


the first day, the rental fee is $20. For the second day, the cost jumps another $20. 
For the third day, and all subsequent days, the cost jumps only $10. 
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SELF CHECK ANSWERS 1. y 2. (5,0) 3. a. 30 min before and 85 min after taping began _—b. 200 
H(O, 5) c. 20 min 


e G(s, >) 
x 


TE(,2) 


1. Find three ordered pairs that represent the information stated below. 


Damon paid $1,150 for 2 airline tickets. Javier paid $1,250 for 3 tickets, and Caroline 
paid $1,400 for 4 tickets. 


Because the size of some data is large, we sometimes insert a // (break) symbol on the 
x- and/or y-axis of the rectangular coordinate system near the origin to indicate that the 
designated scale does not begin until the first value is listed. 


2. Plot the points from Problem | on a single set of coordinate axes with an appropriate scale. 


3.1 EXERCISES a ’ 


WARM-UPS VOCABULARY AND CONCEPTS 
1. Explain why the pair (—2, 4) is called an ordered pair. Fill in the blanks. 
2. At what point do the coordinate axes intersect? 13. The pair of numbers (—1, —5) is called an 
3. In which quadrant does the graph of (3, —5) lie? 14. In the (-3, -5), s is called the 


4. On which axis does the point (0, 5) lie? __ coordinate and —5S is called the ___coordinate. 


15. The point with coordinates (0, 0) is the 
REVIEW 


16. The x- and y-axes divide the into four 

5. Evaluate: —3 — 3(—5). regions called . 

6. Evaluate: (—5)° + (—5). 17. The point with coordinates (4, 2) can be graphed on a 

7. What is the opposite of —8? or coordinate system. 

8. Simplify: |—1— 9]. 18. The rectangular coordinate system is formed by two 

9. Solve: —4x +7 = —21. _ number lines called the __ and __axes. 
10. Solve P = 2] + 2w for w. 19. The values x and y in the ordered pair (x, y) are called the 
11. Evaluate (x + 1)(x + y) for x = —2 and y = —5. —__—_——— of its corresponding point. 
12. Simplify: 6(x — 3) — 2(1 — x). 20. The process of locating the position of a point ona coordi- 

nate plane is called the point. 


Answer the question or fill in the blanks. 
21. Do (3, 2) and (2, 3) represent the same point? 


22. In the ordered pair (4, 5), is 4 associated with the horizontal 
or the vertical axis? 
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23. To plot the point with coordinates (—5, 4.5), we start at the 


, move 5 units to the , and then move 4.5 units 


24. To plot the point with coordinates (6, -3), we start at the 
, move 6 units to the 


, and then move 5 units 


25. In which quadrant do points with a negative x-coordinate 
and a positive y-coordinate lie? 

26. In which quadrant do points with a positive x-coordinate 
and a negative y-coordinate lie? 


GUIDED PRACTICE 
Graph each point on the coordinate grid. See Example 1. 
(Objective 1) y 


27. A(-3, 4), B(4, 3.5), C(-2, -3), 
DO, -4), H(3,0), 


F, —4) 

28. G(4, 4), H(0.5, —3), (—4, —4), y 
J(0, —1), K(0, 0), L(O, 3), 
M(-2, 0) 


Use each graph to complete the table. See Example 2. (Objective 1) 
29. Use the graph to complete the table. 


y 


30. Use the graph to complete the table. 


The graph in the illustration gives the heart rate of awoman 
before, during, and after an aerobic workout. Use the graph to 
answer the following questions. See Example 3. (Objective 2) 


31. 


38. 


Training period 


=10 i0 20 30 40 50 60 
Time (min) 


What information does the point (—10, 60) give us? 


. After beginning the workout, how long did it take the 


woman to reach her training-zone heart rate? 


. What was her heart rate one-half hour after beginning the 


workout? 


. For how long did she work out at the training-zone level? 
. At what times was her heart rate 100 beats per minute? 


. How long was her cool-down period? 
. What was the difference in her heart rate before the workout 


and after the cool-down period? 


What was her approximate heart rate 8 minutes after 
beginning? 


Use the corresponding graphs to answer the questions. See 
Example 4. (Objective 3) 


DVD rentals The charges for renting a movie are shown in the 
graph in the illustration. 


39. 


= 
So 


Total charge (dollars) 
FPnw KNW C1 0 


Ly 
123 45 67 8 


Rental period (days) 


Find the charge for a 1-day rental. 


40. Find the charge for a 2-day rental. 
41. Find the charge if the DVD is kept for 5 days. 
42. Find the charge if the DVD is kept for a week. 


Postage rates The graph shown in the illustration gives the first- 
class postage rates for mailing letters weighing up to 3.5 ounces. 


ay) 
g 
oO 
L 93 o-e 
oO 
3 76 ———e 
oO 
=p 59 o——e 
& 44 
a 


1 2 3 4 5 
Weight (ounces) 


43. Find the cost of postage to mail each of the following 
: ol 

letters first class: 1-ounce; 25-ounce. 

44. Find the cost of postage to mail each of the following 
letters first class: 1.5-ounce; 3.25-ounce. 

45. Find the difference in postage for a 0.75-ounce letter and a 
2.75-ounce letter. 

46. What is the heaviest letter that can be mailed for 59¢? 


APPLICATIONS 


47. Road maps Road maps usually have a coordinate system 
to help locate cities. Use the map in the illustration to locate 
Carbondale, Champaign, Chicago, Peoria, Rockford, 
Springfield, and St. Louis. Express each answer in the form 
(number, letter). 


Aoe ToOmrAmMmvoawp 


aS 


48. Battling Ships In a computer game of Battling Ships, 
players use coordinates to drop depth charges from a battle- 
ship to hit a hidden submarine. What coordinates should be 
used to make three hits on the exposed submarine shown in 
the illustration? Express each answer in the form (letter, 
number). 
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IX 
‘\ 


or NW FUN WAN 


ABCDEFGHI J 


49. Water pressure The graphs in the illustration show the 
paths of two streams of water from the same hose held at 
two different angles. 

a. At which angle does the stream of water shoot higher? 
How much higher? 

b. At which angle does the stream of water shoot out 
farther? How much farther? 


y Scale: 1 unit = 1 ft 


Nozzle held 
at 60° angle 


Nozzle held 
at 30° angle 


50. Golf swings To correct her swing, a golfer was videotaped 
and then had her image displayed on a computer monitor 
so that it could be analyzed by a golf pro. See the illustra- 
tion. Give the coordinates of the points that are highlighted 
on the arc of her swing. 
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51. 


52. 


Amount earned (dollars) 


53. 


Gas mileage The table in the illustration gives the number 
of miles () that a truck can be driven on x gallons of gaso- 
line. Plot the ordered pairs and draw a line connecting the 
points. 


y 


1 Gallons| Miles 


35 


Distance (mi) 


> x 
12345678 
Gasoline (gal) 


a. Estimate how far the truck can go on 7 gallons of 
gasoline. 

b. How many gallons of gas are needed to travel a distance 
of 20 miles? 

c. Estimate how far the truck can go on 6.5 gallons of 
gasoline. 

Wages The table in the illustration gives the amount y (in 

dollars) that a student can earn by working x hours. Plot 

the ordered pairs and draw a line connecting the points. 


12345678 9 10 


Hours worked 


a. How much will the student earn in 5 hours? 
b. How long would the student have to work to earn $12? 


c. Estimate how much the student will earn in 3.5 hours. 


Value of acar The table in the illustration shows the value 
y (in thousands of dollars) of a car that is x years old. Plot 
the ordered pairs and draw a line connecting the points. 


a. What does the point (3, 7) on the graph tell you? 


b. Estimate the value of the car when it is 7 years old. 


c. After how many years will the car be worth $2,500? 


54. 


Value ($10,000s) 


WR 
55. 


56. 


57. 
58. 
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Value 
Years | (in thousands) 
2 « 3 7 
Ss 4 2:5 
B 4 5 4 
E 3 
Ss 2 
1 


x 


> 
12°34 56.7 8 


Age of car (years) 


Depreciation As a piece of farm machinery gets older, it 
loses value. The table in the illustration shows the value y of 
a tractor that is x years old. Plot the ordered pairs and draw 
a line connecting them. 


a. What does the point (0, 9) on the graph tell you? 


b. Estimate the value of the tractor in 3 years. 
c. When will the tractor’s value fall below $30,000? 


Years | Value 
9 
8 
7 
6 
5 
4 
3 
2 
1 
x 
12345678 910 
Age of tractor (years) 
ITING ABOUT MATH 
Explain why the point with coordinates (—3, 3) is not the 


same as the point with coordinates (3, —3). 

Explain what is meant when we say that the rectangular 
coordinate graph of the St. Louis Arch is made up of infi- 
nitely many points. 

Explain how to plot the point with coordinates (—2, 5). 
Explain why the coordinates of the origin are (0, 0). 


SOMETHING TO THINK ABOUT 


59. 


60. 


Could you have a coordinate system in which the coordinate 
axes were not perpendicular? How would it be different? 
René Descartes is famous for saying, “I think, therefore I 
am.” What do you think he meant by that? 
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Graphing Linear Equations 


GD Determine whether an ordered pair satisfies an equation in two variables. 
© Construct a table of values given an equation. 

&} Graph a linear equation in two variables by constructing a table of values. 
@3 Graph a linear equation in two variables using the intercept method. 

® Graph a horizontal line and a vertical line. 


3 Write a linear equation in two variables from given information, graph the 
equation, and interpret the graphed data. 


Objectives 


Vocabulary 


In Problems 1-4, let y = 2x + 1. 


Find y when x = 0. 2. Find y when x = 2. 
Find y when x = —2. 4. Find y when x = 7 


1 
3 
5. Find five pairs of numbers with a sum of 8. 
6 


Getting Ready 


Find five pairs of numbers with a difference of 5. 


In this section, we will discuss how to graph linear equations. We will then show how to 
make tables and graphs with a graphing calculator. 


@ Determine whether an ordered pair satisfies an equation 
in two variables. 


The equation x + 2y = Scontains the two variables x and y. The solutions of such equa- 
tions are ordered pairs of numbers. For example, the ordered pair (1, 2) is a solution, 
because the equation is satisfied when x = | and y = 2. 


x+2y=5 
1+ 2(2)=5 Substitute | for x and 2 for y. 

1+4=5 

5=5 


EXAMPLE 1 Is the pair (—2, 4) a solution of y = 3x + 9? 


Solution We substitute —2 for x and 4 for y and see whether the resulting equation is true. 
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y=3x+9 This is the original equation. 

4+ 3(-2) +9 Substitute —2 for x and 4 for y. 
42-6+9 Do the multiplication: 3(—2) = —6. 
4=3 Do the addition: —6 + 9 = 3. 


Since the equation 4 = 3 is false, the pair (—2, 4) is not a solution. 


ES) SELF CHECK 1 Is (1, —5)a solution of y = 5x? 


2 | Construct a table of values given an equation. 


To find solutions of equations in x and y, we can pick numbers at random, substitute 
them for x, and find the corresponding values of y. For example, to find some ordered 
pairs that satisfy y = 5 — x, we can let x = | (called the input value), substitute | for x, 
and solve for y (called the output value). 


y=5-x y=5-—x  Thisis the original equation. 


(I) xjy|@y) y=5-1 Substitute the input value of | for x. 
1/4; d,4) y=4 The output is 4. 


The ordered pair (1, 4) is a solution. As we find solutions, we will list them in a table of 
values like Table (1) at the left. 
If x = 2, we have 


y=5-x This is the original equation. 
(2) y=5-—2 — Substitute the input value of 2 for x. 
y=3 The output is 3. 
A second solution is (2, 3). We list it in Table (2) at the left. 
If x = 5, we have 


y=5-—x This is the original equation. 


(3) y=5-—5 Substitute the input value of 5 for x. 
y=0 The output is 0. 
A third solution is (5, 0). We list it in Table (3) at the left. 
If x = —1, we have 
y=5s-x This is the original equation. 


(4) 


y=5-—(-1) Substitute the input value of —1 for x. 


y=6 The output is 6. 


A fourth solution is (—1, 6). We list it in Table (4) at the left. 
If x = 6, we have 


y=5-x This is the original equation. 


(5) 


y=5-6 Substitute the input value of 6 for x. 


y=-l The output is —1. 


A fifth solution is (6, —1). We list it in Table (5) at the left. 

Since we can choose any real number for x, and since any choice of x will give a cor- 
responding value of y, we can see that the equation y = 5 — x has infinitely many 
solutions. 
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3 | Graph a linear equation in two variables 


Gr ane Linear 
Eduations 
Fa. 
EXAMPLE 2 
Solution 


by constructing a table of values. 


A linear equation is any equation that can be written in the form Ax + By = C, where 
A, B, and C are real numbers and 4 and B are not both 0. To graph the equation 
y =5-— x, we plot the ordered pairs listed in the table on a rectangular coordinate 
system, as in Figure 3-10. From the figure, we can see that the five points lie on a line. 


2 -1 
-1 


2 


Figure 3-10 


We draw a line through the points. The arrowheads on the line show that the graph 
continues forever in both directions. Since the graph of any solution of y = 5 — x will lie 
on this line, the line is a picture of all of the solutions of the equation. The line is said to 
be the graph of the equation. 

Any equation, such as y = 5 — x, whose graph is a line is called a linear equation in 
two variables. Any point on the line has coordinates that satisfy the equation, and the 
graph of any pair (x, y) that satisfies the equation is a point on the line. 

Since we usually will choose a number for x first and then find the corresponding 
value of y, the value of y depends on x. For this reason, we call y the dependent variable 
and x the independent variable. The value of the independent variable is the input value, 
and the value of the dependent variable is the output value. 

Although only two points are needed to graph a linear equation, we often plot a 
third point as a check. If the three points do not lie on a line, at least one of them is in 
error. 


1. Find two pairs (x, y) that satisfy the equation by picking arbitrary input values for 
x and solving for the corresponding output values of y. A third point provides a 
check. 


2. Plot each resulting pair (x, y) on a rectangular coordinate system. If they do not lie 
on a line, check your calculations. 


3. Draw the line passing through the points. 


Graph by constructing a table of values and plotting points: y = 3x — 4. 


We find three ordered pairs that satisfy the equation. 
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Ifx=1 Ifx =2 Ifx =3 
y=3x-4 y=3x-4 y=3x-4 
y=3(1) -4 y = 3(2) - 4 y = 3(3) -4 
y=-l y=2 y=5 


We enter the results in a table of values, plot the points, and draw a line through 


the points. The graph appears in Figure 3-11. 


x 

A 

8 

7 

6 

y=3x-4 5 

x| y | @Y) 4 

1} <1) @;=1) 3 

2) 2/29) 2 

3) 5] (3,5) 1 
2 -1 

-l 

—2 


Figure 3-11 


FY SELF CHECK2 Graph: y = 3x. 


EXAMPLE 3 Graph by constructing a table of values and plotting points: 


Solution We find three ordered pairs that satisfy the equation. 


Ifx=-5 Ifx =0 
y= —0.4x + 2 y= —0.4x +2 y= —0.4x +2 
y = —0.4(-5) + 2 y = —0.4(0) + 2 y = —0.4(5) + 2 
y=2+2 y=2 p= -24+2 
y=4 pau 


y = —0.4x + 2. 


We enter the results in a table of values, plot the points, and draw a line through 


the points. The graph appears in Figure 3-12. 


5 |0| (5, 0) 


Figure 3-12 


FJ SELF CHECK3 =Graph: y= 1.5x — 2. 
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1 
EXAMPLE 4 Graph by constructing a table of values and plotting points: y — 4 = i — 8). 


Solution We first solve for y and simplify. 


y—4= 5-8) 


1 


f=4> Ce -4 Use the distributive property to remove parentheses. 
1 . 
y= 5% Add 4 to both sides. 


We now find three ordered pairs that satisfy the equation. 


[fx= [fx= Ifx=-—-4 
1 1 1 
i= J" 2-8 
| ae ene 
2 2 2 
y= a yore 


We enter the results in a table of values, plot the points, and draw a line through 
the points. The graph appears in Figure 3-13. 


0} 0 (0,0) 
2) 2 @1) 
—4| -2| (—4, -2) 


Figure 3-13 


SELF CHECK4 Graph: y + 3 = 4(x — 6). 


4 Graph a linear equation in two variables using the intercept method. 


The points where a line intersects the x- and y-axes are called intercepts of the line. 
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x- and y-Intercepts 


General Form of the 
Equation of a Line 


EXAMPLE 5 


Solution 


The x-intercept of a line is a point (a, 0) where the line 
intersects the x-axis. (See Figure 3-14.) To find a, substitute 
0 for y in the equation of the line and solve for x. 


(a, 0) AO >) 


> xX 


A y-intercept of a line is a point (0, 6) where the line inter- 
sects the y-axis. To find b, substitute 0 for x in the equation 
of the line and solve for y. 


Figure 3-14 


Plotting the x- and y-intercepts and drawing a line through them is called the inter- 
cept method of graphing a line. This method is useful for graphing equations written in 
general form. 


If A, B, and Care real numbers and A and B are not both 0, then the equation 
Ax + By=C 


is called the general form of the equation of a line. 


COMMENT Whenever possible, we will write the general form Ax + By = C so that A, 
B, and C are integers and A = 0. We also will make A, B, and C as small as possible. For 
example, the equation 6x + 12y = 24 can be changed to x + 2y = 4 by dividing both 
sides by 6. 


Graph by using the intercept method: 3x + 2y = 6. 


To find the y-intercept, we let x = 0 and solve for y. 
3x + 2y = 6 
3(0) + 2y = 6 — Substitute 0 for x. 
2y =6 — Simplify. 
y =3 Divide both sides by 2. 
The y-intercept is the point with coordinates (0, 3). To find the x-intercept, we let y = 0 
and solve for x. 
3x + 2y = 6 
3x + 2(0) = 6 — Substitute 0 for y. 
3x = 6 — Simplify. 
x =2 Divide both sides by 3. 
The x-intercept is the point with coordinates (2,0). As a check, we plot one more 
point. If x = 4, then 
3x + 2y = 6 
3(4) + 2y = 6 Substitute 4 for x. 
12+ 2y = 6 Simplify. 


SELF CHECK 5 


EXAMPLE 6 


Solution 
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2y = —6 — Subtract 12 from both sides. 
y = -—3 _ Divide both sides by 2. 


The point (4, —3) is on the graph. We plot these three points and join them with a line. 
The graph of 3x + 2y = 6 is shown in Figure 3-15. 


y 


3x + 2y = 6 
x| y | Gy) 
0; 3) (0,3) 
2} 0} (2,0) 
4| —3 | (4, -3) 


Figure 3-15 


Graph: 4x + 3y = 6. 


Graph a horizontal line and a vertical line. 


Equations such as y = 3 and x = —2 are linear equations, because they can be written in 
the general form Ax + By = C. 


y=3 is equivalent to Ox + ly = 3 
x=-2 is equivalent to lx + Oy = —2 


Next, we discuss how to graph these types of linear equations. 


a. We can write the equation y = 3 in general form as 0x + y = 3. Since the coeffi- 
cient of x is 0, the numbers chosen for x have no effect on y. The value of y is always 
3. For example, if we substitute —3 for x, we get 


Ox + y=3 
0(-—3) + y = 3 
0O+y=3 
y=3 


The table in Figure 3-16(a) on the next page gives several pairs that satisfy the equa- 
tion y = 3. After plotting these pairs and joining them with a line, we see that the 
graph of y = 3 is a horizontal line that intersects the y-axis at 3. The y-intercept is 
(0, 3). There is no x-intercept. 


b. We can write x = —2 in general form as x + Oy = —2. Since the coefficient of y is 
0, the values of y have no effect on x. The value of x is always —2. A table of values 
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and the graph are shown in Figure 3-16(b). The graph of x = —2 is a vertical line 
that intersects the x-axis at —2. The x-intercept is (—2, 0). There is no y-intercept. 


y 


5 
y= 5 : 753 
———_—_—_39—__—_e— —o—_—_— 
x |y| @y) (3,3) | [3 2.3) 4,3) 
—= 3:3 |:(=33.3) : 
0| 3] (0, 3) : 
2} 3] (2, 3) See eee a eee 
4|3| (4, 3) oe 
3 
= 
(a) 
x=-2 
x|y| @y) 
= | =2 |. 9, = 9) 
—2| 0|(-2,0) 
—2| 2] (-2,2) 
—2| 3)|(-2,3) 


Figure 3-16 


EJ SELF CHECK 6 = Identify the graph of each equation as a horizontal or a vertical line: 
ax=5 b y= —-3 ac x=0 


From the results of Example 6, we have the following facts. 


Equations of Horizontal The equation y = 5 represents a horizontal line that intersects the y-axis at (0, b). If 
and Vertical Lines b = 0, the line is the x-axis. 


The equation x = a represents a vertical line that intersects the x-axis at (a, 0). If 
a = 0, the line is the y-axis. 


6 | Write a linear equation in two variables from given information, 
graph the equation, and interpret the graphed data. 


In Chapter 2, we solved application problems using one variable. In the next example, we 
will write an equation containing two variables to describe an application problem and 
then graph the equation. 


EXAMPLE 7 


Solution 
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BIRTHDAY PARTIES A restaurant offers a party package that includes food, drinks, 
cake, and party favors for a cost of $25 plus $3 per child. Write a linear equation that 
will give the cost for a party of any size. Then graph the equation. 


We can let c represent the cost of the party and n represent the number of children 
attending. Then c will be the sum of the basic charge of $25 and the cost per child 
times the number of children attending. 


the basic the number of 
$25 charge children. 


c = 25 + 3 : n 


The cost equals lus $3 times 


For the equation c = 25 + 3n, the independent variable (input) is n, the number of 
children. The dependent variable (output) is c, the cost of the party. We will find three 
points on the graph of the equation by choosing n-values of 0, 5, and 10 and finding 
the corresponding c-values. The results are recorded in the table. 


c= 25 + 3n Ifn=0 Ifn=5 Ifn = 10 
id Ma c=254+30) c=25+3(5) c=25+ 3(10) 
0 | 25 = - = 
5 | 40 c= 25 c=25+ 15 c = 25 + 30 
10 | 55 c = 40 c= 55 


Next, we graph the points in Figure 3-17 and draw a line through them. We don’t 
draw an arrowhead on the left, because it doesn’t make sense to have a negative number 
of children attend a party. 

We can use the graph to determine the cost of a party of any size. For example, to 
use the graph to find the cost of a party with 8 children, we locate 8 on the horizontal 
axis and then move up to find a point on the graph directly above the 8. Since the coor- 
dinates of that point are (8, 49), the cost for 8 children would be $49. 


en 
123 45 67 8 9 10 


Number attending 


Figure 3-17 


COMMENT The scale for the cost (y-axis) is 5 units and the scale for the number 
attending (x-axis) is 1. Since the scales on the x- and y-axes are not the same, you must 
label them! 
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ACCENT ON TECHNOLOGY 


Making Tables and Graphs 


Courtesy of Texas Instruments Incorporated 


The TI-84 Plus graphing 
calculator, shown above, is 
keystroke-for-keystroke 
compatible with the 

TI-83 Plus. 


Figure 3-19 


So far, we have graphed equations by making tables and plotting points. This method is 
often tedious and time-consuming. Fortunately, making tables and graphing equations 
is easier when we use a graphing calculator. 

Although we will use calculators to make tables and graph equations, we will not 
show complete keystrokes for any specific brand of calculator. For these details, please 
consult your owner’s manual. 

All graphing calculators have a viewing window that is used to display tables and 
graphs. We will first discuss how to make tables and then discuss how to draw graphs. 


MAKING TABLES To construct a table of values for the equation y = x°, simply press 
the Y = key, enter the expression x*, and press the 2nd and TABLE keys to get a 
screen similar to Figure 3-18(a). You can use the up and down keys to scroll through the 
table to obtain a screen like Figure 3-18(b). 


Figure 3-18 
DRAWINGGRAPHS To see the proper picture of a graph, we must often set the minimum 
and maximum values for the x- and y-coordinates. The standard window settings of 
Xmin = —10 Xmax = 10 Ymin = —10 Ymax = —10 


indicate that —10 is the minimum x- and y-coordinate to be used in the graph, and that 
10 is the maximum x- and y-coordinate to be used. We will usually express window 
values in interval notation. In this notation, the standard settings are 


X =[-10,10]  Y = [-10, 10] 


To graph the equation 2x — 3y = 14 witha calculator, we must first solve the equa- 
tion for y. 


2x — 3y = 14 
—3y = —2x + 14 — Subtract 2x from both sides. 
2 14 = Z 
y= a as Divide both sides by —3. 


We now set the standard window values of X = [—10, 10] and Y = [—10, 10], press the 
Y = key and enter the equation as (2/3)x — 14/3, and press GRAPH to get the line 
shown in Figure 3-19. 


COMMENT To graph an equation with a graphing calculator, the equation must be 
solved for y. 


USING THE TRACE AND ZOOM FEATURES With the trace feature, we can approximate 
the coordinates of any point on a graph. For example, to find the x-intercept of the line 
shown in Figure 3-19, we press the TRACE key and move the flashing cursor along the 
line until we approach the x-intercept, as shown in Figure 3-20(a). The x- and 
y-coordinates of the flashing cursor appear at the bottom of the screen. 
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Y1 = (2/3)X — 14/3 


X = 6.5957447 | Y = —.2695035 


- Y1 = (2/3)X — 14/3 


X = 6.5957447 Y =-—.3225806 X=7.0212766 Y = .0141844 


(a) 


(b) (c) 
Figure 3-20 


To get better results, we can press the ZOOM key to see a magnified picture of the 
line, as shown in Figure 3-20(b). We can trace again and move the cursor even closer to 
the x-intercept, as shown in Figure 3-20(c). Since the y-coordinate shown on the screen 
is close to 0, the x-coordinate shown on the screen is close to the x-value of the x- 
intercept. Repeated zooms will show that the x-intercept is (7, 0). 

To get exact results, we can use the ZERO (ROOT) or INTERSECT feature of the 
calculator. Keystrokes for the TI-83/84 family of calculators can be found in the 
removeable card attached to the book. For other calculators, refer to the owner’s 
manual for specific keystrokes. 


FY SELF CHECK ANSWERS = 1. yes. 2. y 3 y 4 y 
A 
y=3x a” 
2. a. yt3=5 (0-6) 
y= b5x+2 Spee cane 
5. 6. a. vertical b. horizontal  c. vertical 


1. Given 8x — 7y = 12, complete the ordered pair (—2, ) that satisfies the equation. 


2. Graph y — 5 = 0. 


3. Graph y = x. 


. Identify the x-intercept and the y-intercept of y = ox + 8. 
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3.2 EXERCISES — } 


WARM-UPS 25. y = Sx + 5;(6, 12) 26. y = ~Sx-2:(4,-4) 
1. How many points should be plotted to graph a line? 
2. Define the intercepts of a line. : ; 
3. Find three pairs (x, y) that satisfy x + y = 8. Complete each table of values. Check your work with a graphing 
: : : calculator. (Objective 2) 
4. Find three pairs (x, y) that satisfy x — y = 6. i 28. y=x+2 
5. Which lines have no y-intercepts? , 
6. Which lines have no x-intercepts? 
x | y | @y) x |y| @y) 
REVIEW 0 0 
1 | 
7. Solve: = —12, =2 —2 
: -4 3 
8. Combine like terms: 3¢ — 47 + 5T — 6t. 
9. Is> 7 2 an expression or an equation? 29. y = —2x 30. y= —-1.7x+2 
10. Write the formula used to find the perimeter of a rectangle. 
x | y | @y) x | y | Gy) 
11. What number is 0.5% of 250? 0 =o 
12. Solve. —3x + 5>17. : : 
13. Subtract: —2.5 — (—2.6). =) 3 
14. Evaluate: (—5)*. 
VOCABULARY AND CONCEPTS fFillin the blanks. Graph each equation by constructing a table of values and 
15. The equation y = x + 1 is an equation in variables. then plotting the points. Check your work with a graphing 
16. An ordered pair is a of an equation if the calculator. See Example 2. (Objective 3) 
miners in the mancteredt pair pauisty the Souanon 31. y = 2x 32. y= sf 
17. In equations containing the variables x and y, x is called the 2 
variable and y is called the y y 
variable. 
18. When constructing a of values, the values of x are 
the values and the values of y are the values. 
19. An equation whose graph is a line and whose variables are ata = 
to the first power is called a equation. 
20. The equation Ax + By = Cis the 
form of the equation of a line. 
21. The of a line is the point (0, b), where the line 33. y=2x-1 34. y=3x+1 
intersects the y-axis. e ; 
22. The____———_o fa line is the point (a, 0), where the line A 
intersects the x-axis. 
GUIDED PRACTICE > x > x 


Determine whether the ordered pair satisfies the equation. 
See Example 1. (Objective 1) 


23. x — 2y = —4; (4,4) 24. y = 8x — 5, (4, 26) 
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Ww) Graph each equation by constructing a table of values and Graph each equation using the intercept method. Write the 
then plotting the points. Check your work with a graphing equation in general form, if necessary. See Example 5. (Objective 4) 
calculator. See Example 3. (Objective 3) 43.x+y=7 44.x+y=-2 
35. y=12x-2 36. y= —-2.4x4+ 1 y y 
y y 4 
x 
> Xx > Xx 
> XxX 
45.x-y=7 46.x-y=-2 
37. y= 2.5x — 5 38. y=x y y 
y y A A 
> xX 
> X 
> XxX 
> X 
47. y= —-2x +5 48. y= -3x - 1 
ey Graph each equation by constructing a table of values and is 
then plotting the points. Check your work with a graphing 
calculator. See Example 4. (Objective 3) 
39, y=~-2 40. y=~-3 @ameageqmuls 
y y > X 
4 4 
ale 49. 2x + 3y = 12 50. 3x — 2y = 6 
> xX y y 
> xX 
1 
41. y—3=--|2x +4 42,y+1=3(x-1 
2 x 
y a) 
Graph each equation. See Example 6. (Objective 5) 
x 51. y= —5 52. x =4 
> x 
y Bd 
A A 
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53. x =5 54. y =4 
x bi 
A A 
> x 
> x 
55. y=0 56. x = 0 
y y 
A 
x > X 
57. 2x =5 58. 3y =7 
x y 
A A 
> Xx 


APPLICATIONS See Example 7. (Objective 6) 


59. Educational costs 
service fee of $50 plus $25 for each unit taken by a student. 
a. 


b. 


Each semester, a college charges a 


Write a linear equation that gives the total enrollment 
cost c for a student taking wu units. 

Complete the table of values and graph the equation. 
See the illustration. 


. What does the y-intercept of the line tell you? 


. Use the graph to find the total cost for a student taking 


18 units the first semester and 12 units the second 
semester. 


5 


A 
5 6 
u|c| @9 2.5 
6 4 
“ 5 3 
8 S35 
14 g 1 
= 


2 4 6 8 101214161820 
Units taken 
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60. Group rates To promote the sale of tickets for a cruise to 
Alaska, a travel agency reduces the regular ticket price of 
$3,000 by $5 for each individual traveling in the group. 


61. Physiology 


Write a linear equation that would find the ticket price T 
for the cruise if a group of p people travel together. 


. Complete the table of values and then graph the equa- 


tion. See the illustration. 


. As the size of the group increases, what happens to the 


ticket price? 


. Use the graph to determine the cost of an individual 


ticket if a group of 25 will be traveling together. 


P| T | @D 
10 
30 
60 
T 
A 
=> 3,000 
& 
iS) 2,900 
3 
E 2,800 
2 
"3 2,700 
3 
3 2,600 
> 
tg 
= 2,500 


10 20 30 40 50 60 


Number of persons in the group 


Physiologists have found that a woman’s 


height / in inches can be approximated using the linear 
equation h = 3.9r + 28.9, where r represents the length of 
her radius bone in inches. 


b. 


Complete the table of values (round to the nearest 
tenth), and then graph the equation on the illustration. 
Complete this sentence: From the graph, we see that the 
longer the radius bone, the. . . 


. From the graph, estimate the height of a girl whose 


radius bone is 7.5 inches long. 


r | h | (r, A) 
7 (7, ) 
8.5 (8.5, ) 
9 QQ, ) 


65 


Height (in.) 


60 


55 


ae 
a 8 9 10 


Length of radius bone (in.) 


62. Research A psychology major found that the time ¢ in 
seconds that it took a white rat to complete a maze was 
related to the number of trials n the rat had been given by 
the equation t = 25 — 0.25n. 

a. Complete the table of values and then graph the equa- 
tion on the illustration. 

b. Complete this sentence: From the graph, we see that the 
more trials the rat had, the... 


c. From the graph, estimate the time it will take the rat to 
complete the maze on its 32nd trial. 


n | t | (n, t) 


4 
12 
16 


25 


Time (sec) 
NO 
os) 


15 


ims 
Y 
= 


Trials 


3.2 Graphing Linear Equations 183 


WRITING ABOUT MATH 


63. From geometry, we know that two points determine a line. 
Explain why it is good practice when graphing linear equa- 
tions to find and plot three points instead of just two. 

64. Explain the process used to find the x- and y-intercepts of 
the graph of a line. 

65. What is a table of values? Why is it often called a table of 
solutions? 

66. When graphing an equation in two variables, how many 
solutions of the equation must be found? 

67. Give examples of an equation in one variable and an equa- 
tion in two variables. How do their solutions differ? 

68. What does it mean when we say that an equation in two 
variables has infinitely many solutions? 


SOMETHING TO THINK ABOUT 


If points P(a, b) and Q(c, d) are two points on a rectangular 
coordinate system and point M is midway between them, then 
point M is called the midpoint of the line segment joining P and Q. 
(See the illustration.) To find the coordinates of the midpoint 
M(Xm Yu) of the segment PQ, we find the average of the 
X-coordinates and the average of the y-coordinates of P and Q. 


atc bt+d 
Xu = 5) and Yum — “7 


P(a, b) 


Find the coordinates of the midpoint of the line segment with the 
given endpoints. 


69. P(5, 3) and Q(7, 9) 70. P(5, 6) and Q(7, 10) 


71. P(2, —7) and O(—3, 12) 72. P(—8, 12) and O(3, —9) 


73. A(4, 6) and B(10, 6) 74. A(8, —6) and the origin 


Co 
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Vocabulary Objectives 


Getting Ready 


Solving Systems of Linear Equations by Graphing 


GD Determine whether an ordered pair is a solution to a given system 
of linear equations. 


®) Solve a system of linear equations by graphing. 
€&} Recognize that an inconsistent system has no solution. 


@3 Recognize that a dependent system has infinitely many solutions that can 
be expressed as a general ordered pair. 


If y = x° — 3, find y when 
1. x=0 2.x = 3.x = —-2 4.x =3 


The lines graphed in Figure 3-21 approximate the per-person consumption of chicken 
and beef by Americans for the years 1985 to 2005. We can see that over this period, con- 
sumption of chicken increased, while that of beef decreased. 

By graphing this information on the same coordinate system, it is apparent that 
Americans consumed equal amounts of chicken and beef in 1992—about 66 pounds 
each. In this section, we will work with pairs of linear equations whose graphs often will 
be intersecting lines. 


ae re 
80 In 1992, the average 
H amount of chicken and = nhicke 
_, beef eaten per person —— 
wo | was the same: 66 1b. 
ee + +4 i= 


60 4 SS SSS SSS = 


c - [| « * i ns 
50 ee (raises nsumption (in Ib 
i ada aa hl nh ll Ni i atl 
'85'86'87'88'89'90'91 '92'93'94'95'96'97'98'99 '00'01 '02'03'04'05 
ear 
Source: U.S. Department of Agriculture 


Figure 3-21 
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al Determine whether an ordered pair is a solution to a given system 
of linear equations. 


Recall that we have considered equations such as x + y = 3 that contain two variables. 
Because there are infinitely many pairs of numbers whose sum is 3, there are infinitely 
many pairs (x, y) that will satisfy this equation. Some of these pairs are listed in Table 
3-3(a). Likewise, there are infinitely many pairs (x, y) that will satisfy the equation 
3x — y = 1. Some of these pairs are listed in Table 3-3(b). 


WN Oo! # 


Table 3-3 


Although there are infinitely many pairs that satisfy each of these equations, only the 
pair (1, 2) satisfies both equations. We can see that this is true because the pair (1, 2) 
appears in both tables. 

The pair of equations 


eon 
3x —y=1 


is called a system of equations. Because the ordered pair (1, 2) satisfies both equations, it 
is called a simultaneous solution or just a solution of the system of equations. In this 
chapter, we will discuss three methods for finding the solution of a system of two linear 
equations. In this section, we consider the graphing method. 


(2 Solve a system of linear equations by graphing. 
To use the method of graphing to solve the system 
_ +y=3 
3x -y=1 


we will graph both equations on one set of coordinate axes using the intercept method. 
Recall that to find the y-intercept, we let x = 0 and solve for y and to find the x-intercept, 
we let y = 0 and solve for x. We will also plot one extra point as a check. See Figure 3-22. 


x+y= 3x —y=1 
x|¥|@Y) x| y | @Y) 
0 | 3 | (0, 3) 0; -1); (0, -1) 
3 | 0) 3,0) 1 19 
PAD Meo Sul’ 3 0 is ) 
D1) 25). (55) 


Figure 3-22 
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PERSPECTIVE 


To schedule a company’s workers, managers must con- 
sider several factors to match a worker’s ability to the 
demands of various jobs and to match company 
resources to the requirements of the job. To design 
bridges or office buildings, engineers must analyze the 
effects of thousands of forces to ensure that structures 
won't collapse. A telephone switching network decides 


= 
o 
= 
6 
= 
zB 
3 
© 
=) 
3 
o 
iS) 


which of thousands of possible routes is the most effi- 
cient and then rings the correct telephone in seconds. 
Each of these tasks requires solving systems of 
equations—not just two equations in two variables, but 
hundreds of equations in hundreds of variables. These 
tasks are common in every business, industry, educa- 
tional institution, and government in the world. All 
would be much more difficult without a computer. 

One of the earliest computers in use was the Mark I, 
which resulted from a collaboration between IBM and a 
Harvard mathematician, Howard Aiken. The Mark I was 
started in 1939 and finished in 1944. It was 8 feet tall, 

2 feet thick, and more than 50 feet long. It contained 
more than 750,000 parts and performed 3 calculations 
per second. 

Ironically, Aiken could not envision the importance 
of his invention. He advised the National Bureau of 
Standards that there was no point in building a better 
computer, because “there will never be enough work for 
more than one or two of these machines.” 


Although there are infinitely many pairs (x, y) that satisfy x + y = 3 and infinitely 
many pairs (x, y) that satisfy 3x — y = 1, only the coordinates of the point where their 
graphs intersect satisfy both equations. The solution of the system is x = | and y = 2, or 


(1, 2). 


To check the solution, we substitute | for x and 2 for y in each equation and verify 
that the pair (1, 2) satisfies each equation. 


First equation 


xt+ty=3 
14+223 
3=3 


Second equation 
3x —y=1 
30) -2 41 
3-221 
1=1 


When the graphs of two equations in a system are different lines, the equations are 
called independent equations. When a system of equations has a solution, the system is 


called a consistent system. 


To solve a system of equations in two variables by graphing, we follow these steps. 


The Graphing Method 


1. Carefully graph each equation. 


2. Find the coordinates of the point where the graphs intersect, if possible. 
oo , Th: : ae 

3. Check the solution in the equations of the original system. 
dP ‘«. 
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2x + 3y =2 


EXAMPLE 1 Solve the system i =25+ 16 


Solution — Using the intercept method, we graph both equations on one set of coordinate axes, as 
shown in Figure 3-23. We also plot a third point as a check. 


2x + 3y =2 3x = 2y + 16 3x =|2y + 16 
x |y| @y) x| y | WY) a. 
2 2 0|- = 
0| 3] (0,4) _ a 8) 
1/0) (1,0) 3 | 0\ (a0) 
2 2 (2,2) 4 | -2) (4, -2) 
Figure 3-23 


Although there are infinitely many pairs (x, y) that satisfy 2x + 3y = 2 and infi- 
nitely many pairs (x, y) that satisfy 3x = 2y + 16, only the coordinates of the point 
where the graphs intersect satisfy both equations. The solution is x = 4and y = —2, or 
(4, —2). 

To check, we substitute 4 for x and —2 for y in each equation and verify that the 
pair (4, —2) satisfies each equation. 


2x + 3y =2 3x = 2y + 16 
2(4) + 3(-2) 2 3(4) = 2(-2) + 16 
8-62 122 -4+4 16 
=9 b=12 


The equations in this system are independent equations, and the system is a consistent 
system of equations. 


SELF CHECK 1 Solve: @ a 


xty=-l 


3 | Recognize that an inconsistent system has no solution. 


Sometimes a system of equations will have no solution. These systems are called 
inconsistent systems. 


2x + y= —6 


EXAMPLE 2 Solve: te djpeg 


Solution We graph both equations on one set of coordinate axes, as in Figure 3-24. 
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FY SELF CHECK 2 


EXAMPLE 3 


Solution 


24+ y= =6 4x + 2y =8 

x|y | Gy) x|y| Gy) 

—3} 0) (-3,0) 2/0} (2,0) 

0 | —6 | (0, —6) 0} 4 | (0, 4) 

—2| —2]| (-2, -2) 1} 2], 2) 
Figure 3-24 


In the figure, we can see that the lines appear to be parallel. Since the lines are 
indeed parallel and parallel lines do not intersect, the system is inconsistent and has no 
solution. Its solution set is ©. Because the graphs are different lines, the equations of 
the system are independent. 

When using the graphing method, it may be difficult to determine whether two 
lines are almost parallel or exactly parallel. For now, we will use our best judgment. 
Later in the text, we will develop methods that will enable us to determine exactly 
whether two lines are parallel. 


2y = 3x 


Solve: : 
aad Co 


In Example 1, we saw that a system of equations can have a single solution. In 
Example 2, we saw that a system can have no solution. In Example 3, we will see that a 
system can have infinitely many solutions. 


Recognize that a dependent system has infinitely many solutions that 
can be expressed as a general ordered pair. 


Sometimes a system will have infinitely many solutions. In this case, we say that the equa- 
tions of the system are dependent equations. 


y-2x=4 
Solve: ; 
cad ae 


We graph each equation on one set of axes, as in Figure 3-25 shown on the next page. 
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y-2x= 4x + 8 = 2y 

x |y| Gy) x|y | @y) 

0 | 4) (0, 4) 0) 4)(0,4 

—2}0 | (-2, 0) —2) 0 | (-2,0) 

1] 6] 1, 6) —3 | —2 | (-3, -2) 
Figure 3-25 


Since the lines in the figure are the same line, they intersect at infinitely many 
points and there are infinitely many solutions. To describe these solutions, we can solve 
either equation for y. If we choose the first equation, we have 


y-2x=4 
y=2x+4_ Add 2x to both sides. 


Because 2x + 4 is equal to y, every solution (x,y) of the system will have the 
form (x,2x +4). This solution can also be written in set-builder notation, 
[(x, »)|y = 2x + 4], 

To find some specific solutions, we can substitute 0, 1, and —1 for x in the general 
ordered pair (x, 2x + 4) to get (0, 4), (1, 6), and (—1, 2). From the graph, we can see 
that each point lies on the one line that is the graph of both equations. 


6x —2y=4 
yt2= 3x 


SELF CHECK 3 Solve: { 


Table 3-4 summarizes the possibilities that can occur when two equations, each with 
two variables, are graphed. 


Possible graph If the then 


lines are different and intersect, the equations are independent and the 
system is consistent. 
One solution exists. 


lines are different and parallel, the equations are independent and the 
system is inconsistent. 
No solution exists. 


lines coincide (are the same line), the equations are dependent and the 


system is consistent. 
Infinitely many solutions exist. 


Table 3-4 


he aes 


1 
gx — y= 1 


1 


EXAMPLE 4 Solve: : . 
10~ + 15Y = 1 
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Solution Wecan multiply both sides of the first equation by 6 to clear it of fractions. 


(1) 


a oe 

"3 

2 1 

=x —=y) = 6(1 
o( 2x 1) (1) 

4x — 3y = 6 


We then multiply both sides of the second equation by 30 to clear it of fractions. 


(2) 


as ++ a =] 
10 15 
en + ty) = 30(1) 
10 15 
3x + 2y = 30 


Equations | and 2 form the following equivalent system of equations, which has the 
same solutions as the original system. 


oe sy =6 
3x + 2y = 30 


We can graph each equation of the previous system (see Figure 3-26) and find that 
their point of intersection has coordinates of (6, 6). The solution of the given system is 
x = 6and y = 6, or (6, 6). 

To verify that (6, 6) satisfies each equation of the original system, we substitute 6 
for x and 6 for y in each of the original equations and simplify. 


2-1-1 J gage g 
7 10. 15 
2 fu 2 | h.. 
ag =e) = a (ee | 
(6) — (6) 2 1 9 + 45 
, s Bs 
4-—3=1 ~=4 =] 
3 a 
Lea tt 


The equations in this system are independent and the system is consistent. 


4x — 3y =6 3x + 2y = 30 
x| y | Gy) x |y| @y) 
0) —2] (0, —2) 10 | 0 | (10, 0) 
3) 2] @G, 2) 8 | 3 | (8, 3) 
6) 6| (6, 6) 6 | 6 | (6, 6) 


Figure 3-26 


3.3 Solving Systems of Linear Equations by Graphing 191 


x 
FB} SELF CHECK 4 Solve tthe system: {| ~ 


ACCENT ON TECHNOLOGY 


Solving Systems of Equations 


De sp i) = IP 


We can use a graphing calculator to solve the system { ioe 


However, before we can enter the equations into the calculator, we must solve them for y. 
Axe se iy = IP Ds = p= =? 
jp = —2he sp I =p = —2y — 2 
y=2x+2 


We can now enter the resulting equations into a calculator and graph them. If we use 
standard window settings of x = [—10, 10] and y = [—10, 10], their graphs will look 
like Figure 3-27(a). We can trace to see that the coordinates of the intersection point are 
approximately 


x = 2.5531915 and y = 6.893617 


See Figure 3-27(b). For better results, we can zoom in on the intersection point and 
trace again to find that 


oS 25 and y=7 
See Figure 3-27(c). Check the solution. 


Y¥1=—2X +12 


X = 2.5531915 £ Y = 6.893617 X= 2-5 1 Se 


(b) (c) 
Figure 3-27 


You also can find the intersection point by using the INTERSECT command, found in 


the CALC menu. 
SELF CHECK ANSWERS 
ie (=2, 1) 2. © 3. infinitely many solutions 4. (—2, 4) 
of the form (x, 3x — 2) 
iY a ey) yy 
A 
(2,4) 
(2,1) > x > x 


1X 
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Solve each system by graphing. 


Solve using a graphing calculator. 


=3,-92 
a ae 
2x + 4y = 24 


3.3 EXERCISES 


WARM-UPS _ Determine whether the pair is a solution of the 


system. 
+y=5 -y=-l 
1. G, 2), {* y 2. (1,2), {* : 
x-y=l xty=3 
3. (4, Ve peat 4. crn aE 
x-y=2 xt+ty=6 
REVIEW — Evaluate each expression. Assume that x = —3. 
5. (-2)* 6. —2* 
=3 2 
7. 3x — x 8. — 
6x 


VOCABULARY AND CONCEPTS fill in the blanks. 


xXx—-yrauTtil, 
ll f 
ie eal is called a fe) 


9. The pair of equations { 

equations. 

10. Because the ordered pair (2, 3) satisfies both equations in 
Exercise 9, it is called a of the system. 

11. When the graphs of two equations in a system are different 
lines, the equations are called equations. 

12. When a system of equations has a solution, the system is 
called a 

13. If a systems of equations is 
tion and the solution set is __. 


, there is no solu- 


14. When a system has infinitely many solutions, the equations 
of the system are said to be equations. 


GUIDED PRACTICE 
Determine whether the ordered pair is a solution of the given 
system. (Objective 1) 


xty=2 
15. cs ae 


2x+y=5 


16. (1, 3), 
( ema 


2x+y=4 
xty=1 


2x + 2y=4 


18. (—2, 4), . Sanco 


17. (3, —2), { 


2x —-3y=—-7 
4x — 5y = 25 


—2y=0 


3x 
20. (2,3) | 5x — 3y = -1 


19. (4, 5), { 


4x + Sy = —23 
21.29 = 5 ee ie _ 


“1 3) i +4y=2 
3° 4)? 
Solve each system by graphing. See Example 1. (Objective 2) 


epee <a 
27. {* ® 28. {* y 
x-y=0 


y y 
A 


> xX 


> xX 
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x+y=2 xty=1 Solve each system by graphing. Give each answer as a general 
29 30 ° : : eon ope 
x-y= x-y=-5 ordered pair. If a system is dependent, so indicate. See Example 3. 
y 7 (Objective 4) 
A 4x —2y= 2x = 3(2—y 
30, { 4 ao. {> = 
. y=2x-4 3y = 23 — x) 
———————_— 2 y y 
A 
x 
= 2x = Sy 
31 ‘ ‘ 32 . . SSSR REERP, 
xt+ty=0 x-y=0 
y y 
A 
eae a2. {* =y - 
x ——_____+______ > « J oS ee 
y y 
A A 
3x + 2y = -8 x+4y=-2 
33. 34. 
ee eee TT ni* oP ni* 
y y 
A 
> X > X 
Solve each system by graphing. See Example 4. (Objective 2) 
x+2y= —-4 24 —y=-3 
43.4). 1 44, 53 
x— >5y = 6 3x +y=3 
y y 
A A 
Solve each system by graphing. If a system is inconsistent, so > x 
indicate. See Example 2. (Objective 3) 
$6 a 36 eae 
* lx =2y +3 * |4y = 5x + 12 CEEEELeeeeP* 
x y 
A 
yx ty =3 ixt+y=7 
> an 45. 46. 
qx ty=—l 3x — y= —4 
y y 
A 
3 ee 38 x=2y—- 8 
7 . 1 
x-y=7 Yrax—5 | x 
y y 
x 


> xX 
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ADDITIONAL PRACTICE 


Solve each system by graphing. If the equations of a system are 
dependent or if a system is inconsistent, so indicate. 


ne ele As eee 
3x + 2y=—-1 * (3x -y=17 
y y 
A A 
> x 


4x = 3(4 — 8x =2y—9 
as. {> C7) 50. {i : 
2y = 433 — x) 4y =-x—- 16 
y y 
A A 


> xX 
Se 
sx + 4y =0 5x + 3y = -5 
51. 1 3 52. 
qx — gv = 72 5x —y =3 
y y 
A > xX 
> xX 
1. 1y=1 3. 4 2y = —2 
3° 2 6 4 3 6 
53. 54. 
2.4+1,=8 — X= —3Xx 
5% T OY © 10 y 3 
y y 
A 
x 
> XxX 


: 


Use a graphing calculator to solve each system. 


aera one 
55. 56. 
yp=2+x y=xt+2 


3x — 6y =4 4x + 9y =4 
ans aaa at ee + 3y =-1 
APPLICATIONS 


59. Transplants See the illustration. In what year was the 
number of donors and the number of people waiting for a 
transplant the same? Estimate the number. 


The Organ Gap 
18 -------------------- 
Waiting list for 
liver transplants / 


Thousands 


Donors 
feeds ee 


1997 1999 2001 2003 2005 


Year 


Qut_. l l 
1989 1991 1993 1995 


Source: Organ Procurement and Transportation Network 


60. Daily tracking polls See the illustration. 

a. Which candidate was ahead on October 28 and by how 
much? 

b. On what day did the challenger pull even with the 
incumbent? 

c. If the election was held November 4, whom did the poll 
predict as the winner and by how many percentage 
points? 


Daily Tracking Political Poll 


Incumbent 


Challenger 


Percent support 
aN 
oo 


Election 


— 


28 29 30 31 #1 2 3 #4 


October November 


61. Latitude and longitude See the illustration. 
a. Name three American cities that lie on the latitude line 
of 30° north. 
b. Name three American cities that lie on the longitude line 
of 90° west. 
c. What city lies on both lines? 


West longitude 


120° 149° 100° «90° 80° 70 


45° 
i 4 
[oes | St. Paul 40° g 
Rene t. eee is oF 
Alb guerque pt Louis ao, : as 6. 


a = 


Orleans 


62. Economics The graph in the illustration illustrates the law 

of supply and demand. 

a. Complete this sentence: “As the price of an item 
increases, the supply of the item ” 

b. Complete this sentence: “As the price of an niin 
increases, the demand for the item 7 

c. For what price will the supply equal the déuandl How 
many items will be supplied for this price? 


Demand 


Quantity of item (10,000s) 
Nw RU aA 


12 3 4 5 6 7 8 9 10 11 12 


Price of item (dollars) 


63. Traffic control The equations describing the paths of 
two airplanes are y = 5x + 3and 3y = 2x + 2. Graph 


each equation on the sagise screen shown. Is there a possi- 
bility of a midair collision? If so, where? 
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64. TV coverage A television camera is located at (—2, 0) and 
will follow the launch of a space shuttle, as shown in the 
graph. (Each unit in the illustration is 1 mile.) As the shuttle 
rises vertically on a path described by x = 2, the farthest 
the camera can tilt back is a line of sight given by 
y= 3x + 5. For how many miles of the shuttle’s flight will 


it be in view of the camera? 


y 
A 
10- 
5 
y +: +S: 
Camera Shuttle 
aN > Xx 
(-2, 0) (2, 0) 
WRITING ABOUT MATH 


65. Explain what we mean when we say “inconsistent system.” 


66. Explain what we mean when we say, “The equations of a 
system are dependent.” 


SOMETHING TO THINK ABOUT 


67. Use a graphing calculator to solve the 
| ayater 
“ — 20y = 21 
—4x + Ty = 21 


What problems did you encounter? 
68. Can the equations of an inconsistent system with two equa- 
tions in two variables be dependent? 


uo 
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Solving Systems of Linear Equations by Substitution 


GD Solve a system of linear equations by substitution. 
© identify an inconsistent system of linear equations. 
&} Identify a dependent system of linear equations. 


Objectives 


Remove parentheses. 


1. 2(3x + 2) 2. 5(—5 — 2x) 


Substitute x — 2 for y and remove parentheses. 


3. 2y 4. 3(y — 2) 


Getting Ready 


The graphing method for solving systems of equations does not always provide exact 


solutions. For example, if the solution of a system is x = a and y = 3 it is unlikely we 


could read this solution exactly from a graph. Fortunately, there are other methods that 
provide exact solutions. We now consider one of them, called the substitution method. 


G3 Solve a system of linear equations by substitution. 
To solve the system 
{ y= 3x —2 
2x+y=8 
by the substitution method, we note that y = 3x — 2. Because y = 3x — 2, we can sub- 
stitute 3x — 2 for yin the equation 2x + y = 8 to get 
2x+y=8 
2x + (3x — 2) = 8 
The resulting equation has only one variable and can be solved for x. 
2x + (3x — 2) = 8 
2x +3x-2=8 Remove parentheses. 
5x —2=8 Combine like terms. 
5x = 10 Add 2 to both sides. 
x=2 Divide both sides by 5. 


We can find y by substituting 2 for x in either equation of the given system. Because 
y = 3x — 21s already solved for y, it is easier to substitute in this equation. 


y=3x-2 
= 3(2) — 2 
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=6-2 
=4 


The solution of the given system is x = 2 and y = 4, written as (2, 4). 


Check: y = 3x — 2 2x+y=8 
443@2)-2 2722) +428 
426-2 4+428 
4=4 8=8 


Since the pair x = 2 and y = 4isa solution, the lines represented by the equations of the 
given system intersect at the point (2, 4). The equations of this system are independent, 
and the system is consistent. 

To solve a system of equations in x and y by the substitution method, we follow these 


steps. 
The Substitution 1. If necessary, solve one of the equations for x or y, preferably a variable with a coef- 
Method P ficient of 1. 
7 ; P 2. Substitute the resulting expression for the variable obtained in Step | into the other 
d equation, and solve that equation. 
4 3. Find the value of the other variable by substituting the solution found in Step 2 
D ) a into any equation containing both variables. 


4. Check the solution in the equations of the original system. 


xt y=-5 
EXAMPLE 1 Solve the system by substitution: { a, ; 
3x + Sy = —4 


Solution We first solve one of the equations for one of its variables. Since the term y in the first 
equation has a coefficient of 1, we solve the first equation for y. 


Q2x+y=—5 
y= -5-—2x — Subtract 2x from both sides. 


We then substitute —5 — 2x for y in the second equation and solve for x. 


3x + Sy = -4 
3x + 5(-5 — 2x) = —4 
3x — 25 — 10x = —4 Remove parentheses. 


—7x — 25 = —-4 Combine like terms. 
—-7Tx = 21 Add 25 to both sides. 
x = —3 Divide both sides by —7. 


We can find y by substituting —3 for x in the equation y = —5 — 2x. 


yo -5 -2x 
Sa 2s 
=-5 +6 
=1 


The solution is x = —3 and y = 1, written as (—3, 1). 
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Check: 2x+y=—5 3x + 5p = —-4 
2-3) +14 -5 3(-3) + 5(1) 2 -4 
-6+12-5 —9+54-4 
-5=-5 -4=-4 


2x — 3y = 13 


Fy SELF CHECK 1 
38x +y =3 


Solve by substitution: { 


2x + 3y = 5 
3x + 2y=0 


EXAMPLE 2 Solve the system by substitution: { 


Solution We can solve the second equation for x: 


3x + 2y =0 
3x = —2y — Subtract 2y from both sides. 


a= = Divide todh cides Wy 3, 


We then substitute yt for x in the other equation and solve for y. 


—— + 3y = Remove parentheses. 


—4 
(=) + 3(3y) = 3(5) — Multiply both sides by 3. 


—4y + 9y = 15 Remove parentheses. 
Sy = 15 Combine like terms. 


y=3 Divide both sides by 5. 
We can find x by substituting 3 for y in the equation x = —3°. 


x =— 


Check the solution (—2, 3) in each equation of the original system. 


3x — 2y = -19 


Fy SELF CHECK 2 aie 


Solve by substitution: { 


3(x — y) = 5 
x+3>=—-—5y 


EXAMPLE 3 Solve the system by substitution: 
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Solution We begin by solving the second equation for x because it has a coefficient of 1. 


5 
+3=-5 
x y 


5 
~ay — 3 Subtract 3 from both sides. 


(1) 


bad 
II 


We can now substitute —3y — 3 for x in the first equation. 


3(x — y)=5 This is the first equation of the system. 
5 
(Sy i r) = 5 Substitute. 
15 
5 y-9- 3y=5 Remove parentheses. 


15 
2 5 yod xy) = (5)2 Multiply both sides by 2 to clear the fractions. 


15y — 18 — 6y = 10 Remove parentheses. 
—2ly — 18 = 10 Combine like terms. 
—2ly = 28 Add 18 to both sides. 


28 

¢= ri Divide both sides by —21. 
4 eh see : 

y= =5 Simplify the fraction. 


ll 

| 
Nl n 
SS 

I 
wl 
Se 

| 

w 


20 
aie a 
10 9 
303 
til 
3 


Because we performed operations on the original equations, it is important that we 
check the solution (G3, -3) in each original equation. 


2(x + y) = —S5 


Solve by substitution: t 42- = : 


SELF CHECK 3 


2 Identify an inconsistent system of linear equations. 


x = 43 — y) 


EXAMPLE 4 Ive th itution: { : 
Solve the system by substitution ea 4a = 2) 
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Solution Since x = 4(3 — y), we can substitute 4(3 — y) for x in the second equation and solve 
for y. 


2x = 433 — 2y) 
2[4(3 — y)] = 43 — 2y) 
2(12 — 4y) = 43 — 2y) _ Distribute the 4: 4(3 — y) = 12 — 4y. 
24 — 8y = 12 — 8y Remove parentheses. 
24 = 12 Add 8y to both sides. 
This impossible result indicates that the equations in this system are independent, but 


that the system is inconsistent. If each equation in this system were graphed, these graphs 
would be parallel lines. Since there are no solutions to this system, the solution set is ©. 


0.1x — 0.4 = 0.1y 


Fy SELF CHECK 4 yee) 


Solve by substitution: { 


3 | Identify a dependent system of linear equations. 


3x = 4(6 — y) 


EXAMPLE 5 Solve the system by substitution: io eae. 


Solution Wecan substitute 4(6 — y) for 3x in the second equation and proceed as follows: 
4y + 3x = 24 
4y + 4(6 — y) = 24 
4y + 24 — 4y = 24 Remove parentheses. 
24 = 24 Combine like terms. 
Although 24 = 24 is true, we did not find y. This result indicates that the equations of 
this system are dependent. If either equation were graphed, the same line would result. 
Because any ordered pair that satisfies one equation satisfies the other also, the 
system has infinitely many solutions. To obtain a general solution, we can solve the 
second equation of the system for y: 
4y + 3x = 24 
4y = —3x + 24 — Subtract 3x from both sides. 
—3x + 24 sad : 
y= a ca Divide both sides by 4. 


. : —3x + 24 
A general solution (x, y) is Ge a 


3y = -3(x + 4) 
3x + 3y = -12° 


FS) SELF CHECK 5 Solve by substitution: { 


SELF CHECK ANSWERS 1. (2,-3) 2. (-5,2) 3. (-3,-3) 4. @ 5. infinitely many solutions of the form (x, —x — 4) 


Use substitution to solve each of the systems. 


1 ae 
* (Sx — 2y = -12 


2. yet gb =2 
Sa + 7b = 12 
3. ee 
y=-2x+1 


3.4 EXERCISES 


WARM-UPS lLety = x + 1. Substitute each expression for x 
and simplify. 


1.22. 2.z2+1 
t 
3. 34 +2 4. 3 +3 
REVIEW Letx = —2 andy = 3 and evaluate each expression. 

5. y -x 6. —x° + ye 

3x — 2y 22 

8. —2. 

2x + y — 

9. —x(3y — 4) 10. —2y(4x — y) 


VOCABULARY AND CONCEPTS fill inthe blanks. 

11. We say the equation y = 2x + 4 is solved for __ or that y is 
expressed in of x. 

12. To a solution of a system means to see whether the 
coordinates of the ordered pair satisfy both equations. 

13. The solution set of the contradiction 2(x — 6) = 2x — 15 
is__. 


14. In mathematics, to means to replace an expres- 
sion with one that is equivalent to it. 

15. A system with dependent equations has 
solutions. Its solutions can be described by a general 
ordered pair or in set-builder notation. 


16. In the term y, the is understood to be 1. 


GUIDED PRACTICE 

Use substitution to solve each system. (Objective 1) 

17; aris 18. aes 
xty=6 xty=4 
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—-_ 
’ 
ie. 20.17 
2x+y=6 x+3y= 
= ae = —2) 
a4, i: Te 22. . “ 
x+2y=—-5 3x + 2y = -1 
23 eae 4 peas 
* (3x-y=11 * l4u-v=4 


Use substitution to solve each system. See Examples 1-2. (Objective 1) 


25. a 26. a 
3x + 2y = 2x + 3y = 1 
2x + 3y = 3x —2y=-1 

27 28. 

- +2y = Ve + 3y = -5 
2x + = 2 +4y=- 

é ve Sy on: Ly 6 
4x + 3y = 10 2x — 3y = —4 
2a = 3b — 13 a=3b-1 

1 2 

: oe ae 


Use substitution to solve each system. See Example 3. (Objective 1) 


af aie i las aA ee one 
* (2x + 1) = 4 + 3y * (30¢ + 1) - 2p = 2y 


se ile eri 
3(a — b) + 4b = SC. + :‘B) 
a 1)+7=%y+)) 
5(y +1) = 611 + x) +5 


Use substitution to solve each system. If the equations of asystem 

are dependent or if a system is inconsistent, so indicate. 

See Example 4. (Objective 2) 
8y = 15 — 4x 

37. { J 


oo 
x+2y=4 


a = 20 — 2b 
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3 = 
a=5b+5 ied 
x=2y+3 


Use substitution to solve each system. If the equations of asystem 
are dependent or if a system is inconsistent, so indicate. 
See Example 5. (Objective 3) 


ADDITIONAL PRACTICE Use substitution to solve each 

system. If the equations of a system are dependent or if a system is 

inconsistent, so indicate. 

oe cee ie 
4x+y=5 2x + 3y=4 
r+3s=9 
3r + 2s = 13 


xe dye 2 

2x + 3y = 11 
ytxw=2x+2 
2(3x — 2y)=21-—y 


48. 


y-x = 3x 
Ax+y)= 14-y 


49. 50. 


4x — Sy = -12 
5x —2y =2 


2x — 3y = —3 


54. 
3x + Sy = 14 


53. 


8x + 3y = 22 
4x + 3y = —2 


7x —2y=-1 


—5x+2y=-1 mee 


55. 


3a — 2b=0 
9a + 4b =5 


2a+ 3b=2 


8a —- 3b =3 sd 


ear a Ps 
(" ts 
i 


1 1 2 1 
ax tay= —l BV + az = 
59. 60. 
1 i 1 De 
a) ae yo 
1 
5x =5y —1 2-=1-2 
61. 62. e 4 
iy = 10x - 1 2(5y — x) + 11 =0 
6x-1 5 _3y +] Sx -2,1_3y+2 
3 3 2 4 a) 2 
63. 1+5y , x+3_17 64. t3 x47 
4 4 2 3 273 
APPLICATIONS 
65. Geometry In the illustration, 
x + y = 90° and y = 2x. Find x and y. 
» x 
66. Geometry In the illustration, 
x + y = 180° and y = 5x. Find x 4 
y x 
and y. 
WRITING ABOUT MATH 
67. Explain how to use substitution to solve a system of 
equations. 


68. If the equations of a system are written in general form, 
why is it to your advantage to solve for a variable whose 
coefficient is 1? 


SOMETHING TO THINK ABOUT 
69. Could you use substitution to solve the system 
{ y=2yt+4 
x=3x-5 
How would you solve it? 


70. What are the advantages and disadvantages of 
a. the graphing method? 
b. the substitution method? 


Solving Systems of Linear Equations 


by Elimination (Addition) 


Objectives 


@ Solve a system of linear equations by elimination (addition). 
© identify an inconsistent system of linear equations. 
&} Identify a dependent system of linear equations. 


Vocabulary 


> 
xo} 
se} 
(J) 
ce 
(o)) 
= 
~ 
~ 
(J) 
Oo 
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Add the left sides and the right sides of the equations in each system. 
ree 2 es eels 
3x — 3y =6 * | =-4x + 3y =5 


ems ae + 6y = 18 
—4x + 5y = 10 5x + 12y = 10 


3. 


We now consider a second algebraic method for solving systems of equations that will 
provide exact solutions. It is called the elimination or addition method. 


Solve a system of linear equations by elimination (addition). 
To solve the system 
{* +y= 8 
x- y= -2 


by the elimination (addition method), we first note that the coefficients of y are | and —1, 
which are negatives (opposites). We then add the left and right sides of the equations to 
eliminate the variable y. 


x+y= 8 _ Equal quantities, x — y and —2, are added to both sides of the equation 
x-y=-2 xty= 8. By the addition property of equality, the results will be equal. 


Now, column by column, we add like terms. 


Combine like terms. 


1 4 { 
xt+ty= 8 
x-y=-2 
2x = 6 + Write each result here. 


We can then solve the resulting equation for x. 
2x = 6 
x = 3 Divide both sides by 2. 
To find y, we substitute 3 for x in either equation of the system and solve it for y. 
x+y=8 The first equation of the system. 


3+y=8 Substitute 3 for x. 
y= 5 _— Subtract 3 from both sides. 


We check the solution by verifying that the pair (3, 5) satisfies each equation of the orig- 
inal system. 


204 CHAPTER 3 Graphing and Solving Systems of Linear Equations and Linear Inequalities 


To solve a system of equations in x and y by the elimination (addition) method, we 
follow these steps. 


limination 1. If necessary, write both equations in general form: Ax + By = C. 


dition) Method 2. If necessary, multiply one or both of the equations by nonzero quantities to make 
the coefficients of x (or the coefficients of y) opposites. 

3. Add the equations to eliminate the term involving x (or y). 

4. Solve the equation resulting from Step 3. 


5. Find the value of the other variable by substituting the solution found in Step 4 
into any equation containing both variables. 


6. Check the solution in the equations of the original system. 


3y = 144+ x 


EXAMPLE 1 Solve the system by elimination: { 
x + 22 = Sy 


Solution We begin by writing the equations in general form: 
ts + 3y = 14 
x — Sy = —22 


When these equations are added, the terms involving x are eliminated and we can solve 
the resulting equation for y. 


—-x+3y= 14 
x — 5y = —22 
y= Divide both sides by —2. 


To find x, we substitute 4 for y in either equation of the system. If we substitute 4 for y 
in the equation —x + 3y = 14, we have 
—x + 3y= 14 
—x + 3(4) = 14 
—x+12=14 © Simplify. 
—x=2 Subtract 12 from both sides. 
x = -—2 Divide both sides by —1. 


Since we performed operations on the equations, it is important to verify that (—2, 4) 
satisfies each original equation. 


3y =7-x 


Fy SELF CHECK 1 ee ae 


Solve by elimination: { 


Sometimes we need to multiply both sides of one equation in a system by a number 
to make the coefficients of one of the variables opposites. 


EXAMPLE 2 


Solution 


SELF CHECK 2 


EXAMPLE 3 


Solution 
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3x +y=7 


Solve the system by elimination: - ee 


If we add the equations as they are, neither variable will be eliminated. We must write 
the equations so that the coefficients of one of the variables are opposites. To eliminate 
x, we can multiply both sides of the second equation by —3 to get 


ee ee 
—3(x + 2y) = —3(4) —3x -6y=-12 


The coefficients of the terms 3x and —3x are opposites. When the equations are added, 
x is eliminated. 


3x + y= 7 

—3x — 6y = —12 

-—5y= -5 
y=1 Divide both sides by —S. 


To find x, we substitute | for y in the equation 3x + y = 7. 
3x +yp=7 
3x + (1) =7 — Substitute 1 for y. 
3x = 6 Subtract | from both sides. 
x =2 Divide both sides by 3. 


Check the solution (2, 1) in the original system of equations. 


3x + 4y = 25 


Solve by elimination: { bye pelo” 


COMMENT In Example 2, we could have multiplied the first equation by —2 and elimi- 
nated y. The result would be the same. 


In some instances, we must multiply both equations by nonzero quantities to make 
the coefficients of one of the variables opposites. 


2a — 5b = 10 


é iaeation: 
Solve the system by elimination = _ = -7 


The equations in the system must be written so that one of the variables will be elimi- 
nated when the equations are added. 
To eliminate a, we can multiply the first equation by 3 and the second equation by 
—2 to get 
Se — 5b) = 3(10) . — 15b = 30 
—23a — 2b)= -2(-7) " |-6a+4b=14 


When these equations are added, the terms 6a and —6a are eliminated. 


6a — 15b = 30 
~6a+ 4b =14 
“Tih = 44 


b = —4 _ Divide both sides by —11. 
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To find a, we substitute —4 for 5 in the equation 2a — 5b = 10. 


2a — 5b = 10 
COMMENT Note that 2a — 5(-—4) = 10 Substitute —4 for b. 
solving Example 3 by the 2a + 20 = 10 Simplify. 
substitution method would 2a = —10 — Subtract 20 from both sides. 


involve fractions. In these 
cases, the elimination method 
is usually easier. Check the solution (—5, —4) in the original equations. 


a=-5 Divide both sides by 2. 


2a+3b=7 
Sat 2b=1 


FJ SELF CHECK 3 Solve by elimination: { 


7 

oo, ax + = 6 
EXAMPLE 4 Solve the system by elimination: 10 4 17 
Te at 


Solution — To clear the equations of fractions, we multiply both sides of the first equation by 6 
and both sides of the second equation by 63. This gives the system 

(1) {e + 4y=7 

(2) 90x — 28y = 51 
We can solve for x by eliminating the terms involving y. To do so, we multiply Equation 
1 by 7 and add the result to Equation 2. 


35x + 28y = 49 
90x — 28y = Sl 
125x = 100 
100 

x 


x= 15 Divide both sides by 125. 


4 ae 
x= 5 Simplify. 


To solve for y, we substitute 3 for x in Equation | and simplify. 
5x +4y=7 


(2) +4 =7 
5 y 


4+4y=7 © Simplify. 
4y =3 Subtract 4 from both sides. 


y= ri Divide both sides by 4. 


Check the solution of (2, i) in the original equations. 


5x + ‘iy =1 
FY SELF CHECK 4 Solve by elimination: 


ix ty =0 


EXAMPLE 5 


Solution 


SELF CHECK 5 


EXAMPLE 6 


Solution 
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Identify an inconsistent system of linear equations. 


In the next example, the system has no solution. 


x-w=8 

eee : 3° 3 
Solve the system by elimination: re : 
= 


We can multiply both sides of the first equation by 3 and both sides of the second 
equation by 2 to clear the equations of fractions. 


a 
—3x + 2y = -12 


3x -—2y= 8 
—3x + 2y = —12 
0 —4 


Here, the terms involving both x and y drop out, and a false result is obtained. This 
shows that the equations of the system are independent, but the system itself is incon- 
sistent. If we graphed these two equations, they would be parallel. This system has no 
solution; its solution set is @. 


Solve by elimination: 


Identify a dependent system of linear equations. 
In the next example, the system has infinitely many solutions. 


2x Sy. 49 
2 


Solve the system by elimination: 2 : 
—0.2x + 0.5y = -1.9 


We can multiply both sides of the first equation by 2 to clear it of fractions and both 
sides of the second equation by 10 to clear it of decimals. 


(A) =2(7) 


10(—0.2x + 0.5y) = 10(-1.9) 


- —S5y=19 
~ —2x + 5y = —-19 


We add the resulting equations to get 


2x —-S5y= 19 
—2x + 5y = —-19 
0 = 0 


As in Example 5, both x and y drop out. However, this time a true result is obtained. 
This shows that the equations are dependent and the system has infinitely many solu- 
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tions. Any ordered pair that satisfies one equation satisfies the other. To find a general 
solution, we can solve the equation —2x + 5y = —19 for y, 
—2x + Sy = -19 
Sy = 2x — 19 Add 2x to both sides. 
_ 2x — 19 


5 Divide both sides by 5. 


A general solution is given by an ordered pair of the form (x, asl) 


5 


1 
EB) SELF CHECK 6 Solve by elimination: 63 


~0.3x — 0.ly = —0.2' 


FEY SELF CHECK ANSWERS = 1.(-5,4) 2,4) 3.(-13) 4 (33) 5.2 


2) 
6. infinitely many solutions of the form (x, —3x + 2) 


Solve each system by elimination. 


4 {* +y=8 
* (0.70x + 0.30y = 3.04 


a 16 
* |3y + 2x = -12 


WARM-UPS A eee 8. +4 = 
Use elimination to solve each system for x. . 
xty= xty=4 Solve each inequality and graph the solution. 
: oe Toe ee 9. 7x-9 <5 10. —2x + 6 > 16 
Use elimination to solve each system for y. 
—x+ty=3 x+2y=4 
3. {- hg 8 4. i ave VOCABULARY AND CONCEPTS Fill in the blanks. 
11. The numerical of —3x is —3. 
REVIEW 12. The of 4is —4. 
Solve each equation. 13. Ax + By = Cis the form of the equation of a line. 
5. 83x — 5) - 12 =4(2x +3) 6 5x-13=x-1 14. The process of adding the equations 
5x — 6y = 10 
—3x + 6y = 24 


to eliminate the variable y is called the method. 
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15. To clear the equation ex + 4y = - of fractions, we must 
multiply both sides by __. 
16. To solve the system 
ie + 12y=4 
6x — 4y = 8 
we would multiply the second equation by __ and add to 
eliminate the y. 


GUIDED PRACTICE 

Use elimination to solve each system. See Example 1. (Objective 1) 

7 ls 18. ae 
x-y=-3 xt+t+y=7 

19 are 20 oe 
xty=1 x-y= 
axty=- +y=- 

> { x+y 22. y 6 
2x t+ y= x-y=-2 

oe 3y = -11 2 ee 

3x + 3y = 21 —3x + 8y = -10 


Use elimination to solve each system. See Example 2. (Objective 1) 


x+y= + 2y= 
25. {* a 26. {* ae 
x+2y=8 x-y=-3 
its = x+ a 
27, i. y=4 28 i Sy 13 
2x + 3y =0 2x — 3y = —-5 
rs + 29 = Sy 12 — 16 =5y 
29. 30. 
4y — 34 = —3x 33 — 5y = 4x 
xty= ove ie 
34: {> y= 10 me: {P y= 16 
x + 2y = 10 3x + 2y = 3 
Use elimination to solve each system. See Example 3. (Objective 1) 
ee ae 34 {e + 4y=-17 
2x — 3y = -13 * (4x - 3y = -6 
a ae —20 ae 
5x — 4y = —25 7x + 3y = 68 
37, . = —3y 38. es = 4x 
Sy = 2x + 12 5x =4y -2 
3x — 2y = - — 3y = 
{ m= Dy 1 40. . 3y 3 
2x + 3y = —-5 3x + Sy = —-14 


Use elimination to solve each system. See Example 4. (Objective 1) 
1 


43. 


x+y =1 
tx y= 


5x ate ay =-—] 
44. : 
5x — zy = —10 
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Use elimination to solve each system. See Example 5. (Objective 2) 


4G: e = 3(y — 2) 
2(x + 4) = 3y 
. ae he 
* [3 - 1) = -2(y + 2) 
4x = 3(4 — y) 
ma . = 4(2 — x) 


+ 2y) = 15 
“|x + 2p =4 


Use elimination to solve each system. See Example 6. (Objective 3) 


49. a —2)=4y 


50. 


51. 


2(2y + 3) = 3x 


{ x + 1) = 3(y — 2) 
3(y + 2) = 6 — 2x — 2) 


a — 2y) = 12 
x = Ay + 2) 


55, i 
4=3x-y 


ADDITIONAL PRACTICE Solve each system. 


53. 


55. 


58. 


ui 


9. 


63. 


65. 


a +y=-2 
—2x — 3y = -6 


4x + 3y = 24 
4x — 3y = —24 


5(x — 1) = 8 — 3(y + 2) 
A(x + 2)-7=32-y) 
A(x + 1) = 17-30-10 
x +2) + 3-1) =9 


4(2x — y) = 18 
3(x — 3) = 2y -1 


y+ hy=1 

41. 
he. fe 
—4x t gyal 


1 
ax — gyal 
cam) | 
3x ty = 3 


{ 
ae 
oes 
{ 
| 
| 


es + 4y = 8 
5x — 4y = 24 


de oS — 4y =8 
—5x — 4y = 8 


4x + Sy =2 

16x — 15y = 1 
2(2x + 3y) = 5 
8x = 3(1 + 3y) 


60. 


62. 


64. 


66. 


ae 
| 
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APPLICATIONS 
67. Boating Use the information in the table to find x and y. 


Rate : Time = Distance (mi) 
Downstream 38 AP Dy) 10 
Upstream R= yp 5 2) 


68. Flying Use the information in the table to find x and y. 


Rate : Time = Distance (mi) 
Downwind oe SP iP 3 1,800 
Upwind x= 5 2,400 


WRITING ABOUT MATH 


69. Why is it usually best to write the equations of a system in 
general form before using the elimination method to solve it? 


70. How would you decide whether to use substitution or elimi- 
nation to solve a system of equations? 


SOMETHING TO THINK ABOUT 
71. If possible, find a solution to the system 


xty=5 
x-y=-3 
2x -y=-2 


72. If possible, find a solution to the system 


x+y=5 
x= p=-3 
x—2y=0 


Solving Applications of Systems of Linear Equations 


Objective 


1. The sum of x and y 


Getting Ready 


rectangle. 


@ Solve an application problem using a system of linear equations. 


Let x and y represent two numbers. Use an algebraic expression to denote each phrase. 


3. The product of x and y 
5. Give the formula for the area of a 6. Give the formula for the perimeter 


2. The difference when y is subtracted 
from x 


4. The quotient x divided by y 


of a rectangle. 


We have previously set up equations involving one variable to solve problems. In this 
section, we consider ways to solve problems by using equations in two variables. 


Ga Solve an application problem using a system of linear equations. 


The following steps are helpful when solving problems involving two unknown 


quantities. 
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Problem Solving 1. Read the problem and analyze the facts. Identify the variables by asking yourself 
, “What am I asked to find?” Pick different variables to represent two unknown 
quantities. Write a sentence to define each variable. 


2. Form two equations involving each of the two variables. This will give a system of 
two equations in two variables. This may require reading the problem several times 
to understand the given facts. What information is given? Is there a formula that 
applies to this situation? Occasionally, a sketch, chart, or diagram will help you 
visualize the facts of the problem. 


3. Solve the system using the most convenient method: graphing, substitution, or 
elimination (addition). 


4. State the conclusion. 
5. Check the solution in the words of the problem. 


EXAMPLE 1 FARMING A farmer raises wheat and soybeans on 215 acres. If he wants to plant 
31 more acres in wheat than in soybeans, how many acres of each should he plant? 


Analyze the problem The farmer plants two fields, one in wheat and one in soybeans. We are asked to find 
how many acres of each he should plant. So, we let w represent the number of acres of 
wheat and s represent the number of acres of soybeans. 


Form two equations We know that the number of acres of wheat planted plus the number of acres of soy- 
beans planted will equal a total of 215 acres. So we can form the equation 


The number of acres ie the number of acres equals 
planted in wheat P planted in soybeans 4 ; 
w + Ss = 215 


Since the farmer wants to plant 31 more acres in wheat than in soybeans, we can form 
the equation 


The number of acres ee the number of acres equals ee 
planted in wheat planted in soybeans 4 ; 
w _ S = 31 


Solve the system Wecan now solve the system 


(1) {" +s = 215 


(2) w-—s=3l] 
by the elimination method. 
w+s= 215 
w-s= 3] 
2w = 246 
w = 123 Divide both sides by 2. 


To find s, we substitute 123 for w in Equation 1. 


w+s = 215 
123 + s=215 Substitute 123 for w. 
s=92 Subtract 123 from both sides. 


State the conclusion The farmer should plant 123 acres of wheat and 92 acres of soybeans. 
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Check the result The total acreage planted is 123 + 92, or 215 acres. The area planted in wheat is 
31 acres greater than that planted in soybeans, because 123 — 92 = 31. The answers 
check. 


EXAMPLE 2 LAWNCARE An installer of underground irrigation systems wants to cut a 20-foot 
length of plastic tubing into two pieces. The longer piece is to be 2 feet longer than 
twice the shorter piece. Find the length of each piece. 


Analyze the problem Refer to Figure 3-28, which shows the pipe. We need to find the length of each pipe, so 
we let s represent the /ength of the shorter piece and / represent the /ength of the longer 
piece. 


S/T 
———————— 
20 ft 


Figure 3-28 


Form two equations Since the length of the plastic tube is 20 ft, we can form the equation 


The length of the \ the length of the 


shorter piece longer piece equals i 
Ss + l = 20 
Since the longer piece is 2 feet longer than twice the shorter piece, we can form the 
equation 
The length of the souais [ie . times the length of the plus [eee 
longer piece shorter piece 
i = 2 : S + 2 


Solve the system Wecan use the substitution method to solve the system 
(1) s+1= 20 
(2) ‘ =2s+2 
s+ (2s + 2) = 20 Substitute 2s + 2 for /in Equation 1. 
3s + 2 = 20 Remove parentheses and combine like terms. 
3s = 18 Subtract 2 from both sides. 
s=6 Divide both sides by 3. 
State the conclusion The shorter piece should be 6 feet long. To find the length of the longer piece, we sub- 
stitute 6 for s in Equation 1| and solve for /. 
s+/=20 
6+/=20 Substitute 6 for s. 
1=14 — Subtract 6 from both sides. 


The longer piece should be 14 feet long. 


Check the result The sum of 6 and 14 is 20 and 14 is 2 more than twice 6. The answers check. 
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EXAMPLE 3 GARDENING Tom has 150 feet of fencing to enclose a rectangular garden. If the 
length is to be 5 feet less than 3 times the width, find the area of the garden. 


Analyze the problem _ To find the area of a rectangle, we need to know its length and width, so we can let / 
represent the length of the garden and w represent the width. See Figure 3-29. 


Figure 3-29 


Form two equations Since the perimeter of the rectangle is 150 ft, and this is two lengths plus two widths, 
we can form the equation: 


A times eee plus B times cea equals “s0 eat 
2 . l + 2 : w = 150 
Since the length is 5 feet less than 3 times the width, we can form the equation 
l = 3 : w - 5 


Solve the system Wecan use the substitution method to solve this system. 


(1) es + 2w = 150 


(2) l=3w-5 
2(3w — 5) + 2w = 150 — Substitute 3w — 5 for /in Equation 1. 
6w — 10 + 2w = 150 Remove parentheses. 
8w — 10 = 150 Combine like terms. 
8w = 160 Add 10 to both sides. 
w = 20 Divide both sides by 8. 
The width of the garden is 20 feet. To find the length, we substitute 20 for w in 
Equation 2 and simplify. 
l= 3w-5 
= 3(20) — 5 __ Substitute 20 for w. 
= 60-5 
= 55 


Since the dimensions of the rectangle are 55 feet by 20 feet, and the area of a rectangle 
is given by the formula 


A=I1+w_ Area = length times width. 
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we have 
A = 55-20 
= 1,100 


State the conclusion The garden covers an area of 1,100 square feet. 


Check the result Because the dimensions of the garden are 55 feet by 20 feet, the perimeter is 
P=21+ 2w 

2(55) + 2(20) — Substitute for / and w. 

= 110 + 40 

= 150 


It is also true that 55 feet is 5 feet less than 3 times 20 feet. The answers check. 


EXAMPLE 4 MANUFACTURING The set-up cost of a machine that mills brass plates is $750. After 
set-up, it costs $0.25 to mill each plate. Management is considering the use of a larger 
machine that can produce the same plates at a cost of $0.20 per plate. If the set-up cost 
of the larger machine is $1,200, how many plates would the company have to produce 
to make the switch worthwhile? 


Analyze the problem We can let p represent the number of brass plates produced. Then, we will let c repre- 
sent the total cost of milling p plates (set-up cost plus cost per plate). 


Form two equations To determine whether the switch is worthwhile, we need to know if the larger machine 
can produce the plates cheaper than the old machine and if so, when that occurs. We 
begin by finding the number of plates (called the break point) that will cost the same to 
produce on either machine. 

If we call the machine currently being used machine I, and the larger one machine 
2, we can form the two equations 


The cost of making p eens the set-up cost 1 the cost per plate ree the number of plates 
plates on machine | 4 of machine | on machine | p to be made. 
Cy = 750 + 0.25 . Pp 


EVERYDAY CONNECTIONS Olympic Medals 


According to specifications set by the International 6 grams of gold and 74 grams of silver was worth 
Olympic Committee, all Olympic medals must be at least $219.40. A gold medal consisting of 8 grams of gold and 
60 millimeters in 85.75 grams of silver was worth $282.20. 

diameter and three Source: http://www.bargaineering.com/articles/how-much-is-an-olympic- 
millimeters thick. medal-worth.html 


In 2008, a gold 
medal consisting of 


Gold medals ae be z 1. What was the price of 1 gram of gold in 2008? 
of 92.5% pure silver 
and gilded with at z 2. What was the price of | gram of silver in 2008? 
least six grams of = 
gold. z 

3 


The cost of making p 
plates on machine 2 


C2 


Solve the system 


State the conclusion 


Check the solution 


EXAMPLE 5 


Analyze the problem 


Form two equations 
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Jails the set-up cost had the cost per plate fee the number of 
4 ofmachine2 P on machine 2 plates p to be made. 
= 1,200 + 0.20 . Dp 


Since the costs at the break point are equal (c, = cy), we can use the substitution 
method to solve the system 


te = 750 + 0.25p 
cz = 1,200 + 0.20p 
750 + 0.25p = 1,200 + 0.20p — Substitute 750 + 0.25p for c> in the second equation. 


0.25p = 450 + 0.20p Subtract 750 from both sides. 
0.05p = 450 Subtract 0.20p from both sides. 
p = 9,000 Divide both sides by 0.05. 


If 9,000 plates are milled, the cost will be the same on either machine. If more than 
9,000 plates are milled, the cost will be less on the larger machine, because it mills the 
plates less expensively than the smaller machine. 


Figure 3-30 verifies that the break point is 9,000 plates. It also interprets the solution 
graphically. 


The costs are the same 
when 9,000 plates are milled. 


Current machine Larger machine 


cy = 750 + 0.25p cy = 1,200 + 0.20p a 


Cost ($1,000s) 
i) 


1,000 | 1,000 4,000 | 2,000 
5,000 | 2,000 12,000 | 3,600 


c1|=0.25p + 750 


> p 
12345 67 8 9 101112 


Number of plates milled (1,000s) 
Figure 3-30 


INVESTING Terri and Juan earned $650 from a one-year investment of $15,000. If 
Terri invested some of the money at 4% interest and Juan invested the rest at 5%, how 
much did each invest? 


We are asked to find how much money Terri and Juan invested. We can let x represent 
the amount invested by Terri and y represent the amount of money invested by Juan. 
We are told that Terri invested an unknown part of the $15,000 at 4% interest and Juan 
invested the rest at 5% interest. Together, these investments earned $650 in interest. 


Because the total investment is $15,000, we have 
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The amount jade the amount equals | $15,000 
invested by Terri P invested by Juan 4 aa 
x + y = 15,000 


Since the income on x dollars invested at 4% is 0.04x, the income on y dollars invested 
at 5% is 0.05y, and the combined income is $650, we have 


The income on ie the income on 
the 4% investment P the 5% investment 


0.04. + 0.05y = 650 


equals $650. 


Thus, we have the system 
(1) i + y = 15,000 
(2) 0.04x + 0.05y = 650 
Solve the system To solve the system, we use the elimination method. 


—4x — 4y = —60,000 Multiply both sides of Equation 1 by —4. 
4x + 5y = 65,000 Multiply both sides of Equation 2 by 100. 
y= 5,000 Add the equations together. 


To find x, we substitute 5,000 for y in Equation | and simplify. 


x + y = 15,000 
x + 5,000 = 15,000 Substitute 5,000 for y. 
x = 10,000 Subtract 5,000 from both sides. 


State the conclusion — Terri invested $10,000, and Juan invested $5,000. 


Check the result $10,000 + $5,000 = $15,000 The two investments total $15,000. 
0.04($10,000) = $400 Terri earned $400. 
0.05($5,000) = $250 Juan earned $250. 


The combined interest is $400 + $250 = $650. The answers check. 


EXAMPLE 6 BOATING A boat traveled 30 kilometers downstream in 3 hours and made the return 
trip in 5 hours. Find the speed of the boat in still water. 


Analyze the problem Weare asked to find the speed of the boat, so we let s represent the speed of the boat in 
still water. Recall from earlier problems that when traveling upstream or downstream, 
the current affects that speed. Therefore, we let c represent the speed of the current. 


Form two equations Traveling downstream, the rate of the boat will be the speed of the boat in still water, s, 
plus the speed of the current, c. Thus, the rate of the boat going downstream is s + c. 
Traveling upstream, the rate of the boat will be the speed of the boat in still water, 
s, minus the speed of the current, c. Thus, the rate of the boat going upstream is s — c. 
We can organize the information of the problem as in Table 3-5. 


Distance = Rate : Time 
Downstream 30 Sar 3 
Upstream 30 See 5 


Table 3-5 
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Because d = r - t, the information in the table gives two equations in two variables. 


= 3(s + c) 
30 = S(s — c) 


After removing parentheses and rearranging terms, we have 
(1) {* + 3c = 30 
(2) 5s — 5c = 30 
Solve the system _ To solve this system by elimination, we multiply Equation | by 5, multiply Equation 2 
by 3, add the equations, and solve for s. 


15s + 15¢ = 150 
15s — 15e = 90 
30s = 240 


s=8 Divide both sides by 30. 


State the conclusion The speed of the boat in still water is 8 kilometers per hour. 


Check the result Verify the answer checks. 


EXAMPLE 7 MEDICALTECHNOLOGY A laboratory technician has one batch of antiseptic that is 
40% alcohol and a second batch that is 60% alcohol. She would like to make 8 liters of 
solution that is 55% alcohol. How many liters of each batch should she use? 


Analyze the problem We need to know how many liters of each type of alcohol she should use, so we can let 
x represent the number of liters to be used from batch | and let y represent the number 
of liters to be used from batch 2. 


Form two equations Some 60% alcohol solution must be added to some 40% alcohol solution to make a 
55% alcohol solution. We can organize the information of the problem as in Table 3-6. 


Fractional part that Number of liters Number of liters 
is alcohol : of solution = of alcohol 
Batch 1 0.40 x 0.40x 
Batch 2 0.60 y 0.60 
Mixture 0.55 8 0.55(8) 
Table 3-6 


The information in Table 3-6 provides two equations. 


(1) x+y=8 The number of liters of batch | plus the number of liters of 
batch 2 equals the total number of liters in the mixture. 

(2) 0.40x + 0.60y = 0.55(8) | The amount of alcohol in batch 1 plus the amount of alcohol 
in batch 2 equals the amount of alcohol in the mixture. 


Solve the system Wecan use elimination to solve this system. 


40x — 40y = —320 Multiply both sides of Equation 1 by —40. 
40x + 60y = 440 Multiply both sides of Equation 2 by 100. 
20y = 120 
y=6 Divide both sides by 20. 
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To find x, we substitute 6 for y in Equation | and simplify: 


xt+ty=8 
x +6=8 Substitute 6 for y. 
x =2 Subtract 6 from both sides. 


State the conclusion The technician should use 2 liters of the 40% solution and 6 liters of the 60% solution. 


Check the result Verify the answer checks. 


1. A chemist has 20 ml of a 30% alcohol solution. How much pure alcohol must she add so 
that the resulting solution contains 50% alcohol? 


3.6 EXERCISES i } 


WARM-UPS VOCABULARY AND CONCEPTS Fill in the blanks. 

Ifx and y are integers, express each quantity. 15. A is a letter that stands for a number. 
1. Twice x 16. An____——_—is a statement indicating that two quantities 
2. One more than y are equal. 
3. The sum of twice x and three times y. 17. {“ ii ‘ ae isa of linear equations. 


4. The quotient when x is divided by 3y. 
18. A of a system of two linear equations satisfies 
If a book costs $x and a calculator costs $y, find both equations simultaneously. 


5. The cost of 3 books and 2 calculators 


6. The cost of 4 books and 5 calculators APPLICATIONS 
Use two equations in two variables to solve each problem. 
REVIEW See Example 1. (Objective 1) 
Graph each inequality. 19. Government The salaries of the President and Vice 
7x<4 8. x= -3 President of the United States total $592,600 a year. If the 


President makes $207,400 more than the Vice President, 
find each of their salaries. 


9. =1<*222 10. -2<x<0 
20. Splitting the lottery Chayla and Lena pool their resources 
to buy several lottery tickets. They win $250,000! They 
agree that Lena should get $50,000 more than Chayla, 
Write each product using exponents. because she gave most of the money. How much will Chayla 
11. 8°8°8+c 12. 5()(r)(r) oe. — 
eee ee 14. (—2)(—2) 21. Figuring inheritances In his will, a man left his older son 


$10,000 more than twice as much as he left his younger son. 
If the estate is worth $497,500, how much did the younger 
son get? 


22. Selling radios An electronics store put two types of car 
radios on sale. One model sold for $87, and the other sold 
for $119. During the sale, the receipts for 25 radios sold 
were $2,495. How many of the less expensive radios were 
sold? 


Use two equations in two variables to solve each problem. See 

Example 2. (Objective 1) 

23. Cutting pipe A plumber wants to cut the pipe shown in the 
illustration into two pieces so that one piece is 5 feet longer 
than the other. How long should each piece be? 


25 ft 


24. Cutting lumber A carpenter wants to cut a 20-foot board 
into two pieces so that one piece is 4 times as long as the 
other. How long should each piece be? 

25. Buying baseball equipment One catcher’s mitt and ten out- 
fielder’s gloves cost $239.50. How much does each cost if 
one catcher’s mitt and five outfielder’s gloves cost $134.50? 


26. Buying painting supplies Two partial receipts for paint sup- 
plies appear in the illustration. How much did each gallon 
of paint and each brush cost? 


Colorfé 
Paint Colorf/ 
Wallpa Paint a) 

) Wallpa| 
8 latex @ e ol 

gallon | atex @ 
3 brushes @ gallon \ 
Total $ 135.00) 2 brushes @\ 
Total $ 100 00" 


Use two equations in two variables to solve each problem. 
See Example 3. (Objective 1) 


27. Geometry The perimeter of the 
rectangle shown in the illustration w 
is 110 feet. Find its dimensions. 
l=wt+5 
28. Geometry A rectangle is 3 times as long as it is wide, and 
its perimeter is 80 centimeters. Find its dimensions. 


29. Geometry The length of a rectangle is 2 feet more than 
twice its width. If its perimeter is 34 feet, find its area. 
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30. Geometry A 50-meter path surrounds a rectangular 
garden. The width of the garden is two-thirds its length. 
Find its area. 


Use two equations in two variables to solve each problem. 
See Example 4. (Objective 1) 


31. Choosing a furnace A high-efficiency 90+ furnace costs 
$2,250 and costs an average of $412 per year to operate in 
Rockford, IL. An 80+ furnace costs only $1,715 but costs 
$466 per year to operate. Find the break point. 

32. Making tires A company has two molds to form tires. One 
mold has a set-up cost of $600 and the other a set-up cost 
of $1,100. The cost to make each tire on the first machine is 
$15, and the cost per tire on the second machine is $13. 
Find the break point. 

33. Choosing a furnace See Exercise 31. If you intended to live 
in a house for seven years, which furnace would you choose? 


34. Making tires See Exercise 32. If you planned a production 
run of 500 tires, which mold would you use? 


Use two equations in two variables to solve each problem. 
See Example 5. (Objective 1) 


35. Investing money Bill invested some money at 5% annual 
interest, and Janette invested some at 7%. If their combined 
interest was $310 on a total investment of $5,000, how 
much did Bill invest? 

36. Investing money Peter invested some money at 6% annual 
interest, and Martha invested some at 12%. If their com- 
bined investment was $6,000 and their combined interest 
was $540, how much money did Martha invest? 

37. Buying tickets Students can buy tickets to a basketball 
game for $1. The admission for nonstudents is $2. If 
350 tickets are sold and the total receipts are $450, how 
many student tickets are sold? 

38. Buying tickets If receipts for the movie advertised in the 
illustration were $720 for an audience of 190 people, how 
many senior citizens attended? 


_ TICKETS 


Admissions: $4 
eniors: $3 
Showtimes: 7, 9,17 
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Use two equations in two variables to solve each problem. 
See Example 6. (Objective 1) 


39. 


40. 


41. 


42. 


Boating A boat can travel 24 miles downstream in 2 hours 
and can make the return trip in 3 hours. Find the speed of 
the boat in still water. 

Aviation With the wind, a plane can fly 3,000 miles in 

5 hours. Against the same wind, the trip takes 6 hours. Find 
the airspeed of the plane (the speed in still air). 

Aviation An airplane can fly downwind a distance of 

600 miles in 2 hours. However, the return trip against the 
same wind takes 3 hours. Find the speed of the wind. 


Finding the speed of acurrent It takes a motorboat 4 hours 
to travel 56 miles down a river, and it takes 3 hours longer 
to make the return trip. Find the speed of the current. 


Use two equations in two variables to solve each problem. 
See Example 7. (Objective 1) 


43. 


44. 


45. 


46. 


Mixing chemicals A chemist has one solution that is 

40% alcohol and another that is 55% alcohol. How much of 
each must she use to make 15 liters of a solution that is 

50% alcohol? 

Mixing pharmaceuticals A nurse has a solution that is 
25% alcohol and another that is 50% alcohol. How much of 
each must he use to make 20 liters of a solution that is 

40% alcohol? 

Mixing nuts A merchant wants to mix the peanuts with 
the cashews shown in the illustration to get 48 pounds of 
mixed nuts to sell at $4 per pound. How many pounds of 
each should the merchant use? 


Mixing peanuts and candy A merchant wants to mix 
peanuts worth $3 per pound with jelly beans worth 

$1.50 per pound to make 30 pounds of a mixture worth 
$2.10 per pound. How many pounds of each should he use? 
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Use two equations in two variables to solve each problem. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


Integer problem One integer is twice another, and their 
sum is 96. Find the integers. 

Integer problem The sum of two integers is 38, and their 
difference is 12. Find the integers. 

Integer problem Three times one integer plus another 
integer is 29. If the first integer plus twice the second is 18, 
find the integers. 

Integer problem Twice one integer plus another integer is 
21. If the first integer plus 3 times the second is 33, find the 
integers. 

Buying contact lens cleaner Two bottles of contact lens 
cleaner and three bottles of soaking solution cost $29.40, 
and three bottles of cleaner and two bottles of soaking 
solution cost $28.60. Find the cost of each. 


Buying clothes Two pairs of shoes and four pairs of socks 
cost $109, and three pairs of shoes and five pairs of socks 
cost $160. Find the cost of a pair of socks. 

At the movies At an IMAX theater, the giant rectangular 
movie screen has a width 26 feet less than its length. If its 
perimeter is 332 feet, find the area of the screen. 

Raising livestock A rancher raises five times as many cows 
as horses. If he has 168 animals, how many cows does he 
have? 

Grass seed mixture A landscaper used 100 pounds of grass 
seed containing twice as much bluegrass as rye. He added 
15 more pounds of bluegrass to the mixture before seeding 
a lawn. How many pounds of bluegrass did he use? 


Television programming The producer of a 30-minute doc- 
umentary about World War I divided it into two parts. Four 
times as much program time was devoted to the causes of 
the war as to the outcome. How long was each part of the 
documentary? 

Causes of death In 2005, the number of American women 
dying from cancer was seven times the number that died 
from diabetes. If the number of deaths from these two 
causes was 308,000, how many American women died from 
each cause? 

Selling ice cream At a store, ice cream cones cost $1.90 
and sundaes cost $2.65. One day, the receipts for a total of 
148 cones and sundaes were $328.45. How many cones were 
sold? 

Investing money An investment of $950 at one rate of 
interest and $1,200 at a higher rate together generate an 
annual income of $88.50. If the investment rates differ by 
2%, find the lower rate. 

Motion problem A man drives for a while at 45 mph. 
Realizing that he is running late, he increases his speed to 
60 mph and completes his 405-mile trip in 8 hours. How 
long does he drive at 45 mph? 
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61. Equilibrium price The number of canoes sold at a marina where p is the price and q is the number produced at that 

depends on price. As the price gets higher, fewer canoes will price. The equilibrium price is the price at which supply 

be sold. The equation that relates the price of a canoe to the equals demand. Find the equilibrium price. 

number sold is called a demand equation. Suppose that the 

demand equation for canoes is WRITING ABOUT MATH 
p= 4 + 1,300 62. Which problem in the preceding set did you find the 

hardest? Why? 

where p is the price and q is the number sold at that price. 63. Which problem in the preceding set did you find the easiest? 

The number of canoes produced also depends on price. Why? 


As the price gets higher, more canoes will be manufactured. 
The equation that relates the number of canoes produced to 
the price is called a supply equation. Suppose that the supply SOMETHING TOTHINE COUT 


equation for canoes is 64. In the illustration below, how many nails will balance one 


nut? 


Solving Systems of Linear Inequalities 


GD Determine whether an ordered pair is a solution to a given linear 
inequality. 
® Graph a linear inequality in one or two variables. 


&} Solve an application problem involving a linear inequality 
in two variables. 


@3 Graph the solution set of a system of linear inequalities in one or 
two variables. 


© Solve an application problem using a system of linear inequalities. 


Objectives 
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Vocabulary 


> 
mo) 
o 
J 
ce 
(©) 
= 
_ 
»~ 
cP) 
Oo 


EXAMPLE 1 


Solution 


Graph y = 5x + 3 and determine whether the given point lies on the line, above the 


line, or below the line. 


1. (0,0) 2. (0,4) a 2D) 4. (6,5) 
5. (55) 6. (6,8) 7. (—6,0) 8. (—9, 5) 


We now discuss how to solve a linear inequality in two variables graphically. Then we will 
show how to solve systems of inequalities. 


Determine whether an ordered pair is a solution to a given linear 
inequality. 

A linear inequality in x and y is an inequality that can be written in one of the following 
forms: 


Ax + By >C Ax + By <C Ax + By=C Ax + By =C 


where A, B, and C are real numbers and 4 and Bare not both 0. Some examples of linear 
inequalities are 


2x-—y> 3 y<3 x +4726 y= = 2 


An ordered pair (x, y) is a solution of an inequality in x and y if a true statement results 
when the values of x and y are substituted into the inequality. 


Determine whether each ordered pair is a solution of y = x — 5: 
a. (4, 2) b. (0, —6) c. (5, 0) 


a. To determine whether (4, 2) is a solution, we substitute 4 for x and 2 for y. 


y2x-5 
224-5 
22-1 


Since 2 = —1 1s a true inequality, (4, 2) is a solution. 
b. To determine whether (0, —6) is a solution, we substitute 0 for x and —6 for y. 


yp2x-5 
-6=0-5 
—-6=-5 


Since —6 = —S5isa false inequality, (0, —6) is not a solution. 
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c. To determine whether (5, 0) is a solution, we substitute 5 for x and 0 for y. 


ypex- 5 
025-5 
0=0 


Since 0 = 0 is a true inequality, (5, 0) is a solution. 


SELF CHECK 1 Use the inequality in Example 1 and determine whether each ordered pair is a solution: 
a. (8, 2) b. (—4, 3) 


4 Graph a linear inequality in one or two variables. 


The graph of y = x — 5 isa line consisting of the points whose coordinates satisfy the 
equation. The graph of the inequality y = x — Sis nota line but rather an area bounded 
by a line, called a half-plane. The half-plane consists of the points whose coordinates 
satisfy the inequality. 


EXAMPLE 2 Graph the inequality: y =x -—S. 


Solution Because equality is included in the inequality, we begin by graphing the equation 
y = x — 5 with a solid line, as in Figure 3-31(a). Because the graph of y = x — 5 also 
indicates that y can be greater than x — 5, the coordinates of points other than those 
shown in Figure 3-31(a) satisfy the inequality. For example, the coordinates of the origin 
satisfy the inequality. We can verify this by letting x and y be 0 in the given inequality: 


yex-5 
0=0-—5 _ Substitute 0 for x and 0 for y. 
0=-5 


Because 0 = —S is true, the coordinates of the origin satisfy the original inequality. In 
fact, the coordinates of every point on the same side of the line as the origin satisfy the 
inequality. The graph of y = x — 5 is the half-plane that is shaded in Figure 3-31(b). 


y 
A A 


y=x-5 
x| y | @Y) 
6 5/05) 
5| 0] (5,0) 


(a) (b) 
Figure 3-31 


SELF CHECK2 Graph: y = —x — 2. 
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EXAMPLE3 Graph: x+2y<6. 


Solution We find the boundary by graphing the equation x + 2y = 6. Since the symbol < does 
not include an = sign, the points on the graph of x + 2y = 6 will not be a part of the 
graph. To show this, we draw the boundary line as a dashed line. See Figure 3-32. 

To determine which half-plane to shade, we substitute the coordinates of some 
point that lies on one side of the boundary line into x + 2y < 6. The origin is a con- 
venient choice. 


x+2y<6 
0+ 2(0) <6 Substitute 0 for x and 0 for y. 
0<6 


Since 0 < 6 is true, we shade the side of the line that includes the origin. The graph 
is shown in Figure 3-32. 


Sophie Germain 
(1776-1831) 

Sophie Germain was 13 years old 
during the French Revolution. 


Because of dangers caused by x+2y=6 
the insurrection in Paris, she was x|y| GY) 
kept indoors and spent most of 0] 3] (0, 3) 
her time reading about mathe- 6/0 (6, 0) 


matics in her father’s library. 
Since interest in mathematics 
was considered inappropriate for 
a woman at that time, much of 
her work was written under the 
pen name of M. LeBlanc. 


4/1) (4,1) 


FJ SELF CHECK3 =Graph: 2x -y <4. 


COMMENT The decision to use a dashed line or solid line is determined by the inequal- 
ity symbol. If the symbol is < or >, the line is dashed. If it is = or =, the line is solid. 


EXAMPLE 4 Graph: y > 2x. 


Solution — To find the boundary line, we graph the equation y = 2.x. Since the symbol > does not 
include an equal sign, the points on the boundary are not a part of the graph of y > 2x. 
To show this, we draw the boundary as a dashed line. See Figure 3-33(a). 
To determine which half-plane to shade, we substitute the coordinates of some 
point that lies on one side of the boundary into y > 2x. Point T(0, 2), for example, is 
below the boundary line. See Figure 3-33(a) on the next page. To see if point 7(2, 0) 
satisfies y > 2x, we substitute 2 for x and 0 for y in the inequality. 


y>2x 
0 > 2(2) Substitute 2 for x and 0 for y. 
0>4 


Since 0 > 4 is false, the coordinates of point T do not satisfy the inequality, and 
point T is not on the side of the line we want to shade. Instead, we shade the other 
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side of the boundary line. The graph of the solution set of y > 2x is shown in 
Figure 3-33(b). 


A 4 A 4 
/ 7 
7G, 6) df 
tf 4 
y= 2x / y>2x / 
x[y | @y) / di 
0} 0) (0,0) yf y= ae / y= 
alot i) i / 
3) 6| (3,6) 72,0) : y cl. 
/ A 
ci, 4a 7 d 
i 7 
pf , 
(a) (b) 
Figure 3-33 
SELF CHECK4 Graph: y < 3x. 


EXAMPLE 5 _ EARNINGMONEY Chen has two part-time jobs, one paying $5 per hour and the other 
paying $6 per hour. He must earn at least $120 per week to pay his expenses while 
attending college. Write an inequality that shows the various ways he can schedule his 
time to achieve his goal. 

Solution — If we let x represent the number of hours Chen works on the first job and y the number 
of hours he works on the second job, we have 
The hourly the hours the hourly the hours 
rateonthe times workedon plus rateonthe times workedonthe isatleast $120. 
first job the first job second job second job 
$5 x + $6 . y = $120 
The graph of the inequality 5x + 6y = 120 is 
shown in Figure 3-34. Any point in the shaded region r 
indicates a possible way Chen can schedule his time A 
and earn $120 or more per week. For example, if he 20 
works 20 hours on the first job and 10 hours on the 5x + 6y 2 120 
second job, he will earn ‘il: © (20, 10) 


Solve an application problem involving a linear inequality 
in two variables. 


$5(20) + $6(10) = $100 + $60 
= $160 
Since Chen cannot work a negative number of hours, 


the graph in the figure has no meaning when either x 
or y Is negative. 


10 2024 30 


Figure 3-34 


226 


CHAPTER 3 


Graphing and Solving Systems of Linear Equations and Linear Inequalities 


4 Graph the solution set of a system of linear inequalities 
in one or two variables. 


We have seen that the graph of a linear inequality in two variables is a half-plane. There- 
fore, we would expect the graph of a system of two linear inequalities to be two overlap- 
ping half-planes. For example, to solve the system 


ee 
xe ye 


we graph each inequality and then superimpose the graphs on one set of coordinate axes. 
The graph of x + y = 1 includes the graph of the equation x + y = 1 and all 
points above it. Because the boundary line is included, we draw it with a solid line. See 
Figure 3-35(a). 
The graph of x — y = 1 includes the graph of the equation x — y = 1 and all 
points below it. Because the boundary line is included, we draw it with a solid line. See 
Figure 3-35(b). 


y y 
A 
xt+ty=1 x+y21 x~ y= 
x| y | @y) x| y | @Y) 
0} 1) (0,1) ‘ 0} —1) (0, -1) 
1} 0), 0) 1; 0/(,0) 
2/-1,)(2,-D) 2) 1/@Q,1) 
(a) 
Figure 3-35 


In Figure 3-36, we show the result when the graphs are superimposed on one coordi- 
nate system. The area that is shaded twice represents the set of solutions of the given 
system. Any point in the doubly shaded region has coordinates that satisfy both of the 
inequalities. 


Figure 3-36 


To see that this is true, we can pick a point, such as point A, that lies in the doubly 
shaded region and show that its coordinates satisfy both inequalities. Because point A 
has coordinates (4, 1), we have 
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xt+ty2l1 x-y2zl 
4+1=21 4-121 
521 321 


Since the coordinates of point A satisfy each inequality, point A is a solution. If we pick 
a point that is not in the doubly shaded region, its coordinates will not satisfy both of the 
inequalities. 

In general, to solve systems of linear inequalities, we will take the following steps. 


aging Systems 1. Graph each inequality in the system on the same coordinate axes using solid or 
Inequalities dashed lines as appropriate. 


id : 2. Find the region where the graphs overlap. 
Po 'y 3. Pick a test point from the region to verify the solution. 


2x+y<4 


EXAMPLE 6 Graph the solution set: { : 
—2x +y>2 


Solution We graph each inequality on one set of coordinate axes, as in Figure 3-37. 


+ The graph of 2x + y < 4 includes all points below the line 2x + y = 4. Since 
the boundary is not included, we draw it as a dashed line. 

+ The graph of —2x + y > 2 includes all points above the line —2x + y = 2. 
Since the boundary is not included, we draw it as a dashed line. 


The area that is shaded twice represents the set of solutions of the given system. 


y 
i A 4 
y / 
\ / 
y 
2x+y= —2x+y=2 * / 
Xv 72x +2 
xiy|@y) x |» | (x, y) 4 df 
0/4) 0,4) —1]0| (-1,0) olution h/ 
Aaa, 0/2) (0,2) aN 
2] 0| (2,0) 2| 6 | (2,6) PL A 2st9=4 
f MM N and 
’ \ 
iain (as ee 
y | | _| 
Figure 3-37 


Pick a point in the doubly shaded region and show that it satisfies both inequalities. 


x+3y56 


SELF CHECK 6 meter 


Graph the solution set: { 


P ee 
yrs 


EXAMPLE 7 Graph the solution set: { 


Solution We graph each inequality on one set of coordinate axes, as in Figure 3-38. 
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The graph of x = 2 includes all points on the line x = 2 and all points to the left of 
the line. Since the boundary line is included, we draw it as a solid line. 

The graph y > 3 includes all points above the line y = 3. Since the boundary is not 
included, we draw it as a dashed line. 


The area that is shaded twice represents the set of solutions of the given system. Pick a 
point in the doubly shaded region and show that this is true. 


x= y= 

x|y|@Y) x|y|@y) 
2/0] (2, 0) 0/3) (0, 3) 
2|2/) (2,2) £}3)U1,.3) 
214] (2,4) 4] 3 | (4, 3) 


Figure 3-38 


y21 


EY SELF CHECK 7 Graph the solution set: { : 
x>2 


y<3x-1 


EXAMPLE 8 Graph the solution set: { 
y23xt+1 


Solution We graph each inequality, as in Figure 3-39. 


The graph of y < 3x — 1 includes 
all of the points below the dashed 
line y = 3x — 1. 

The graph of y = 3x + I includes 
all of the points on and above the 
solid line y = 3x + 1. 


> XxX 


Figure 3-39 


Since the graphs of these inequalities do not intersect, the solution set is @. 


y=-341 


FY SELF CHECK 8 Graph the solution set: 


ys-yx-1 


EXAMPLE 9 


Analyze the problem 


Form two inequalities 


The cost the number of the cost the number of should be 


of a tree Himes trees purchased plus of a bush times bushes purchased at least el. 
$150 x + $75 . y = $300 
The cost oe the number of pigs the cost fs the number of snould not $600. 
of a tree trees purchased of a bush bushes purchased be more than 
$150 x + $75 . y < $600 


Solve the system 


SELF CHECK ANSWERS 


1.a.no b. yes 2. 
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Solve an application problem using a system of linear inequalities. 


LANDSCAPING A man budgets from $300 to $600 for trees and bushes to landscape 
his yard. After shopping around, he finds that good trees cost $150 and mature bushes 
cost $75. What combinations of trees and bushes can he afford to buy? 


The man wants to spend at least $300 but not more than $600 for trees and bushes. 


We can let x represent the number of trees purchased and y the number of bushes pur- 
chased. We can then form the following system of inequalities. 


We graph the system 


i + 75y = 300 
150x + 75y = 600 


150x + 75y = 600 


as in Figure 3-40. The coordinates of each point 

shown in the graph give a possible combination of 

the number of trees (x) and the number of bushes 

(y) that can be purchased. These possibilities are 
(0, 4), (0, 5), (0, 6), (0, 7), (0, 8) 150x + 75y = 
(1,2), 3). 4), C5), 8) 
(2, 0), (2, 1), (2, 2), @, 3), 2, 4) 
(3, 0), (3, 1), G, 2), (4, 0) 


> xX 


Figure 3-40 


Only these points can be used, because the man cannot buy part of a tree or part of a bush. 
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Solve each system by graphing. 


1 ee 
“|x<-yt+2 


ee 

VaR S 
x-y>0 y 

3 x=3 

=po2 


Determine whether the following coordinates satisfy the 
inequality y= ix — 1. 


5. (0, 0) 6. (2, 0) 
7. (4, 3) 8. (—4, -3) 
REVIEW 


9. Solve: 3x + 5 = 14. 
10. Solve: 2(x — 4) = -12. 
11. Solve: A = P + Prt for t. 
12. Does the graph of y = —x pass through the origin? 


y 
> xX 
y 
A 


3.7 EXERCISES ’ 
WARM-UPS Simplify each expression. 
Determine whether the following coordinates satisfy y > 3x + 2. 

1. (0, 0) 22. (5,5) 
3. (-2, 4) 4. (—3, —6) 


13. 2a + 5(a — 3) 

14. 2¢ — 3(3 + 2) 

15. 4(b — a) + 3b + 2a 

16. 3p + 2(q-—p)+4q 

VOCABULARY AND CONCEPTS Fill in the blanks. 
17. 2x — y = 4isa linear in x and y. 


18. The symbol = means or 


19. In the accompanying graph, the 
line 2x — y = 4is the 
of the graph 2x — y = 4. 


>< 


> xX 


20. In the accompanying graph, the 
line 2x — y = 4 divides the rec- 
tangular coordinate system into 
two 


xty>2, . 
21. is a system of linear 
xty<4 


22. The of a system of linear inequalities are all the 
ordered pairs that make all of the inequalities of the system 
true at the same time. 

23. Any point in the region of the graph of the 
solution of a system of two linear inequalities has coordi- 
nates that satisfy both of the inequalities of the system. 

24. To graph a linear inequality such as x + y > 2, first graph 
the boundary with a dashed line. Then pick a test to 
determine which half-plane to shade. 


25. Determine whether the graph of each linear inequality 
includes the boundary line. 
ay>-x b. 5x — 3y S -2 

26. If a false statement results when the coordinates of a test 
point are substituted into a linear inequality, which half- 
plane should be shaded to represent the solution of the 
inequality? 


GUIDED PRACTICE 


Determine whether each ordered pair is a solution of the given 
inequality. See Example 1. (Objective 1) 


27. Determine whether each ordered pair is a solution of 


5x — Sy =O: 
a. (1, 1) b. (—2, —3) 
1 4 
c. (0, 0) d. (4, 5) 
28. Determine whether each ordered pair is a solution of 
x+4y<-l. 
a. (3, 1) b. (—2, 0) 
c. (0.5, 0.2) d. (—2, 5) 
29. Determine whether each ordered pair is a solution of 
x+y<2. 
a. (2, 1) b. (—2, —5) 
3 
c. (—0.1, 0.3) d. (—3, 3) 
30. Determine whether each ordered pair is a solution of 
2x -—y <3. 
a. (0, 3) b. (—2, 0) 
c. (0.8, -1.5) d. (—4, 4) 
Graph each inequality. See Example 2. (Objective 2) 
31. ysx+2 32, y= -x+1 
y y 
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33. ys 4x 34. y=3-x 
y y 
A 
> XxX > X 
Graph each inequality. See Example 3. (Objective 2) 
35. y>x-3 36. y+ 2x <0 
y ». 
A A 
> XxX > xX 
37. y>2x-4 38. y<2-x 
y y 
A A 
> xX > xX 
Graph each inequality. See Example 4. (Objective 2) 
39. y= 2x 40. y < 3x 
y y 
A A 
> X > xX 
41.x <2 42. y>-3 
y y 
A A 
> xX > xX 
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Graph the solution set of each system of inequalities, when 


possible. See Example 6. (Objective 4) 


43 i 
* (Qx-y2]1 


y 


> xX 
. ty<-l 
45. 
x—- yor 
y 
A 
> XxX 


i. +y23 
44, : 
x—-2y=s-l 


y 
A 


Graph the solution set of each system of inequalities, when 


possible. See Example 7. (Objective 4) 


{* > 2 
47. 
ys3 
y 
> Xx 
49 {* i 
‘ y<0 
y 
A 
> Xx 


Se 


> xX 


Graph the solution set of each system of inequalities, when 


possible. See Example 8. (Objective 4) 


2 +y<l1 
51. 
xty>3 
y 
A 


> xX 
* 4x + 3y > 15 
y 
A 
> X 
ADDITIONAL PRACTICE 
Graph each inequality. 
55.x—-2ys4 
y 
A 
> X 
57. y<2-—3x 
y 
> X 


59. 2yv-x<8 


2 <2x-1 
52. 
2x -y<—-4 
y 
A 


i +y<-2 
“ly > 3d - x) 
y 


> x 


56. 3x + 2y=12 


y 
A 


> XxX 


60. y+ 9x = 3 
y 


> xX 


61. 3x — 4y > 12 
‘1 


A 
> X 
63. 5x + 4y = 20 
y 
> xX 
65. y= 1 
y 
> X 


Graph the solution set of each system of inequalities, when 


aes 
68. 
x+2y< —-4 


possible. 
2) < 
67. { oe ae 
xt+ty2=-l 


i +4y>—-7 
69. 
2x —-3y2=1 


y 
A 


62. 4x + 3y < 12 


y 


> xX 
64. 7x — 2y < 21 
y 
A 
> xX 
66. x= —-4 
y 
> xX 


y 
A 


> xX 
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{r —4y>-6 
71. 
3x+y=5 


y 
A 


ee 


++452 
ee oan 
i aa 
y 
x 
APPLICATIONS 


te 3y <0 
2x + 3y = 12 
y 
A 


%-%<-3 

32 
74a.) 

F4+3>-1 


Graph each inequality for nonnegative values of x and y. Then 
give some ordered pairs that satisfy the inequality. See Example 5. 


(Objective 3) 


75. Production planning It costs a bakery $3 to make a cake 
and $4 to make a pie. Production costs cannot exceed 
$120 per day. Find an inequality that shows the possible 
combinations of cakes, x, and pies, y, that can be made, and 


graph it in the illustration. 


20+ 


10 


76. Hiring baby sitters 
Tomiko has a choice of 
two babysitters. Sitter 1 
charges $6 per hour, and 
sitter 2 charges $7 per 
hour. Tomiko can afford 
no more than $42 per 
week for sitters. Find an 
inequality that shows the 
possible ways that she can 


hire sitter 1 (x) and sitter 2 (v), and graph it in the 


illustration. 
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77. Inventory A clothing store advertises that it maintains an 


78. Making sporting goods 


79. 


inventory of at least $4,400 worth of men’s jackets. A 
leather jacket costs $100, and a nylon jacket costs $88. Find 
an inequality that shows the possible ways that leather 
jackets, x, and nylon jackets, y, can be stocked, and graph it 
in the illustration. 


x 


10 20 30 40 50 


To keep up with demand, a sport- 
ing goods manufacturer allocates at least 2,400 units of 
time per day to make baseballs and footballs. It takes 

20 units of time to make a baseball and 30 units of time to 
make a football. Find an inequality that shows the possible 
ways to schedule the time to make baseballs, x, and foot- 
balls, y, and graph it in the illustration. 


l > Xx 
20 40 60 80 100 120 


Investing Robert has up to $8,000 to invest in two compa- 
nies. Stock in Robotronics sells for $40 per share, and stock 
in Macrocorp sells for $50 per share. Find an inequality that 
shows the possible ways that he can buy shares of Robot- 
ronics, x, and Macrocorp, y, and graph it in the illustration. 


40 80 120 160 200 
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80. Buying tickets Tickets to the Rockford Rox baseball 


games cost $6 for reserved seats and $4 for general admis- 
sion. Nightly receipts must be at least $10,200 to meet 
expenses. Find an inequality that shows the possible ways 
that the Rox can sell reserved seats, x, and general admis- 
sion tickets, y, and graph it in the illustration. 


— ge ee oe 

a oOo fF & 

o ¢© © © 

o os 5 6 
T T T T 


_ 
yY 
j=) 
Oo 

T 


|_» x 
400 800 1,200 1,600 2,000 


Graph each system of inequalities and give two possible solutions 
to each problem. See Example 9. (Objective 5) 


81. 


82. 


Buying compact discs Melodic 
Music has compact discs on sale A 
for either $10 or $15. A customer 
wants to spend at least $30 but no 
more than $60 on CDs. Find a 
system of inequalities whose 

graph will show the possible com- 
binations of $10 CDs, x, and 

$15 CDs, y, that the customer can 
buy, and graph it in the illustration. 


rt 


Buying boats Dry Boatworks 
wholesales aluminum boats for 
$800 and fiberglass boats for $600. 
Northland Marina wants to order 
at least $2,400 but no more than 
$4,800 worth of boats. Find a 
system of inequalities whose 
graph will show the possible com- > Xx 
binations of aluminum boats, x, 
and fiberglass boats, y, that can be ordered, and graph it in 
the illustration. 


>< 


83. 


84. 


Buying furniture A distributor 
wholesales desk chairs for $150 
and side chairs for $100. Best Fur- 
niture wants to order no more 
than $900 worth of chairs and 
wants to order more side chairs 
than desk chairs. Find a system of 
inequalities whose graph will 

show the possible combinations of 
desk chairs, x, and side chairs, y, that can be ordered, and 
graph it in the illustration. 


>< 


Ordering furnace equipment y 
J. Bolden Heating Company 
wants to order no more than 
$2,000 worth of electronic air 
cleaners and humidifiers from a 
wholesaler that charges $500 for 
air cleaners and $200 for humidi- 
fiers. Bolden wants more humidi- 
fiers than air cleaners. Find a 
system of inequalities whose 
graph will show the possible combinations of air cleaners, 
x, and humidifiers, y, that can be ordered, and graph it in 
the illustration. 


> xX 


PROJECTS 


Project 1 


The graphing method of solving a system of equations is 
not as accurate as algebraic methods, and some systems 
are more difficult than others to solve accurately. For 
example, the two lines in Illustration l(a) could be drawn 
carelessly, and the point of intersection would not be far 
from the correct location. If the lines in Illustration 1(b) 
were drawn carelessly, the point of intersection could move 
substantially from its correct location. 


<=. 
4 


Illustration 1 
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WRITING ABOUT MATH 


85. 


86. 


87. 


88. 


Explain how to find the boundary for the graph of an 
inequality. 

Explain how to decide which side of the boundary line to 
shade. 

Explain how to use graphing to solve a system of 
inequalities. 

Explain when a system of inequalities will have no 
solutions. 


SOMETHING TO THINK ABOUT 


89 


90. 


91. 


92. 


. What are some limitations of the graphing method for 


solving inequalities? 

Graph y = 3x + 1, y < 3x + 1, and y > 3x + 1. What do 
you discover? 

Can a system of inequalities have 

a. no solutions? 

b. exactly one solution? 

c. infinitely many solutions? 

Find a system of two inequalities that has a solution of 

(2, 0) but no solutions of the form (x, y) where y < 0. 


Carefully solve each of these systems of equations 
graphically (by hand, not with a graphing calculator). 
Indicate your best estimate of the solution of each 
system. 


ea eat aa 
4x + 2y = 11 12x — 10y = —3 


Solve each system algebraically. How close were your 
graphical solutions to the actual solutions? Write a 
paragraph explaining any differences. 


Create a system of equations with the solutions x = 3, 
y = 2 for which an accurate solution could be obtained 
graphically. 

Create a system of equations with the solutions x = 3, 
y = 2 that is more difficult to solve graphically than 
the previous system, and write a paragraph explaining 
why. 
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Project 2 y 
Find the solutions of the following system of linear s| °, 
inequalities by graphing the inequalities of the given coor- 4 
dinate system. %G . 3 
Dt eid > ’. 
x+ By < 3 : D 
3 
yspxt2 5 4 3 2 -1 1 2 3 aq 
e -1 
; : ‘A 
For each point, A through G on the graph, determine e- 
whether its coordinates satisfy the first inequality, the Oleg 
second inequality, neither inequality, or both. Present your = 12 
results in a table like the one shown below. 
Illustration 2 


Point Coordinates 1st inequality 2nd inequality 
A 


Chapter3 REVIEW 


SECTION 3.1 


DEFINITIONS AND CONCEPTS EXAMPLES 
Any ordered pair of real numbers represents a Plot (2, 6), (—2, 6), (—2, —6),(2, —6), and (0, 0). 
point on the rectangular coordinate system. ° ° 
5 xX 

The point where the axes cross is called the origin. | The origin is represented by the ordered pair (0, 0). 
The four regions of a coordinate plane are called The ordered pair (2, 6) is found in quadrant I. i hi 
quadrants. The ordered pair (—2, 6) is found in quadrant II. 

The ordered pair (—2, —6) is found in quadrant III. 

The ordered pair (2, —6) is found in quadrant IV. 
REVIEW EXERCISES Find the coordinates of each point in the y 
Plot each point on the rectangular y illustration. °B 
coordinate system in the illustration. 7. A 8. B lg 
1. A(1, 3) 2. BU, —3) 9. C 10. D if 
3. C(-3,1) 4 D(-3, -1) WE 12. F a ia 
5. E(0, 5) 6. F(—S, 0) le 13-E 14. H 

HF eD 
ce 
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SECTION 3.2 


DEFINITIONS AND CONCEPTS EXAMPLES 
An ordered pair of real numbers is a solution to The ordered pair (—1, 5) satisfies the equation x — 2y = —11. 
an equation in two variables if it satisfies the ‘ 15)2—-11 Subst abeenend ee 
equation. (-1) — 2(5) = - ubstitute or x an Or y. 
-1-104-11 
—-l1=-11_ True. 
Since the results are equal, (—1, 5) is a solution. 
To graph a linear equation, Graph: x — y = —2. 


1. Find three pairs (x, y) that satisfy the equation. | We first solve for y. 

2. Plot each pair on the rectangular coordinate 
system. 

3. Draw a line passing through the three points. 


x-y=-2 This is the original equation. 
—y=-x-—2 Subtract x from both sides. 


; ; y=x+2 Divide both sides by —1. 
General form of an equation of a line: 
Then find three ordered pairs that satisfy the equation. 
Ax + By =C 

(A and B are not both 0.) 


x= pS =2 
x iy | Gy) 
1} 3), 3) 
2| 4) (2,4) 
3) =—L).(-3,=1) 


We then plot the points and draw a line passing through them. 


The equation y = b represents a horizontal line The graph of y = 5 isa horizontal line passing through (0, 5). 
that intersects the y-axis at (0, 5). 


The equation x = a represents a vertical line that The graph of x = 3 is a vertical line passing through (3, 0). 
intersects the x-axis at (a, 0). 


REVIEW EXERCISES 


Determine whether each pair satisfies the equation 3x — 4y = 12. 19. y= 3 4°9 20. py =3 
15. (2, 1) 16. (3, -3) y y 
Graph each equation on a rectangular coordinate system. A 
17, y=x-5 18. y=2x4+1 
y y, 


> xX 


> xX 


> xX 
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21.6.x+y=4 22.x-y=—-3 23. 3x + 5y = 15 24. 7x — 4y = 28 
y y yy. y 
A 


> XxX 


> xX 


> xX 


> XxX 


SECTION 3.3 


DEFINITIONS AND CONCEPTS EXAMPLES 
An ordered pair is a solution of a system of equa- | To determine whether (5, —1) is a solution of the following system, we 
tions if it satisfies both equations. proceed as follows: 
L +y=4 
2x -y=11 
x+y=4 
5+(-1)24 — Substitute 5 for x and —1 for y. 
4=4 Add. 
2x-y=11 


2(5) — (-1) 4 11 — Substitute 5 for x and —1 for y. 
10+1211 Multiply 2 and 5, change sign of —1. 
11=11 Add. 


Because the ordered pair (5, —1) satisfies both equations, it is a solution of 
the system of equations. 


To solve a system of equations graphically, care- x+ty= 
fully graph each equation of the system. If the Teele esictee 2x = By 


lines intersect, the coordinates of the point of one set of coordinate axes using the intercept method. 
intersection give the solution of the system. 


8 : : 
oe by graphing, we graph both equations on 


x+y=8 2x — 3y =6 
x|y|@y) x| y | Gy) 
0/8] (0, 8) (| 31, 9) 
8 | 0 | (8,0) 3| 0/G,0) 


The solution of the system is the ordered pair (6, 2). 
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If a system of equations has infinitely many solu- x+y =8 
To solve the system 


tions, the equations of the system are dependent 2x + 2y = 16 by Brapbine, wwe Brapht bOuLequalonsom 
equations. one set of coordinate axes using the intercept method. 
y 
dependent 
xty=8 2x + 2y = 16 equations 
x+y +8 


Px 2y = 16 


Since the lines in the illustration are the same line, there are infinitely many 
solutions, which can be written in the general form (x, 8 — x). 


If a system of equations has no solutions, it is an x+y =8 


To solve the system { 


inconsistent system and we write the solution set 2x + ly = 6 by graphing, we graph both equations on 
as O. one set of coordinate axes using the intercept method. 
y 
: = _ no solution 
++ y= 8 2x + 2y = 6 (inconsistent) 
x|y| Gy) x|y|@y) nice 
x y= 
0/8 | (0, 8) 0) 3} (0, 3) ; 
8 | 0) (8, 0) 3 | 0) (3, 0) 
Xx 


2x+2y=6 


Since the lines in the figure are parallel, there are no solutions and the solu- 
tion set is ©. 


REVIEW EXERCISES 
Determine whether the ordered pair is a solution of the system. 


3x —~y=-2 5x + 3y =2 1\ [2x + 4y = 30 7 9) [4x by = 18 
25. (1,5), 26. (—2, 4), 27. (14,5), 4. i as. (2,2) oe ys 
( See ( ee (14,3) ‘ae sak 4) uae aa 
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Use the graphing method to solve each system. 


ct y=7 ae oie | + 6y = x + 3y = 12 
29. . . 30.935 31. {e apt 32. ea 

2x = yd x=—3y= =3 x+2y=2 2Axty= 

y y y y 

A A A A 


SECTION 3.4 


DEFINITIONS AND CONCEPTS EXAMPLES 


: ita xty=8 — 
To solve a system of equations by substitution, To solve the system { > 7 3 6 by substitution, we solve one of the equa- 
x—3y= 


solve one of the equations of the system for one 

of the variables, substitute the resulting expression 
into the other equation, and solve for the other y=8-—x Subtract x from both sides. 
variable. 


tions for one of its variables. If we solve x + y = 8 for y, we have 


We then substitute 8 — x for y in the second equation and solve for x. 
2x — 3y = 6 
2x — 3(88 — x) =6 Substitute 8 — x for y. 
2x — 244+ 3x =6 Use the distributive property. 
5x — 24 = 6 Combine like terms. 
5x = 30 Add 24 to both sides. 
x=6 Divide by 5. 


We can find y by substituting 6 for x in the equation y = 8 — x. 


y=8-x 
y=8-—6 — Substitute 6 for x. 
y=2 Add. 


The solution is the ordered pair (6, 2). 


REVIEW EXERCISES 
Use substitution to solve each system. 


oe aé ae ae 
* [5x - 4y = 3 * [5x — 8y = 13 
a 3x — 2 = 2%x - 2) a ome ee Ae 
* [2x -3=3-2y “(5g -D=x+2 
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SECTION 3.5 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


To solve a system of equations by elimination 
(addition), first multiply one or both of the equa- 
tions by suitable constants, if necessary, to elimi- 
nate one of the variables when the equations are 
added. The equation that results can be solved for 
its single variable. Then substitute the value 
obtained back into one of the original equations 
and solve for the other variable. 


x+y=8 
To solve the syst 
0 solve esystem {3S 


tiplying the first equation by —2 to get 


When these equations are added, the terms —2x and 2x are eliminated. 


by elimination, we can eliminate x by mul- 


—2(x + y) = —2(8) 
2x — 3y = 6 


—2x — 2y = -16 
2x — 3y = 6 


—2x — 2y = -16 

2x-3y= 6 

—5y = -10 
y=2 Divide both sides by —5. 


To find x, we substitute 2 for y in the equation x + y = 8. 


x+y=8 
x+2=8 Substitute 2 for y. 
x= 6 Subtract 2 from both sides. 


The solution is the ordered pair (6, 2). 


REVIEW EXERCISES 
Use elimination to solve each system. 


xty=l + 8y = 
ae . 38. “ 4 

5x — y = 20 x—-4y= 
39. ante 40. . 

3x + 2y = 11 3x =2-y 


llx + 3y =2 +3y= 
a. { x + 3y 7 42. { 3y =5 
8x + 4y = 36 3x =4-y 
y+2 
9x + 3y =5 ooo 
43. 5 44. 
3x + y= 3 x*+8,y-3_9 


SECTION 3.6 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Systems of equations are useful in solving many 
types of application problems. 


Boating A boat traveled 30 kilometers downstream in 3 hours and traveled 
12 kilometers in 3 hours against the current. Find the speed of the boat in still 
water. 


Analyze the problem We can let s represent the speed of the boat in still 
water and let c represent the speed of the current. 


Form two equations The rate of speed of the boat while going downstream is 
s + c. The rate of the boat while going upstream is s — c. Because d = rt, 
the information gives two equations in two variables. 


After removing parentheses and rearranging terms, we have 


(1) { 


(2) 


30 = 3(s + c) 
12 = 3(s — c) 


3s + 3c = 30 
3s — 3c = 12 
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Solve the system To solve this system by elimination (addition), we add the 
equations, and solve for s. 


3s + 3c = 30 
3s — 3c = 12 
6s = 42 
Ss =7 Divide both sides by 6. 


State the conclusion The speed of the boat in still water is 7 kilometers per 
hour. 


REVIEW EXERCISES 
45. Integer problem One number is 5 times another, and their 
sum is 18. Find the numbers. 


50. Investing money Carlos invested part of $3,000 in a 
10% certificate of deposit account and the rest in a 6% 
passbook account. If the total annual interest from both 


46. 


47. 


Geometry The length of a rectangle is 3 times its width, 
and its perimeter is 24 feet. Find its dimensions. 

Buying grapefruit A grapefruit costs 15 cents more than 
an orange. Together, they cost 85 cents. Find the cost of a 


51. 


accounts is $270, how much did he invest at 6%? 

Boating It takes a boat 4 hours to travel 56 miles down a 
river and 3 hours longer to make the return trip. Find the 
speed of the current. 


grapefruit. 52. 
48. Utility bills A man’s electric bill for January was $23 less 

than his gas bill. The two utilities cost him a total of $109. 

Find the amount of his gas bill. 
49. Buying groceries Two gallons of milk and 3 dozen eggs 

cost $6.80. Three gallons of milk and 2 dozen eggs cost 

$7.35. How much does each gallon of milk cost? 


SECTION 3.7 


DEFINITIONS AND CONCEPTS EXAMPLES 


Medical technology A laboratory technician has one 
batch of solution that is 10% saline and a second batch 
that is 60% saline. He would like to make 50 milliliters of 
solution that is 30% saline. How many liters of each batch 
should he use? 


xty<4 


To graph a system of linear inequalities, first 
2x -y=6 


graph the individual inequalities of the system. 
The final solution, if one exists, is that region 


Graph the solution set: { 


y 
2 a.) ] h ‘e . r 
a all _ dita graphs intersect . ae Ino y= 6 
If a given inequality is < or >, the boundary line | , ly | @y) x| y | @y) 
is dashed. : x 
aan _ 0 | 4| (0, 4) 0 | —6| (0, —6) 
If a given inequality is = or =, the boundary line 1/3] (1, 3) 1| —4| dd, —4) 
is solid. 2)\2| 2.2) 2|—2| (2, —2) 
solution 


The graph of x + y < 4 includes all points below the line x + y = 4. Since 
the boundary is not included, we draw it as a dashed line. 


The graph of 2x — y = 6 includes all points below the line 2x — y = 6. Since 
the boundary is included, we draw it as a solid line. 


REVIEW EXERCISES 
Graph each inequality. 
53. y=x+2 


onde 

55. 

3x —y>3 
y 


Solve each system of inequalities. 


54. x <3 


oe 
* [3x 4+ 2y =3 
y 


> xX 
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> XxX > XxX 


59. Shopping A mother wants to spend at least $40 but no 
more than $60 on her child’s school clothes. If shirts sell 
for $10 and pants sell for $20, find a system of inequalities 
that describe the possible numbers of shirts, x, and pants, 
y, that she can buy. Graph the system and give two possible 
solutions. 


Chapter3 TEST 


Graph each equation. 


— 


> xX 


yy, 
> xX 
4. 2y =8 


25 20a) 4 


v 


a X 


Determine whether the given ordered pair is a solution of the 
given system. 


3x — 2y = 12 
(2a 
ae Se 
4x+y=-9 
p (=, = 
6. (—2, Tete lee 


Solve each system by graphing. 


Pate 
eae “: oy = I 
x—-2y=0 yp ll she 
YY y 
A 


> X 


> xX 
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Solve each system by substitution. 


9 all 10 : 5 10 =3 
“lx+ty=-7 » | Se — ob = 1 
1 6 § 
Solve each system by elimination (addition). 
ae = p= 2 4x +3 = —3y 
ae : 12. 4=x , 4y_ | 
axty= pe oR) 


Classify each system as consistent or inconsistent. 


pete 3G = 2) = ¥+y—-4= 
13. = 3(y — 2) = 0 14.23 y-4 
—3y = 2(x — 4) 


Use a system of equations in two variables to solve each problem. 


15. The sum of two numbers is —18. One number is 2 greater 
than 3 times the other. Find the product of the numbers. 


16. Water parks A father paid $119 for his family of 7 to 
spend the day at Magic Waters water park. How many adult 
tickets did he buy? 


Admission 


Adult ticket $21 
Child ticket $14 


17. Investing A woman invested some money at 3% and some 
at 4%. The interest on the combined investment of $10,000 
was $340 for one year. How much was invested at 4%? 


18. Kayaking A kayaker can paddle 8 miles down a river in 
2 hours and make the return trip in 4 hours. Find the speed 
of the current in the river. 


Solve each system of inequalities by graphing. 


yar PS 3 2x + 3y =6 
19. 20. 
ea yy < II ae = 7) 
y i 
A A 
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Ca reers a nd Mathematics CUMULATIVE REVIEW EXERCISES 


MEDICAL SCIENTISTS 


Medical scientists research human diseases to improve 
human health. Most conduct biomedical research to 

gain knowledge of the life processes of living organisms, 
including viruses, bacteria, and other infectious 


agents. They study biological systems In this chapter > 
to understand the causes 


In this chapter, we will develop rules for integer 


of disease and eee 

Aavycle st wer nisis ee exponents and use them to express very large and 

ee Mediem cs esis 2000 small numbers in scientific notation. We then discuss 
j ra special algebraic expressions, called polynomials, 


scientists try to 
identify changes in 
cells or chromosomes 
that signal the 
development of 
medical problems, such 
as various types of 
cancer. They held about 
92,000 jobs in 2006. 


and show how to add, subtract, multiply, and divide 
them. 


Natural-Number 
Exponents 


246 


Vocabulary Objectives 


Getting Ready 


Natural-Number Exponents 


@ Write an exponential expression without exponents. 
® Write an expression using exponents. 
&} Simplify an expression by using the product rule for exponents. 


@3 Simplify an expression by using the power rules for exponents. 


© simplify an expression by using the quotient rule for exponents. 


Evaluate each expression. 


1, 2° 2. 3° 3. 3(2) 4. 2(3) 


5, 27429? 6. 2°+2° 7 30 = 3" 8 = 


In this section, we will revisit the topic of exponents. This time we will develop the basic 
rules used to manipulate exponential expressions. 


Write an exponential expression without exponents. 


We have used natural-number exponents to indicate repeated multiplication. For 
example, 
2° =2-2+2-2-2=32 (-7) =(-7)(-7)(-7) = —343 
xt = xx XOX —yp=—pryprypepey 


These examples suggest a definition for x”, where 7 is a natural number. 


If nis a natural number, then 
n factors of x 


_— 
i eee eo 
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In the exponential expression x”, x is called the base and n is called the exponent. The 
entire expression is called a power of x. 


ies ar Exponent 
—— J 


If an exponent is a natural number, it tells how many times its base is to be used as a 
factor. An exponent of | indicates that its base is to be used one time as a factor, an expo- 
nent of 2 indicates that its base is to be used two times as a factor, and so on. 


33=3 0 (-yh=-y (42 = (-42)(-42) (PP HPP 


EXAMPLE 1 Find each value to show that a. —2* and b. (—2)* have different values. 


Solution We find each power and show that the results are different. 


—24 = -(2) (y= 9-2-9 
= -(2+2+2-2) = 16 
= -16 


Since —16 # 16, it follows that —2* # (—2)*. 


SELF CHECK 1 Show that (—4)° and —4° have the same value. 


EXAMPLE 2 Write each expression without exponents. 
1 5 
ar b. (—2s)* c (Ja) 


Solution aor=r-r-r 
b. (—25)* = (—2s)(—25)(—28)(—28) 


x (5a) = ($e) (5) (505) (304) ($e) 


SELF CHECK2 Write each expression without exponents. a. x* 
1 3 
b. (-3xy) 


COMMENT There is a pattern regarding even and odd exponents. If the exponent is 
even, the result is positive. If the exponent is odd, the result will be the same sign as the 
original base. 


2 | Write an expression using exponents. 


Many expressions can be written more compactly by using exponents. 


EXAMPLE 3 Write each expression using one exponent. 
a. 3-3-3-3-3 b. (5z)(5z)(5z) 
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Solution 


EB) SELF CHECK 3 


Product Rule 
for Exponents 


EXAMPLE 4 


a. Since 3 is used as a factor five times, 


3+3+3°3-3=3 


b. Since 5z is used as a factor three times, 


(5z)(5z)(5z) = (52)? 


Write the expression (4xy)(4xy) using one exponent. 


Simplify an expression by using the product rule for exponents. 


To develop a rule for multiplying exponential expressions with the same base, we con- 
sider the product x* - x°. Since the expression x* means that x is to be used as a factor 
two times and the expression x° means that x is to be used as a factor three times, we have 


2 factors of x 3 factors of x 


2 
xx = XX * XXX 


5 factors of x 
—oooOOooOoOoeoo 
SxX°XNOXN 
In general, 


m factors of x n factors of x 


x. x7 =xex°exe eee iy ee ae ieee a eee xX 


m + n factors of x 


=xexexneoN NON OOK KIX 


_— .m+n 
=x 


This discussion suggests the following rule: To multiply two exponential expressions 
with the same base, keep the base and add the exponents. 


If mand 7 are natural numbers, then 


mn m+n 


Ab = oe 


Simplify each expression. 


axe =a" Keep the base and add the exponents. 


='q/ 34+4=7 


b. yyty = (y?y*)y Use the associative property to group y” and y* together. 
= (y?*4)y Keep the base and add the exponents. 


= y y Zz iP 4 = 6 
= yor! Keep the base and add the exponents: y = y'. 
= y! 6 or 1 = 7 
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EXAMPLE 5 Simplify: (2y*)(3y”). 


Solution (2y3)(3y”) = 2(3)y*y? Use the commutative and associative properties to group the 
coefficients together and the variables together. 


Multiply the coefficients. Keep the base and add the exponents. 
34+2=5 


SELF CHECK5 Simplify (4x)(—3x’). 


COMMENT The product rule for exponents applies only to exponential expressions with 
the same base. An expression such as x*y* cannot be simplified, because x” and y* have 
different bases. 


4] Simplify an expression by using the power rules for exponents. 


To find another rule of exponents, we consider the expression (x*)*, which can be written 
as x? + x*+x°+ x7. Because each of the four factors of x° contains three factors of x, 
there are 4 - 3 (or 12) factors of x. Thus, the expression can be written as x!”. 


(63) = x3 x3 0x3 63 


12 factors of x 


ee, Sane, Sa, Race, Ci, Tada, Cia, Oa, Cee, ae, ade, ba, 


x x ea x” 
gl? 
In general, 
n factors of x” 
OP) Hg ang 
m-n factors of x 
=X XX XK NK Ne ee eX 


_— yimn 


The previous discussion suggests the following rule: To raise an exponential expres- 
sion to a power, keep the base and multiply the exponents. 


Power Rule If m and v are natural numbers, then 
for Exponents (ey = 


EXAMPLE 6_ Write each expression using one exponent. 
p g 
a. (2°)’ = 27” Keep the base and multiply the exponents. 
“27 S7=2i 
b. (z’)’ =z’? Keep the base and multiply the exponents. 
= 79 7-7=49 
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EY SELF CHECK 6 _ Write each expression using one exponent. 
a. (9°) b. (wy 


In the next example, the product and power rules of exponents are both used. 


EXAMPLE 7 Write each expression using one exponent. 


a. ( 2 5)? = ( x7 b. (y>y?) = Gy 
= x4 _ y4 
- (2)(3)3 8 a. 62 P2082) _ x(x7)3 
eri) = ge 
=o 


>| SELF CHECK 7 Write each expression using one exponent. 
a. (a‘a°)* b. (a (ay 


‘ : 3 
To find more rules for exponents, we consider the expressions (2x)? and (°) ; 


3 
(2x)? = (2x)(2x)(2x) (2) 2)(2)(2) (x # 0) 


2°2+2 
= (2°2+2)(x-x-x) = 
X°X*X 
ox 
— 93,3 a= 
= 2x —3 
8 
_ 9.3 _ 
= 8x — 


These examples suggest the following rules: To raise a product to a power, we raise 
each factor of the product to that power, and to raise a quotient to a power, we raise both the 
numerator and denominator to that power. 


Product to a Power Rule If nis a natural number, then 


for Exponents co eee 
Quotient to a Power If nis a natural number, and if y # 0, then 
Rule for Exponents ° S 
(2) _x" 
y y 


EXAMPLE 8 Write each expression without parentheses. Assume no division by zero. 


a. (ab)* = a‘b* b. (3c)? = 3°¢? 
ie 
«. (x2y3)5 = (02)5(07)5 d. (—2x7y)? = (-2707)y’ 


= xy) = 4x5? 
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: (#) _ ¥ ; (35) _ FGcy 
k ke 2 2(y)5 

_ 64 _ 243x"° 

ke aay" 


SELF CHECK 8 Write each expression without parentheses. Assume no division by zero. 
2.52 2x3\4 
a. (3x) b. (35) 


8 Simplify an expression by using the quotient rule for exponents. 


5 
To find a rule for dividing exponential expressions, we consider the fraction @ where the 


exponent in the numerator is greater than the exponent in the denominator. We can sim- 
plify the fraction as follows: 


45 4+-4-4-4-4 


= 4 


The result of 4° has a base of 4 and an exponent of 5 — 2 (or 3). This suggests that 
to divide exponential expressions with the same base, we keep the base and subtract the 


exponents. 
Quotient Rule If mand nv are natural numbers, m > n and x # 0, then 
for Exponents m 
x m—n 
x 


EXAMPLE 9 Simplify each expression. Assume no division by zero. 


- _ 4-3 gyy® by" 
a. ZS x b. = 
% 4y 4y 
= x’ - a 
=x 
= pag 
neat 7 a's (eb? 7 aos 
dia a "ab? ab> 
=gis=5 = goes 
_ 10 aie 


SELF CHECK 9 
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We summarize the rules for positive exponents as follows. 


Properties If mis a natural number, then 
of Exponents n factors of x 
aS 
oe = Fe 0580 979 eae oH 


If m and v are natural numbers and there is no division by 0, then 


xx" = gfe Cee = pie (xy)” = xy (*) = ie 


JA 


— = X provided that m > n 
x 


SELF CHECK ANSWERS 1. bothare—-64 2a.x-x-:x-x b (-5xy)(-}xy)(—}x7) eh (Ly) (hese [ps a? 
B= Gag? bee Bag Ea’ Baer tere 9.aa  b. 3b 
81y 


c xy 


Simplify each expression. 
1. If x”? has meaning, find (x7)? 


2. —3°(x* — 27) 


3B. a. Wty? b. (x77!) c. 


4.1 EXERCISES ae } 


WARM-UPS REVIEW 
Find the base and the exponent in each expression. 9. Graph the real numbers —3, 0, 2, and -3 on a number line. 
1.x? 2. 3° < 1 


4 3 2 -1 O 1 2 3 
10. Graph the real numbers —2 < x = 3 ona number line. 


3. ab’ 4. (aby° 


~< = 


3 2-1 041 2 #3 


BbcIMENCedcinexpressiar, Write each algebraic expression as an English phrase. 


5. 6 6. (—6)" 
7.2412 ey aang cs 
: af ) 12. 3x + y 


Write each English phrase as an algebraic expression. 
13. Three greater than the absolute value of twice x 


14. The sum of the numbers y and z decreased by the sum of 
their squares 


VOCABULARY AND CONCEPTS 
Fill in the blanks. 


15. The of the exponential expression (—5)* is__. The 
exponent is __. 


16. The base of the exponential expression —5* is __. The 
is 3. 

17. (3x)'means__ 

18. Write (—3y)(—3y)(—3y) as a power. 


19. p= 20. xx" = 
21. (xy)" 22 (¢) 
(xy = :. = = 
7 
23. (a°)° = 24, — = 


25. The area of the square is s- s. 
Why do you think the symbol s” is called “s 
squared”? 


26. The volume of the cube is s+ s+ s. Why 
do you think the symbol s° is called “s 
cubed”? 


Identify the base and the exponent in each expression. 


27. 4 28. (—5)* 

29. x° 30. y° 

31. (2) 32. (—3x)* 

33. —x* 34. (—x)* 

35. x 36. (xy) 

37. 2x° 38. —3y° 
GUIDED PRACTICE 

Evaluate each expression. See Example 1. (Objective 1) 
39. 54 40. (—3)° 

41. 27+ 3° 42. 2°? — 2° 

43. 5° - 4 44, 2(4° + 3°) 
45. —5(34 + 4°) 46. —5(47 — 2°) 


Write each expression without using exponents. See Example 2. 
(Objective 1) 


47. 5° 4s. —4° 
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49. x’ 50. 3x° 
51. —4x° 52. (—2y)" 
53. (32)° 54. ab" 


Write each expression using exponents. See Example 3. (Objective 2) 
55.2:2-2 56. 5-5 
575. Xe OX 58. yoy yey yey 
59. (2x)(2x)(2x) 60. (—4y)(—4y) 
61. —4-t-t-tct 62. S-u-u 
Write each expression as an expression involving only one 
exponent. See Example 4. (Objective 3) 


63. x*x° 64. yy? 
65. x°x° 66. yy 
67. ad‘a? 68. b°b°b° 
69. yy") 70. (y*y)y® 


Write each expression involving only one exponent. See Example 5. 
(Objective 3) 
71. 4x7(3x°) 
73. (—y"\(4y") 
Write each expression using one exponent. See Example 6. 
(Objective 4) 
75. (3°)* 
77. (ry 


72. —2y(y*) 
74. (—4x*)(—5x) 


76. (4°) 
78. (b°)° 


Write each expression using one exponent. See Example 7. 
(Objective 4) 


79. (x77 80. (y'y*)* 

81. (aa’) 82. (gy 

83. (°Y(x’P 84. (yyy 

85. (8 Pz4(e PP 86. Oy 3(02y7)'O3 77 


Write each expression without parentheses. Assume no division 
by 0. See Example 8. (Objective 4) 


87. (xy)? 88. (uv7)* 

89. (r°s°)? 90. (a°b’)* 
91. (4ab’) 92. (3x°y)° 
93. (—2r°s*r)? 94. (—3x°y4z) 


a 3 rr 4 
as (2) ve (2) 
x2 5 ut 6 
a (2) ze (#) 
y Vv 


Simplify each expression. Assume no division by 0. See Example 9. 
(Objective 5) 


x» a 
99. — 100. — 
x Qa 
3,4 475 
; b*b 
101, > 102. 
yy bb 
12 soe er 16 2\3 
103, 2222 104, 18@4" 


A(a*y 2aa* 
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105. avy 106. coy 

(ab) (mn’*) 
ADDITIONAL PRACTICE Simplify each expression. 
Assume no division by 0. 
107. tt? 108. ww? 
109. 6x°(—x°)(—x*) 110. —2x(—x*)(—3x) 
111. (a°)’ 112. (°) 
113. (322727) 114. (401°)? 
115. (s°)*(s° (8°74 116. (s°)*(s°)(s4)4 


117. (=) 118. (2) 
b 3 

119. (=) 120. (2) 
3a cf 


in, U@e 122, 29s) ve 
34(x°y?)* 497s 
3: 3 3 tt SX. 3) 
123. (4) 124, e “) 
ayy 41718 
3.3\3 _ 7.4. 5\2 
125. (= = “) 126. ( oe) 
3r4r Syy 
4.34 2, ,5\5 
127, Wes 128, ey) 
6(rs°) 21(x°y) 
APPLICATIONS 


129. Bouncing balls When a certain ball is dropped, it always 
rebounds to one-half of its previous height. If the ball is 
dropped from a height of 32 feet, explain why the expres- 


sion 32(5 i represents the height of the ball on the fourth 
bounce. Find the height of the fourth bounce. 

130. Having babies The probability that a couple will have 
n baby boys in a row is given by the formula 65)’. Find the 


probability that a couple will have four baby boys in a row. 


131. Investing If an investment of $1,000 doubles every seven 
years, find the value of the investment after 28 years. 


If P dollars are invested at a rate r, compounded annually, it will 
grow to A dollars in t years according to the formula. 


A=P(1 +r) 


132. Compound interest How much will be in an account 
at the end of 2 years if $12,000 is invested at 5%, com- 
pounded annually? 
133. Compound interest How much will be in an account 
at the end of 30 years if $8,000 is invested at 6%, com- 
pounded annually? 
134. Investing Guess the answer to the following ques- 
tion. Then use a calculator to find the correct answer. 
Were you close? 


If the value of 1¢ is to double every day, what will the 
penny be worth after 31 days? 


WRITING ABOUT MATH 
135. Describe how you would multiply two exponential expres- 
sions with like bases. 


136. Describe how you would divide two exponential expres- 
sions with like bases. 


SOMETHING TO THINK ABOUT 

137. Is the operation of raising to a power commutative? That 
is, is a’ = b“? Explain. 

138. Is the operation of raising to a power associative? That is, 
is (a’)° = a? Explain. 


Zero and Negative-Integer Exponents 


Objectives 


@ Simplify an expression containing an exponent of zero. 
® simplify an expression containing a negative-integer exponent. 
€&} Simplify an expression containing a variable exponent. 
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Vocabulary 


Simplify by dividing out common factors. 


Sipe ee 2 
2 VY 


ee eee See 
33S 3e3 2yyy 


> 
me} 
(s°} 
(J) 
c 
(o)) 
— 
cd 
_ 
(J) 
Oo 


In the previous section, we discussed natural-number exponents. We now continue the 
discussion and include 0 and negative-integer exponents. 


a Simplify an expression containing an exponent of zero. 


When we discussed the quotient rule for exponents in the previous section, the exponent 
in the numerator was always greater than the exponent in the denominator. We now con- 
sider what happens when the exponents are equal. 


3 
If we apply the quotient rule to the fraction 2, where the exponents in the numerator 


and denominator are equal, we obtain 5°. However, because any nonzero number 
divided by itself equals 1, we also obtain 1. 


cig ia Sg e* | 
These are equal. 


For this reason, we define 5° to be equal to 1. In general, the following is true. 


Zero Exponents If x is any nonzero real number, then 
0 
x =1 


Since x # 0, 0° is undefined. 


EXAMPLE 1 Write each expression without exponents. 


1 0 
a. (4) =1 b. 


|= 
tal ta 
II 
a 
ion 
n 
= 
ad 
th 
o 
a 
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c. 3x° = 3(1) d. (3x)° = 1 


e. a 6” n f. ae = y (y # 0) 


lon) 
x 
S 


= 6° =, 
=] =1 
Parts c and d point out that 3x° # (3x)”. 


Ey SELF CHECK 1. Write each expression without exponents. 
2 m 
a. (—0.115)° b. « S (x #0) 


x’ 


2 | Simplify an expression containing a negative-integer exponent. 


2 
If we apply the quotient rule to &, where the exponent in the numerator is less than the 
exponent in the denominator, we obtain 6 >. However, by dividing out two factors of 6, 
we also obtain a. 


; ; 1! 
o _ 6 6-6 1 


6° 6 6:6:6'66 6 
I 
These are equal. 


For these reasons, we define 6 * to be a. In general, the following is true. 


Negative Exponents If x is any nonzero number and 7 is a natural number, then 


EXAMPLE 2 Express each quantity without negative exponents or parentheses. Assume that no 
variables are zero. 


1 1 
—5 —4 _ 
a. 3 = 35 b. x =a 
— 
243 
1 1 
(2x) = d. 277 = (4) 
— 2x) x? 
1 2 
7 Ax? 7 x 
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a4 1 ee 5\-3 
; = f. = 
e. (—3a) C0 ee) : i 
= —_ ~ 7 5y3 
Sia’ “? 
1 
e 


SELF CHECK 2 Write each expression without negative exponents or parentheses. Assume that no 
variable is zero. a. a> b. By) 3 eWay 


Because of the definitions of negative and zero exponents, the product, power, and 


quotient rules are true for all integer exponents. 


Properties If m and v are integers and there are no divisions by 0, then 
of Exponents ON 
mn m+n myn mn n nin 
xx" = x (x")" = x (xy) = x"y (2) = > 
V iy 
0 —n 1 oa m—n 
x =1 (x #0) Lt Se 7x 
x Xi 


3 -4-3 -7 
a Gy =34 b. ua asa] a2 —_ = _ 
x y y 
1 
as _ \-4 = y-7-20) 
x 1 = y-7+20 
- 4 _ ys 
12a*b* pees <r $1 9-9, 9 
re = 3a ~b e. per =(-x*'y ) 
= 3a 7b? =(-xy)y? 
38 1 
a =x yy 
ol 
x4yl0 


SELF CHECK 3 Simplify and write the result without negative exponents. Assume that no variables are 0. 
4 4 5 


3 | Simplify an expression containing a variable exponent. 


These properties of exponents are also true when the exponents are algebraic 
expressions. 
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EXAMPLE 4 Simplify each expression. Assume that no variables are 0. 


2m 
+3 J = 
a. x23 = x2" m b. a = Dil 4m (y = 0) 
— .5m 
=x _ .-—2m 
= Y 
1 
Im 
y 
2m—-1 2. —1+ +1)\2 +1)2 
Gd m la m a” 1+2m d. (b” ) = po ). 
- 2 
= am 1 = be" 


FS) SELF CHECK 4 Simplify. Assume that no variables are 0. 


3n 
3n_2 Zz +23 
a. zz” b. os cGy 


| ACCENT ON TECHNOLOGY | WMO \M@ I Ktyqa@ Lo find out how much money P (called the present value) must be invested at an annual 
rate i (expressed as a decimal) to have $A inn years, we use the formula P = A(1 + i) ”. 


Finding Present Value To find out how much we must invest at 6% to have $50,000 in 10 years, we substitute 
50,000 for A, 0.06 (6%) for 7, and 10 for n to get 

P=A1+i)" 

P = 50,000(1 + 0.06)" 1° 
To evaluate P with a calculator, we enter these numbers and press these keys: 


1 | ey .06 By es 10 ey Ee 50000 Using a calculator with a y* and 
a feet Key. 
50000 ( 1 + .06) A ( (—) 10 ) ENTER  Usinga graphing calculator. 


Either way, we see that we must invest $27,919.74 to have $50,000 in 10 years. 


SELF CHECK ANSWERS 


Eeyt Chl ei Pee Tha G 
b. 1 c xe 


Simplify each expression. Write your answer with positive exponents only. Assume no variable 


is 0. 

1 —2(x7y°)° 
2. -3x 7 
3. 9° — 9° 


4. Explain why the instructions above include the statement “Assume no variable is 0.” 


4.2 EXERCISES 


WARM-UPS | Simplify each quantity. Assume there are no 
divisions by 0. 


i 2-* 227 
1 -1 7 10) 
—_ 4, =, 
: (3) (5) 
5. x |x 6. yy 
5 ae - () 
x y 
REVIEW 
2 + Ab + 
9. Ifa = —2 and b = 3, evaluate“ + “2 + 8 
+ 2b 
10. Evaluate: |—3 + 5-2). 
Solve each equation. 
1 7 5(2-—x) x+6 
11. 5(x--)=— 12, —_ = = _— 
s(x ) 2 6 2 


Ss 
13. SolveP = L+ 7 for s. 


14. SolveP = L+ ; for i. 


VOCABULARY AND CONCEPTS Fill in the blanks. 


15. If x is any nonzero real number, then x°=__ If xis any 


n 


nonzero real number, thenx "= 
4 4 


16. Since z 6* 4 = 6° and 7 1, we define 6° to be _. 
3° 33 B88 1 


17. Smee: = 8? > =8 7and we 


8° BBB 8-8 Bg” 
define 8-7 tobe _. 

18. The amount P that must be deposited now to have A dollars 
in the future is called the 


GUIDED PRACTICE 


Write each expression without exponents. Assume that no 
variable is 0. See Example 1. (Objective 1). 
4 


19. 14° 20, = 
a 
21. 2x° 22. (2x)° 
213\0 0 
: 2 
23. (=) 24. (22) 
ab* 3\ x"y 
8” a” 
25. — 26. — 
8? a" 
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Simplify each expression by writing it as an expression without 
negative exponents or parentheses. Assume that no variables are 
0. See Example 2. (Objective 2) 


27.54 28. 7° 

29. x7 30. y ° 
31. (2y) 4 32. (—3x) | 
33. (—5p) 3 34. (7z) > 
35. (yt) 7 36. (x3x?) 3 
37. 3x ° 38. —Ty 7 


Simplify and write the result without negative exponents. Assume 
that no variable is 0. See Example 3. (Objective 2) 


4 7 
t 
39, 7. 40. — 
y t 
3 5: 
a1. 7 42. — 
Zz 
43 ae aa, 29 
: =10 . 12 
x a 
328 54 
45 15a°-b 46 14b°-¢ 
” 3a4h! ” 21635 
47. (a~*y3 48. (b °° 


6Ppt\=2 

a (628) 
2ab 

ie (Bere) ee G=-s5 


Simplify each expression. Assume that x # 0,y # 0. 
See Example 4. (Objective 3) 


55. 272 56. ynyen 
3n n 
57, — 58. — 
xo" x m 
59. yor ey im 60. tly 


61. ("ty 62. iy" 3y4 
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ADDITIONAL PRACTICE = Simplify each expression and 


write the result without using parentheses or negative exponents. 


Assume that no variable base is 0. 


63. 2°-2°7 64. 107- 10°*- 10° 


65. 4->-4°7-45 66. 3.+-3°>-3 4 


35.372 62-673 
67. 33 68. 62 
32! Ses 
69. 70. ——__— 
ye s° 
71. (—x)° 72. —x° 
x° — 5x° 4a® + 2a° 
73. ann 74. —_{— 
2x 3a 
75.b° 76. c * 
77. wy my 3” 78. pats 33m 3 
79. (x? 2") 4 80. yi") 
81. ("4 82. Oe) 
3m Am 
83. >, 84. — 
y InN em 
85. (41) 3 86. (—6r) 7 
87. (ab’) * 88. (m°n*) * 
89. (xy) 7 90. (m*n*) > 
91 on 92 oy 
(ryt (b°)* 
4.3 12-7 
93, 22. 94, ~— 
vy” xx 
da? b°p? 
95. 55 96. 
ada hb 3p* 
97. (ab’) * 98. (cd*) * 
99. (xy) 3 100. (—xy’) 4 
101. (x 4x7) 102. (y 7y) 
103. (yy °) 104. (x *x °)? 
105. (a *b +) + 106. (y3z°)"§ 
107. (—2x7y"7)> 108. (—3u °v*) 3 


b> —2 bh? =3: 
mes a) 

4x2 4 —3r4¢ —3\3 
11. (Ss 112. (—- 


3y 423 3x ly 
2x37? 7 23 \4 
115. (7 116. = 
xy 18u ~v 
14y77y3\4 —27u°v 3w\4 
117 118. (——.—— 
21u 18u°v 


2 =2 53 b~2 2 
119, = 2 120. ae 
(4x°y'y° (a “b)~ 
lix’y -z) * 16(x~?yz)-? 
1, a oe 
(17x “y'z) ax 2 
xo" 
123. 124. (yy""! 
x 11 
APPLICATIONS 
125. Present value How much money must be invested at 


7% to have $100,000 in 40 years? 

Present value How much money must be invested at 
8% to have $100,000 in 40 years? 

Present value How much money must be invested at 
9% to have $100,000 in 40 years? 

Present value How much must be invested at 

6% annual interest to have $1,000,000 in 60 years? 


126. 


127. 


128. 


EH2] B=) G2] EB] 


129. fiw) Present value How much must be invested at 8% to 
EH have $1,000,000 in 60 years? 


130. Biology During bacterial reproduction, the time required 
for a population to double is called the generation time. If 
b bacteria are introduced into a medium, then after the 
generation time has elapsed, there will be 2d bacteria. 
After n generations, there will be b - 2” bacteria. Give the 
meaning of this expression when n = 0. 


WRITING ABOUT MATH 

131. Explain how you would help a friend understand that 27+ 
is not equal to —8. 

132. Describe how you would verify on a calculator that 


SOMETHING TO THINK ABOUT 


133. If a positive number x is raised to a negative power, is the 
result greater than, equal to, or less than x? Explore the 
possibilities. 

134. We know that x ” 
Explain. 


= =. Is it also true that x” = 7 


Scientific Notation 
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Scientific Notation 


GB Convert a number from standard notation to scientific notation. 
© Convert a number from scientific notation to standard notation. 
&} Use scientific notation to simplify an expression. 


Objectives 


Vocabulary 


Evaluate each expression. 
1. 10° 2. 10° 3. 10! 4. 10° 
5. 5(107) 6. 8(10°) 7. 3(10') 8. 7(10 *) 


Getting Ready 


We now use exponents to write very large and very small numbers in a compact form 
called scientific notation. In science, almost all large and small numbers are written in this 


form. 


@ Convert a number from standard notation to scientific notation. 
Scientists often deal with extremely large and extremely small numbers. For example, 


+ The distance from Earth to the Sun is approximately 150,000,000 kilometers. 


+ Ultraviolet light emitted from a mercury arc has a wavelength of approximately 
0.000025 centimeter. 


The large number of zeros in these numbers makes them difficult to read and hard to 
remember. Scientific notation provides a compact way of writing large and small numbers. 


A number is written in scientific notation if it is written as the product of a number 
between | (including 1) and 10 and an integer power of 10. 


Each of the following numbers is written in scientific notation. 


3.67 10° 2.241074 9.875 x 107? 
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Every number that is written in scientific notation has the following form: 
An integer exponent 


x 10 


Na et 


A number between | and 10 


EXAMPLE 1 Convert 150,000,000 to scientific notation. 


Solution We note that 1.5 lies between 1 and 10. To obtain 150,000,000, the decimal point in 1.5 
must be moved eight places to the right. Because multiplying a number by 10 moves the 
decimal point one place to the right, we can accomplish this by multiplying 1.5 by 10 
eight times. 
150000000 
ANNA" 


8 places to the right 
150,000,000 written in scientific notation is 1.5 X 10°. 


FE} SELF CHECK 1 Convert 93,000,000 to scientific notation. 


EXAMPLE 2 Convert 0.000025 to scientific notation. 


Solution We note that 2.5 is between 1 and 10. To obtain 0.000025, the decimal point in 2.5 must 
be moved five places to the left. We can accomplish this by dividing 2.5 by 10°, which is 


equivalent to multiplying 2.5 by Ws (or by 10-°). 
00002.5 
AALS 
5 places to the left 


In scientific notation, 0.000025 is written 2.5 X 107°. 


FS) SELF CHECK 2 = Write 0.00125 in scientific notation. 


EXAMPLE3 Write a. 235,000 and _ b. 0.00000235 in scientific notation. 


Solution a. 235,000 = 2.35 X 10°, because 2.35 X 10° = 235,000 and 2.35 is between 1 and 10. 
b. 0.00000235 = 2.35 X 10°, because 2.35 X 10 ° = 0.00000235 and 2.35 is between 
1 and 10. 


FB} SELF CHECK 3 = Write each number in scientific notation. 
a. 17,500 b. 0.657 
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PERSPECTIVE The Metric System 


A common metric unit of length is the kilometer, which these facts: Light, which travels 186,000 miles every 


is 1,000 meters. Because 1,000 is 10°, we can write second, will travel about one foot in one nanosecond. 
1 km = 10° m. Similarly, 1 centimeter is one-hundredth The distance to the nearest star (except for the Sun) is 
of a meter: | cm = 10-7 m. In the metric system, prefixes 43 petameters, and the diameter of an atom is about 
such as kilo and centi refer to powers of 10. Other pre- 10 nanometers. To measure some quantities, however, 
fixes are used in the metric system, as shown in the table. even these units are inadequate. The Sun, for example, 
To appreciate the magnitudes involved, consider radiates 5 X 107° watts. That’s a lot of light bulbs! 

Prefix Symbol Meaning 

peta P 10'° = 1,000,000,000,000,000. 

tera T IO? = 1,000,000,000,000. 

giga G 10°? = 1,000,000,000. 

mega M ilo? = 1,000,000. 

kilo k lo = 1,000. 

deci d lO" = 0.1 

centi c IO = 0.01 

milli m iQ = 0.001 

micro u i@ °= 0.000 001 

nano n I? = 0.000 000 001 

pico p il? = 0.000 000 000 001 

femto f 1? = 0.000 000 000 000 001 

atto a lO = 0.000 000 000 000 000 001 

EXAMPLE 4 write 432.0 x 10° in scientific notation. 

Solution The number 432.0 X 10° is not written in scientific notation, because 432.0 is not a 
number between | and 10. To write the number in scientific notation, we proceed as 
follows: 

432.0 x 10° = 4.32 X 10? X 10° — Write 432.0 in scientific notation. 
= 432 & 10" 10? x 10° = 10’ 
SELF CHECK 4 Write 85 x 10? in scientific notation. 


EXAMPLE 5 


Solution 


Convert a number from scientific notation to standard notation. 


We can convert a number written in scientific notation to standard notation. For 
example, to write 9.3 X 10’ in standard notation, we multiply 9.3 by 10’. 


9.3 X 10’ = 9.3 X 10,000,000 
= 93,000,000 
Write a. 3.4 10° and b. 2.1 X 10 *in standard notation. 


a. 3.4 xX 10° = 3.4 X 100,000 
= 340,000 
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b. 2.1 x 10-4 = 2.1 x = 
10 


= 2.1 X 


10,000 
= 0.00021 


FS) SELF CHECK5 = Write each number in standard notation. 
a. 4.76 X 10° b. 9.8 x 10° 


Each of the following numbers is written in both scientific and standard notation. In 
each case, the exponent gives the number of places that the decimal point moves, and the 
sign of the exponent indicates the direction that it moves. 


§32 % 10 = 532000. 5 places to the right 
PAAAF 

237 % 10° = 2370000. 6 places to the right 
Dn 


8.95 X 10°4*=0.000895 4 places to the left 
RAMA AS 
8.375 X 10°27 =0.008375  3places to the left 
KAAS 
9.77 X 10° = 9.77 No movement of the decimal point 


3 | Use scientific notation to simplify an expression. 


Another advantage of scientific notation becomes apparent when we simplify fractions 
such as 
(0.0032)(25,000) 
0.00040 
that contain very large or very small numbers. Although we can simplify this fraction by 
using arithmetic, scientific notation provides an easier way. First, we write each number 
in scientific notation; then we do the arithmetic on the numbers and the exponential 
expressions separately. Finally, we write the result in standard form, if desired. 
(0.0032)(25,000) (3.2 X 10° 7)(2.5 x 10*) 
0.00040 4.0 x 10-4 
(3.2)(2.5) | 10-10" 
4.0 10; * 
8.0 
a 4p 
4.0 
=20x 10° 


= 200,000 


EXAMPLE 6 SPEED OF LIGHT In a vacuum, light travels 1 meter in approximately 0.000000003 
second. How long does it take for light to travel 500 kilometers? 


Solution — Since | kilometer = 1,000 meters, the length of time for light to travel 500 kilometers 
(500 - 1,000 meters) is given by 
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(0.000000003)(500)(1,000) = (3 X 10°-°)(5 x 10°)(1 x 10%) 
= 3(5) x 107-°t2+3 
= 15x 104 

1.5 x 10’ x 107% 

=15% 10° 

= 0.0015 


Light travels 500 kilometers in approximately 0.0015 second. 


| ACCENT ON TECHNOLOGY | MTG IRQ To find the value of (453.46)°, we can use a calculator and enter these numbers and 


ress these keys: 
Finding Powers of Decimals P ul 


453.46 iver 5 fe Using a calculator with a y~ key 
453.46 /\ 5 ENTER Using a graphing calculator 


Either way, we have (453.46)? = 1.917321395 x 10!3. Since this number is too large to 
show on the display, the calculator gives the result as 1.917321395 £13. 


>| SELF CHECK ANSWERS ibOS 610’ 7 IAS sid? Se WS KIO fh GS7 KIO 4oRS x10? Ba ZEON 
b. 0.0098 


1. Write the result shown on the graphing calculator 


screen in porate ea 008 
a. scientific notation 
1.46233E18 


b. standard notation 


2. Write the result shown on the graphing calculator 
screen in 


.000000562*.0000 
a. scientific notation 5.07486E711 


b. standard notation 


3. There are approximately 1.45728 x 10’ inches of wiring in the space shuttle. How many 
miles of wiring is this? (Hint: Recall that 5,280 feet = 1 mile.) 
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4.3 EXERCISES 


WARM-UPS _ Determine which number of each pair is the 
larger. 


1. 37.2 or 3.72 X 10° 2. 37.2 or 3.72 X 107! 


3. 3.72 X 10° or 4.72 X 10° 4. 3.72 X 10° or 4.72 X 107 


5. 3.72 X 10! or 4.72 x 10° 
6. 3.72 X 10-7 or 2.72 x 10° 


REVIEW 
7. If y = —1, find the value of —5y>°. 


3a? — 2b 


8. Evaluate S528 oh if a = 4and db = 3. 


Determine which property of real numbers justifies each 
statement. 


954+2z=24+5 
10. 7(u + 3) = 7u+7+3 


Solve each equation. 
11. 3(x — 4) -6 =0 
12. 8(3x — 5) — 4(2x + 3) = 12 


VOCABULARY AND CONCEPTS Fill inthe blanks. 

13. A number is written in when it is 
written as the product of a number between | (including 1) 
and 10 and an integer power of 10. 

14. The number 125,000 is written in 


notation. 


GUIDED PRACTICE 


Write each number in scientific notation. See Examples 1-3. 
(Objective 1) 


15. 23,000 16. 4,750 
17. 1,700,000 18. 290,000 
19. 0.062 20. 0.00073 


21. 0.00000275 22. 0.000000055 


Write each number in scientific notation. See Example 4. 
(Objective 1) 

23. 42.5 x 10° 
25. 0.25 x 10 


24. 0.3 X 10° 
26. 25.2 x 107 


Write each number in standard notation. See Example 5. 
(Objective 2) 


27. 2.3 X 10° 28. 3.75 x 104 


30. 1.2 x 10° 
32. 4.9 x 10°? 
34. 7.63 x 10° 


29. 8.12 x 10° 
31. 1.15 x 10-3 
33. 9.76 x 10 + 


Use scientific notation to simplify each expression. Give all 
answers in standard notation. See Example 6. (Objective 3) 


35. (3.4 X 10°)(2.1 X 10%) 
36. (4.1 x 10 4)(3.4 x 10°) 


9.3 X 10° 7.2 x 10° 
"31x 102 “12x 108 
30; 96,000 (0.48)(14,400,000) 
(12,000)(0.00004) 96,000,000 
aa. 2,475 147,000,000,000,000 
(132,000,000)(0.25) 25(0.000049) 
ADDITIONAL PRACTICE 
Write each number in scientific notation. 
43. 0.0000051 44. 0.04 
45. 257,000,000 46. 365,000 
2.4 X 10° 1.98 x 10? 
"6% 10” 6 x 107 


Write each number in standard notation. 
49. 25 x 10° 50. 0.07 x 10° 
51. 0.51 x 10°37 52. 617 X 10° 


APPLICATIONS 


53. Distance to Alpha Centauri The distance from Earth to the 
nearest star outside our solar system is approximately 
25,700,000,000,000 miles. Write this number in scientific 
notation. 

54. Speed of sound The speed of sound in air is 33,100 cen- 

timeters per second. Write this number in scientific nota- 

tion. 

Distance to Mars The distance from Mars to the Sun is 

approximately 1.14 x 10°. Write this number in standard 

notation. 

56. Distance to Venus The distance from Venus to the Sun is 
approximately 6.7 X 10’. Write this number in standard 
notation. 


55 


57. Length of one meter One meter is approximately 
0.00622 mile. Write this number in scientific notation. 


58. Angstroms One angstrom is 1 x 10’ millimeter. Write 
this number in standard notation. 

59. Distance between Mercury and the Sun The distance from 
Mercury to the Sun is approximately 3.6 X 10’ miles. Use 
scientific notation to express this distance in feet. 

(Hint: 5,280 feet = 1 mile.) 

60. Mass of a proton The mass of one proton is approxi- 
mately 1.7 X 10 ~4 gram. Use scientific notation to express 
the mass of | million protons. 

61. Oil reserves Recently, Saudi Arabia was believed to have 
crude oil reserves of about 2.617 X 10!’ barrels. A barrel 
contains 42 gallons of oil. Use scientific notation to express 
its oil reserves in gallons. 

62. Interest At the beginning of the decade, the total insured 
deposits in U.S. banks and savings and loans was approxi- 
mately 5.1 x 10’ dollars. If this money was invested at a 
rate of 5% simple annual interest, how much would it earn 
in | year? Use scientific notation to express the answer. 


63. Speed of sound The speed of sound in air is approximately 
3.3 X 10* centimeters per second. Use scientific notation to 
express this speed in kilometers per second. (Hint: 

100 centimeters = 1 meter and 1,000 meters = 1 kilometer.) 


64. Light year One light year is approximately 5.87 x 10’? 
miles. Use scientific notation to express this distance in feet. 
(Hint: 5,280 feet = 1 mile.) 

65. Wavelengths Some common types of electromagnetic 
waves are given in the table. List the wavelengths in order 
from shortest to longest. 


Type Use Wavelength (m) 
visible light —_ lighting 93 10R® 
infrared photography 27 10a? 
x-rays medical D3 < 10-™ 


66. Wavelengths More common types of electromagnetic 
waves are given in the table. List the wavelengths in order 
from longest to shortest. 


Type Use Wavelength (m) 
radio waves communication See 10e 
microwaves cooking ease 
ultraviolet sun lamp Gil < 1d 
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The bulk of the surface area of the red blood cell shown in the 
illustration is contained on its top and bottom. That area is 27’, 
twice the area of one circle. If there are N discs, their total surface 
area T will be N times the surface area of a single disc: T = 2Nzr’. 


67. Red blood cells The red cells in human blood pick up 
oxygen in the lungs and carry it to all parts of the body. 
Each cell is a tiny circular disc with a radius of about 
0.00015 in. Because the amount of oxygen carried depends 
on the surface area of the cells, and the cells are so tiny, a 
great number are needed—about 25 trillion in an average 
adult. Write these two numbers in scientific notation. 


68. Red blood cells Find the total surface area of all the red 
blood cells in the body of an average adult. See Exercise 67. 


WRITING ABOUT MATH 


69. In what situations would scientific notation be more 
convenient than standard notation? 

70. To multiply a number by a power of 10, we move the 
decimal point. Which way, and how far? Explain. 


SOMETHING TO THINK ABOUT 


71. Two positive numbers are written in scientific notation. 
How could you decide which is larger, without converting 
either to standard notation? 

72. {w] The product 1 -2-3-4-5, or 120, is called 

5 factorial, written 5!. Similarly, the number 
6! =6:5:+4+3+2:+1 = 720. Factorials get large very 
quickly. Calculate 30!, and write the number in standard 
notation. How large a factorial can you compute with a 
calculator? 


oe 
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Polynomials 


Polynomials and Polynomial Functions 


GD Determine whether an expression is a polynomial. 
®) Classify a polynomial as a monomial, binomial, or trinomial, if applicable. 
&} Find the degree of a polynomial. 

@3 Evaluate a polynomial for a specified value. 

© Define a function and evaluate it using function notation. 

© Graph a linear, quadratic, and cubic polynomial function. 


Objectives 


algebraic term 
polynomial 


Vocabulary 


= Write each expression using exponents. 

AE 1. Qxxyyy 2. 3xyyy 

i 33. 20x Syy 4. xxx + yyy 

Rae 5. (3xxy)(2xyy) 6. (5xyzzz)(xyz) 
—_ 

HE 7. 365x0)(3x0) 8. (xy)(xz)(v2\ay2) 
UO 


In algebra, exponential expressions are combined to form polynomials. In this section, we 
will introduce the topic of polynomials and graph some basic polynomial functions. 


G8 Determine whether an expression is a polynomial. 
Recall that expressions such as 
3x 4y*— -8x7y? and ~—25 


with constant and/or variable factors are called algebraic terms. The numerical coeffi- 
cients of the first three of these terms are 3, 4, and —8, respectively. Because 25 = 25x°, 
25 is considered to be the numerical coefficient of the term 25. 


A polynomial is an algebraic expression that is a single term or the sum of several 
terms containing whole-number exponents on the variables. 


Here are some examples of polynomials: 


8xyt 3x+2 4°-2y+3 and 3a-4b-4c+ 8d 


EXAMPLE 1 


SELF CHECK 1 


EXAMPLE 2 


SELF CHECK 2 
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COMMENT The expression 2x* — 3y ° is not a polynomial, because the second term 
contains a negative exponent on a variable base. 


Determine whether each expression is a polynomial. 
ax? + 2x41 A polynomial 


b. 3x_'—2x—3 No. The first term has a negative exponent on a variable base. 


1 
c. ~~ —2.3x +5 A polynomial 


d. —2x + 3x1? No. The second term has a fractional exponent on a variable base. 


Determine whether each expression is a polynomial: 
a. 3x 4 + 2x7 — 3 b. 7.5x° — 4x° — 3x 


Classify a polynomial as a monomial, binomial, 
or trinomial, if applicable. 


A polynomial with one term is called a monomial. A polynomial with two terms is called 
a binomial. A polynomial with three terms is called a trinomial. Here are some examples. 


Monomials Binomials Trinomials 
5x7y 3u> — 4u° —57 + 4t +3 
=(6i8 18a°b + 4ab 27x? — 6x — 2 

29 —292'7 — 1 —32r° + Ty - 2 


Classify each polynomial as a monomial, a binomial, or a trinomial, if applicable. 


a. 5x4 + 3x Since the polynomial has two terms, it is a binomial. 
b. 7x* — 5x* — 2 Since the polynomial has three terms, it is a trinomial. 
C= avr Since the polynomial has one term, it is a monomial. 


d. 9x° — 5x? + 8x — 7 Since the polynomial has four terms, it has no special name. It is 
none of these. 


Classify each polynomial as a monomial, a binomial, or a trinomial, if applicable. 
a. 5x b. —5x7 + 2x — 5 
c. 16x* — 9y? do x? + 7x4 - x? + 6x - 1 


Find the degree of a polynomial. 


The monomial 7x° is called a monomial of sixth degree or a monomial of degree 6, 
because the variable x occurs as a factor six times. The monomial 3x°y* is a monomial of 
the seventh degree, because the variables x and y occur as factors a total of seven times. 
Other examples are 


—2x° is a monomial of degree 3. 


47x°y? is a monomial of degree 5. 
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Degree of a Monomial 


(] Degree of a Polynomial 


EXAMPLE 3 


Ey SELF CHECK 3 


18x*y°z* is a monomial of degree 14. 
8 isa monomial of degree 0, because 8 = ae 


These examples illustrate the following definition. 


If ais a nonzero coefficient, the degree of the monomial ax” is n. 


The degree of a monomial with several variables is the sum of the exponents on those 
variables. 


COMMENT Note that the degree of ax” is not defined when a = 0. Since ax” = 0 when 
a = 0, the constant 0 has no defined degree. 


Because each term of a polynomial is a monomial, we define the degree of a polyno- 
mial by considering the degree of each of its terms. 


The degree of a polynomial is the degree of its term with largest degree. 


For example, 


x° + 2x is a binomial of degree 2, because the degree of its first term is 2 and the 
degree of its other term is less than 2. 


3x°y" + 4x*y* — 3x? is a trinomial of degree 8, because the degree of its second term 


is 8 and the degree of each of its other terms is less than 8. 


© 25x4y32’ — 15xy8z!? — 32x8y823 + 4 is a polynomial of degree 19, because its 


second and third terms are of degree 19. Its other terms have degrees less than 19. 


Find the degree of each polynomial. 


a. —4x° — 5x7 + 3x 3, the degree of the first term because it has largest degree 
b. 5x*y? + Txy* — 16x*y° 8, the degree of the last term 
c. —17a°bec* + 12a°b*c 9, the degree of the first term 


Find the degree of each polynomial. 
a. 15p°q* — 25p*¢? b. —14rs*t* + 12P° st? 


If the polynomial contains a single variable, we usually write it with its exponents in 
descending order where the term with the highest degree is listed first, followed by the 
term with the next highest degree, and so on. If we reverse the order, the polynomial is 
said to be written with its exponents in ascending order. 


Evaluate a polynomial for a specified value. 


When a number is substituted for the variable in a polynomial, the polynomial takes on 
a numerical value. Finding that value is called evaluating the polynomial. 
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EXAMPLE 4 Evaluate the polynomial 3x7 + 2 when 
ax=0 bx=2 ax=-3 d. x = 4. 


Solution a. 3x” + 2 = 3(0)? + 2 b. 3x7 + 2 = 3(2)? +2 
= 3(0) + 2 = 3(4) +2 
=0+2 =12+2 
=2 = 14 


1 2 
c. 3x7 + 2 = 3(-3) +2 d. 3x7 +2= x( -2) 2 
= 3(9) + 2 ; 
= = 3(—)+2 
27 +2 (3) 
= 29 3. 50 
25° 25 
= 
25 
FJ SELF CHECK 4 = Evaluate 3x7 + x — 2when a. x =2 bx =-l. 


When we evaluate a polynomial for several values of its variable, we often write the 
results in a table. 


EXAMPLE 5 Evaluate the polynomial x* + 1 for the following values and write the results in a table. 
ax=-2 bx=-l «ax=0 dx=l ax=2 


Solution x |xt+i 
a. —2| -7 wet+1=(-2)3+1=-7 
b. —1 0 wet+1=(-1l'+1=0 
c 0 1 wet1=(0P4+1=1 
d 1 2 e+1=(7+1=2 
e 2 9 et1l=Q2%+1=9 


SELF CHECK 5 Complete the following table. 


5] Define a function and evaluate it using function notation. 


The results of Examples 4 and 5 illustrate that for every input value x that we substitute 
into a polynomial containing the variable x, there is exactly one output value. Whenever 
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Functions 


i Function Notation 


COMMENT The notation f(x) 
does not mean “f times x.” 


EXAMPLE 6 


Solution 


we consider a polynomial equation such as y = 3x° + 2, where each input value x deter- 
mines a single output value y, we say that y is a function of x. 


Any equation in x and y where each value of x (the input) determines a single value of 
y (the output) is called a function. In this case, we say that y is a function of x. 


The set of all input values x is called the domain of the function, and the set of all 
output values y is called the range. 


Since each output value y depends on some input value x, we call y the dependent vari- 
able and x the independent variable. Here are some equations that define y to be a function 
of x. 


1. y = 2x —3 Note that each input value x determines a single output value y. For 
example, if x = 4, then y = 5. Since any real number can be substi- 
tuted for x, the domain is the set of real numbers. We will soon show 
that the range is also the set of real numbers. 


2.753 Note that each input value x determines a single output value y. For 
example, if x = 3, then y = 9. Since any real number can be substi- 
tuted for x, the domain is the set of real numbers. Since the square 
of any real number is positive or 0, the range is the set of all 


numbers y such that y = 0. 


3.7= x" Note that each input value x determines a single output value y. For 
example, if x = —2, then y = — 8. Since any real number can be 
substituted for x, the domain is the set of real numbers. We will 


soon show that the range is also the set of real numbers. 


There is a special notation for functions that uses the symbol f(x), read as “f of x.” 


The notation y = f(x) denotes that the variable y is a function of x. 


The notation y = f(x) provides a way to denote the values of y in a function that 
correspond to individual values of x. For example, if y = f(x), the value of y that is 
determined by x = 3 is denoted as f(3). Similarly, f(—1) represents the value of y that 
corresponds tox = — 1. 


Let y = f(x) = 2x — 3 and find: a. f(3) b. f(-1) «. f(0O) d. the value of x 
that will make f(x) = —2.6. 


a. We replace x with 3. b. We replace x with —1. 
f(x) = 2x — 3 f(x) = 2x — 3 
f(3) = 23) — 3 Ie) =2e)=3 
=6—3 =-2-3 


= =-5 


SELF CHECK 6 


ACCENT ON TECHNOLOGY 


Height of a Rocket 


EXAMPLE 7 


Solution 
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c. We replace x with 0. d. We replace f(x) with —2.6 and solve for x. 
f(x) = 2x — 3 f(x) = 2x -— 3 
f() = 2(0) — 3 2.6 = 2x —3 
=0-3 0.4 = 2x 
=-—3 0.2=x 
= 3 
If f(x) = 2x — 3, find: a. f(—2) b. f(3) 


c. the value of x that will make f(x) = 5. 


The height / (in feet) of a toy rocket launched straight up into the air with an initial 
velocity of 64 feet per second is given by the polynomial function 


h = f(t) = —162? + 64¢ 
In this case, the height / is the dependent variable, and the time ¢ is the independent 


variable. To find the height of the rocket 3.5 seconds after launch, we substitute 3.5 for 
t and evaluate h. 


h = —16¢° + 64¢ 
h = —16(3.5)° + 64(3.5) 
To evaluate A with a calculator, we enter these numbers and press these keys: 
16 +/— X 3.5 x* + ( 64 X 3.5) = — Usingacalculator witha +/— key 
(—) 16 x 3.5 x2 + 64 X 3.5 ENTER Using a graphing calculator 


Either way, the display reads 28. After 3.5 seconds, the rocket will be 28 feet above the 
ground. 


Graph a linear, quadratic, and cubic polynomial function. 


A function of the form y = f(x), where f(x) is a polynomial, is called a polynomial 
function. We can graph polynomial functions as we graphed equations in Section 3.2. We 
make a table of values, plot points, and draw the line or curve that passes through those 
points. 


In the next example, we graph the polynomial function f(x) = 2x — 3. Since its 
graph is a line, it is a linear function. 


COMMENT The ordered pair (x, y) can be written as (x, f(x)). 


Graph: y = f(x) = 2x — 3. 


We substitute numbers for x, compute the corresponding values of f(x), and list the 
results in a table, as in Figure 4-1 on the next page. We then plot the pairs (x, y) and draw 
a line through the points, as shown in the figure. From the graph, we can see that x can be 
any value. This confirms that the domain is the set of real numbers R. We also can see 
that y can be any value. This confirms the range is also the set of real numbers R. 
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<< 


¥= fx) 2x-—3 
x | f(x) | @, f)) 
—3| -9 | (-3, -9) 
eae ee 


=| <3 |\(=1,—5) - 
0| -3 | (0, -3) 

i) = el 

2} 1/21 y=) =2x-3 
3} 31,3) 


Figure 4-1 


>| SELF CHECK 7 Graph y = f(x) = 5x + 3 and determine whether it is a linear function. 


In the next example, we graph the function f(x) = x°, called the squaring function. 
Since the polynomial on the right side is of second degree, we also can call this function 
a quadratic function. 


EXAMPLE 8 Graph: f(x) = x. 


Solution We substitute numbers for x, compute the corresponding values of f(x), and list the 
results in a table, as in Figure 4-2. We then plot the pairs (x, y) and draw a smooth 
curve through the points, as shown in the figure. This curve is called a parabola. From 
the graph, we can see that x can be any value. This confirms that the domain is the set 
of real numbers R. We can also see that y is always a positive number or 0. This con- 
firms that the range is {y| y is a real number and y = 0}. In interval notation, this is 


[0, ~). 
Ba 

fos) =? | 
Amalie Noether x | f(x) | @ f@) 
(1882-1935) —3| 9 | (-3,9) 
Albert Einstein described —2| 4 | (-2,4) 
Noether as the most creative —] (| (-1, 1) 5 
female mathematical genius 0| 0 | (0,0) Y= fe) = x" 
since the beginning of higher i) ey my 
education for women. Her work 2| 4 |(2,4) 
was in the area of abstract 3} 9 | (3,9) 
algebra. Although she received 
a doctoral degree in mathemat- 
ics, she was denied a mathemat- Figure 4-2 
ics position in Germany because 
she was a woman. 


>| SELF CHECK 8 Graph f(x) = x* — 3 and compare the graph to the graph of f(x) = x° shown in 
Figure 4-2. 
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In the next example, we graph the function f(x) = x°, called the cubing function. 
Since the polynomial on the right side is of third degree, we can also call this function a 
cubic function. 


EXAMPLE9 Graph: f(x) = x°. 


Solution We substitute numbers for x, compute the corresponding values of f(x), and list the 
results in a table, as in Figure 4-3. We then plot the pairs (x, f(x)) and draw a smooth 
curve through the points, as shown in the figure. 


y 
A 
fix =x 
x | f(x) | (, f@) 
2 | tao. 8) 
1) =f ).(=1,=1) = 
0} 0 | (0,0) yep = 
1] 1/@,1) 
2) 8 | (2,8) 


Figure 4-3 


SELF CHECK9 Graph f(x) = x* + 3 and compare the graph to the graph of f(x) = x° shown in 
Figure 4-3. 


| ACCENT ON TECHNOLOGY | WY \ MEG: T\UKtlq\a@ It is possible to use a graphing calculator to generate tables and graphs for polynomial 
functions. For example, Figure 4-4 shows calculator tables and the graphs of 


Graphing Polynomial fo) = 2x — 3, f(x) = x?, and f(x) = Pa 


Functions 


y =f) =2x-3 


[| y = fx) = 2° 


(a) (b) 
Figure 4-4 
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EXAMPLE 10 Graph: f(x) = x* — 2x. 


Solution We substitute numbers for x, compute the corresponding values of f(x), and list the 
results in a table, as in Figure 4-5. We then plot the pairs (x, f(x)) and draw a smooth 
curve through the points, as shown in the figure. 


f(x) = x° — 2x 
x | f(%) | @ fF) 
= 8 | (—2, 8) 
=] 3 | (-1, 3) 
0 0 | (0, 0) 
1} -1/)}qd,-l x 
2 0 | (2, 0) 
3 3 | (3, 3) ye ft) sx? + 2x 
4 8 | (4, 8) 


Figure 4-5 


SELF CHECK 10 Use a graphing calculator to graph f(x) = x? — 2x. 


EVERYDAY CONNECTIONS NBA Salaries 


> 4206 
| 

& 

=| 3.6 
= 

n 

E @3 
sg @25 
al e023 

rat 

E @2 

& 1.8 

Ey ai 134s 

8 

< 0.927 


6 8 10 12 14 16 
Years since 1984 


Source: http://blog.msumoney.com/2008/02/20/the-jason-kidd-trade-and-the-problem-with-the-nba-salary-cap.aspx 
f(®) = 0.3169 + 0.0737t — 0.007627 + 0.00227? — 0.0000774 


The polynomial function shown above models average player salary in the National Basketball Association during the 
time period 1984-2007, where ¢ equals the number of years since 1984. The dots represent actual average salaries and 
points on the red graph represent predicted salaries. Use the graph to answer the following questions. 


1. a. What was the actual average player salary in 1996? 
b. What was the average player salary predicted by the function f(t) in 1996? 


2. Does this function yield a realistic prediction of the average player salary in 2015? 
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SELF CHECK ANSWERS 1. a.no b. yes 2. a. monomial Ob. trinomial cc. binomial d. noneof these 3. a. 7 
i5bO 4565 1 Ib O SOBA IO=) Bet IbO @&e 
7. a linear function Y 8. same shape but 3 units lower 


10. 


1. Classify each polynomial and state its degree: 
a. 9x* — 6x8 


b. 1 
2. If f(x) = —3x7 — 2x, 
a. find f(—4) 


b. find f(3p) 


4.4 EXERCISES } 


WARM-UPS _ Give anexample of a polynomial that is... Solve each inequality and graph the solution set. 
1. a binomial 2. a monomial 11. —4(3y + 2) = 28 12. -5<3f+4=13 
3. a trinomial 4. not a monomial, a 
binomial, or a trinomial 
seis a Groh deere | Write each expression without using parentheses or negative 
7. of degree 0 8. of no defined degree exponents. Assume no variable is zero. 
13. (x°x*)3 14. (ee y(ayP? 
REVIEW 3 93\-4 
Solve each equation. 15. e 16. (4) 
ats Veiegactan VOCABULARY AND CONCEPTS | fill in the blank 
10. 8(3a — 5) — 12 = 4(2a + 3) PUICEHE PATI 
17. An expression such as 374 with a constant and/or variable 
factor is called an term. 
18. A is an algebraic expression that is the sum of 


one or more terms containing whole-number exponents on 
the variables. 
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19. A is a polynomial with one term. A 
is a polynomial with two terms. A is a polyno- 
mial with three terms. 

20. If a # 0, the 


21. The degree of a monomial with several variables is the 
of the exponents on those variables. 


of ax” isn. 


22. A function of the form y = f(x) where f(x) is a polynomial 
is called a function. Its is the set of all 
input values x and its is the set of all output values y. 

23. In the function y = f(x), x is called the 
variable and y is called the 


variable. 


24. The graph of a function is a line. 


25. The function f(x) = x is called the squaring or 
function. The graph of a quadratic function is called a 


26. The function f(x) = x° is called the cubing or 
function. 


27. The polynomial 8x° — 3x7 + 6x? — 1 is written with its 
exponents in order. Its degree is _. 


28. The polynomial —2x + x* — 5x? + 7x* is written with its 
exponents in order. Its degree is _. 

29. Any equation in x and y where each input value x deter- 
mines exactly one output value y is called a 

30. f(x) is read as 


GUIDED PRACTICE 
Determine whether each expression is a polynomial. See Example 1. 
(Objective 1) 

31. x° — 5x7 -2 
33. 3x'/? — 4 


32. x *— 5x 
34. 0.5x° — 0.25x7 


Classify each polynomial as a monomial, a binomial, a trinomial, 
or none of these. See Example 2. (Objective 2) 

35. 3x +7 36. 3y — 5 

37. 3y° + 4y +3 38. 3xy 
39. 32° 40. 3x4 — 2x° + 3x-1 


41. 51 — 32 42. 9x°y'zt 


Give the degree of each polynomial. See Example 3. (Objective 3) 


43. 3x4 44. 3x° — 4x° 

45. —2x° + 3x° 46. —5x° + 3x7 — 3x 
47. 3x°y? + 5x3? 48. —2x°y* + 4x3 yz 
49, —5r°s7t — 3r°st? + 3 50. 49797? — 57°58 


Evaluate 5x — 3 for each value. See Example 4. (Objective 4) 
51. x =2 52. x =0 
53. x=—-1 54. x = —2 


Evaluate —x? — 4 for each value. See Example 4. (Objective 4) 
55.x=0 56. x = 1 


57.x=-1 58. x = —2 
Complete each table. See Example 5. (Objective 4) 
59. x |x 3 60. x |-x +3 
—2 —2 
-l —1 
0 0 
1 1 
2 2 
61. x |x +2 62. x |-x° +2 
—2 =2 
—l —1 
0 0 
1 1 
2 2 


If f(x) = 5x + 1, find each value. See Example 6. (Objective 5) 
63. f(0) 64. f(2) 


(2) “(() 


67. the value of x that will make f(x) = 26 
68. the value of x that will make f(x) = —9 
69. the value of x that will make f(x) = —21 
70. the value of x that will make f(x) = 25.5 
Graph each polynomial function and give the domain and range. 
Check your work with a graphing calculator. See Examples 7-10. 
(Objective 6) 
71. f(x)=x?-1 72. f(x) =x +2 
J y 


73. f(x)=x°4+2 74. f(x) =x° -2 
y y 


ADDITIONAL PRACTICE 
Classify each polynomial as a monomial, a binomial, a trinomial, 
or none of these. 


75. s° — 23s + 31 76. 12x? — 12x° + 36x — 3 


77. 3x° — 2x* — 3x3 + 17 78. x° 


1 
79. ral +3 80. x — 1 


Give the degree of each polynomial. 


81. x'? + 3x°y%z4 82. 17°x 

83. 38 84. —25 

If f(x) = x? — 2x + 3, find each value. 

85. f(0) 86. f(3) 

87. f(—2) 88. f(-1) 
89. f(0.5) 90. f(1.2) 


APPLICATIONS = Use acalculator to help solve each problem. 


91. Height of arocket See the Accent on Technology 
section on page 273. Find the height of the rocket 
2 seconds after launch. 
92. Height of arocket Again referring to page 273, make 
a table of values to find the rocket’s height at various 
times. For what values of f will the height of the rocket be 
0? 
93. Computing revenue The revenue r (in dollars) that a 
manufacturer of desk chairs receives is given by the 
polynomial function 


r = f(d) = —0.08d7 + 100d 


where d is the number of chairs manufactured. Find the 
revenue received when 815 chairs are manufactured. 


94. Falling balloons Some students threw balloons filled 
with water from a dormitory window. The height / (in 
feet) of the balloons ¢ seconds after being thrown is given 
by the polynomial function 


4.5 Adding and Subtracting Polynomials 279 


h = f(t) = —16f° + 121 + 20 


How far above the ground is a balloon 1.5 seconds after 
being thrown? 

95. Stopping distance The number of feet that a car 

travels before stopping depends on the driver’s reac- 

tion time and the braking distance. For one driver, the 
stopping distance dis given by the function 
d = f(v) = 0.04v* + 0.9v, where v is the velocity of the 
car. Find the stopping distance when the driver is traveling 
at 30 mph. 


Stopping distance d | 


_ {Reactonime Braking distance 


30 mph Reaction time Braking distance 


Decision 
to stop 


96. Stopping distance Find the stopping distance of the 
car discussed in Exercise 95 when the driver is going 
70 mph. 


WRITING ABOUT MATH 
97. Describe how to determine the degree of a polynomial. 


98. Describe how to classify a polynomial as a monomial, a 
binomial, a trinomial, or none of these. 


SOMETHING TO THINK ABOUT 
99. Find a polynomial whose value will be | if you substitute 3 
for x. 
100. Graph the function f(x) = —x?. What do you discover? 


Adding and Subtracting Polynomials 


GD Add two or more monomials. 


Objectives 


®) subtract two monomials. 
3} Add two polynomials. 
@3 Subtract two polynomials. 


© simplify an expression using the order of operations and combining like 


terms. 


@ Solve an application problem requiring operations with polynomials. 
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Vocabulary 


> 
mo) 
o 
J 
ce 
(©) 
= 
_ 
~ 
J) 
Uo 


EXAMPLE 1 


Fy SELF CHECK 1 


Combine like terms and simplify, if possible. 


3x 2x 2. = 3y. 3. 19x + 6x 
5. 9r + 3r 6. 4r — 3s 7. Te Tr 


In this section, we will discuss how to add and subtract polynomials. 


Add two or more monomials. 
Recall that like terms have the same variables with the same exponents. For example, 


3xyz° and —2xyz? are like terms. 


1 1 
zabre and 3a bd are unlike terms. 


Also recall that to combine like terms, we add (or subtract) their coefficients and 
keep the same variables with the same exponents. For example, 


2y + Sy = (2 + 5)y —3x7 + 7x? = (-3 + 7)x* 
= 7y = Ax 
Likewise, 
A4xty* + 9x3)? = 13x37)? 4st + TP’st* = 11P’s3t4 


These examples suggest that to add like monomials, we simply combine like terms. 


Perform the following additions. 
a. 5xy*? + Txy? = 12xy° 
b. —7x°y* + 6x°y* + 3x°y? = -x°*y* + 3x°*y* 
= 2x7? 
c. (2x7)? + 81x* = 4x4 + 81x4 (2x7)? = (2x°)(2x?) = 4x4 
= 85x* 


Perform the following additions. a. 6a°b? + Sa*b* 
b. —2pq? + 5pq? + 8pq? ©. 27x° + (2x7) 
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2] Subtract two monomials. 


To subtract one monomial from another, we add the opposite of the monomial that is to 
be subtracted. In symbols, x — y = x + (—y). 


EXAMPLE 2 Find each difference. 


a. 8x7 — 3x7 = 8x7 + (—3x°) 


=a 
b. 6x°y? — 9x3)? = 6x39? + (—9x7y’) 
= 3x7)? 
c. —3r’st? — 5rst? = —3r’st? + (—5r’st?) 
= —8r’st? 
SELF CHECK2 Find each difference: a. 12m? — 7m? b. —4p3¢7 — 8p3¢7 


3] Add two polynomials. 


Because of the distributive property, we can remove parentheses enclosing several terms 
when the sign preceding the parentheses is +. We can simply drop the parentheses. 


+(3x7 + 3x — 2) = +1(3x* + 3x — 2) 
= 1(3x”) + 1(3x) + 1(-2) 
= 3x° + 3x + (—2) 
= 3x° + 3x -2 


We can add polynomials by removing parentheses, if necessary, and then combining 
any like terms that are contained within the polynomials. 


EXAMPLE3 Add: (3x* — 3x + 2) + (2x7 + 7x — 4). 


Solution (3x* — 3x + 2) + (2x7 + 7x — 4) 
= 3x7 — 3x +24+2x7+7x-4 
= 3x7 + 2x? —-3x+7x+2-4 
= 5x7 + 4x -2 


SELF CHECK3 Add: (2a — a + 4) + (Sa? + 6a — 5). 


Additions such as Example 3 often are written with like terms aligned vertically. We 
then can add the polynomials column by column. 


3x7 —3x+2 
2x7 + 7x — 4 
5x7 + 4x —2 
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EXAMPLE 4 Add. 
Ax?y + 8x7y? — 3x°y3 
3x7y a 8x2y" + 8x7y> 
Tx’y + 5x°y3 


ES) SELF CHECK 4 = Ada. 


4pg + 6pq? — Tpq* 
2p — 8pq° + 9pq* 


4 Subtract two polynomials. 


Because of the distributive property, we can remove parentheses enclosing several terms 
when the sign preceding the parentheses is —. We can simply drop the negative sign and 
the parentheses, and change the sign of every term within the parentheses. 
—(3x7 + 3x — 2) = —1(3x* + 3x — 2) 
= —1(3x’) + (-1)(x) + (—1)(—2) 
—3x7 + (—3x) + 2 
= -3)x° —-3x+2 


This suggests that the way to subtract polynomials is to remove parentheses and combine 
like terms. 


EXAMPLE 5 _ Subtract: 
a. (3x — 4) — (5x + 7) = 3x -4-5x-7 


= -2x-1l 
b. (3x7 — 4x — 6) — (2x? — 6x + 12) = 3x7 — 4x — 6 — 2x? + 6x — 12 
= x? + 2x — 18 
« (—4re + 2°?) — (-3r8 + 2°?) = —4r8 + 2? + 3re - 2° 
3 
=—rt 


FEY SELF CHECKS Subtract: —2a7b + Sab? — (—Sa°b — Tab’). 


To subtract polynomials in vertical form, we add the negative of the subtrahend (the 
bottom polynomial) to the minuend (the top polynomial) to obtain the difference. 


EXAMPLE 6 Subtract (3x?y — 2xy’) from (2x*y + 4xy’). 


Solution We write the subtraction in vertical form, change the signs of the terms of the subtra- 
hend, and add: 
2x*y + Axy’ 2x7y + Axy’ 
— 3x°y — 2xy? + 4+-3x°y + 2xy? 
= xy + 6xy" 
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In horizontal form, the solution is 
2x*y + 4xy* — (3x*y — 2xy*) = 2x*y + 4xy* — 3x*y + 2xy* 
= —x*y + 6xy" 


SELF CHECK6 Subtract.  5p’q — 6pq + 79 
— 2p°q + 2pq — 84 


EXAMPLE 7 Subtract (6xy” + 4x*y* — x3y) from (—2xy* — 3x7y’). 


Solution —2xy? —3x7y? + -2xy* — 3x77 
= 6xy" + Ax*y* - xy? +-6xy" - Ax*y* + x? yy 
8x i 4x? ye 2x? a 


In horizontal form, the solution is 


2. 


2. Ce ala (6xy" at 4xy? _ ry) 
= 2xy” Sxy" 6xy" Ax*y* + xy? 


2xy 


= 8xy" 4x” Ie 


SELF CHECK 7 Subtract (—2pq* — 2p?q? + 3p%q°) from (5pq” + 3p? — pq’). 


5] Simplify an expression using the order of operations 
and combining like terms. 


Because of the distributive property, we can remove parentheses enclosing several terms 
when a monomial precedes the parentheses. We multiply every term within the parentheses 
by that monomial. For example, to add 3(2x + 5) and 2(4x — 3), we proceed as follows: 
3(2x + 5) + 2(4x — 3) = 6x + 15 + 8x — 6 
= 6x + 8x+15—6 Use the commutative property of 


addition. 
= 14x +9 Combine like terms. 
EXAMPLE 8 Simplify. 
a. 3(x7 + 4x) + 2(x? — 4) = 3x° + 12x + 2x* — 8 
= 5x7 + 12x — 8 
b. 8(y* — 2y + 3) — 4(2y? + py — 3) = 8y" — l6y + 24 -— By — 4y + 12 
= —20y + 36 


c. —4(x7y? — x?p + 3x) — (x7? — 2x) + 3(ax*y* + 2xy) 
= —4x°y? + 4x7y — 12x — x7y? + 2x + 3x°y? + 6x7yp 
= —2x°y? + 10x*y — 10x 


SELF CHECK 8 Simplify: a. 2(a — 3a) + 5(@° + 2a) 
b. 5(x°y + 2x*) — (x*y — 3x”) 
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6] Solve an application problem requiring operations with polynomials. 


EXAMPLE 9 PROPERTYVALUES A house purchased for $95,000 is expected to appreciate accord- 
ing to the formula y = 2,500x + 95,000, where y is the value of the house after x years. 
A second house purchased for $125,000 is expected to appreciate according to the 
formula y = 4,500x + 125,000. Find one formula that will give the value of both 
properties after x years. 


Solution The value of the first house after x years is given by the polynomial 2,500x + 95,000. 
The value of the second house after x years is given by the polynomial 
4,500x + 125,000. The value of both houses will be the sum of these two polynomials. 


2,500x + 95,000 + 4,500x + 125,000 = 7,000x + 220,000 
The total value y of the properties is given by y = 7,000x + 220,000. 


SELF CHECK ANSWERS 1. a. lla*b’ b. llpq? oc. 35x° 2. a. Sm? ob. — 128? 3. Ta? + Sa 1 
4. 6pq? — 2pq? + 2pq* 5. 3a*b + 12ab> 6. 3p"g — 8pq + 15q 7. Tpg? + Sp? — 4p? 
8. a. 7a° + 4a ib. 4x*y + 13x? 


1. If the lengths of the sides of a triangle represent consecutive even integers, find the perime- 
ter of the triangle. 


2. If the length of a rectangle is (15x — 3) ft and the width is (8x + 17) ft, find the perimeter. 


3. If the length of one side of a rectangle is represented by the polynomial (4x — 18) cm, and 
the perimeter is (12x — 36) cm, find the width. 


a 2 —— 
4.5 EXERCISES — ’ 
WARM-UPS | Simplify. REVIEW Leta = 3,b = —2,c = —1,andd = 2. Evaluate 
12x28 4+ 3x3 2. 3xy + xy each expression. 
3. (x + 3y) — (x + y) 4. 5(1 — x) + 3(x — 1) 9. ab + cd 10. ad + be 
11. ab + c) 12. db + a) 
5. (2x — y*) — (2x + y’) 6. 5(x° + yp) + (x? — y) 


13. Solve the inequality —4(2x — 9) = 12 and graph the solu- 


% 5 a A tion set. 
7.3x°+2y+x—y 8. 2x-y + y — (2x7y — y) 


14 


. The kinetic energy of a moving object is given by the 
formula 


Solve the formula for m. 


VOCABULARY AND CONCEPTS 


Fill in the blanks. 
15. A is a polynomial with one term. 
16. If two polynomials are subtracted in vertical form, the 


bottom polynomial is called the _____—_, and the top 
polynomial is called the 


17. To add like monomials, add the numerical___———saand 
keep the 

18.a—-—b=at 

19. To add two polynomials, combine any ____ contained 


20. 


in the polynomials. 
To subtract polynomials, remove parentheses and combine 


Determine whether the terms are like or unlike terms. If they are 
like terms, add them. 


21. 3y, 4y 22. 3x°, 5x° 

23. 3x, 3y 24. 3x7, 6x 

25. 3x°, 4x°, 6x° 26. —2y*, —6y*, 10y4 
27. —5x*y*, 13x7y" 28. 23, 12x 

29. =237", 327°, 562° 

30. 32x°y*, 21° y3, —lLLe yy? 

31. —x°y, xy, 3xy" 

32. 4x7 y7z, —6x3y7z, 2x4 yz 

GUIDED PRACTICE 

Simplify each expression. See Example 1. (Objective 1) 

33. 4y + Sy 34. 3¢ + 6¢ 
353-20 43x 36. —Sp + 8p 

37. —8f + 407 38. —7m> + 2m 
39. 15x° + 10x7 40. 25r* + 15r* 
Simplify each expression. See Example 2. (Objective 2) 

41. —18a — 3a 42. 46x°y — 64x7y 
43. 32u° — 16u° 44, 25xy? — 7xy* 
45. 18x°y? — Ixy? 46. 17x°y — 22x°y 
47. 22ab” — 30ab” 48. 17m°n — 20n°n 


Perform each addition and simplify. See Example 3. (Objective 3) 


49 
50 


« (3x + 7) + (4x — 3) 
. (2y — 3) + (4y + 7) 


4.5 Adding and Subtracting Polynomials 


51. (2x + 3y + z) + (5x — 10y + 2) 
52. (3x7 — 3x — 2) + (3x7 + 4x — 3) 


Perform each addition. See Example 4. (Objective 3) 


53. Add: 3x7 + 4x45 
2x? — 3x + 6 


54. Add: 2x° + 2x7 — 3x45 
3x3 — 4x? — x -7 


55. Add: 2x? — 3x7 + 4x -7 
9x7? — 4x7 — 5x + 6 


56. Add: —3x° + 4x7 — 4x 4+ 9 
2x3 + 9x — 3 
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Perform each subtraction and simplify. See Example 5. (Objective 4) 


57. (4a + 3) — (2a — 4) 
58. (5b — 7) — (3b + 5) 

59. (a> — 2a + 4) — (a — 3a + 7) 
60. (2b° + 3b — 5) — (26° — 4b — 9) 


Perform each subtraction. See Example 6. (Objective 4) 


61. Subtract: 3x7 + 4x — 5 
—2x7 — 2x +3 


62. Subtract: 3)? -—4y+ 7 
6y* — 6y — 13 


63. Subtract: 4x° + 4x7 — 3x + 10 
5x7 — 2x7 —4x — 4 


64. Subtract: 9 3x° + 4x7 + 7x + 12 
4x37 + 6x7 + 9x — 3 


Perform each subtraction. See Example 7. (Objective 4) 
65. Subtract llx + y from —8x — 3y. 

66. Subtract 2x + 5y from 5x — 8y. 

67. Subtract 4x7 — 3x + 2 from 2x” — 3x + 1. 
68. Subtract —4a + b from 6a” + 5a — b. 


Simplify each expression. See Example 8. (Objective 5) 
69. 2(x + 3) + 4(x — 2) 

70. 3(y — 4) — 5(y + 3) 

71, —2(x* + 7x — 1) — 3(x? — 2x + 7) 

72. —5(y? — 2y — 6) + 6(2y? + 2y — 5) 


73. 2(x7 — 5x — 4) — 3(x* — 5x — 4) + 6(x7 — 5x 


74, 7(x> + 3x + 1) + 9x? + 3x + 1) — 5(x? + 3x4 
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75. 


76. 
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2(2y* — 2y + 2) — 43y* — 4y — 1) + 40° - yy’ - y) 


A(z? — 5z) — 5(427 — 1) + 6(2z — 3) 


ADDITIONAL PRACTICE Perform the operations and 
simplify when possible. 


77. 
78. 
79. 
80. 
81. 
82. 
83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 
91. 
92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


3rst + 4rst + Trst 

—2ab + Tab — 3ab 

—4a°be + S5a°he — Ta°be 
(xp)? + 4x7y" — 2x°y? 
(3x)? — 4x7 + 10x? 

(2x)* — 3x?) 

5x°y? + (xy)? — (3x7)y? 
=3e yy + Qa y = Gay 
ary + Gryy =a 
5x5 yl — (2xy)5 + Bx)5y!° 
2(x + 3) + 3(x + 3) 

S(x + y) + T(x + y) 


8(x — y) + 11x — y) 

4(a — b) — S(a — b) 
(4c? + 3c — 2) + (3c? + 4c + 2) 
(—32? — 4z + 7) + (22? + 2z — 1) - (22° — 3z +7) 
Add: —3x?y + 4xy + 25y? 


5x°y — 3xy — 12y° 


Add: —6x7z — 4x727 + 723 
—7x32 + 9x72? — 2123 


Subtract: —2x°y? — 4xy + 12y* 
10x°y* + 9xy — 24y? 


Subtract: 25x? — 45x72 + 31x27 
12x? + 27x72 — 17x2” 


2(a°b* — ab) — 3(ab + 2ab?) + (b* — ab + a’b’) 


3(xy* + ¥) — 2axy? — 4? + y*) + 20° +) 


Airy? + xy? + xy?z) — 2(x°y? — 4xy?z) — 2(8xy? — y) 


3(u-v — uv? + uw) + 4(uvw + w?) — 300? + uw) 


Find the sum when x” + x — 3 is added to the sum of 
2x? — 3x + 4 and 3x° — 2. 

Find the sum when 3y* — Sy + 7 is added to the sum of 
—3y" — Ty + 4and 5y* + 5y — 7. 

Find the difference when ¢? — 277 + 2 is subtracted from 
the sum of 3¢7 + ? and —f + 6t — 3. 


104. Find the difference when —3z* — 4z + 7 is subtracted 
from the sum of —2z7 + 3z — 7 and —4z3 — 22 — 3. 


105. Find the sum when 3x7 + 4x — 7 is added to the sum of 
2x° — Tx + Land —4x* + 8x — 1. 

106. Find the difference when 32x* — 17x + 45 is subtracted 

from the sum of 23x* — 12x — 7and —11x* + 12x + 7. 


APPLICATIONS 


Consider the following information: If a house was purchased for 
$105,000 and is expected to appreciate $900 per year, its value y 
after x years is given by the formula y = 900x + 105,000. See 
Example 9. (Objective 6) 


107. Value of ahouse Find the expected value of the house in 
10 years. 

108. Value of ahouse A second house was purchased for 
$120,000 and was expected to appreciate $1,000 per year. 
Find a polynomial equation that will give the value of the 
house in x years. 

109. Value of ahouse Find the value of the house discussed in 
Exercise 108 after 12 years. 

110. Value of ahouse Find one polynomial equation that will 
give the combined value y of both houses after x years. 


111. Value of two houses Find the value of the two houses 
after 20 years by 
a. substituting 20 into the polynomial equations 
y = 900x + 105,000 and y = 1,000x + 120,000 and 
adding the results. 
b. substituting into the result of Exercise 110. 
112. Value of two houses Find the value of the two houses 
after 25 years by 
a. substituting 25 into the polynomial equations 
y = 900x + 105,000 and y = 1,000x + 120,000 and 
adding the results. 
b. substituting into the result of Exercise 110. 


Consider the following information: A business bought two 
computers, one for $6,600 and the other for $9,200. The first 
computer is expected to depreciate $1,100 per year and the 
second $1,700 per year. 


113. Value of acomputer Write a polynomial equation that 
will give the value of the first computer after x years. 


114. Value of acomputer Write a polynomial equation that 
will give the value of the second computer after x years. 


115. Value of two computers Find one polynomial equation 
that will give the value of both computers after x years. 


116. Value of two computers In two ways, find the value of the 
computers after 3 years. 
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WRITING ABOUT MATH 121. If P(x) = x7° + 5x? + 73 and O(x) = x7? + 4x? + 73, 

117. How do you recognize like terms? find P(7) — Q(7). 

118. How do you add like terms? 122. If two numbers written in scientific notation have the same 
power of 10, they can be added as similar terms: 

SOMETHING TO THINK ABOUT 2x10°3+3x10?=5*x 103 


Let P(x) = 3x — 5. Find each value. 
119. P(x + h) + P(x) 

3 4 
120. P(x + h) — P(x) 2x 10°+3 Xx 10 


Without converting to standard form, how could you add 


Multiplying Polynomials 


@® Multiply two or more monomials. 
© Multiply a polynomial by a monomial. 


€} Multiply a binomial by a binomial using the distributive property or FOIL 
method. 


@} Multiply a polynomial by a binomial. 
©} Solve an equation that simplifies to a linear equation. 
© Solve an application problem involving multiplication of polynomials. 


Objectives 


Vocabulary 


Simplify: 
1. (2x)(3) 2. (3xxx)(x) 3. 5x +x 4. 8x7x? 


Use the distributive property to remove parentheses. 


5. 3(x + 5) 6. —2(x + 5) 7. A(y — 3) 8. —2(y? — 3) 


Getting Ready 


We now discuss how to multiply polynomials. After introducing general methods for 
multiplication, we will introduce a special method, called the FOJL method, used for mul- 
tiplying binomials. 


@ Multiply two or more monomials. 


We have previously multiplied monomials by other monomials. For example, to multiply 
4x* by —2x7, we use the commutative and associative properties of multiplication to 
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Multiplying Monomials 


EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


Multiplying 
Polynomials 
by Monomials 


EXAMPLE 2 


Solution 


group the numerical factors together and the variable factors together. Then we multiply 
the numerical factors and multiply the variable factors. 


4x?(—2x3) = 4(-2)x?x3 
= —8x° 


This example suggests the following rule. 


To multiply two simplified monomials, multiply the numerical factors and then multi- 
ply the variable factors. 


Multiply. a. 3x°(2x°) b. —2a7b*(Sab*)  «. —4y°2?(2y%z*)(3yz) 


a 3x7) = 3(2)x x 


= 6x! 
b. —2a7b*(Sab’) = —2(5)a°ab°b? 
= —10a°b° 
c. —4y°27(2y*z*)\(3yz) = —4(2)(3)y?y3yz7z7z 
= —24y?2° 


Multiply. 
a. (Sa7b*)(6a°*) 
b. (—15p°q°)(Sp°q°) 


Multiply a polynomial by a monomial. 


To find the product of a monomial and a polynomial with more than one term, we use 
the distributive property. To multiply 2x + 4 by 5x, for example, we proceed as follows: 


5x(2x + 4) = 5x°+2x + 5x-4 Use the distributive property. 


= 10x? + 20x Multiply the monomials 5x + 2x = 10x? and 
5x +4 = 20x. 


This example suggests the following rule. 


To multiply a polynomial with more than one term by a monomial, use the distribu- 
tive property to remove parentheses and simplify. 


Multiply. a. 3a°(3a* — 5a) b. —2xz7(2x — 3z + 227) 


a. 3a*(3a” — 5a) = 3a” + 3a” — 3a*+ 5a _—_ Use the distributive property. 
= 9a* — 15a° Multiply. 
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a ae (206 = 57 Zz 
b. —2xz7(2x — 32 + 22° 

= —2x7?+ 2x — (—2xz”) + 3z + (—2xz”) +22? — Use the distributive property. 
—4 x72? — (—6xz3) + (—4xz") Multiply. 


22 3 4 
—4x°2° + 6xz” — 4xz 


SELF CHECK2 Multiply. 
a. 2p°(3p> — 5p) 
b. —5a°b(3a + 2b — 4ab) 


&)} Multiply a binomial by a binomial using the distributive 
property or FOIL method. 


To multiply two binomials, we must use the distributive property more than once. For 
example, to multiply 2a — 4 by 3a + 5, we proceed as follows. 


(2a — 4)(3a + 5) = (2a — 4): 3a 4+ (2a — 4)°5 Use the distributive property. 
= 3a(2a — 4) + 5(2a — 4) Use the commutative property 
of multiplication. 
= 3a:2a —- 3a:44+5+2a—5+4 Use the distributive property. 
= 6a” — 12a + 10a — 20 Do the multiplications. 


= 6a” — 2a — 20 Combine like terms. 


This example suggests the following rule. 


Multiplying Two To multiply two binomials, multiply each term of one binomial by each term of the 
Binomials other binomial and combine like terms. 


To multiply binomials, we can apply the distributive property using a shortcut 
method, called the FOIL method. FOIL is an acronym for First terms, Outer terms, Inner 
terms, and Last terms. To use this method to multiply (2a — 4) by (3a + 5), we 


. multiply the First terms 2a and 3a to obtain 6a”, 
. multiply the Outer terms 2a and 5 to obtain 10a, 
. multiply the Inner terms —4 and 3a to obtain —12a, and 
. multiply the Last terms —4 and 5 to obtain —20. 


BhWN = 


Then we simplify the resulting polynomial, if possible. 
First terms__ Last terms 


(Qa — 4)(3a + 5) = 2a(3a) + 2a(5) + (—4)(3a) + (-—4)(5) 
iar iene = 6a’ + 10a — 12a — 20 Simplify. 


Onis 6a* — 2a — 20 Combine like terms. 
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EXAMPLE 3 Find each product. 


F i 


a. (3x + 4)(2x — 3) = 3x(2x) + 3x(—3) + 4(2x) + 4(—3) 


i = 6x? — 9x + 8x — 12 
O = 6x? -x-12 
a 
b. (2y — 7)(y — 4) = 2yGy) + 2n(-4) + (-7IGy) + (-7)(-4) 
Y = l0y? — 8y — 35y + 28 
O = 10y” — 43y + 28 
F L 


c. (2r — 3s)(2r + t) = 2r(2r) + 2r(t) — 35(2r) — 35(2) 
Y = 4 + 2rt — 6sr — 3st 
O = 47° + 2rt — 6rs — 3st 


EJ SELF CHECK 3 Find each product. 
a. (2a — 1)(3a + 2) 
b. (Sy — 22z)(2y + 32) 


EXAMPLE 4 Simplify each expression. 


a. 3(2x — 3\(x + 1) 
<a 


= 3(2x7 + 2x — 3x — 3) Multiply the binomials. 
= 3(2x? = =3) Combine like terms. 


= 6x7 — 3x —9 Use the distributive property to remove parentheses. 


b. (x + 1)(x — 2) — 3x(x + 3) 
pal 
=x? —2x+x—2-3x?—9x Use the distributive property to remove 
parentheses. 


= —2x* — 10x —2 Combine like terms. 


FY SELF CHECK 4 Simplify: (x + 3)(2x — 1) + 2x(x — 1). 


The products discussed in Example 5 are called special products. 
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EXAMPLE 5 Find each product. 


a. 


a (xt yP=(e+yv0+y) 
eo 


ertxyptayty? 
=x +2xy+y* 


The square of the sum of two quantities has three terms: the square of the first 
quantity, plus twice the product of the quantities, plus the square of the second 


quantity. 
 -, 


b. (x -—y = -y-y 
‘o 


= —-xy-xy+y 


= x*-2xy+y 
The square of the difference of two quantities has three terms: the square of the 


first quantity, minus twice the product of the quantities, plus the square of the second 
quantity. 


re 


c. (x + yx -y)=xXr?-—xyptx-y 
‘oy 


2 2 
=X —y 


The product of the sum and the difference of two quantities is a binomial. /t is 
the product of the first quantities minus the product of the second quantities. 

Binomials that have the same terms, but with opposite signs between the terms, 
are called conjugate binomials. 


SELF CHECK5 Find each product. 


a. (p + 2)° 
b. (p — 2)° 
c. (p + 2g)(p — 29) 


Because the products discussed in Example 5 occur so often, it is wise to learn their 
forms. 


Special Products (x + yP =x? + Ixy + yy? 
CSD) Soe = eae ie 
CC y= x = 


4] Multiply a polynomial by a binomial. 


We must use the distributive property more than once to multiply a polynomial by a 
binomial. For example, to multiply 3x* + 3x — 5 by 2x + 3, we proceed as follows: 
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COMMENT Note that (2x + 3)(3x* + 3x — 5) = (2x + 3)3x7 + (2x + 3)3x — (2x + 3)5 
(xtyPexety? = 3x°(2x + 3) + 3x(2x + 3) — 5(2x + 3) 
= 6x? + 9x7 + 6x? + 9x -— 10x — 15 
= 6x? + 15x*7 —x -— 15 


and 


_ 42 2.2 
(x— yy #x—y 
This example suggests the following rule. 


Multiplying To multiply one polynomial by another, multiply each term of one polynomial by each 
Polynomials term of the other polynomial and combine like terms. 


It is often convenient to organize the work vertically. 


EXAMPLE 6 a. Multiply: 


3a — 4da + 7 


2a + 5 
2a3a* — 4a+7)—> 6a — 8a’ + 14a 
5(3a” — 4a + 7) —> + 15a” — 20a + 35 


6a° + Ta*>— 6a + 35 


b. Multiply: 


3y — Sy + 4 


aad 4y? ee! 
—4y’(3y? — 5y +4) +  —12y* + 20y? — 167° 
—3(3y" — 5y + 4) — Oy? + 15y — 12 
—12y* + 20y? — 25y? + 15y — 12 


FY SELF CHECK6 = Multiply: 
a. (3x + 2)(2x* — 4x + 5) 
b. (—2x* + 3)(2x* — 4x — 1) 


COMMENT An expression (without an = sign) can be simplified by combining its like 
terms. An equation (with an = sign) can be solved. Remember that 


Expressions are to be simplified. 


Equations are to be solved. 


5] Solve an equation that simplifies to a linear equation. 


To solve an equation such as (x + 2)(x + 3) = x(x + 7), we can use the FOIL method 
to remove the parentheses on the left side, use the distributive property to remove paren- 
theses on the right side, and proceed as follows: 
(x + 2)(x + 3) = x(x + 7) 
x +3x+2x+6=x7 4+ 7x 
x? +5x+6=x7+ 7x Combine like terms. 
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5x + 6 = 7x Subtract x7 from both sides. 
6 = 2x Subtract 5x from both sides. 
3=x Divide both sides by 2. 


Check: (x + 2)(x + 3) = x(x + 7) 
(3 + 2)(3 + 3) =3(3 +7) Replace x with 3. 
5(6) = 3(10) Do the additions within parentheses. 
30 = 30 


Since the answer checks, the solution is 3. 


EXAMPLE 7 Solve: (x + 5)(x + 4) = (x + 9)(x + 10). 


Solution We remove parentheses on both sides of the equation and proceed as follows: 


(x + 5)(x + 4) = (x + 9)(x + 10) 
x7 + 4x + 5x + 20 = x7 + 10x + 9x + 90 


x? + 9x + 20 = x7 + 19x + 90 Combine like terms. 
9x + 20 = 19x + 90 Subtract x from both sides. 
20 = 10x + 90 Subtract 9x from both sides. 
—70 = 10x Subtract 90 from both sides. 
—-7=x Divide both sides by 10. 


Check: (x + 5)(x + 4) = (x + 9)(x + 10) 
(—7 + 5)\(—7 + 4) = (-7 + 9-7 + 10) Replace x with —7. 
(—2)(-3) = (2)(3) Do the additions within parentheses. 
6=6 


Since the result checks, the solution is —7. 


SELF CHECK7 Solve: (x + 2)(x — 4) = (x + 6)(x — 3). 


6] Solve an application problem involving multiplication of polynomials. 


EXAMPLE 8 _ DIMENSIONS OFAPAINTING A square painting is 2 in. ca 
surrounded by a border 2 inches wide. If the area 
of the border is 96 square inches, find the dimen- 
sions of the painting. Fe Pre 
Analyze the problem Refer to Figure 4-6, which shows a square paint- ) 
ing surrounded by a border 2 inches wide. We can 
let x represent the length of each side of the square 2 in. Y 
painting. The outer rectangle is also a square, and Figure 4-6 
its dimensions are x + 4 by x + 4 inches. ©Shutterstock.com/Olga Lyubkina 


Forman equation We know that the area of the border is 96 square inches, the area of the larger square 
is (x + 4)(x + 4), and the area of the painting is x - x. If we subtract the area of the 
painting from the area of the larger square, the difference is 96 (the area of the border). 
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The area of the : the area of the the area of the 
minus aca equals 
large square square painting border. 
(x + 4)(x + 4) _ xX°x = 96 


Solve the equation (x + 4)(x + 4) — x7 = 96 
x? + 8x + 16 — x* = 96 — Use the distributive property. 
8x + 16 = 96 Combine like terms. 
8x = 80 — Subtract 16 from both sides. 
x = 10 Divide both sides by 8. 


State the conclusion The dimensions of the painting are 10 inches by 10 inches. 


Check the result Check the result. 


SELF CHECK ANSWERS 1. a. 30a°b’ ~b. —75p°q* 2. a. 6p? — 10p* sb. —15a° — 10026? + 20a? 3. a. 6a +a —-2 
b. 10)? + llyz—622 4. 49° +3x-3 S.ap?+4p+4 bp—4p+4 « p—4¢° 
6. a. 6x7 — 8x7 + 7x +10 b. 4x4 + 8x7 + 8x7 - 12x -3 7.2 


Simplify or solve as appropriate: 
1 
1s 5 x(8x" — 16x + 2) 


2. (2x — 3)(4x? + 6x + 9) 
3. (x — 2)(x + 5) = (x — 1)(x + 8) 
4. Find the area of a square with one side represented by (3x + 5) ft. 


4.6 EXERCISES —— ’ 
WARM-UPS Find each product. REVIEW Determine which property of real numbers justifies 

1. 2x°(3x — 1) 2. 5y(2y” — 3) each statement. 

11. 3(x + 5) = 3x +3°5 
3. 7xy(x + y) 4. —2y(2x — 3y) 12. (x+3)+y=x+(34+y) 

13. 3(ab) = (ab)3 
5. (x + 3)(x + 2) 6. (x — 3)(x + 2) 14.a+0=a 

5 

7. (2x + 3)(x + 2) 8. (3x — 1)(3x + 1) 15. Solve: {Gyr 6) — 10— 0. 


m 


GM 
9. (x + 3P 10. (x — 5)° 16. Solve F = z for m. 
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VOCABULARY AND CONCEPTS 57. (2a + 4)(3a — 5) 58. (2b — 1)(3b + 4) 
Fill in the blanks. 
17. A polynomial with one term is called a ae =e BO ey er 1) 
a ti cella Dacia es “ — oo. bmomuals 61, Qv + 30-1) 62. (3a — 2b)(4a + b) 
19. Rare i the form (a + 2 , (a — by, or (a + b\(a — b) 63. (u + v)\(u + 28) 64. (« — Syla + 2y) 
ee, ets meee 
Consider the product (2x + 5)(3x — 4). Find each product. See Example 4. (Objective 3) 
21. The product of the first terms is___. oh eee) 
22. The product of the outer terms is OB. Salton 2) )an Ay) 
23. The product of the inner terms is___. itp aes. ame 
24. The product of the last terms is . BO ae ay 8) 
71. (3xy)(—2x°y*\(x + y) 
GUIDED PRACTICE 72. (—2a°b)(—3a°b*)(3a — 2b) 
Find each product or power. See Example 1. (Objective 1) 73. 2i(t + 2) + 3x(t — 5) 
25. (3x2)(4x3) 26. (—2a°)(3a?) 74, Sala — 2) + 2ala + 4) 
27. (—5t°)(2t*) 28. (—6a°)(—3a°) Find each product. See Example 5. (Objective 3) 
29. (2x7 y°)(3x7y") 30. (—-x'y°z)\(x*y"z’) 75. (x + 5) 76. (y — 6)" 
31. (3b7)(—2b)(4b°) 32. (3y)(2y°(-y4) 77. (x — 4y 78. (a + 3) 
33. (a°b°c) B4. (x*y%2°)4 
35. (a°b°c\(abe*)” 36. (xyz*)(xy?z")* 79. (2s + 1)° 80. (31 — 2)° 
Find each product. See Example 2. (Objective 2) 81. (x — 2yy 82. (3a + 2b) 
37. 3(x + 4) 38. —3(a — 2) 
83. (r + 4)(r — 4) 84. (b + 2)(b — 2) 
39. —4(1 + 7) 40. 6(s* — 3) 
85. (4x + 5)(4x — 5) 86. (52 + 1)(5z — 1) 
41. 3x(x — 2) 42. 4y(y + 5) 
Find each product. See Example 6. (Objective 4) 
43. —2x°(3x" — x) 44, 4b*(2 — 2h) 87. (2x + I)? + 3x — 1) 88. (3x — 2)(2x? -— x + 2) 
45. 3xy(x + y) 46. —4x°(3x" — x) 89. (42 + 3)(r? + 21 + 3) 
90. (3x + y)(2x? — 3xy + y’) 
47. 2x°(3x° + 4x — 7) 48. 3y°(2y’ — Ty — 8) 91. 4x +3 92. 5° +6 
XA 2 2r-1 
Ll oyg25 4 2 
49. —x°(8x° — 4) 50. —a-b(6a — 5b) 
4 3 93. 4x — 2y 94. 5r + 6s 
3x + Sy ara s 
232 4 2 
51. =F t(9r — 30) 52. =P qU0p + 15q) 


Solve each equation. See Example 7. (Objective 5) 
95. (s-4(st+ lI =9 +5 

96. (vy —5)\(y -2)=y -4 

97. 2(z2 + 2) =(2 + 4\(z —- 4) 

98. (2 + 3)(z — 3) = 2(z — 3) 

99. (x + 4)(x — 4) = (x — 2)(x + 6) 


Find each product. See Example 3. (Objective 3) 
53. (a + 4)(a + 5) 54. (vy — 3)(y + 5) 


55. (3x — 2)(x + 4) 56. (¢ + 4)(2t — 3) 
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100. (vy — Div + 6) = — 3\(y — 2) + 8 3m 
101. (a — 3 = (a+ 3y | 
102. (b + 2 =(b- 1) 


ADDITIONAL PRACTICE 
Find each product or power and simplify the result. 
103. (x°y°)° 104. (a°b’)* 
105. (x°y?)3 106. (mn*)4 140. Bookbinding Two square sheets of cardboard used for 
making book covers differ in area by 44 square inches. An 
2 S25 23 eo ee edge of the larger square is 2 inches greater than an edge 
107. (OP \—3y'z) 108. (—r'st)Q2r'st)(rst) of the smaller square. Find the length of an edge of the 
smaller square. 
109. (x + 3)(2x — 3) 110. (2x + 3)(2x — 5) 141. Baseball In major league baseball, the distance between 
bases is 30 feet greater than it is in softball. The bases in 
111. (¢ — 3)(t — 3) 112. (z — 5)(z — 5) major league baseball mark the corners of a square that 
has an area 4,500 square feet greater than for softball. 
113. (3x — 5)(2x + 1) 114. (2y — 5)(3y + 7) Find the distance between the bases in baseball. 
142. Pulley designs The radius of one pulley in the illustration 
115. (—2r — 3s)(2r + 7s) 116. (—4a + 3)(—2a — 3) is 1 inch greater than the radius of the second pulley, and 
their areas differ by 477 square inches. Find the radius of 
117. (2a — 3b)? 118, (2x + Sy? the smaller pulley. 
119. (4x + S5y)(4x — 5y) 120. (6p + 5q)(6p — 5q) 
121. txt 122. 4x7 — 2x +1 G © 
x= 1 2x + 1 
123. (—3x + y)(x? — 8xy + 167”) 
WRITING ABOUT MATH 
2 2 
124. (3x — y 1 + Say — y ) 143. Describe the steps involved in finding the product of a 
125. (x — 2y)(x° + 2xy + 4y") binomial and its conjugate. 
126. (2m + n)(4m° — 2mn + n”) 144, Writing the expression (x + y)° as x” + y’ illustrates a 
Simplify or solve as appropriate. commen enor, Explain: 
he sale Ty) ey) SOMETHING TO THINK ABOUT 
eae ee) (es aa 2) 145. The area of the square in the 
129. (x + yx — y) + x(x + y) illustration is the total of the 
130. (2x — 1)(2x + 1) + x(2x + 1) areas of the four smaller regions. 
131. 75° + (s — 3)(2s + 1) = Bs — 1° The picture illustrates the product 
132. (x + 2)? — (x - 27 (x + y)°. Explain. 
133. (x — 3) — (x + 3P 
134. (25 — 3)(s + 2) + (3s + 1)(s — 3) 
135. (3x + 4)(2x — 2) — (2x + 1)(x + 3) 146. The illustration represents the product of two binomials. 
136. 4 + (2y — 3)? = Qy — 1)(2y + 3) Explain. 
137. (b + 2)(b — 2) + 2b(b + 1) 
138. 3p + 2) + (y+ DO - 1) 
x 
APPLICATIONS See Example 8. (Objective 6) 
139. Millstones The radius of one millstone in the illustration 2 


is 3 meters greater than the radius of the other, and their 


areas differ by 15a square meters. Find the radius of the 
larger millstone. 


Division 
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Dividing Polynomials by Monomials 


GD Divide a monomial by a monomial. 
©) Divide a polynomial by a monomial. 
&} Solve an application problem requiring division by a monomial. 


Objectives 


> Simplify each fraction. 

Ay 4x°y3 xyz 15x°y 6x7y 
cc aie Dies rs 3. 4. 9 
= 2xy 9xz 10x 6xy 
a (2x )(5)") g, Sx rox") 

7} ; 10xy : 10x* yt 
UO 


In this section, we will show how to divide polynomials by monomials. We will discuss 
how to divide polynomials by polynomials in the next section. 


@ Divide a monomial by a monomial. 


We have seen that dividing by a number is equivalent to multiplying by its reciprocal. For 
example, dividing the number 8 by 2 gives the same answer as multiplying 8 by i. 


7 =4 and 8-~=4 


Recall that to simplify a fraction, we write both its numerator and its denominator as the 
product of several factors and then divide out all common factors. For example, 


7 >. Gee ed Senitea esi 
20 _ 4°35 a ee ee ee 
3 S-5. Oe ‘ 

1 

4-8 
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We can use the same method to simplify algebraic fractions that contain variables. 
We must assume, however, that no variable is 0. 


32 3°n-p- 
ie pifit Factor: p> = p+ p,6 = 2+3,andq° = q+q-q. 
6pq 2:3+p:q:q°q 
1 1 1 
= 3 oe Divide out the common factors of 3, p, and q. 
2°p° pf a" a 
1 11 
aoe $= 1,2=1,and¢= 
26? eh hand 


To divide monomials, we can either use the previous method used for simplifying 
arithmetic fractions or use the rules of exponents. 


COMMENT In all examples and exercises, we will assume that no variables are 0. 


x2 ~8a3p2 
EXAMPLE 1 Simplify. a. ~~ “ 
xy 4ab 
Solution Using Fractions Using the Rules of Exponents 
xy _xoxry BD) Bas 
a. 77 7 x y 
ayy xy 
1 1 = xy! 
ew J 1 
“ye = xe — 
1% y 
_x == 
y y 
—8ab> —-2-4-a-a-a-b-b —8ab* — (—1)23a*b* 
Aab? 4-a+b-b-b 4ab? 2?ab* 
1 1 1 1 =(=1)* "¢ ‘a 
_ 2A d-a-a- BB = (-1)2!eb"! 
A-d-B Bob ; 
tk td IPs e 
—2a* b 
~b _ = 2a? 
b 
—5 2. 3 
FY SELF CHECK 1 Simplify, "4 
10pq 


2 | Divide a polynomial by a monomial. 


In Chapter 1, we saw that 


at+b 


GP 
d dd 
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Since this is true, we also have 


arb & 2 
ad a2 a 


This suggests that, to divide a polynomial by a monomial, we can divide each term of the 
polynomial in the numerator by the monomial in the denominator. 


c+ 
EXAMPLE 2. Simplify, 22~-” 
3xy 
c+ 
Solution ay = dh + oy 
3xy 3xy = 3xy 
4 9 
— a + — 
y i 
SELECHECK2 “Simplify, —7 = 
a 


Divide each term in the numerator by the monomial. 


Simplify each fraction. 


EXAMPLE 3 


6x°y? + 4x°y — 2xy 


Simplify. ay 


6x°y? + 4x°y — 2xy 


Solution 
2xy 


COMMENT Remember that 6x°y? Ax*y = xy = 
any nonzero value divided by = Ixy + Oxy ai Divide each term in the numerator by the monomial. 
itselE as I. =3xy + 2x —1 Simplify each fraction. 
eer 9a°b — 6ab* + 3ab 
SELF CHECK 3 Simplify. 


3ab 


12a*b? — 4a°*b + a 


EXAMPLE 4 Simplify. re 
6a°b 
12a°b* — 4a*h + 
Solution e ; “ ee 
6a°b 
12a*b* - 4a°b a Divide each term in the numerator by the 
 6ab?—6a2b2—s6a2h2_—s Monomial. 
2. z =F : Simplif h fracti 
a impli raction. 
ab eae plify each fractio 
14p°q + pg - 
SELF CHECK 4 Simplify. —?4~?7 —? 


pq 
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G= 77 = 297 
xy 


EXAMPLE 5 Simplify. 


G=7 — Gta 


Solution 


xy 
2 2 2 2 
x” — QWxy + yo — (x + 2xy + 
= yty ~( yty) Square the binomials in the numerator. 
xy 
x? - xy t+ yy? -— x -2xy-y 
= Remove parentheses. 
xy 
—4x 
eee Combine like terms. 
xy 
=-—4 Divide out xy. 


Gay ==) 
xy 


FY SELF CHECK5 Simplify. 


©) Solve an application problem requiring division by a monomial. 


The cross-sectional area of the trapezoidal drainage ditch shown in Figure 4-7 is given by 
the formula A = Sh(B + b), where B and # are its bases and h is its height. To solve the 
formula for b, we proceed as follows. 


Figure 4-7 


A= SHB + b) 


1 
2A =2: w(B + b) Multiply both sides by 2. 


2A = h(B + b) Simplify. 

2A =hB+ hb Use the distributive property to remove parentheses. 
2A —-hB=hB-—hB+hb — Subtract 1B from both sides. 
2A —hB=hb Combine like terms: AB — hB = 0. 
2A —-—hB_ hb - ; 
——————_— =— Divide both sides by h. 

h h 

oe te hb _ p 


h A 
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EXAMPLE6 Another student worked the previous problem in a different way and got a result of 


b= =A — B.Is this also correct? 


Solution — To show that this result is correct, we must show that ze 7 AB _ =A — B. We can do 


this by dividing 24 — hB by h. 
24 —hB _2A_hB 

h h h 

2A hB 


= ho B Simplify: 7 = B. 


The results are the same. 


Divide each term in the numerator by the monomial. 


SELF CHECK 6 Suppose another student got 2A — B. Is this result correct? 


FEY SELF CHECK ANSWERS =. -£ 21-2 3.30-2%+1 a 2+¢-72 5.4 6.10 
Perform each division: 
6 — 2i 
1. 
3 
2 pti m—1 
2. a. “ b. ~ 
6x?! xi ™ 
(x + 3)¢ — (x + 3P 
(x + 3) 
gg ae — le 


4.7 EXERCISES } 


WARM-UPS _ Simplify each fraction. Assume that no variable REVIEW 
is 0. Identify each polynomial as a monomial, a binomial, a trinomial, 
4x?y 5 6x°y" or none of these. 

* Qxy * 3x3) 7. Sab + 2ab* 
‘ 35ab°c3 4 —14p°¢° 8. —3xy 

* Tabe  Ipq! 9, —2x? + 3x? — 4x + 12 
5, @t+VD+e-y 6, CX Dt +2) 10. 17 — 15¢ + 27 

2% x 


11. Find the degree of the trinomial 3x* — 2x + 4. 


12. What is the numerical coefficient of the second term of the 
trinomial —7/ — 5¢ + 17? 
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Simplify each fraction. 


13, 5 14, 
"15 * 128 
—125 —98 
15. aE 16. ai 
* 160 * 420 
—3,612 —288 
Ws —3,612 st —112 
54 —90 55 8,423 
* 360 * 8.493 
5 = 
23. ub 24. <= 
2,660 366 


VOCABULARY AND CONCEPTS fill in the blanks. 


25. A 


is an algebraic expression in which the expo- 


nents on the variables are whole numbers. 


26. A 
27. A binomial is a polynomial with 


28. A trinomial is a polynomial with 


1 


29. 0 °a= 30 


GUIDED PRACTICE 


In all fractions, assume that no denom 


is a polynomial with one algebraic term. 


_____ terms. 
terms. 
15x —6y — 15x 6y 
° 6xy sy 


inators are 0. Perform each 


division by simplifying each fraction. Write all answers without 
using negative or zero exponents. See Example 1. (Objective 1) 


xy ab 
31. — 32. — 
yz ab- 
32 43 
a CY ae 
gag ee 
3,2 ee 
35, SY 36, 2 
4xy” 6yz 
12u5y lorst- 
37. 3 38. - 
—4urv —8rst 
Simplify. See Example 2. (Objective 2) 
6x + 9y 8x + 12y 
39. —_—— 40. —_—_— 
3xy 4xy 
xy + 6 ab + 10 
41. —.— 42. 
3y 2b 
43 5x — 10y AA 2x — 32 
*  25xy “16x 
3x° + 6y" 4a? — 9b? 
45 = 46. —_—— 
3x7y 12ab 


Simplify. See Examples 3-4. (Objective 2) 
4x — 2y + 82 
, 4xy 


47 


48. 


5a’ + 10b? — 15ab 
Sab 


12x7y? — 8x°y — 4x 
° 4xy 


49 


25x°y + 30xy? — Sxy 


51. 
—Sxy 
5 30a°b? — 15a7b — 10ab* 
‘ —10ab 
— 15a°b* — 10a*b? 
° Sab? 


12a°h? — 8a*b — 4ab 


50. 
4ab 
9a*b? — 16a*b* 
4. 5 
12a°b 


Simplify each numerator and perform the division. See Example 5. 


(Objective 2) 
ee 5x(4x — 2y) 
2y 


eg. (—2x)* + (3x)? 


6x" 


Ax?y? — 2(x°y? + xy) 
° 2xy 


59 


(a+ by —(a—- by 


61 
2ab 


ADDITIONAL PRACTICE 


9y*(x? — 3xy) 


56 
3x7 


5g, (23x 2). + Gay’ 
27x74 


—5a*b — Sa(ab* — a’b) 


60 ~ 
10a°b* 


62, &= yy t+x+yyP 
; 2x77 
I 


In all fractions, assume that no 


denominators are 0. Simplify each expression. 


—16 3.2 
63, —— 


65. 


67. - 


69. —_—_ 


15(r°s*) 
= S(rs°)? 
—32(x*yy° 
128(x*y*)° 
(5a°b)? 

(2 «. ry 
=Gxy') 
=x ry 


71. 


73. 


75. 


77. 


64. 35xyz> 
-Tx° yz 
6 112u°2° 
* —42u326 
2 
68, 2) 
xy 
213\3 
<b? a 
jo, 2 
acb® 
35 —5(a°by° 
10(ab’)* 
- 68(a°b’) 
as 2)3 
96(abc") 
og =v 
(2y4)8 
= (2r°s°t)? 
-(4rPs?y 


(aa°y* (bby 
79. 80. 
43 (bb*)? 
i ee a (1734) 
 ¢y “ey 
a3, eb (ab?P aa, VIG 
* Gap) * (6xy?)?(2x4y)3 
(3x — y)(2x — 3y) 
85. bay 
86 (2m — n)(3m — 2n) 
. 3m n 


APPLICATIONS | See Example 6. (Objective 3) 
87. Reconciling formulas Are the following formulas the same? 
P—2w 


l= 
2 


88. Reconciling formulas Are the formulas the same? 


89. Phone bills Ona phone bill, the following formulas are 
given to compute the average cost per minute of x minutes 
of phone usage. Are they equivalent? 


_ 0.15x + 12 12 


C and C=0.15 + — 
x 


Xx 
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90. Electric bills On an electric bill, the following formulas are 
given to compute the average cost of x kwh of electricity. 
Are they equivalent? 


Ne + 
ee ang C= 0.08 += 


WRITING ABOUT MATH 
91. Describe how you would simplify the fraction 
4x*y + 8xy* 
4xy 


92. A student incorrectly attempts to simplify the fraction 


3x + 5 : 
yo S as follows: 


te 
es xs 


How would you explain the error? 


3 


SOMETHING TO THINK ABOUT 
500 _ 499 


x 
93. If x = 501, evaluate 99 


94. An exercise reads as follows: 


3x°y + 6xy" 


Simplify: A 


3xy 


It contains a misprint: one mistyped letter or digit. The 
correct answer is rs + 2. Fix the exercise. 


Dividing Polynomials by Polynomials 


descending order. 


Objectives 


> 

— 
& 

> 
2 

© 

S| 

S) 
=> 


GD Divide a polynomial by a binomial. 
©) Divide a polynomial by a binomial by first writing exponents in 


€} Divide a polynomial with one or more missing terms by a binomial. 
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Divide: 


Getting Ready 


We now complete our work of operations on polynomials by considering how to divide 
one polynomial by another. 


(il) Divide a polynomial by a binomial. 


To divide one polynomial by another, we use a method similar to long division in arith- 
metic. Recall that the parts of a division problem are defined as 


quotient 


divisor) dividend 


EXAMPLE 1 __ Divide (x* + 5x + 6) by(x + 2) x # —2. 


Solution Here the divisor is x + 2 and the dividend is x7 + 5x + 6. We proceed as follows: 


Step 1: 5 = How many times does x divide x”? x =x 
x +2)x?+5x +6 Write x above the division symbol. 
‘i 
Step 2: x Multiply each item in the divisor by x. 
oe 2) x + 5x +6 Write the product under x? + 5x and draw a line. 
x? + 2x 
Step 3: x Subtract x” + 2x from x* + 5x by adding the negative of 
ee DS tS x? + 2x to x? + 5x. 
x? + 2x 
3x +6 Bring down the 6. 
Step 4: x + 3 How many times does x divide 3x? A = +3 


x +27 45x +6 Write +3 above the division symbol. 
x? + 2x 
3x + 6 


Step 5: SQL 3 Multiply each term in the divisor by 3. 
a 2) ee Se eh Write the product under the 3x + 6 and draw a line. 
x* + 2x 
3x + 6 
3x + 6 


Step 6: 


x +3 

x + 2)x° + 5x + 6 
x? + 2x 

3x + 6 

3x + 6 

0 
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Subtract 3x + 6 from 3x + 6 by adding the negative of 
3% +6, 


The quotient is x + 3, and the remainder is 0. 


Step 7: Check by verifying that x + 2 times x + 3 is x” + 5x + 6. 


(x + 2)(x + 3)=2x° 4+ 3x + 2x +6 
=x + 5x+6 


SELF CHECK 1 
EXAMPLE 2 


Solution 


Step 1: 


Step 2: 


Step 3: 


Step 4: 


Step 5: 


Step 6: 


Divide: 


6x? — 7x —2 ( 
Xx 


2x — 1 


3x 
2x — 1)6x2 — 7x — 2 
ee ear 
“43s 
2x — 1)6x* — 7x — 2 


6x" — 3x 


3x 
2x — 1)6x? — 7x — 2 


6x” — 3x 
—4x —2 
3x —2 


Ix = 16x — Ix — 2 


6x? — 3x 
—4x —2 


3x: = 2 

dx = 16x? = Ix = 2 
6x? — 3x 

—4x —2 

=4y +2 

3x —2 

2x — 1)6x* — 7x — 2 
6x? — 3x 

—4x -—2 

—-4x+2 


—4 


Divide (x7 + 7x + 12) by (x + 3) (x # —3). 


Here the divisor is 2x — 1 and the dividend is 6x7 — 7x — 2. 


How many times does 2x divide 6x7? ~ = 3x 


Write 3x above the division symbol. 


Multiply each term in the divisor by 3x. 
Write the product under 6x” — 7x and draw a line. 


Subtract 6x” — 3x from 6x* — 7x by adding the negative 
of 6x* — 3x to 6x? — 7x. 
Bring down the —2. 


How many times does 2x divide —4x? = =-2 
Write —2 above the division symbol. 


Multiply each term in the divisor by —2. 
Write the product under —4x — 2 and draw a line. 


Subtract —4x + 2 from —4x 


of =4x% + 2. 


2 by adding the negative 
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COMMENT The division Here the quotient is 3x — 2, and the remainder is —4. It is common to write the 
process ends when the degree —_ answer in quotient + Semander form: 
of the remainder is less than 


a <a 
the degree of the divisor. 3x -24 5 
— 


where the fraction xy is formed by dividing the remainder by the divisor. 


Step 7: To check the answer, we multiply 3x — 2 + — 7 by 2x — 1. The product 
should be the dividend. 


—4 = 
Qx - 1)(3x Bt ee :) ae Nee) ee (5; - ) 


= (2x — 1)(3x - 2)-4 
= 6x7 — 4x -3x+2-4 
= 6x° - 7x -2 


FJ SELF CHECK2 Divide. 8 =3 (x # -3) 


DE ae ee Be ae 
EXAMPLE 3 __ Divide: st Assume no division by 0. 
Xr y 


Solution Here the divisor is 3x + y and the dividend is 6x* — xy — y’. 


Step 1: 2x How many times does 3x divide 6x? $x = 2x 
3x + y) 6x? = xXy= i Write 2x above the division symbol. 
Sec 
Step 2: 2% Multiply each term in the divisor by 2x. 
Bae y) 6c = xy — a Write the product under 6x? — xy and draw a line. 


6x? + 2xy 


Step 3: Subtract 6x* + 2xy from 6x? — xy by adding the 


2x 
3x + y)6x7 — xy — y*_ negative of 6x? + 2xy to 6x* — xy. 
6x? + 2xy 
—3xy — y’ Bring down the —y’. 


Step 4: 2x — y How many times does 3x divide —3xy? =” = —y 
3x + y)6x° — xy — y’ Write —y above the division symbol. 
6x* + 2xy 
a ea 


Step 5: , st y Multiply each term in the divisor by —y. 
Ac oh yor — xy-y Write the product under the —3x — y? and draw a line. 
6x? + 2xy 
—3xy -y 
=a = 
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Step 6: 2x —y Subtract —3xy — y? from —3xy — y* by adding the 
rae yor — xy—- Vv negative of —3xy — y*. 
6x* + 2xy 
—3xy - y” 
—3xy -y" 
0 


The quotient is 2x — y and the remainder is 0. 


SELF CHECK 3 Divide (6x2 — xy — y”) by (2x — y). Assume no division by 0. 


2] Divide a polynomial by a binomial by first writing 
exponents in descending order. 


The division method works best when exponents of the terms in the divisor and the div- 
idend are written in descending order. This means that the term involving the highest 
power of x appears first, the term involving the second-highest power of x appears 
second, and so on. For example, the terms in 


3x2 + 2x7 -— 7x +5 5 = 5x? 


have their exponents written in descending order. 
If the powers in the dividend or divisor are not in descending order, we can use the 
commutative property of addition to write them that way. 


2 3 _ 
EXAMPLE 4 Divide. *~ = — ae ae 


Solution We write the dividend so that the exponents are in descending order and divide. 


2x? — 2x +4 
x + 3)2x° + 4x7 — 2x + 12 
2x? + 6x7 
—2x? — 2x 
—2x? — 6x 
+4x + 12 
+4x + 12 
0 


Check: (x + 3)(2x* — 2x + 4) = 2x3 — 2x? + 4x + 6x7 — 6x + 12 
= 2x3 + 4x7 - 2x + 12 


a 4 x + 
BBY SELF CHECK 4 Divide: ~—“7**#O ** (, 4 5) 


2 = 
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3 | Divide a polynomial with one or more missing terms by a binomial. 


When we write the terms of a dividend in descending powers of x, we may notice that 
some powers of x are missing. For example, in the dividend of 


x 13x = Te = Bx + 15 


the term involving x° is missing. When this happens, we should either write the term with 
a coefficient of 0 or leave a blank space for it. In this case, we would write the dividend as 


3x4 + Ox? — 7x7 -3x+15 or 3x4 —7x? — 3x + 15 


EXAMPLES Divide:*>——"_ (x # -2). 
x+2 


Solution Since x* — 4 does not have a term involving x, we must either include the term 0x or 
leave a space for it. 


x—2 

x + 2)x7 + Ox —4 
x? + 2x 

—2x -—4 

—2x -—4 

0 


x? — 2x +2x—-4 


=x-4 


Check: (x + 2)(x — 2) 


FY SELF CHECK5 Divide: *—2 (x + 3). 


3 3 


a 
EXAMPLE 6 Divide: _ = : . Assume no division by 0. 


Solution In.x° + y°%, the exponents on x are written in descending order, and the exponents on y 
are written in ascending order. In this case, we can consider x° + y’ to be the simplified 
form of 

x? + Oxy + Oxy? + y? 


To do the division, we will write x* + y°, leaving spaces for the missing terms, and 
proceed as follows. 


x? = xy + y 
Pa yx + ra 
e+ xy 
—x’y 
—x?y = xy 
+xy" + rd 
xy* + y 


0 
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Check: (x + yx? — xy t+ y’) =i = xy alr xy? a xy - xy + y 


r+ yy 


SELF CHECK 6 Divide: (x? — 9°) by (x — y). Assume no division by 0. 


FEY SELF CHECK ANSWERS 1.044 24-3455 5 Barty BACH -4 Bxt3 B+ ty? 


1. Identify the missing term(s): 8x? — 7x + 2x° — x° 


o) 
+ — 

2. Perform the division: s as (x 3). 
x +3 


3. (8x7 — 2x + 3) + (1 + 2x) («+ -;) 


4. The area of a rectangle is represented by (3x* + 17x — 6) m’ and the width is represented 
by (3x — 1) m. Find a polynomial representation of the length. 


4.8 EXERCISES — 


WARM-UPS _ Divide andgive the answer in quotient + minder Simplify each expression. 


divisor 


form. Assume no division by 0. 13. 3(2x2 — 4x + 5) + 202 + 3x - 7) 
1. x)2x + 3 2. x)3x — 5 14. xy 2? y) 3373 + y) 
3.x + 1)2x +3 4.x+13x+5 VOCABULARY AND CONCEPTS 

Fill in the blanks. 


ee) 6 x4 De = Ox 15. In the long division x + 1)x? + 2x + 1, x + 1 is called the 


,and x? + 2x + 1 is called the 


REVIEW 16. The answer to a division problem is called the 
7. List the composite numbers between 20 and 30 17. If a division does not come out even, the leftover part is 
called a ‘ 
: 4 3 De _ : 
8. Graph the set of prime numbers between 10 and 20 ona ae Ths exponents i es Gee ate SNe 
ener lane: written in order. 
< 7 ia 2 2 a ig ie 7 7 rE 6 ~ Write each polynomial with the powers in descending order. 
ij eer Fal ; ; 19. 4x° + 7x — 2x7 + 6 
eta = —2andb = 3. Evaluate each expression. 20. 52 +. 7x3 — 3x —9 
9. Lea | 10. ja + b| 21. 9x + 2x2 — x3 + 6x4 
11. —|a — | 12.a—|-—)b| 


22. 7x° + x? — x? + 2x4 


Identify the missing terms in each polynomial. 
23. 5x + 20° = 1 
24. —3x° — 2x7 + 4x — 6 
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GUIDED PRACTICE 


Perform each division. Assume no division by 0. See Example 1. 


(Objective 1) 

25. Divide (x* + 4x + 4) by (x + 2). 

26. Divide (y? + 13y + 12) by(y + 1). 

27. x + 5)x° + 7x + 10 

28. x + 6)x7 + 5x —-6 

5 x7 — 5x +6 " 2-724 12 
eo = 2 z—-3 


31.642 +e— 20 33.2279) — 87 


Perform each division. Assume no division by 0. See Example 2. 


(Objective 1) 

33, 02 + 5a-6 _ Bat + 2a ~ 3 
2a+ 3 2a— 1 

~ 36> + 11b + 6 — 3b7 — 5b +2 
3b +2 3b — 2 

a7 2x7 + 5x42 aa: 3x7 — 8x + 3 
2x +3 3x —2 

56: 4x7 + 6x —1 Ae 6x7 — 1lx +2 
2x +1 34 — 1 


Perform each division. Assume no division by 0. See Example 3. 


(Objective 1) 

41. Divide (a? + 2ab + b*) by (a + b). 
42. Divide (a? — 2ab + b’) by (a — 5). 
43. x + 2y)2x? + 3xy — 2y? 

44. x + 3y)2x" + 5xy — 3y" 


2x? — Ixy + 3y° 


3x? + Sxy — 2y? 


45. 46. 
2x = y x +2y 
a + 3ab + 2b° 2m? — mn — 
47, —_____—_- 48. ————_—__ 
a+b m—n 


Write the powers of x in descending order (if necessary) and 


perform each division. Assume no division by 0. See Example 4. 


(Objective 2) 

49. 5x + 3)l1x + 10x7 + 3 
2x — T)—x — 21 + 2x 

51. 4 + 2x)—10x — 28 + 2x” 


52. 1 + 3x)9x2 + 1 + 6x 


Perform each division. Assume no division by 0. See Example 5. 


(Objective 3) 

r-1 7-9 
53. 54. 

x= x+3 

4x° — 9 25x* — 16 
55. 56. ——_ 


2x +3 5x — 4 


Baa? B32 
57, 22. 58. > 2. 
Karey x= y 

59 x8 60 +27 
“3-2 “ x +3 


Perform each division. Assume no division by 0. See Example 6. 
(Objective 3) 


3 3 3 3 
C= x+y 
61. a ae 62. ee 
x—y x+y 
ata 
63. 
at 3 
3 3 
” — 50z 
64. i. 
y — 5z 


ADDITIONAL PRACTICE Perform each division. If there is 


remainder 


a remainder, leave the answer in quotient + “3,9, form. 
Assume no division by 0. 


65. 2x — y)xy — 2y° + 6x" 
66. 2x — 3y)2x" — 3y° — xy 


67. 3x — 2y)—10y" + 13xy + 3x7 


68. 2x + 3y)—12y" + 10x? + Txy 


69. 4x + y)—19xy + 4x° — 5y” 


70. x — 4y)5x° — 4y* — 19xy 


71, 2x + 3)2x° + 7x* + 4x — 3 

2x7 — 3x° + 5x — 2 
73. 3x + 2)6x° + 10x7 + 7x + 2 
74, 4x + 3)4x7 — 5x° — 2x + 3 


) 
) 
) 
72. 2x — 1) 
) 
) 
) 


75. 2x + y)2x* + 3x°y + 3xy +? 


76. 3x — 2y)6x* — xy + 4xy — 4° 
+ 3x7 + 3x41 


77. 
x+1 

- x? + 6x7 + 12x + 8 
. xD 

35 2x8 4+ 7x7 + 4x4 3 
. 2x +3 

80 60 +27 + 2x 41 
. 3x — 1 

a4 2x7 + 4x7 — 2x + 3 
. x—=2 


82. 3x — 4)15x° — 23x? + 16x 
83. 2y + 3)21y° + by — 20 


84. 5¢ — 2u) 100 — 197u + Ma? — 
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WRITING ABOUT MATH 88. Find the error in the following work. 
85. Distinguish among dividend, divisor, quotient, and remainder. 3x 
86. How would you check the results of a division? x + 2)3x7 0x + 7 4x +7 
3x27 bx Le 
SOMETHING TO THINK ABOUT “Ay AT 
87. Find the error in the following work. 
x +H 
x NQ)x? + 3x9 2 
x = 2x 
x= 2 
Me 2 
0 


PROJECTS 


Project 1 Project 2 

Let f(x) = 3x? + 3x — 2, g(x) = 2x? — 5, and To discover a pattern in the behavior of polynomials, con- 
t(x) = x + 2. Perform each operation. sider the polynomial 2x? — 3x — 5. First, evaluate the 
_ polynomial at x = 1 and x = 3. Then divide the polyno- 

an Die) BO) Be 6) = 0%) mial by x — 1 and again by x — 3. 
c. f(x) + g(x) d. G3) 1. What do you notice about the remainders of these divi- 

(x) sions? 

e. f(x) + g(x) + 1) F. f(x) * (x) + tx) 2. Try others. For example, evaluate the polynomial at 

f) = 10) + ex) n, Or x = 2 and then divide by x — 2. 
; w(x) * t(x) 3. Can you make the pattern hold when you evaluate the 

polynomial at x = —2? 


4. Does the pattern hold for other polynomials? Try some 
polynomials of your own, experiment, and report your 
conclusions. 


Chapter4 REVIEW 


DEFINITIONS AND CONCEPTS EXAMPLES 


If nis a natural number, then 
n factors of x 5 factors of x 7 factors of x 


X= NON OK HX WH NXOK XXX xX’ = XN KEK ENON OX 
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If mand v are integers, then 


xx” = xntn 

(x’”)" = x" 

(xy)" = x"y" 

(2)'-5 oro 
ae y 


7 =x" (#0) 
x 


REVIEW EXERCISES 
Write each expression without exponents. 


1. (—3x)* 


2 (sm) 
. Pd 


Evaluate each expression. 


35° 4. 3° 

5. (-8) 6. —8° 

7.3° +2? 8. (3 + 2) 
Perform the operations and simplify. 

9. x°x? 10. x°x’ 


11. G7) 
13. (ab)° 

15. b°b*b° 
17. (16s)°s 
19. (x77)? 


x! 


21-3 
x3 


8(y"x)? 
7 A(px?y? 


23 


12. (x7'P 
14. (3x)* 
16. —2°(z"y’) 
18. —3y()) 
20. (2x°y)? 


2 2 
22. (3) 
xy 
(5y7z°)° 
* 25(pz) 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


SECTION 4.2 


x =1 (x #0) 


1 
x "=— (x #0) 
x 


(2x) =1 (x #0) 


1 
x7=> (x # 0) 
x 


1 
—=x" (x #0) =x (x #0) 
x x 
REVIEW EXERCISES hoe ~ 
Write each expression without negative exponents or parentheses. 31. yy 32. rai 
0 2, .2)0 
a ae ae ney 33. (x 3x4)? 34. (a 2b) 3 
27. (3x°) 28. (xy) e\-3 ‘54\—2 
29. x* 30. x *x° 35. (=) 36. ( | 
x 5z 


SECTION 4.3 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


A number is written in scientific notation if it is 
written as the product of a number between | 
(including 1) and 10 and an integer power of 10. 


4,582,000,000 is written as 4.582 X 10° in scientific notation. 


0.00035 is written as 3.5 X 10 * in scientific notation. 


REVIEW EXERCISES 
Write each number in scientific notation. 


37. 728 38. 9,370 
39. 0.0136 40. 0.00942 

41. 7.73 42. 753 X 10° 
43. 0.018 x 10°? 44. 600 X 107 


Write each number in standard notation. 


45. 7.26 X 10° 
47. 2.68 x 10° 


49. 739 x 10°? 
(0.00012)(0.00004) 
0.00000016 


46. 3.91 x 10-4 


48. 5.76 x 10! 


50. 0.437 x 10-7 
(4,800)(20,000) 


a 600,000 
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SECTION 4.4 


DEFINITIONS AND CONCEPTS EXAMPLES 

A polynomial is an algebraic expression that is one | Polynomials: 9xy, 5x? + 9x — 1, and llx — Sy 
term or the sum of terms containing whole- t 4 t 
number exponents on the variables. monomial __ trinomial binomial 


If ais a nonzero coefficient, the degree of the 
monomial ax” is n. 


The degree of a polynomial is the same as the 
degree of its term with largest degree. 


Find the degree of each term and the degree of the polynomial 8x* — 5x + 3. 
The degree of the first term is 2. 
The degree of the second term is 1. 
The degree of the third term is 0. 
The degree of the polynomial is 2. 


When a number is substituted for the variable in a 
polynomial, the polynomial takes on a numerical 
value. 


Evaluate 5x — 4 when x = —3. 
5x — 4 = 5(-3) — 4 

—-15-4 

=-19 


Substitute —3 for x. 


ll 


Simplify. 


Finding a function value for a polynomial uses the 
same process as evaluating a polynomial for a 
specified value. 


If f(x) = x° — 8x + 3, find f(-3). 
f(x) = x? — 8x + 3 
1-3 = 3 = 863) +3 
=9+244+3 
= 36 


Substitute —3 for x. 
Simplify. 


Since the result is 36, f(—3) = 36. 


Any equation in x and y where each value of x 
determines a single value of y is a function. We say 
that y is a function of x. 


The set of input values x is called the domain of 
the function. 


The set of output values y is called the range of 
the function. 


Graph the polynomial function f(x) = x* — 8x + 3 and determine its 
domain and range. 


x f(x) = x? — 8x +3 (x, f(x)) 
1) f(-1) = (-1) — 8(-1) + 3 = 12 | (-1, 12) 
0| f(0) = (0) — 8(0) + 3 =3 (0, 3) 
1| f@) = ()* - 80) +3 = -4 (1, —4) 
2| f2) = 2)? — 822) +3 = -9 (2, —9) 
4| f(4) = (4% - 8(4) +3 = -13 (4, —13) 
5| f(5) = (59 — 8(5) + 3 = -12 (5, —12) 

y 


F@) 3 x4 [8x +13 


>x D:R;R:[-13, ~) 
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REVIEW EXERCISES If y = f(x) = x* — 4, find each value. 
Find the degree of each polynomial and classify it as a monomial, 65. (0) 66. (5) 
a binomial, or a trinomial. i 
53. 13x’ 54. 5'x + x° 67. f(—2) 68. (3) 
Graph each polynomial function. 
.-3xX +x-1 ; + 21x3y? 
Pea, ie a cee 69. y = f(x) = 2-5 70. y = f(x) = -2 
Evaluate 3x + 2 for each value of x. : 
57. x =3 58. x = 0 
2 
59. x = —2 60. x == ——_—_—_—_|______+ x 
3 mlx 
Evaluate 5x* — x for each value of x. 
61. x =3 62. x =0 
63. x = —2 64. x = —0.3 
SECTION 4.5 
DEFINITIONS AND CONCEPTS EXAMPLES 
We can add polynomials by removing parentheses, (8x? — 6x + 13) + (9x — 7) 
if necessary, and then combining any like terms 8x3 — 6x +13 +9x—7 Remove parentheses 
that are contained within the polynomials. ; atte 
=8x° + 3x +6 Combine like terms. 
We can subtract polynomials by dropping the (8x° — 6x + 13) — (9x — 7) 
negative sign and the parentheses, and changing = 8x? — 6x +13—9x+7 Change the sign of each term in the 
the sign of every term within the second set of second set of parentheses 
parentheses. 3 be soa 
= 8x° — 15x + 20 Combine like terms. 
REVIEW EXERCISES 
Simplify each expression, if possible. 
71. 3x + 5x—x 72. 3x + 2y 76. (Ja’ + 2a — 5) — (3a? — 2a + 1) 
77. 39x" + 3x + 7) — 2(11x* — 5x + 9) 
73. Gay *ixy 74, —2x°yz + 3yx°z 78. 4(4x? + 2x2 — 3x — 8) — 5(2x? — 3x + 8) 


75. (3x7 + 2x) + (5x7 — 8x) 


SECTION 4.6 


DEFINITIONS AND CONCEPTS EXAMPLES 
To multiply two monomials, first multiply the (5x7y*)(4xy*) 
numerical factors and then multiply the variable = 5(4)x’xy*y* Use the commutative property of multiplication. 
factors using the properties of exponents. - aie ; 

= 20x°y Use multiplication and the properties of exponents. 
To multiply a polynomial with more than one 4x(3x7 + 2x) 


term by a monomial, multiply each term of the 


= . 2 , : ‘ é 
pol eomial by dheaannomed aneampliny = 4x-3x°+4x-+2x Use the distributive property. 


= 12x? + 8x Multiply. 


Chapter4 Review 315 
To multiply two binomials, use the distributive 
property or FOIL method. (2x — 5)(x + 3) 
Su 
= 2x(x) + 2x(3) + (—5)(x) + (—5)(3) 
= 2x? + 6x — 5x — 15 
=i +e 15 
Special products: 
(xt yP =x 4+2xy t+ (x + 7 = x7 + Ax\(7)+ 7 
=x? + 14x + 49 
(x —yP =x -2xy t+ (x — 7° = x7 — 2(x\(7) + 7 
=x — 14x + 49 
«+ We-Y=H=xr-y¥ (2x + 3)(2x — 3) = (2x)? — 3) 
=4;°-9 
To multiply one polynomial by another, multiply 4x? -— x +3 
each term of one polynomial by each term of the x +2 
other polynomial, and simplify. 40 — 2 + 3x 
8x° — 2x + 6 
40+ 77+ x+6 
REVIEW EXERCISES 
Find each product. 
79. (2x7y*)\(5xy) 80. (xyz*)(x*z)* 95. (y — 2)(y + 2) 96. (x + 4) 
Find each product. 
81. 5(x + 3) 82. 3(2x + 4) 97. (x — 3) 98. (y — 1)° 
83. x°(3x° — 5) 84. 2y°(y* + 5y) 
99. (2y + 1)? 100. (v2 + IG? - 1) 
85. —x° p(y" — xy) 86. —3xy(xy — x) 
Find each product. 
Find each product. 101. (3x + 1)(x7 + 2x + 1) 
87. (x + 3)(x + 2) 88. (2x + 1)(x — 1) 102. (2a — 3)(4a* + 6a + 9) 
Solve each equation. 
89. (3a — 3)(2a + 2) 90. 6(a — 1)(a + 1) 103. x° + 3 = x(x + 3) 
104. x7 + x = (x + I(x + 2) 
91. (a — b)(2a + b) 92. (3x — y)(2x + y) 105. (x + 2)(x — 5) = (x — 4)(x - 1) 
106. (x — 1)(x — 2) = (x — 3)(x + 1) 
Find each product. 107. x7 + x(x + 2) =x(2x + 1)4+1 
93. (x + 3)(x Se 3) 94, (x st S)(x _ 5) 108. (x 1 5)(3x } 1) = x2 n (2x 1\(x 5) 
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SECTION 4.7 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


To divide a polynomial by a monomial, divide 
each term in the numerator by the monomial in 
the denominator. 


Divide: 


6 4 
12x° — 8x" + 2x (x #0) 
2x 
12x° — 8x* + 2x 
2x 
_ 12x? _ 8xt , 2* _ Divide each term in the numerator 
2x 2x 2x __ by the monomial in the denominator. 
= 6x° — 4x7 + 1 


REVIEW EXERCISES 
Perform each division. Assume no variable is 0. 
3x + 6y 
“Ixy 
14xy — 21x 
7xy 


109 


110. 


15a?bc + 20ab*c — 25abc* 
—S5abc 
2 42 
112. (x + yy +@&— y) 
=2xy 


111. 


SECTION 4.8 


DEFINITIONS AND CONCEPTS EXAMPLES 
Use long division to divide one polynomial by Divide: 6x? — 3x +5 (x #3) 
another. Answers are written in : =3 
quotient + ae form. eid 
x 5 
g=3is = See Ss 
6x" = 18x 
15x + 5 
15x — 45 
50 
50 


The result is 6x + 15 + 
x 


= 3° 


REVIEW EXERCISES 
Perform each division. Assume no division by 0. 


113. 0+ Ds $3x 4-5 114. x — 1)x* — 6x +5 


115. x + 3)2x7 + 7x + 3 


117. 2x — 168 +2? +1 
118. 3x + 1)-13x —4 + 9x3 


116, 3x — 1)337 + I4x — 2 


Chapter4 TEST 


1. Use exponents to rewrite 2xxxyyyy. 
2. Evaluate: 37 + 5°. 


Write each expression as an expression containing only one 
exponent. 
3. Oy’) 
5. (2x° P(x")? 


4. (—3b°)(2b*)(—b7) 
6. (2rr’ ry? 


Simplify each expression. Write answers without using 
parentheses or negative exponents. Assume no variable is 0. 


Fo, Be” fh Dye 
D Mh \ 8 
b 
@); — 10. (23) 
yy 4a°b 


11. Write 28,000 in scientific notation. 


12. Write 0.0025 in scientific notation. 

13. Write 7.4 < 10° in standard notation. 

14. Write 9.3 X 10° in standard notation. 

15. Classify 3x* + 2 as a monomial, a binomial, or a trinomial. 


16. Find the degree of the polynomial 
3x7 y2z* + 2x7y?z — 5x?y%z?. 
17. Evaluate x* + x — 2 when x = —2. 


18. Graph the polynomial function f(x) = x° + 2 and deter- 
mine the domain and range. 


19. Simplify: Ge =) ae Ae ar 3) = Bee ae Bp), 


20. Simplify: —2(x* + 3x — 1) — 3(2° 


Evaluate each expression. Let x = 2andy = —5. 
1.5+3-2 2.3-5°-4 
3, ea os 
xy 26 ap 
Solve each equation. 
4 ap 
5. get 6 = 18 6 =2= 


7. 2(5x + 2) = 3(3x — 2) 
8. 4(y + 1) = -2(4 - y) 


Graph the solution of each inequality. 
hoe = 3S 7 


1b Wee =O = 5 


(WG =< es) 


4-— 
202. = 


x + 2) + 5(x* + 2). 
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oh, NR Bee ee = ge = 7 
Ds — Dg tk Be ILD 


22. Subtract: 2x? — 7x + 3 
3x? ~ 2x 1 


Find each product. 

23. (—2x°)(2x*y) 

24. 3y°(y* — 2y + 3) 

25. (2x — 5)(3x + 4) 

26. (2x — 3)(x* — 2x + 4) 


Simplify each expression. Assume no division by 0. 


2,34 
oy, Simply 
16x32" 

6a — 125° 

28. Simplify, —“——- 
ey aan 


29. Divide: 2x + 3)2x? = 3 = 6, 


30. Solve: (a + 2)° = (a — 3)’. 


Solve each formula for the indicated variable. 


1 
13. A=p + prt, forr 14. A= oh, for h 


Graph each equation. 
Il 
15. 3x —4y = 12 NS 


y y. 


Let f(x) = 5x — 2 and find each value. 


17. f(0) 18. f(3) 
19. f(—2) 20. (2) 


318 CHAPTER 4 Polynomials 


Write each expression as an expression using only one exponent. 
Assume no division by 0. 


Beh 
21: ory )y® 22. — 
x Vy 
a ath 3 s = 
- ab y Ve 


Perform each operation. 

25. (3x7 + 2x — 7) — (2x* — 2x 
ALS, (Ghe = WY @ee sP {3} 

27. (x — 2)(x? + 2x + 4) 


28. x — 3)2x? — 5x —3 (x #3) 


29. Astronomy The parsec, a unit of distance used in astron- 
omy, is 3 X 10'° meters. The distance from Earth to 
Betelgeuse, a star in the constellation Orion, is 1.6 X 10° 
parsecs. Use scientific notation to express this distance in 
meters. 


7) 


30. Surface area The total surface area A of a box with 
dimensions /, w, and d is given by the formula 


A = 2Iw + 2wd + 2ld 
If A = 202, / = 9, and w = 5, find d. 


Ww 
31. Concentric circles The area of the ring between the two 
concentric circles of radius r and R is given by the formula 
A=7(R+r)(R —- r) 


If r = 3 and R = 17, find A to the nearest tenth. 


@ 


32. Employee discounts Employees at an appliance store can 
purchase merchandise at 25% less than the regular price. An 
employee buys a TV set for $414.72, including 8% sales tax. 
Find the regular price of the TV. 


> ©Shutterstock.com/Pete Saloutos 


CHAPTER 5 


Factoring 
Polynomials 


Factoring Out the Greatest Common Factor; 
Factoring by Grouping 

Factoring the Difference of Two Squares 
Factoring Trinomials with a Leading Coefficient 
of 1 

Factoring General Trinomials 

Factoring the Sum and Difference of Two Cubes 
Summary of Factoring Techniques 

Solving Equations by Factoring 

Problem Solving 

Projects 


‘ CHAPTER REVIEW 
Careers and Mathematics nT 
aT “CORTES AND RELA 
WORKERS 


We are a nation of sports fans and sports players. Some 
of those who participate in amateur sports dream of 
becoming paid professional athletes, coaches, or sports 
officials, but very few beat the long odds of 
making a full-time living from 
professional sports. 
In 2006, coaches 
and scouts held 
217,000 jobs, while 
athletes held 18,000 
jobs. Nearly 42% of 
athletes and coaches 
worked part time. 
Education and training 
for coaches and athletes 
vary greatly by the level 
and type of sport. 


In this chapter > 


In this chapter, we will reverse the operation of 
multiplying polynomials and show which 
polynomials were used to find a given product. We 
will use this skill to solve many equations and, in the 
next chapter, to simplify rational expressions. 
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Factoring Out the Greatest Common Factor; 
Factoring by Grouping 


@ Find the prime factorization of a natural number. 
® Factor a polynomial using the greatest common factor. 
€} Factor a polynomial with a negative greatest common factor. 


@3 Factor a polynomial with a binomial greatest common factor. 
© Factor a four-term polynomial using grouping. 


Objectives 


Vocabulary 


Simplify each expression by removing parentheses. 


1. 5(x + 3) 2, Ws) Be ae =D) 4. y(5y + 9) 


3(x + y) + a(x + y) 6 xyt+1)+ 50+ 1) 


Getting Ready 


SQes 1): = Gee 1) 8. x(x + 2) — y(x + 2) 


In this chapter, we shall reverse the operation of multiplication and show how to find the 
factors of a known product. The process of finding the individual factors of a product is 
called factoring. 


GD Find the prime factorization of a natural number. 


Because 4 divides 12 exactly, 4 is called a factor of 12. The numbers 1, 2, 3, 4, 6, and 12 
are the natural-number factors of 12, because each one divides 12 exactly. Recall that a 
natural number greater than | whose only factors are 1 and the number itself is called a 
prime number. For example, 19 is a prime number, because 

1. 19 is a natural number greater than 1, and 

2. the only two natural-number factors of 19 are | and 19. 


The prime numbers less than 50 are 
2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, and 47 


A natural number is said to be in prime-factored form if it is written as the product of 
factors that are prime numbers. 
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To find the prime-factored form of a natural number, we can use a factoring tree. For 
example, to find the prime-factored form of 60, we proceed as follows: 


Solution 1 Solution 2 
1. Start with 60. 60 1. Start with 60. 60 


oe ee 


2. Factor 60 as 6: 10. 6 : 10 2. Factor 60 as 4° 15. 4 


AYN (2% 


3. Factor 6 and 10. 2+ 3 + 2 + 5 3. Factor 4 and 15. 2 


nding the Greatest 
‘commen Factor (GCF) 


We stop when only prime numbers appear. In either case, the prime factors of 60 are 
2+2+3-5. Thus, the prime-factored form of 60 is 2*- 3-5. This illustrates the funda- 
mental theorem of arithmetic, which states that there is exactly one prime factorization 
for any natural number greater than 1. 

The right sides of the equations 


42=2-+3-7 
60 = 2° «3-5 
90 = 2+ 37-5 


show the prime-factored forms (or prime factorizations) of 42, 60, and 90. The largest 
natural number that divides each of these numbers is called their greatest common factor 
(GCF). The GCF of 42, 60, and 90 is 6, because 6 is the largest natural number that 
divides each of these numbers: 

42 60 90 

— 3 7 10 and 6 
Factor a polynomial using the greatest common factor. 


Algebraic monomials also can have a greatest common factor. The right sides of the 
equations show the prime factorizations of 6a°b*, 4a°b’, and 18a*b. 


6a°b? =2-3-a-a:b-b-b 
4ab? =2-2-a-a-a-h-b 
18a°b =2°3+3-a-a-b 


Since all three of these monomials have one factor of 2, two factors of a, and one factor 
of b, the GCF is 


2:a:acb or 2a°b 


To find the GCF of several monomials, we follow these steps. 


1. Identify the number of terms. 
2. Find the prime factorization of each term. 


3. List each common factor the least number of times it appears in any one 
Po 4 monomial. 
| 4. Find the product of the factors found in the list to obtain the GCF. 
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PERSPECTIVE 


Much of the mathematics that we have inherited from 
earlier times is the result of teamwork. In a battle early in 
the 12th century, control of the Spanish city of Toledo 
was taken from the Mohammedans, who had ruled there 
for four centuries. Libraries in this great city contained 
many books written in Arabic, full of knowledge that 
was unknown in Europe. 

The Archbishop of Toledo wanted to share this 
knowledge with the rest of the world. He knew that these 
books should be translated into Latin, the universal lan- 
guage of scholarship. But what European scholar could 


EXAMPLE 1 


Solution 


read Arabic? The citizens of Toledo knew both Arabic 
and Spanish, and most scholars of Europe could read 
Spanish. 

Teamwork saved the day. A citizen of Toledo read 
the Arabic text aloud, in Spanish. The scholars listened 
to the Spanish version and wrote it down in Latin. One 
of these scholars was an Englishman, Robert of Chester. 
It was he who translated al-Khowarazmi’s book, Ihm al- 
jabr wa’l muqabalah, the beginning of the subject we 
now know as algebra. 


Find the GCF of 10x*y*, 60x°y, and 30xy”. 


1. We want to find the prime factorization of three monomials. 


2. Find the prime factorization of each monomial. 


10x°y? = 2-5-x-x-xeypey 
60x*y = 2+2+3+5+x-x-y 
30xy? =2+3+5-x-pry 


3. List each common factor the least number of times it appears in any one monomial: 


2,5, x, and y. 


4. Find the product of the factors in the list: 


2:5+x-y = 10xy 


Fy SELF CHECK 1 


Recall that the distributive property provides a way to multiply a polynomial by a 
monomial. For example, 


Find the GCF of 20a7b’, 12ab*, and 8a°b”. 


3x°(2x — 3y) = 3x°+ 2x — 3x*+ 3y 
= 6x? — 9x7y 


To reverse this process and factor the product 6x* — 9x”y, we can find the GCF of 
each term (which is 3x”) and then use the distributive property. 
6x? — 9x*y = 3x7+ 2x — 3x7+ 3y 
= 3x7(2x — 3y) 


This process is called factoring out the greatest common factor. 
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EXAMPLE 2 Factor: 12y? + 20y. 


Solution To find the GCF, we find the prime factorization of 12y” and 20y. 


12y? =2-2-3-y- 
ae arn " nay 
We can use the distributive property to factor out the GCF of 4y. 
12y? + 20y = 4y + 3y + 4y-5 
= 4y(3y + 5) 


Check by verifying that 4y(3y + 5) = 12y* + 20y. 


SELF CHECK 2 Factor: 15x° — 20x”. 


EXAMPLE3 Factor: 35a°b* — 14a7b°. 


Solution To find the GCF, we find the prime factorization of 35a°b” and —14a7b’. 


35a°b? = 5-7-a-a:a-beb 
—140°b? = -2-7-a-a-b-beb 
We factor out the GCF of 7a7b’. 
35a°b* — 14a°b? = Ta7b* + 5a — Ta*h? + 2b 
= 7a°b*(5a — 2b) 
Check: §7a7b?(5a — 2b) = 35a°b” — 14a°b° 


} GCE = 7a*b’ 


SELF CHECK3 Factor: 40x2y? + 15x°y?. 


EXAMPLE 4 Factor: ab? — ab. 


Solution We factor out the GCF, which is ab. 


COMMENT The last term of whe = ah = ahah = ab 1 
25.2 : * 

a’b~ — ab has an implied ‘giich = 1) 

coefficient of —1. When ab is 

factored out, we must write Check: ab(ab — 1) = ab” — ab 

the coefficient of —1. 


SELF CHECK4 Factor: x*y° + x7y%, 


EXAMPLES5 Factor: 12x*y*z + 6x°yz — 3xxz. 


Solution We factor out the GCF, which is 3xz. 
12x3y*2 + 6x7 yz — 3xz = 3xz- 4x*y? + 3xz + 2xy — 3xz- 1 
= 3x7(4x°y? + 2xy — 1) 
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Ey SELF CHECK 5 


EXAMPLE 6 


Solution 


Ey SELF CHECK 6 


EXAMPLE 7 


Solution 


Fy SELF CHECK 7 


Check: 3x2(4x7y? + 2xy — 1) = 12x°y?z + 6x7pz — 3xz 


Factor: 6ab?c — 12a*be + 3ab. 


Factor a polynomial with a negative greatest common factor. 


It is often useful to factor —1 out of a polynomial, especially if the leading coefficient is 
negative. 


Factor —1 out of —a* + 2a? — 4. 


-a' +20 -4 
= (-Da’ + (-1)(—2a*) + (-1)4- (= 1)(-2a?) = +20? 
= -I(a° — 2a’ + 4) Factor out —1. 
= —(a° — 2a + 4) The coefficient of 1 need not be written. 


Check: —(a? — 2a* + 4) = -a* + 2a? - 4 


Factor —1 out of —b* — 357 + 2. 


Factor out the negative of the GCF: —18a7b + 6ab” — 12a7b’. 


The GCF is 6ab. To factor out its negative, we factor out —6ab. 
—18a7b + 6ab” — 12a°b*” = (—6ab)3a + (—6ab)(—b) + (—6ab)2ab 
= —6ahb(3a — b + 2ab) 
Check: —6ab(3a — b + 2ab) = —18a*b + 6ab* — 12a°b* 


Factor out the negative of the GCF: —25xy* — 15x*y + 30x°y”. 


Factor a polynomial with a binomial greatest common factor. 


If the GCF of several terms is a polynomial, we can factor out the common polynomial 
factor. For example, since a + b is a common factor of (a + b)x and (a + b)y, we can 
factor out the a + b. 


(a + b)x + (a + b)y = (a + D(X + y) 
We can check by verifying that (a + b)(x + y) = (a + b)x + (a + Dy. 
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EXAMPLE 8 Factor a + 3 out of (a + 3) + (a + 3). 


Solution Recall that a + 3 is equal to (a + 3)’ and that (a + 3) is equal to (a + 3)(a + 3). We 
can factor out a + 3 and simplify. 
(a+ 3) + (a+ 3 =(a+ 3)1 + (at 3)(a + 3) 
= (a + 3)1 + (a + 3)] 
= (a+ 3)(a + 4) 


SELF CHECK8 Factor out y + 2: (y + 2)? — 3(y + 2). 


EXAMPLE9 Factor: 6a*b*(x + 2y) — 9ab(x + 2y). 


Solution The GCF of 6a*b’ and 9ab is 3ab. We can factor out this GCF as well as (x + 2y). 
6a°b*(x + 2y) — 9ab(x + 2y) 
= 3ab - 2ab(x + 2y) — 3ab- 3(x + 2y) 
= 3ab(x + 2y)(2ab — 3) Factor out 3ab(x + 2y). 


SELF CHECK9 Factor: 4p%q*(2a + b) + 8pq(2a + b). 


8 Factor a four-term polynomial using grouping. 


Suppose we want to factor 
ax + ay + cx + cy 


Although no factor is common to all four terms, there is a common factor of a in 
ax + ay and a common factor of c in cx + cy. We can factor out the a and the c to 
obtain 


ax +aytext+cy=axt+y)+c(xt+y) 
=(x + y)at co) Factor out x + y. 


We can check the result by multiplication. 


(x + y)(a + c) = ax + cx + ay + cy 


ax + ay + cx + cy 


Thus, ax + ay + cx + cy factors as (x + y)(a + c). This type of factoring is called 
factoring by grouping. 


EXAMPLE 10 Factor: 2c + 2d —- cd —- d’. 
Solution 2c + 2d — cd — d* =2%c+d)— de+d)_ Factor out 2 from 2c + 2d and —d 


from —cd — d?. 


=(c + d(2 — da) Factor out c + d. 
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Check: (c + d)(2 — d) = 2c — cd + 2d - d? 
= 2c + 2d—-cd—d’ 


FEY SELF CHECK 10 Factor: 3a + 3b — ac ~ be. 


EXAMPLE 11 Factor: xy — ax — xy +a. 


Solution xy —ax — xy + a= x(xy — a) — l(xy — a) Factor out x from x*y — ax and -1 
from —xy + a. 


= (xy — a(x — 1) Factor out xy — a. 


Check by multiplication. 


FEY SELF CHECK 11 Factor: pq? + tq + 2pq + 21. 


COMMENT When factoring expressions, the final result must be a product. Expressions 


such as 2(c + d) — dc + d) and x(xy — a) — I(xy — a) are not in factored form. 


EXAMPLE 12 Factor: a. a(c — d) + b(d-—c) b. ac + bd — ad — be. 


Solution § a. a(c — d) + b(d — c) = a(c — d) — b(-—d +c) Factor —-1 fromd — c. 
= a(c — d) — b(c — da) -dt+c=c-d 
=(c — da — b) Factor out c — d. 


b. In this example, we cannot factor anything from the first two terms or the last two 
terms. However, if we rearrange the terms, we can factor by grouping. 
ac + bd — ad — bc =ac—ad+bd—- be  bd-—ad=~—ad + bd 


=a(c—d)+b(d—c)  Factorafrom ac — adand b from 
bd — be. 


= (c — da — b) Factor out c — d. 


FY SELF CHECK 12 Factor: ax — by — ay + bx. 


COMMENT In Example 12(b) above, we also could have factored the polynomial if we 
rearranged the terms as ac — bc — ad + bd. 


SELF CHECK ANSWERS 1. dab? 2. 5x°Bx — 4) 3. Sx7y°(8y + 3x) 4. x7 y'(xy? +1) 5. 3ab(2be — 4ac + 1) 
6. —(b7 + 367-2) 7. —Sxy(Sp + 3x —6xy) 8. (y+ 2)(y—1) 9. 4p°q?(2a + b\(p + 29) 
UO (@sF OG =—e@) Wie (ase UNG ae 2B) Us (@ a aes = Wy) 
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Factor: 
1. (x + p(x? — 3) + (x + y) 


2. a, xe" + x” 
b. x? + x7! 


3. Which of the following is equivalent to 3 + a There may be more than one answer. 


= (x = 3) Pes, =x% + 3 ° oma, 


x+2 xD x+2 “yxy +2 


5.1 EXERCISES } 


WARM-UPS 21. To factor a four-term polynomial, it is often necessary to 
Find the prime factorization of each number. factor by . : 
22. Check the results of a factoring problem by 
1. 36 2. 27 
seal ee GUIDED PRACTICE 
Find the greatest common factor: Find the prime factorization of each number. (See Objective 1) 
5. 3,6, and9 6. 3a°b, 6ab, and 9ab? 23. 12 24. 24 
25. 15 26. 20 
7. a(x + 3) and 3(x + 3) 8. 5(a — 1) and xy(a — 1) 27. 40 28. 62 
29. 98 30. 112 
Factor out the greatest common factor: 31. 225 32. 144 
9. 1Sxy + 10 10. 15xy + 10xy* 33. 288 34. 968 
Find the GCF of the given monomials. See Example 1. 
11. a(x + 3) — 3(x + 3) 12. b(x — 2) + (x — 2) 5 
35. Sxy’, 10xy 
36. Tab, 14ab" 
REVIEW Solve each equation and check all solutions. 37. 6x2y?, 12xyz, 18xy?23 
13. 3x — 2(x + 1)=5 14. 5(y-1)+1l=y 38. 4a°b’c, 12ab2c, 20ab72 
26— 7] x 
15. 5 3 16. 2x — 5x Complete each factorization. See Example 2. (Objective 2) 
39. da + 12 =| (a + 3) 40. 31-27 =3(1-_) 
VOCABULARY AND CONCEPTS fill inthe blanks. di, e+ 5 f > 
. ; ; 41.7 +P =P +1) 42.a@ -a =  (a-1) 
17. If a natural number is written as the product of prime 
numbers, itis writtenin Ss. Factor each polynomial by factoring out the GCF. See Example 2. 
18. The states that each (Objective 2) 
natural number greater than | has exactly one prime 43. 3x + 6 44. 2y — 10 
factorization. 45. 4x — 8 46. 4¢ + 12 


19. The GCF of several natural numbers is the number 


that divides each of the numbers. 


Factor each polynomial by factoring out the GCF. See Example 3. 


é Seni Objective 2 
20. In order to find the prime factorization of a natural mblecve?) 


number, you can use a : 47. xy — xz 48. uv + ut 
49. + 20° 50. b> — 3b" 
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Factor each polynomial by factoring out the GCF. See Example 4. 
(Objective 2) 
P 


51. 2b? — ab 52. rset? + rs7t? 


53. 24x°y'z* + 8xy?24 54. 3x°y? — 9xty7z 


Factor each polynomial by factoring out the GCF. See Example 5. 
(Objective 2) 


55. 3x + 3y — 62 56. 2x — 4y + 82 

57. ab + ac — ad 58. rs — rt + ru 

59. 4y° + 8y — 2xy 60. 3x° — 6xy + 9xy* 
61. 127? — 3rs + 9r’s? 62. 6a° — 12a°b + 36ab 


63. abx — ab’x + abx* 

64. 0b x + 0b - bx 
65. 4x7 "2? — 6xy?z? + 12xyz? 
66. 32xyz + 48x°yz + 36x72 


Factor out —1 from each polynomial. See Example 6. (Objective 3) 


67... =x — 2 68. —y +3 

69. -—a—b 70. —x — 2y 

71. —2x + Sy 72. —3x + 82 

73. —2a + 3b 74. —2x + Sy 

75. —3xy + 2z + Sw 76. —4ab + 3c — 5d 
77. —3ab — Sac + 9be 78. —6yz + 12xz — 5xy 


Factor out the negative of the GCF. See Example 7. (Objective 3) 


79. —3x°y — 6xy* 80. —4a°h? + bab? 
81. —4a°b? + 12a°b* 82. —25x4)327 + 30x7y324 
83. —8a°h* — 8a°p* 84. —14p°¢° + 21p*q* 


85. —40° bc? + 14a°b?c — 10ab*c? 
e4 


86. —10x4*y%2? + 8x7 y7z — 20x7y 


Complete each factorization. See Examples 8-9. (Objective 4) 
87. ax ty) t+ bxty)=(xt y) 

88. x(a + b) + plat by = (x + p) 

89. p(m — n) — gm — n) = (p-q 

90. (r— s)p—(r-—s)q=(r- 5) 


Factor each expression. See Example 8. (Objective 4) 
91. (x + y)2+ (x + yb 92. (a — b)c + (a — b)d 


93. (x — 3)? + (x — 3) 
94. 2x(a> + b) + 2y(a? + b) 


Factor each expression. See Example 9. (Objective 4) 
95. xv + 1)- 5 4+ 1) 
96. 3(x + vy) — a(x + y) 
97. (t+ 5) — r+ 5) 
98. 9a°b*(3x — 2y) — 6ab(3x — 2y) 


Factor each polynomial by grouping. See Examples 10-12. 
(Objective 5) 


99. 2x + 2y + ax + ay 100. bx + bz + 5x + 5z 


101. 9p — 9g + mp — mq 102. 7r + 7s — kr — ks 


103. ax + bx -—a-—b 104. mp —np-—m+n 


105. x(a — b) + y(b — a) 106. p(m — n) — g(n — m) 


ADDITIONAL PRACTICE 
Complete the factorization. 
107. 4y? + 8y — 2xy = 2y(2y | ) 


108. 3x° — 6xy + Oxy? = ( 2y 4 3y°) 


Factor each expression completely. 
109. +7 

111. L2uvw? — 18uv*w 

112. 14xyz — 16x?y?z 

113. abc? + 49a? b*c3 — 2a bc? 


110. ¢+a 


114. 8a°b* — 24ab*c + 967-7 

115. —3m —4n+ 1 

116. —3r + 2s — 3 

117. —14a%b® + 49a°b? — 21ab 

118. —357°9°t? + 25r°s°t® + 7573578? 


119. —Sa°b*c + 15a°h*c? — 25a*b*c 
120. —7x°yiz? + 49x°y%24 — 21x%y4tz4 


121. 3(r — 2s) — x(r — 2s) 

122. x(a + 2b) + y(a + 25) 

123. 3x(a+b+c)—-2yvat+bt+c) 

124. 2m(a — 2b + 3c) — 21xy(a — 2b + 3c) 


125. 14x°y(r + 2s — 1) — 21xy(r + 25 — 1) 


126. 15xy*(2x — y + 3z) + 25xy*(2x — y + 3z) 


127. (x + 3)(x + 1) — p(x + 1) 


128. x(x* + 2) — y(x* + 2) 

129. (3x — p(x? — 2) + (x* — 2) 
130. (x — 5y)(a + 2) — (x — 5y) 
131. 3x(c — 3d) + 6y(c — 3d) 
132. 3x°(r + 3s) — 6y"(r + 35) 
133. xr + xs + yr + ys 


134. pm — pn + gm — qn 

135. 2ax + 2bx + 3a + 3b 

136. 3xy + 3xz — Sy — Sz 

137. 2ab + 2ac + 3b + 3c 

138. 3ac + a+ 3bc+b 

139. 3tv — 9tw + uv — 3uw 
140. ce — 2cf + 3de — 6df 

141. 9mp + 3mq — 3np — ng 
142. 6x7°u — 3x°v + 2yu — yv 
143. ax* + bx? + 2ax*y + 2bxy 
144, x°y? — 2x°y? + 3xy" — 6)” 
145. 4a°b + 12a° — 8ab — 24a 
146. —4abe — 4ac® + 2bc + 2c* 
147. 2x° + 2xy — 3x — 3y 

148. 3ab + 9a — 2b - 6 

149. x° 4+ 2x7 + x42 

150. y° — 3y° — Sp + 15 

51. xy — xy - xy ty 
152. 2x°2 — 4x72 + 32xz — 642 


Factor each expression completely. You may have to rearrange 
terms first. 


153. 2r — bs — 2s + br 
154. 5x +ry +rx + S5y 
155. ax + by + bx + ay 
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156. mr + ns + ms + nr 
157. ac + bd — ad — bc 
158. sx —ry + rx — sy 
159. ar — brs + ars — br? 
160. abe + ac + abe + ac 
161. ba+3+a+ 3b 

162. xv + 7+ y+ 7x 
163. pr + qs — ps — gr 
164. ac — bd — ad + bc 


WRITING ABOUT MATH 


165. When we add 5x and 7x, we combine like terms: 
5x + 7x = 12x. Explain how this is related to factoring 
out a common factor. 


166. Explain how you would factor x(a — b) + y(b — a). 


SOMETHING TO THINK ABOUT 


167. Think of two positive integers. Divide their product by 
their greatest common factor. Why do you think the result 
is called the lowest common multiple of the two integers? 
(Hint: The multiples of an integer such as 5 are 5, 10, 15, 
20, 25, 30, and so on.) 

168. Two integers are called relatively prime if their greatest 
common factor is 1. For example, 6 and 25 are relatively 
prime, but 6 and 15 are not. If the greatest common factor 
of three integers is 1, must any two of them be relatively 
prime? Explain. 

169. Factor ax + ay + bx + by by grouping the first two terms 
and the last two terms. Then rearrange the terms as 
ax + bx + ay + by, and factor again by grouping the first 
two and the last two. Do the results agree? 

170. Factor 2xy + 2xz — 3y — 3z by grouping in two different 
ways. 


Factoring the Difference of Two Squares 


GD Factor the difference of two squares. 
©} completely factor a polynomial. 


Objectives 
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Getting Ready 


Factoring the 
Difference of Two 
Squares 


COMMENT The factorization 
of x - 

also can be expressed as 

(x — y)\(x + y). 


Multiply the binomials. 
1. (a+ bja— bd) 2. (27 + s)(2r — s) 


3. (3x + 2y)(3x — 2y) 4. (4x? + 3)(4x* — 3) 


Whenever we multiply a binomial of the form x + y bya binomial of the form x — y, we 
obtain a binomial of the form x* — y’. 


G+ —y) =x -aytay-y 
ha 5 2s 8 
In this section, we will show how to reverse the multiplication process and factor binomi- 
als such as x* — y*. 


Factor the difference of two squares. 
The binomial x* — y” is called the difference of two squares, because x° is the square of x 


and y” is the square of y. The difference of the squares of two quantities always factors 
into the sum of those two quantities multiplied by the difference of those two quantities. 


Te (Gs Ce 3) 


If we think of the difference of two squares as the square of a First quantity minus 
the square of a Last quantity, we have the formula 


F? — L? = (F + L\(F - L) 


and we say, To factor the square of a First quantity minus the square of a Last quantity, we 
multiply the First plus the Last by the First minus the Last. 
To factor x” — 9, we note that it can be written in the form x* — 3? and use the 


formula for factoring the difference of two squares: 
F —- 17 =(F + LF - L) 
4 4 + +4 4 
x? — 37 =(x + 3)(x — 3) 


We can check by verifying that (x + 3)(x — 3) = x7 — 9. 


EXAMPLE 1 


Solution 


SELF CHECK 1 


EXAMPLE 2 


Solution 


SELF CHECK 2 
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To factor the difference of two squares, it is helpful to know the integers that are 
perfect squares. The number 400, for example, is a perfect square, because 207 = 400. 
The perfect integer squares less than 400 are 


1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, 324, 361 


Expressions containing variables such as x*y” are also perfect squares, because they 
can be written as the square of a quantity: 


xy? = (x?y)? 


Factor: 25x? — 49. 


We can write 25x” — 49 in the form (5x)? — 7° and use the formula for factoring the 
difference of two squares: 


F -L?=(F +L\(F -L) 
{ 1 | a! { Substitute 5x for F and 7 for L. 
(5x)? — 77 = (5x + 7)(5x — 7) 


We can check by multiplying 5x + 7 and 5x — 7. 


(5x + 7)(5x — 7) = 25x? — 35x + 35x — 49 
= 25x — 49 


Factor: 16a” — 81. 


Factor: 4y* — 2527. 


We can write 4y* — 2527 in the form (2y*)? — (5z)? and use the formula for factoring 
the difference of two squares: 


FP - ? =(F +LyF -L) 
| | b 4 4 | 
(2y?)? — (5z)? = (2? + 5z)(2y? — 5z) 


Check by multiplication. 


Factor: 9m — 64n’. 


Completely factor a polynomial. 


We often can factor out a greatest common factor before factoring the difference of two 
squares. To factor 8x* — 32, for example, we factor out the GCF of 8 and then factor the 
resulting difference of two squares. 
8x? — 32 = 8(x* — 4) Factor out 8. 
= 8(x* — 27) Write 4 as 2. 
= 8(x + 2)(x — 2) Factor the difference of two squares. 
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EXAMPLE 3 


Solution 


Ey SELF CHECK 3 


EXAMPLE 4 


Solution 


Fy SELF CHECK 4 


We can check by multiplication: 
8(x + 2)(x — 2) = 8(x* — 4) 
= 8x7 — 32 


Factor: 2a*x*y — 8bxy. 


We factor out the GCF of 2xy and then factor the resulting difference of two squares. 
2a’x?y — 8b*xy 
= 2xy+a’x* — 2xy+ 4b" The GCF is 2xy. 
= 2xy(a?x* — 4b’) Factor out 2xy. 
= 2xy[(ax)? — (2b)"] Write a°x* as (ax) and 46? as (2b). 
= 2xy(ax + 2b)(ax — 2b) Factor the difference of two squares. 
Check by multiplication. 


Factor: 2p°q?s — 18r’s. 


Sometimes we must factor a difference of two squares more than once to completely 
factor a polynomial. For example, the binomial 625a* — 815* can be written in the form 
(25a’)” — (9b’)*, which factors as 


625a* — 81b* = (25a’)* — (96°) 
= (25a” + 9b*)(25a* — 9b”) 
Since the factor 25a” — 9b can be written in the form (5a)” — (3b)”, it is the difference of 


two squares and can be factored as (Sa + 3b)(5a — 3b). Thus, 
625a* — 81b* = (25a” + 9b*)(5a + 3b)(5a — 3b) 


COMMENT The binomial 25a” + 9° is the sum of two squares, because it can be written 
in the form (5a) + (3b). If we are limited to rational coefficients, binomials that are the 
sum of two squares cannot be factored unless they contain a GCF. Polynomials that do 
not factor are called prime polynomials. 


Factor: 2x*y — 32y. 


2x4y — 32y = 2y-x* — 2y+ 16 
= 2y(x* — 16) Factor out the GCF of 2y. 
= 2y(x* + 4)(x? — 4) Factor x* — 16. 
= 2y(x* + 4)(x + 2x — 2) Factor x? — 4. Note that x? + 4 does not 


factor using rational coefficients. 


Check by multiplication. 


Factor: 48a° — 3ab*. 
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Example 5 requires the techniques of factoring out a common factor, factoring by 
grouping, and factoring the difference of two squares. 


EXAMPLE5 Factor: 2x? — 8x + 2yx? — 8y. 


Solution 2x? — 8x + 2yx* — By = 2x? — 4x + yx? — 4y) Factor out 2. 


= 2[x(x* — 4) + p(x? — 4)] Factor out x from x° — 4x 


COMMENT To factor an aid pirat wt dy 


expression means to factor the 5 ‘ 
expression completely. = 2[(x- — 4)(x + y)| Factor out x” — 4. 


= 2(x + 2)(x — 2)(x + y) Factor x° — 4. 
Check by multiplication. 


SELF CHECK5 Factor: 3a° — 12a + 3a°b — 12h. 


SELF CHECK ANSWERS 1. (4a + 9)(4a—9) 2. (3m + 8n?)\(3m — 8n*) 3... 2s(—pq + 3r)\(pq — 3r) 
4. 3a(4a* + b?)\2Qa + b\2Qa—-b) 5. 3(a + 2)(a — 2)(a + b) 


Factor completely: 


lax-- 
b. 2x? — 0.72 
c 16— x 


2. (x + yp? — 25 


3. x77 -9 


5.2 EXERCISES ’ 
WARM-UPS Factor each binomial. REVIEW 
1.x -9 2. vy — 36 9. In the study of the flow of fluids, Bernoulli’s law is given by 
3. 2-4 4p-¢ the following equation. Solve it for p. 
5.25 = 0 6. 36-1 oa 
—+—+h=k 
7. 100 - 8. 100 — y* w 2 


10. Solve Bernoulli’s law for h. (See Exercise 9.) 
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VOCABULARY AND CONCEPTS fill in the blanks. 49. a — 9a + 3a? — 27 
11. A binomial of the form a? — b’ is called the 50. 2x° — 18x — 6x7 + 54 


ADDITIONAL PRACTICE Factor each polynomial 
completely, if possible. If a polynomial is prime, so indicate. 


12. A binomial of the form a? + b’ is called the 


. 51. a* — 48? 52. 12la” — 14467 
13. A polynomial that cannot be factored over the rational “ ? 
numbers is said to be a polynomial. 
: 53.0 +h° 54. Oy + 162° 
14. The of two squares cannot be factored unless it has a * n 5 5 
GCF. 55. 49)" — 225z 56. 25x" + 36y" 
4 2 4 4 
GUIDED PRACTICE 57. 196x" — 169, 58. 144a° + 1695 
complete i See Examples 1-2. (Objective 1) 59. 4a2x — 9b2x 60. 482 — 162y 
..x° —- 9 =O t 
2 = 
16.p-g = (p- 4g) 61. 3m — 3mn* 62. 2p°q — 2¢° 
17. 4m? — 9n? = (2m + 3n) 
18. 16p* — 259° = (4p — 5q) 63. 4x4 — x°y? 64. 9xy? — 4xy* 
Factor each polynomial. See Examples 1-2. (Objective 1) 
od 7 e me Ms 65. 2a°b — 242ab" 66. 50c4d? — 8c2a* 
a ca 
é : 67. x‘ — 81 68. y* — 625 
21. y — 49 22. y — 81 
P 3 69. 8177 — 256s" 
23. 4y° — 49 24. 9z- — 4 8 4 
70. x - y 
4 8 
25. 9x7 — y° 26. 4x° — 27 che 4 b é 
72. l6oy° — 81z 
2 2 8 48 
27. 251? — 36° 28. 49u° — 64y" 73.x — Jj 
74. x*y8 — 1 
29. 16a” — 25b° 30. 36a° — 12167 75. 48m'n — 243n° 


76. 3a°y + 6ay” 
77. 2p'°¢ — 32p°¢° 


Factor each polynomial. See Example 3. (Objective 2) 
78. 3a'° — 3a°b* 


31. 8x° — 32y° 32. 2a” — 2006" 
79. 2x°y + 2xy? 
33, 24° = 8)" 34. 32x? — 8y” 80. 3a° — 243a%b* 
81. a°h? — a b’c4 
35.3 = Dy 36. 45u* — 20v 82. abect — abed* 
83. ab’ — 625ab° 
37. x° — xy” 38. ob — b° 84, 16x*y4z — 81x°y*2° 
85. 243r°s — 48rs° 
Factor each polynomial. See Example 4. (Objective 2) 86. 1,024m°n — 324mn° 
39. a’ — 16 87. 16(x — y) — 9 
40. b+ — 256 88. Ax + 1 —y 
41. at — 54 89. b° — 25b — 2b + 50 
42. m* — 16n* 90. y’ — l6y — 3y° + 48 
43. 2x* — 2y4 91. a — 49a + 2a” — 98 
44. a — ab* 92. 3x° — 12x + 3x7 — 12 
45. ah — b> 93. 3m — 3mn* + 3am? — 3an* 
46. m> — 16mn* 94. ax? — axy” — bx* + bxy” 
47. 2x4y — 51295 95. 2m'n? — 32mn? + 8m? — 128 


48. 2x®y? — 32y6 96. 2x°y + 4x°y — 98xy — 196y 


WRITING ABOUT MATH 
97. Explain how to factor the difference of two squares. 
98. Explain why x* — y* is not completely factored as 
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SOMETHING TO THINK ABOUT 


99. It is easy to multiply 399 by 401 without a calculator: The 
product is 4007 — 1, or 159,999. Explain. 


(x7 + YQ? - y’). 


100. Use the method in the previous exercise to find 498 + 502 
without a calculator. 


Factoring Trinomials with a Leading Coefficient of 1 


GD Factor a trinomial of the form x* + bx + c by trial and error. 
© Factor a trinomial with a negative greatest common factor. 
&} identify a prime trinomial. 

@3 Factor a polynomial completely. 

© Factor a trinomial of the form x? + bx + c by grouping (ac method). 
@9 Factor a perfect-square trinomial. 


Objectives 


Vocabulary 


Multiply the binomials. 
6)(x + 6) 


3. 


2 0-NY-7D (a — 3)(a — 3) 


4)(x 5. (r—2)(r — 5) 6. (m+ 3)(m — 7) 


5) 


7: 9. (x + 4y\(x — 6y) 


Getting Ready 


(a — 3b)(a + 4b) 8. (u — 3v)(u — 5y) 


We now discuss how to factor trinomials of the form x* + bx + c, where the coefficient 
of x’ is 1 and there are no common factors. 


Factor a trinomial of the form x* + bx + cby trial and error. 
The product of two binomials is often a trinomial. For example, 
(x + 3)\(x + 3)=2x°+6x+9 and (x — 4y)(x — 4y) = x° — 8xy + 16y" 


For this reason, we should not be surprised that many trinomials factor into the product 
of two binomials. To develop a method for factoring trinomials, we multiply (x + a) and 
(x + ). 
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EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


EXAMPLE 2 


Solution 


(x + ae + b) =x? + bx +ax+ab — Use the FOIL method. 
x? +ax+bx+ab Write bx + axasax + bx. 
= x°+(a+b)x+ ab Factor x out of ax + bx. 


From the result, we can see that 


the coefficient of the middle term is the sum of a and b, and 
the last term is the product of a and 5. 


We can use these facts to factor trinomials with leading coefficients of 1. 


Factor: x? + 5x + 6. 


To factor this trinomial, we will write it as the product of two binomials. Since the first 
term of the trinomial is x”, the first term of each binomial factor must be x because 
x+x = x. To fill in the following blanks, we must find two integers whose product is 
+6 and whose sum is +5. 


x? + 5x + 6=(x/ x) 


The positive factorizations of 6 and the sums of the factors are shown in the following 
table. 


Product of the factors | Sum of the factors 


1(6) = 6 14+6=7 
2(3) = 6 24+3=5 


The last row contains the integers +2 and +3, whose product is +6 and whose sum is 
+5. So we can fill in the blanks with +2 and +3. 


x? + 5x + 6 = (x + 2)(x + 3) 
To check the result, we verify that (x + 2) times (x + 3) is x7 + 5x + 6. 


(x + 2)(x + 3) = 2x7 + 3x + 2x 4+2+3 
=x + 5x +6 


Factor: y? + 5y + 4. 


COMMENT In Example 1, the factors can be written in either order. An equivalent fac- 
torization is x? + 5x + 6 = (x + 3)(x + 2). 


Factor: y* — Jy + 12. 


Since the first term of the trinomial is y’, the first term of each binomial factor must be 
y. To fill in the following blanks, we must find two integers whose product is +12 and 
whose sum is —7. 


y -Ty +12 = (yy) 
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The factorizations of 12 and the sums of the factors are shown in the table. 


Product of the factors Sum of the factors 
1(12) = 12 sb 12 = 13 
2(6) = 12 2+6=8 
3(4) = 12 Bab dl = 7 
—1(-12) = 12 =I +e (= 12) = = 13 
—2(—6) = 12 —2 + (-6) = —8 
—3(—4) = 12 —3 + (-4) = -7 


The last row contains the integers —3 and —4, whose product is +12 and whose sum is 
—7. So we can fill in the blanks with —3 and —4. 


yp R= C= ay=4) 
To check the result, we verify that (y — 3) times (y — 4) is y> — Jy + 12. 


(y-3\(y -4 =y - 3y -4y 4 12 
=y—-Ty+12 


SELF CHECK2 Factor: p? — Sp +6. 


EXAMPLE3 Factor: a* + 2a — 15. 


Solution — Since the first term is a’, the first term of each binomial factor must be a. To fill in the 
blanks, we must find two integers whose product is —15 and whose sum is +2. 


a +2a-15=(a (a ) 


The factorizations of —15 and the sums of the factors are shown in the table. 


Product of the factors | Sum of the factors 


1(-15) = -15 1 + (-15) = -14 
3(—5) = -15 34 (-5) = 2 
5(—3) = -15 5 (3) 2 

15(-1) = -15 15+ (-1) = 14 


The third row contains the integers +5 and —3, whose product is —15 and whose sum 
is +2. So we can fill in the blanks with +5 and —3. 


a + 2a- 15 =(a+ 5a — 3) 


Check: (a + 5)(a — 3) =a’ — 3a + 5a— 15 
=a’ +2a— 15 


SELF CHECK3 Factor: p? + 3p — 18. 


EXAMPLE4 Factor: 2 — 42 — 21. 


Solution Since the first term is z’, the first term of each binomial factor must be z. To fill in the 
blanks, we must find two integers whose product is —21 and whose sum is —4. 
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EXAMPLE 5 


Solution 


Carl Friedrich Gauss 
(1777-1855) 

Many people consider Gauss to 
be the greatest mathematician 
of all time. He made contribu- 
tions in the areas of number 
theory, solutions of equations, 
geometry of curved surfaces, 
and statistics. For his efforts, he 
has earned the title “Prince of 
the Mathematicians.’ 


EB SELF CHECK 5 


Fy SELF CHECK 4 
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2-42-21 =(z Nz ) 


The factorizations of —21 and the sums of the factors are shown in the table. 


Product of the factors | Sum of the factors 


1(-21) = -21 (aii 220 
3(-7) = -21 see 4 
es) = =o 7+(-3)=4 

21(-1) = -21 ON (= 1) = 20 


The second row contains the integers +3 and —7, whose product is —21 and whose 
sum is —4. So we can fill in the blanks with +3 and —7. 


2 — 42 — 21 = (z + 3\(z —- 7) 
Check: (z + 3)\(z — 7) =2 — 72 + 3z-21 
= 7-47, -21 


Factor: gq? — 2q — 24. 


The next example has two variables. 


Factor: x* + xy — 6y”. 
Since the first term is x’, the first term of each binomial factor must be x. Since the last 


term is —6y”, the second term of each binomial factor has a factor of y. To fill in the 
blanks, we must find coefficients whose product is —6 that will give a middle coefficient 


| »)(elm) 


The factorizations of —6 and the sums of the factors are shown in the table. 


x? + xy — by? = (x 


Product of the factors | Sum of the factors 


1(-6) = —6 1 + (-6) = —5 
2(-3) = -6 Aa 3) 1 
B(-2) = 6 34 (2) =1 
6(-1) = -6 6+(-l=5 


The third row contains the integers 3 and —2. These are the only integers whose 
product is —6 and will give the correct middle coefficient of 1. So we can fill in the 
blanks with 3 and —2. 


+ xy = 6y" = (x + 3y)(x — 2y) 
Check: (x + 3y)(x — 2y) = x? — 2xy + 3xy — 6y" 
=x + xy 6y" 


Factor: a’ + ab — 126’. 
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—) Factor a trinomial with a negative greatest common factor. 


When the coefficient of the first term is —1, we begin by factoring out —1. 


EXAMPLE6 Factor: —x? + 2x + 15. 


Solution We factor out —1 and then factor the trinomial. 


—x? + 2x + 15 = —(x? — 2x — 15) Factor out -1. 


COMMENT In Example 6, it = —(x — 5)\(x+ 3) Factor x7 — 2x — 15. 
is not necessary to factor out Beatles 72 _ _ 

the 1, but by doinesa, Check: (x — 5)(x + 3) a + 3x — 5x — 15) 

usually will be easier to factor = —(x° — 2x — 15) 
the remaining trinomial. = —x? + 2x + 15 


SELF CHECK6 Factor: —x? + I1x — 18. 


E} Identify a prime trinomial. 


If a trinomial cannot be factored using only rational coefficients, it is called a prime 
polynomial over the set of rational numbers. 


EXAMPLE7 Factor: x* + 2x + 3, if possible. 


Solution — To factor the trinomial, we must find two integers whose product is +3 and whose sum 
is 2. The possible factorizations of 3 and the sums of the factors are shown in the table. 


Product of the factors | Sum of the factors 
1(3) = 3 14+3=4 
—1(-3) = 3 —1+(—3) = —-4 


Since two integers whose product is +3 and whose sum is +2 do not exist, x7 + 2x + 3 
cannot be factored. It is a prime trinomial. 


SELF CHECK7 Factor: x7 — 4x + 6, if possible. 


4] Factor a polynomial completely. 


The following examples require more than one type of factoring. 


EXAMPLE 8 Factor: —3ax? + 9a — 6ax. 
Solution We write the trinomial in descending powers of x and factor out the common factor 
of —3a. 


—3ax? + 9a — 6ax = —3ax* — 6ax + 9a 
= —3a(x? + 2x — 3) 
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Ey SELF CHECK 8 


EXAMPLE 9 


Solution 


Fy SELF CHECK 9 


Finally, we factor the trinomial x7 + 2x — 3. 
—3ax? + 9a — 6ax = —3a(x + 3)(x — 1) 
Check: —3a(x + 3)(x — 1) = —3a(x* + 2x — 3) 
—3ax* — 6ax + 9a 


—3ax? + 9a — 6ax 


Factor: —2pq? + 6p — 4pq. 


Factor: m* — 2mn + rn? — 64a’. 


We group the first three terms together and factor the resulting trinomial. 


m? — 2mn + n? — 64a* = (m — n)\(m — n) 64a~ 
= (m — ny — (8a) 


Then we factor the resulting difference of two squares: 
m? — 2mn + n? — 64a* = (m ny (8a) 


= (m —n + 8a\(m — n — 8a) 


Factor: p* + 4pq + 4q° — 25y°. 


Factor a trinomial of the form x* + bx + c by grouping (ac method). 


An alternate way of factoring trinomials of the form x* + bx + c uses the technique of 
factoring by grouping, sometimes referred to as the ac method. For example, to factor 
x? + x — 12 by grouping, we proceed as follows: 


1. Determine the values of a and c (a = | and c = —12) and find ac: 
(1)(—12) = —12 
This number is called the key number. 


2. Find two factors of the key number —12 whose sum is b = 1. Two such factors are 
+4 and —3. 


+4(-3)=-12 and +4+(-3)=1 


3. Use the factors +4 and —3 as the coefficients of two terms to be placed between x* 
and —12 to replace x. 


etx —-12=x°+4x—-3x-12 x= +4x- 3x 
4. Factor the right side of the previous equation by grouping. 


x? + 4x — 3x — 12 = x(x + 4) — 3(x + 4) Factor x out of x* + 4x and —3 out 
of =3x% — 12, 


(x + 4)(x — 3) Factor out x + 4. 


We can check this factorization by multiplication. 
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EXAMPLE 10 Factor y? + 7y + 10 by grouping. 


Solution We note that this equation is in the form y” + by + c, witha = 1,b = 7, and c = 10. 
First, we determine the key number ac: 


ac = 1(10) = 10 


Then, we find two factors of 10 whose sum is b = 7. Two such factors are +2 and +5. 
We use these factors as the coefficients of two terms to be placed between y” and 10 to 
replace 7y. 


ytIyt+l0O=y +2yp+5yt+ 10 Ty = +2y + Sy 
Finally, we factor the right side of the previous equation by grouping. 


y? + 2y + 5y + 10 = p(y + 2) + S(y + 2) ~~ Factor out y from y? + 2y and factor 
out 5 from 5y + 10. 


=(y +2)(— + 5) Factor out y + 2. 


SELF CHECK 10 Use grouping to factor p> — 7p + 12. 


EXAMPLE 11 Factor: 2? — 42 — 21. 


Solution — This is the trinomial of Example 4. To factor it by grouping, we note that the trinomial 
is in the form z? + bz + c, witha = 1,b = —4, and c = —21. First, we determine the 
key number ac: 


ac = 1(-21) = -21 


Then, we find two factors of —21 whose sum is b = —4. Two such factors are +3 and 
—7. We use these factors as the coefficients of two terms to be placed between z” and 
—21 to replace —4z. 


2—47,—-21 = 2° + 37-77-21 4z = +32 —7z 


Finally, we factor the right side of the previous equation by grouping. 
2 + 32 — 72-21 = oz + 3) — 1(¢ +3) Factor out z from 2” + 3z and factor 
out —7 from —7z — 21. 
= (z + 3)(z — 7) Factor out z + 3. 


SELF CHECK 11 Use grouping to factor a? + 2a — 15. This is the trinomial of Example 3. 


6] Factor a perfect-square trinomial. 
We have discussed the following special-product formulas used to square binomials. 
L(x tyP=Hxrt2xy ty 
2. (x — yP =x? -2xy + yy” 
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These formulas can be used in reverse order to factor special trinomials called 
perfect-square trinomials. 


Perfect-Square 1.x° + xy + yw =(x + yl? 


Trinomials 2. x2 -2xy ty =(x- yl? 


In words, Formula | states that if a trinomial is the square of one quantity, plus twice 
the product of two quantities, plus the square of the second quantity, it factors into the 
square of the sum of the quantities. 

Formula 2 states that if a trinomial is the square of one quantity, minus twice the 
product of two quantities, plus the square of the second quantity, it factors into the square of 
the difference of the quantities. 

The trinomials on the left sides of the previous equations are perfect-square trinomi- 
als, because they are the results of squaring a binomial. Although we can factor perfect- 
square trinomials by using the techniques discussed earlier in this section, we usually can 
factor them by inspecting their terms. For example, x* + 8x + 16 is a perfect-square tri- 
nomial, because 


The first term x7 is the square of x. 
The last term 16 is the square of 4. 
The middle term 8x is twice the product of x and 4. 
Thus, 
x + 8x + 16 = 2x7 + 2x4) + 4 
= (x + 4) 


EXAMPLE 12 Factor: x° — 10x + 25. 


Solution x* — 10x + 25 isa perfect-square trinomial, because 


The first term x7 is the square of x. 

The last term 25 is the square of 5. 

The middle term — 10x is the negative of twice the product of x and 5. 
Thus, 


x? — 10x + 25 


x? — 2(x)(5) + 5? 
G=5y 


FJ SELF CHECK 12 Factor: x7 + 10x + 25. 


SELF CHECK ANSWERS L(iytDo+4 2.@-3)p-2) 3.(~9+6Op-3) 4 (¢+4)(q-6) 5. (a— 3b\(a + 4b) 


& = =NC=2) 7 lkisjime £4 =2a@ 4 N@= iW) ob (ar Be se SY la se 2a = Sy) 
10. (p — 4)(p — 3) 11. (a + 5)(a— 3) 12. (x +5)? 


Factor completely: 
1. 18 + 3x — x 
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5.3 EXERCISES — 


WARM-UPS Finish factoring each problem. 
xt srt 4=(x+I(x+ ) 


2.7 — 5x +6 =(x 2)(x 3) 
3. +x-6=(x 2)(x + ) 


5.x + 5x —6 (x t J ) 
6. x? — 7x 4 6 = (x N(x ) 


REVIEW Graph the solution of each inequality on a number line. 


i X= 3S 5 8x+453 
9. -3x-524 10. 2x —3<7 
=i ~2(x + 


13. —2<x=4 14. -S<=x+1<5 


VOCABULARY AND CONCEPTS 
Complete each formula for a perfect-square trinomial. 


15. x7 + 2xy 4 
16. x° — 2xy 4 


y= 
bys 


Complete each factorization. 


17. y+ 6y 4 


8=(y4 


ly +) 


18. z* — 3z— 10 (24 


19. x? — xy - 2y? = (x + (x - ) 


20. a? + ab — 6b° 


GUIDED PRACTICE 


Factor each trinomial and check each result. See Example 1. 


(Objective 1) 
21. x° +3x+2 


23.24 1274+ 11 


22. + 4y +3 


24. x7 + 7x + 10 


Factor each trinomial and check each result. See Example 2. 


(Objective 1) 
25. 7° —9t+ 14 


27. p — 6p +5 


26. c — 9c + 8 


28. ¢ — 6¢ +8 


Factor each trinomial and check each result. See Examples 3-4. 


(Objective 1) 
29. a + 6a — 16 


31. s* + lls — 26 
33. c + 4c —5 
35. 2? — 5t — 50 
37. a —4a—5 


39. y — y — 30 


30. x + 5x — 24 


32. b> + 6b —7 
34, b? — 5b — 6 
36. a — 10a — 39 
38. m- — 3m — 10 


40. x° — 3x — 40 
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Factor each trinomial and check each result. See Example 5. 
(Objective 1) 


Al. mm + 3mn — 10n7 42. mm — mn — 12n? 
43. a” — 4ab — 1267 4A. p> + pq - 69° 


45. a’ + 10ab + 9b° 46. uw + 2uv — 15° 


47. m> — 11mn + 10n” 48. x° + 6xy + 9y" 


Factor each trinomial. Factor out —1 first. See Example 6. 


(Objective 2) 
49. —x° — 7x — 10 50. —x* + 9x — 20 


51. -y° —2y + 15 52. —y° — 3y + 18 


53. —0 — 154+ 34 54. —17° — ++ 30 


55. —° + 14r — 40 56. —r° + 14r — 45 
Factor each trinomial, if possible. See Example 7. (Objective 3) 
57. uv + 10u + 15 58. + Ov + 15 

59. °° — 9r—12 60. b* + 6b — 18 


Factor each trinomial completely, if possible. See Example 8. 
(Objective 4) 


61. 2x° + 10x + 12 62. —2b* + 20b — 18 

63. 3y° — 21y* + 18y 64. —5a* + 25a” — 30a 
65. 32° — 15tz + 127° 66. Sm + 45mn — 50n* 
67. —4x°y — 4x7 + 24xy* 68. 3x°y"° + 3x°y" — 6xy4 


Completely factor each expression. See Example 9. (Objective 4) 
69.x° + 4x +4-)° 

70. pp -2pt+1-_¢ 

71. b — 6b+9-e? 

72. m+ 8m + 16-91 


Use grouping to factor each expression. See Examples 10-11. 
(Objective 5) 
73. °° + 3x42 74, y+ 4y +3 


75.07 —9t+ 14 76. —9c +8 


77. a + 6a — 16 78. x° + 5x — 24 


79. y-y—- 30 80. x° — 3x — 40 


Factor each expression. See Example 12. (Objective 6) 
81. x + 6x +9 82. x° + 10x + 25 


83. > — 8y + 16 84. 2-22 +1 


85. uw — 18u + 81 86. > — 14v + 49 


87. x° + 4xy + 4y° 88. a + 6ab + 9b* 


ADDITIONAL PRACTICE Completely factor each 
expression. Write each trinomial in descending powers of one 
variable, if necessary. 


89.4-5x+x° 90. y +5 + 6y 
91. 10y+9+y° 92. x° — 13 — 12x 
93. —1° + 2s" + rs 94. uw — 3" + 2uv 
95. 4rx + 9? + 3x7 96. —a°’ + 5b? + 4ab 
97. —3ab + a? + 2b° 98. —13yz + y? — 1427 
99. —a> — 4ab — 3b° 100. —a° — 6ab — 5b" 
101. —x* + 6xy + 7y" 102. —x* — 10xy + 11y” 
103. 3y° + 6y" + 3y 104. 4x* + 16x° + 16x 
105. 12xy + 4x°y — 72y 106. 48xy + 6xy* + 96x 
107. y+ 2yz +2 108. 7° — 2rs + 45° 
109. 7° + 20r + 100 110. 7° + 24r + 144 
111. 7° — 10rs + 2557 112. m? — 12mn + 36n* 
113. a + 2ab+ b> -4 
114.0 + 6a+9-b° 
115. b —y-—4y-4 
116. — a’ + 8a— 16 
WRITING ABOUT MATH 
117. Explain how you would write a trinomial in descending 
order. 


118. Explain how to use the FOIL method to check the factor- 


ing of a trinomial. 
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SOMETHING TO THINK ABOUT 120. Find the error: 
119. Two students factor 2x* + 20x + 42 and get two different 


x=y 
answers: (2x + 6)(x + 7) and (x + 3)(2x + 14). Do both 2 : F 
answers check? Why don’t they agree? Is either completely ey, Multiply both sides by x. 
correct? x -y=xy-—y’ — Subtract y’ from both sides. 
(x + y(x = y) = x(x — y) — Factor. 
x+ pay Divide both sides by (x — y). 
yry=y Substitute y for its equal, x. 
2y=y Combine like terms. 
2=1 Divide both sides by y. 


Factoring General Trinomials 


GD Factor a trinomial of the form ax* + bx + cusing trial and error. 


©} completely factor a trinomial of the form ax? + bx + cby grouping 
(ac method). 


€} Completely factor a polynomial involving a perfect-square trinomial. 


Objectives 


Multiply and combine like terms. 


1, Cx Ges Dd 2. Gv= ep =5) 3. (4¢= DOrs 3) 


Ay (Or Or = 3) 5. (2m — 3)(3m — 2) 6. (4a + 3)(4a + 1) 


Getting Ready 


In the previous section, we saw how to factor trinomials whose leading coefficients are 1. 
We now show how to factor trinomials whose leading coefficients are other than 1. 


ls Factor a trinomial of the form ax* + bx + cusing trial and error. 


We must consider more combinations of factors when we factor trinomials with leading 
coefficients other than 1. 


EXAMPLE1 Factor: 2x7 + 5x + 3. 


Solution — Since the first term is 2x’, the first terms of the binomial factors must be 2x and x. To 
fill in the blanks, we must find two factors of +3 that will give a middle term of +5x. 


(2x Ye) 
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Ey SELF CHECK 1 


EXAMPLE 2 


Solution 


Fy SELF CHECK 2 


EXAMPLE 3 


Solution 


Since the sign of each term of the trinomial is +, we need to consider only positive 
factors of the last term (3). Since the positive factors of 3 are | and 3, there are two 
possible factorizations. 


(2x + 1)(x + 3) or (2x + 3)(x + 1) 


The first possibility is incorrect, because it gives a middle term of 7x. The second pos- 
sibility is correct, because it gives a middle term of 5x. Thus, 


2x? + 5x + 3 = (2x + 3)(x + 1) 
Check by multiplication. 


Factor: 3x7 + 7x + 2. 


Factor: 6x? — 17x + 5. 


Since the first term is 6x”, the first terms of the binomial factors must be 6x and x or 3x 
and 2x. To fill in the blanks, we must find two factors of +5 that will give a middle term 
of —17x. 


(6x Jx ) or (3x (2x ) 


Since the sign of the third term is + and the sign of the middle term is —, we need to 
consider only negative factors of the last term (5). Since the negative factors of 5 are 
—1 and —S, there are four possible factorizations. 


(6x — 1)(x — 5) (6x — 5)(x — 1) 
The one to choose — (3x — 1)(2x — 5) (3x — 5)(2x -— 1) 


Only the possibility printed in red gives the correct middle term of —17x. Thus, 
6x? — 17x + 5 = x — 1)(2x — 5) 
Check by multiplication. 


Factor: 6x? — 7x + 2. 


Factor: 3y? — Sy — 12. 


Since the sign of the third term of 3y* — 5y — 12 is —, the signs between the binomial 
factors will be opposite. Because the first term is 3y’, the first terms of the binomial 
factors must be 3y and y. 

Since 1(—12), 2(—6), 3(—4), 12(—1), 6(—2), and 4(—3) all give a product of —12, 
there are 12 possible combinations to consider. 


By + DY — 12) By — 12) + 1) 
(By + 2) — 6) (3y — 6) + 2) 
(3y + 3) — 4) By — 4) + 3) 
(By + 12)(y — 1) (3y — 1)(y + 12) 
(3y + 6)(y — 2) (3y — 2) + 6) 


The one to choose — (3y + 4)(y — 3) (3y — 3)(y + 4) 


SELF CHECK 3 


EXAMPLE 4 


Solution 


SELF CHECK 4 


5.4 Factoring General Trinomials 347 


The combinations printed in blue cannot work, because one of the factors has a 
common factor. This implies that 3y? — Sy — 12 would have a common factor, which 
it doesn’t. 

After mentally trying the remaining factors, we see that only (3y + 4)(y — 3) gives 
the correct middle term of —5x. Thus, 


3y? — Sy — 12 = By + 4)(y — 3) 


Check by multiplication. 


Factor: 5a’ — 7a — 6. 


Factor: 667 + 7b — 20. 


Since the first term is 6b”, the first terms of the binomial factors must be 6) and b or 3b 
and 25. To fill in the blanks, we must find two factors of —20 that will give a middle 
term of +7). 


C] | \xommme) jie | 


Since the sign of the third term is —, the signs inside the binomial factors will be differ- 
ent. Because the factors of the last term (20) are 1, 2, 4, 5, 10, and 20, there are many pos- 
sible combinations for the last terms. We must try to find a combination that will give a 
last term of —20 and a sum of the products of the outer terms and inner terms of +7b. 

If we choose factors of 6) and d for the first terms and —5 and 4 for the last terms, 
we have 


(6b — 5)(b + 4) 


—5b 
24b 
19b 


which gives an incorrect middle term of 195. 
If we choose factors of 3b and 2d for the first terms and —4 and +5 for the last 
terms, we have 


(3b — 4)(2b + 5) 


—8b 
15b 
7b 


which gives the correct middle term of +75 and the correct last term of —20. Thus, 
6b” + 7b — 20 = (3b — 4)(2b + 5) 
Check by multiplication. 


Factor: 4x? + 4x — 3. 


The next example has two variables. 
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EXAMPLE 5 


Solution 


ES SELF CHECK 5 


Factoring General _ 
Trinomials Using Trial 
-and Error — , 
, 


Factor: 2x? + 7xy + 6y”. 


Since the first term is 2x°, the first terms of the binomial factors must be 2x and x. To 
fill in the blanks, we must find two factors of 6y* that will give a middle term of +7xy. 


(2) i) 


Since the sign of each term is +, the signs inside the binomial factors will be +. The 


possible factors of the last term 6y” are 


y and 6y or 3y and 2y 


We must try to find a combination that will give a last term of +6y” and a middle term 


of +7xy. 
If we choose y and 6y to be the factors of the last term, we have 


(2x + y)(x + 6y) 


xy 
12xy 
13xy 


which gives an incorrect middle term of 13xy. 
If we choose 3y and 2y to be the factors of the last term, we have 


(2x + 3y)(x + 2y) 


3xy 
aay 
7xy 
which gives a correct middle term of 7xy. Thus, 
2x? + Txy + 6y? = (2x + 3y)\(x + 2y) 
Check by multiplication. 


Factor: 4x7 + 8xy + 3y”. 


Because some guesswork is often necessary, it is difficult to give specific rules for fac- 
toring trinomials. However, the following hints are often helpful. 


1. Write the trinomial in descending powers of one variable. 


2. Factor out any GCF (including —1 if that is necessary to make the coefficient of 


the first term positive). 


3. If the sign of the third term is +, the signs between the terms of the binomial 
factors are the same as the sign of the middle term. If the sign of the third term 
is —, the signs between the terms of the binomial factors are opposite. 


4. Try combinations of first terms and last terms until you find one that works, or until 
you exhaust all the possibilities. If no combination works, the trinomial is prime. 


5. Check the factorization by multiplication. 
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EXAMPLE6 Factor: 2x’y — 8x* + 3xy’. 


Solution Step1: Write the trinomial in descending powers of x. 


—8x7° + 2x7?p + 3xy” 


Step 2: Factor out the negative of the GCF, which is —x. 


—8x7 + 2x7?y + 3xy? = —x(8x7 — 2xy — 3y*) 


Step 3: Because the sign of the third term of the trinomial factor is —, the signs 
within its binomial factors will be opposites. 


Step 4: Find the binomial factors of the trinomial. 
—8x7 + 2x?y + 3xy” = —x(8x” — 2xy — 3y’) 
= —x(2x + y)(4x — 3y) 
Step5: Check by multiplication. 
—x(2x + y)(4x — 3y) = —x(8x* — 6xy + 4xy — 3’) 
= —x(8x* — 2xy — 3y’) 
= —8x° + 2x*y + 3xy* 
= 2x*y — 8x7 + 3xy? 


SELF CHECK6 Factor: 12y — 2y? — 2y?. 


4) Completely factor a trinomial of the form ax” + bx + c by grouping 
(ac method). 


Another way to factor trinomials of the form ax? + bx + ¢ uses the grouping (ac 
method), first discussed in the previous section. For example, to factor 6x” — 17x + 5 
(Example 2) by grouping, we note that a = 6, b = —17, and c = 5 and proceed as 
follows: 


1. Determine the product ac: 6(+5) = 30. This is the key number. 


2. Find two factors of the key number 30 whose sum is —17. Two such factors are —15 
and —2. 


—15(—2) = 30 and 15+ (-2)=-17 


3. Use —15 and —2 as coefficients of two terms to be placed between 6x” and 5 to 
replace —17x. 


6x7 — 17x + 5 = 6x° — 15x — 2x +5 


4. Factor the right side of the previous equation by grouping. 


6x? — 15x — 2x + 5 = 3x(2x — 5) — 1(2x — 5) Factor out 3x from 6x7 — 15x 
and —1 from —2x + 5. 


= (2x — 5)(3x — 1) Factor out 2x — 5. 


We can verify this factorization by multiplication. 
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EXAMPLE 7 


Solution 


Fy SELF CHECK 7 


EXAMPLE 8 


Solution 


COMMENT When using the 
grouping method, if no pair 
of factors of ac produces the 
desired value b, the trinomial 
is prime over the rationals. 


Ey SELF CHECK 8 


EXAMPLE 9 


Solution 


Factor 4y* + 12y + 5 by grouping. 


To factor this trinomial by grouping, we note that it is written in the form ay” + by + c, 
with a = 4,b = 12, andc = 5. Sincea = 4and c = 5, we have ac = 20. 

We now find two factors of 20 whose sum is 12. Two such factors are 10 and 2. We 
use these factors as coefficients of two terms to be placed between 4y” and 5 to replace 
+12y. 


4y° + 12yp +5 =4y? + 10y + 2p + 5 


Finally, we factor the right side of the previous equation by grouping. 


4y* + 10y + 2y + 5 = 2y(2y + 5) + (2y + 5) Factor out 2y from 4y” + 10y. 
= 2y2y +5) +1-Qy +5) Qy+5)=1-Qy +5) 
= Qy + 5)Qy + 1) Factor out 2y + 5. 


Check by multiplication. 


Use grouping to factor 2p* — 7p + 3. 


Factor: 6b? + 7b — 20. 
This is the trinomial of Example 4. Since a = 6 and c = —20 in the trinomial, 
ac = —120. We now find two factors of —120 whose sum is +7. Two such factors are 


15 and —8. We use these factors as coefficients of two terms to be placed between 6b* 
and —20 to replace +76. 


6b° + 7h — 20 = 6b + 15b — 8b — 20 
Finally, we factor the right side of the previous equation by grouping. 


6b? + 15d — 8b — 20 = 3b(2b + 5) — 4(26 + 5) Factor out 3) from 6b7 + 155 
and —4 from —8b — 20. 


= (2b + 5)(3d — 4) Factor out 2b + 5. 
Check by multiplication. 


Factor: 3y* — 4y — 4. 


Completely factor a polynomial involving a perfect-square trinomial. 


As before, we can factor perfect-square trinomials by inspection. 


Factor: 4x? — 20x + 25. 


4x? — 20x + 25 is a perfect-square trinomial, because 


The first term 4x7 is the square of 2x: (2x)? = 4x”. 
The last term 25 is the square of 5: 57 = 25. 
+ The middle term —20x is the negative of twice the product of 2x and 5S. 
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Thus, 
4x? — 20x + 25 = (2x)? — 2(2x)(5) + 5? 
= (2x — 5) 


Check by multiplication. 


SELF CHECK9 Factor: 9x7 — 12x + 4. 


The next examples combine several factoring techniques. 


EXAMPLE 10 Factor: 4x7 — 4xy + y? — 9. 


Solution 4x? —4xy + -9 
yry 
= (4x° — 4xy + y*) - 9 Group the first three terms. 
=(2x - y’? -9 Factor the perfect-square trinomial. 


= [(2x — y) + 3][22x — y) — 3] Factor the difference of two squares. 
= (2x — y + 3)(Q2x — y — 3) Remove the inner parentheses. 


Check by multiplication. 


SELF CHECK 10 Factor: x7 + 4x +4 y’, 


EXAMPLE 11 Factor: 9 — 4x” — 4xy — y’. 


Solution 9 — 4x? — A4xy — y? = 9 — (4x* + Axy + y’) Factor —1 from the last 
three terms. 


=9— (2x + y)(2x + y) Factor the perfect-square 
trinomial. 

= 9 =x yy Cs + r+ y= 
(2x + yy 

= [3+ (2x + y)J[3B — (2x + y)] Factor the difference of two 
squares. 


= (3 + 2x + y)\(3 — 2x — y) Simplify. 
Check by multiplication. 


SELF CHECK 11 Factor: 16 — a” — 2ab — B’. 


SELF CHECK ANSWERS 1. Bx + 1)(x+2) 2. Bx-2)Qx-1) 3. (5a+3)\a-2) 4. (x + 3)Qx- 1) 
5. (x + 3y)\Qxt+y) 6. —2y(y +3)\y—-2) 7. Qp-1)p—-3) 8 By + 2X(y - 2) 
9. Bx - 2) 10.(x+2+y\(xt+2-y) 11. (44+a+b)4-a-)) 
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1. If the area of a rectangle can be expressed by the polynomial (35x7 — 31x + 6) cm’, factor 
this to find expressions for the length and width. 


2. Factor completely, if possible: 


a. —8x? — 15 + 22x 


b. 15x? — 28x — 12 


WARM-UPS Finish factoring each problem. 


1. 2x7 + 5x 4+3=(0x+ JOH D 


2. 6x7 + Sx +1 =( x + 1)x +1) 
B. 6x? + Sx — 1 = (x) 1)(6x) 1) 
4. 6x7 + x — 1 = (2x) 1)(3x 1 1) 


5. 4x7 + 4x — 3 (2x 4 )(2x ) 
6. 4x7 — x 


REVIEW 


7. The nth term / of an arithmetic sequence is 
l=ft+(n-Nld 


where f is the first term and d is the common difference. 
Remove the parentheses and solve for n. 

8. The sum S of 1 consecutive terms of an arithmetic sequence 
is 


S=Sr+0 


where f is the first term and / is the nth term. Solve for f. 


VOCABULARY AND CONCEPTS 
Fillin the blanks. 
9. To factor a general trinomial, first write the trinomial in 
powers of one variable. 


10. If the sign of the first and third terms of a trinomial are +, 
the signs within the binomial factors are___——_—the 
sign of the middle term. 


11. If the sign of the first term of a trinomial is + and the sign 
of the third term is —, the signs within the binomial factors 
are 


12. Always check factorizations by 


Complete each factorization. 
13. 6x7 + 7x +2 = (2x + (3x +) 


143° +1-2=(31- J )et+ ) 


15. 6x7 + x —2=(3x+ | )(2x - 7) 
16. 15x7— 7x —4=(5x—| )(3x +) ) 
17. 12x° — Ixy + yp = (3x (4x ) 


18. 6x? + 5xy — 6y° (2x 


GUIDED PRACTICE 

Factor each trinomial. See Examples 1-2. (Objective 1) 

19. 3a° + 10a + 3 20. 6y* + Ty + 2 
21. 3a + 13a + 4 22. 2b> + 7h + 6 
23. 6b> — 5b +1 24. 2x7 — 3x + 1 
25. 2y° — Ty +3 26. 42° — 92 +2 
27. 51° + 13t + 6 28. 16y’ + 10y +1 
29. 16m* — 14m + 3 30. 16x° + 16x + 3 


Factor each trinomial. See Examples 3-4. (Objective 1) 
31. 3a — 4a — 4 32. 8¢° + 10g - 3 


33. 2x7 — 3x -2 34. 12> -y-1 


35. 2m + 5m — 12 


37. 6 +y—-2 


36. 10x? + 21x — 10 


38. 8° — 2u — 15 


Factor each trinomial. See Example 5. (Objective 1) 


39. 2x7 + 3xy +" 


41. 3x° — 4xy + ° 
43. 2? + uv — 3 


45. 6p" — pq — 2¢° 


40. 3m + 5mn + 2n? 
42. 2b? — She + 2c? 
44, 20° + 3uv — 2° 


46. 8° — 10rs — 255° 


Write the terms of each trinomial in descending powers of one 
variable. Then factor the trinomial completely. See Example 6. 


(Objective 1) 
47. —26x + 6x” — 20 


49. 15 + 8a" — 26a 
51. 12x + 10y* — 23xy 


53. —2lmn — 10n? + 10nr 


48. —42 + 9a — 3a 
50. 16 — 40a + 25a° 
52. 5ab + 25a° — 2b° 


54. —6d> + 6c* + 35cd 


Use grouping to factor each polynomial. See Examples 7-8. 


(Objective 2) 
55. 42° + 132 +3 


57. 4x° + 8x +3 
59. 10u* — 13u — 3 


61. 10y* — 3y — 1 


Factor each perfect-square trinomial. See Example 9. (Objective 3) 


63. 9x7 — 12x +4 
65. 25x? + 30x + 9 


67. 4x7 + 12x +9 


69. 9x7 + 12x +4 


56. 47° —4¢ + 1 
58. 6x7 — 7x +2 
60. 12y° — 5y -2 


62. 6m + 19m + 3 


64. 9x7 + 6x +1 
66. 16° — 24y + 9 
68. 4x7 — 4x + 1 


70. 4x7 — 20x + 25 


Factor each polynomial, if possible. See Examples 10-11. 


(Objective 3) 

71. 4x7 + 4xy + y’ — 16 
72. 9x? - 6x +1-d? 
73. 9 — a — 4ab — 4b° 
74. 25 — 9a + 6ac — C* 
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ADDITIONAL PRACTICE Factor each polynomial 
completely. If the polynomial cannot be factored, state prime. 


75. 4a? — 15ab + 9b? 76. 12x° + 5xy — 3y* 
77. 2a + 3b + Sab 78. lluv + 3u? + 6v" 
79. pg + 6p? — ¢ 80. —1lmn + 12m? + 2n? 
81. b> + 4a* + 16ab 82. 3b° + 3a* — ab 
83. —12y7 — 12 + 25y 84. -12° +1+41 
85. 30° + 64x 86. 25 + 2u° + 3u 
87. 16x7 — 8xy + y? 88. 25x7 + 20xy + 4y? 
89. 4x7 + 8xy + 3° 90. 4b° + 15be — 4c? 
91. 4x7 + 10x — 6 92. 9x° + 21x — 18 
93. y+ 13)? + 12y 94. 2xy* + 8xy — 24x 
95. 6x? — 15x* — 9x 96. 9y° + 3y? — 6y 
97. 30r° + 63r4 — 30r7 98. 65° — 26st — 2057 
99. 4a’ — 4ab — 8b* 100. 6x7 + 3xy — 18y? 
101. 8x7 — 12xy — 8y” 102. 24a* + 14ab + 2b° 


103. 4a — 4ab + b° 

104. 677 + rs — 25° 

105. —16m°n — 20m?n? — 6mn? 
106. —84x* — 100x*y — 24xy* 
107. —28u°v? + 26u7v* — 6uv? 
108. —16x*y? + 30x*)7 + 4x°y? 
109. 9 +1+ 69-7 

110. 16m” — 24m — n*° +9 


WRITING ABOUT MATH 


111. Describe an organized approach to finding all of the possi- 


bilities when you attempt to factor 12x* — 4x + 9. 
112. Explain how to determine whether a trinomial is prime. 


SOMETHING TO THINK ABOUT 
113. For what values of b will the trinomial 6x* + bx + 6 be 
factorable? 


114. For what values of 6 will the trinomial 5y” — by — 3 be 
factorable? 


Go 
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CHAPTER 5 Factoring Polynomials 


Factoring the Sum 
of Two Cubes 


Factoring the Sum and Difference of Two Cubes 


GD Factor the sum of two cubes. 
®) Factor the difference of two cubes. 


€} Completely factor a polynomial involving the sum or difference 
of two cubes. 


Objectives 


Vocabulary 


Find each product. 


1. (x — 3)? + 3x + 9) 2. (x + 2)(x* — 2x + 4) 
3. (vy + 4)" — 4y + 16) 4. (r — 5)(r° + 5r + 25) 
5. (a — ba + ab + b’) 6. (a+ b\(a — ab + b’) 


Getting Ready 


Recall that the difference of the squares of two quantities factors into the product of two 
binomials. One binomial is the sum of the quantities, and the other is the difference of 
the quantities. 


r-y=(xty(x-y) or F-L?=(F+L\(F-L) 


In this section, we will discuss formulas for factoring the sum of two cubes and the 
difference of two cubes. 


@ Factor the sum of two cubes. 


To discover the formula for factoring the sum of two cubes, we find the following product: 


(x + yx? —xyp+ v) =(x + y)x? —(x + yxy + (x + y)y* Use the distributive 
property. 
= 4+ x7y-xy—xyrtr2yrty 
=+y 


This result justifies the formula for factoring the sum of two cubes. 


x +y=(x+ yO? -xt+y) 


EXAMPLE 1 


Solution 


SELF CHECK 1 


EXAMPLE 2 


Solution 
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If we think of the sum of two cubes as the cube of a First quantity plus the cube of 
a Last quantity, we have the formula 


F? + L? = (F + L\(F* — FL + L’) 


In words, we say, To factor the cube of a First quantity plus the cube of a Last quantity, we 
multiply the First plus the Last by 


the First squared 
minus the First times the Last 


+ plus the Last squared. 


To factor the sum of two cubes, it is helpful to know the cubes of the numbers from 
1 to 10: 


1, 8, 27, 64, 125, 216, 343, 512, 729, 1,000 


Expressions containing variables such as x°y* are also perfect cubes, because they 
can be written as the cube of a quantity: 


x3 = (x2y)3 


Factor: x° + 8. 


The binomial x° + 8 is the sum of two cubes, because 
et+8=x°4+23 

Thus, x* + 8 factors as (x + 2) times the trinomial x* — 2x + 27. 
P+U3=(F+L\(F-F L+L’) 
| { 4 +4 +4 4 
x? + 2? =(x + 2)(x? -—x+2 4 27) 

= (x + 2)(x? — 2x + 4) 

We can use the distributive property and check by multiplication. 

(x + 2)(x* — 2x + 4) = (x + 2)x* — (x + 2)2x + (x + 2)4 
= x? + 2x? — 2x? — 4x + 4x + 8 


= x>- 8 


Factor: p* + 64. 


Factor: 86° + 27c?. 


The binomial 8b° + 27c? is the sum of two cubes, because 

8b° + 27c3 = (2b)* + (3c)? 
Thus, the binomial 85° + 27c? factors as (2b + 3c) times the trinomial 
(2b)? — (2b)(3c) + (3c). 


Fo+ 13 =(F+LyF - FL + L’) 
| | f 4 4g 4 4 | 
(2b)? + (3c)? = (2b + 3c)[(2b)* — (2b)(3c) + (3c)’] 

= (2b + 3c)(4b? — 6bce + 9c’) 
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Fy SELF CHECK 2 


Factoring the 
Difference of Two 
Cubes 


EXAMPLE 3 


Solution 


We can use the distributive property and check by multiplication. 


(2b + 3c)(4b* — 6bc + 9c’) 
= (2b + 3c)4b* — (2b + 30)6bc + (2b + 30)9c? 
= 8b° + 12b’c — 12b°c — 18bc? + 18bc? + 27¢3 
= 8b? + 27¢° 


Factor: 1,000p° + q°. 


Factor the difference of two cubes. 


To discover the formula for factoring the difference of two cubes, we find the following 
product: 


(x= yx? + xy + y’) =(x - y)x? +(x — yxy + (x - yy" Use the distributive 
property. 
= 38 — ey + ey — xy + xy? — y 
= y 


This result justifies the formula for factoring the difference of two cubes. 


SF Sle Se a ae) 


If we think of the difference of two cubes as the cube of a First quantity minus the 
cube of a Last quantity, we have the formula 


Fo - L3 = (F- L\(F’ + FL +L’) 
In words, we say, To factor the cube of a First quantity minus the cube of a Last quantity, 
we multiply the First minus the Last by 
the First squared 
+ plus the First times the Last 
- plus the Last squared. 


Factor: a> — 645°. 


The binomial a* — 640? is the difference of two cubes. 
a’ — 64b° = a* — (4b)° 
Thus, its factors are the difference a — 4b and the trinomial a* + a(4b) + (4b)’. 


FP- L =(F-L)\F+FL + L 

| | , oh. ft 4 } 

a? — (4b)? = (a — 4b)[a? + a(4b) + (4b)] 
= (a — 4b)(a° + 4ab + 167) 
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We can use the distributive property and check by multiplication. 
(a — 4b)(a’ + 4ab + 1667) 
= (a — 4b)a’ + (a — 4b)4ab + (a — 4b)16b° 
=a — 4a’b + 4a*b — 16ab* + 16ab* — 64b° 
=a’ — 64b° 


SELF CHECK 3 Factor: 27p — 8. 


&} Completely factor a polynomial involving the sum or difference 
of two cubes. 


Sometimes we must factor out a greatest common factor before factoring a sum or differ- 
ence of two cubes. 


EXAMPLE4 Factor: —27° + 1287’. 


—217(t? — 64) Factor out —227. 
= -27°(t — 40? + 4+ 16) Factor 2? — 64. 


Solution =9P = 128 


We can check by multiplication. 


SELF CHECK 4 Factor: —3p* + 81p. 


EXAMPLES5 Factor: x° — 64. 


Solution The binomial x° — 64 is both the difference of two squares and the difference of two 
cubes. To completely factor the polynomial using the formulas we have discussed, we 
will factor the difference of two squares first. 

If we consider the polynomial to be the difference of two squares, we can factor it 
as follows: 
x° — 64= (0°) - 8° 
= (x? + 8)(x* — 8) 
Because x° + 8 is the sum of two cubes and x* — 8 is the difference of two cubes, each 
of these binomials can be factored. 
x° — 64 = (x* + 8)(x° — 8) 
= (x + 2)(x” — 2x + 4)(x — 2)(x? + 2x + 4) 


We can check by multiplication. 


SELF CHECK5 Factor: a° — 1. 


SELF CHECK ANSWERS 1. (p + 4)(p? — 4p + 16) 2. (10p + g)(100p? — 10pq + gq?) 3. (Bp — 2)(9p? + 6p + 4) 
+ a 


4. —3p(p — 3)(p? + 3p +9) «65. (a t+ 1a —at lla-le + 1) 
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Factor completely: 


1 
1.x = 
~ 8 
2. x8 — y? 
3. 64x° — 8 


A. x(x? — 9) — 8(x? — 9) 


5.5 EXERCISES 


WARM-UPS Factor each sum or difference of two cubes. 


wx 2¢4+y 
3.a° +8 4. b° — 27 
5. 1 + 8x? 6.8-r 
7. Py +1 8. 125 — 8F 
REVIEW 


9. The length of one fermi is 1 X 10 '? centimeter, approxi- 
mately the radius of a proton. Express this number in 
standard notation. 

10. In the 14th century, the Black Plague killed about 
25,000,000 people, which was 25% of the population of 
Europe. Find the population at that time, expressed in 
scientific notation. 


VOCABULARY AND CONCEPTS 
Fill in the blanks. 


11. A polynomial in the form of a* + b° is called a 


12. A polynomial in the form of a* — b° is called a 


Complete each formula. 
3.x 4+ yp =(x+y) 
14.7 — y =(x—- y) 


GUIDED PRACTICE 

Factor each polynomial. See Example 1. (Objective 1) 
5.y +1 16. b> + 125 
17. 8+ x 18. 2° + 64 


Factor each polynomial. See Example 2. (Objective 1) 
19. m+n? 

20. 27° + 7 

21. 8 + w" 

22: 2° + 8h 


Factor each polynomial. See Example 3. (Objective 2) 


23. x° — 8 24. a? — 27 
23.8-f 26. 27-y° 


27. 125 - ¢° 


28. x -— 27y° 
29. 27a° — b° 
30. 64x? — 27 


Factor each polynomial completely. Factor out any greatest 
common factors first, including —1. See Example 4. (Objective 3) 


31. 2x° + 54 

32. 2x° — 2 

33. —x° + 216 
34, —x*> — 125 
35. 64mPx — 8x 
36. 16r* + 128rs° 
37. x*y + 216xy4 
38. 16a° — 54a°b* 


Factor each polynomial completely. Factor a difference of two 
squares first. See Example 5. (Objective 3) 

39. x°— 1 

40. x° — y® 

41, x? — y® 

42. a’ — 64 


ADDITIONAL PRACTICE Factor each polynomial 
completely. 

43. 125 + b° 

44. 64-2 

A5. 27x° + 125 

46. 27x° — 125y° 

47. 64x° + 2773 

48. a° — b° 

49. a? + b° 

50. x’ + y° 

51. x — y 

52. 81r's* — 241s? 

53. 4m°n + 500n°n* 
54. 125a°b* + 64a°b° 
55. 216a‘th* — 1,000ab’ 
56. yz — yz" 


57. xy? = xy? 

58. 2mp* + l6mpq? 

59. 24m°n — 3nrn* 

60. 3(x° + y°) — (x? + py) 


61. 


62. 


63. 
64. 
65. 
66. 


67. 


68. 
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x(8a* — 5°) + 4(8a3 — b°) 


(m? + 8n7) + (mex + 8nx) 


(a°x + bx) - (a’y + b*y) 
(a* + 27a) — (a*b + 27b) 
(x4 + xy) - Gy t+ ¥% 
ror = = 2 = 


Z(y? — 4) + 80% - 4) 


a(b* + 8) — b°(b* + 8) 


WRITING ABOUT MATH 


69. 
70. 


Explain how to factor a + b°. 
Explain the difference between x* — y* and (x — y)’. 


SOMETHING TO THINK ABOUT 


71. 


72. 


Let a = 11 and b = 7. Use a calculator to verify 
that 


a — b= (a— ba? + ab + b) 


Let p = Sand q = —2. Use a calculator to verify 
that 


P+P=(—2?+QO0 -pdt+7f) 


Summary of Factoring Techniques 


Objectives 


1. 3ax* + 3a°x 
32x = 8 

5. x7? —3x- 10 
7. 6x7 -— 14x +4 


Getting Ready 


Factor each polynomial. 


GD completely factor a polynomial by applying the appropriate technique(s). 


2. x7 — 9 

4. 2x7 — 8 

6. 6x7 — 13x + 6 

8. ax’ + bx? — ay’ — by” 
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In this section, we will discuss ways to approach a randomly chosen factoring problem. 


(i) Completely factor a polynomial by applying the appropriate 
technique(s). 


Suppose we want to factor the trinomial 
x4y + Tey — 18x7y 


We begin by attempting to identify the problem type. The first type we look for is one that 
contains a common factor. Because the trinomial has a common factor of x”y, we factor 
it out first: 


xty + Tey — 18x72y = x* p(x? + Tx — 18) 
We can factor the remaining trinomial x7 + 7x — 18 as (x + 9)(x — 2). Thus, 
xty + Tey — 18x7y = x* p(x? + Tx — 18) 
= x7y(x + 9\(x — 2) 
To identify the type of factoring problem, we follow these steps. 


Factoring a Polynomial 1. Factor out all common factors. 
2. If an expression has two terms, check to see if the problem type is 
a. the difference of two squares: x* — y~ = (x + y)(x — y) 
b. the sum of two cubes: x° + y*? = (x + y)(x* — xy + y’) 
c. the difference of two cubes: x° — y> = (x — y)(x* + xy + y’) 
3. If an expression has three terms, check to see if it is a perfect-square trinomial: 


x? + 2xy + y? = (x + p(x + y) 
ty = Dey (eS 


If the trinomial is not a perfect trinomial square, attempt to factor the trinomial as 
a general trinomial. 


~ 4. If an expression has four terms, try to factor the expression by grouping. It may be 
necessary to rearrange the terms. 


| 5. Continue factoring until each nonmonomial factor is prime. 


we 6. If the polynomial does not factor, the polynomial is prime over the set of rational 
numbers. 


o) a 7. Check the results by multiplying. 
= 


EXAMPLE 1 Factor: xy? — xy’®. 


Solution We begin by factoring out the common factor of xy”. 
Sy? = xy _ xy(x4 _ y’) 
Since the expression x* — y* has two terms, we check to see whether it is the difference of 
two squares, which it is. As the difference of two squares, it factors as (x* + y*)(x? — y’). 
Sy? — xy® = xy(x4t — yy 
= xy? + yx? — y’) 
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The binomial x? + y* is the sum of two squares and cannot be factored. However, 
x — y’ is the difference of two squares and factors as (x + y)(x — y). 


xy? _ xy® = xy(x4 = y’) 
xy(x" + y\(x? - y’) 
= xy"(x* + yx + yx - y) 


Since each individual factor is prime, the given expression is in completely factored 
form. 


SELF CHECK 1 Factor: —a°b + ab’, 


EXAMPLE2 Factor: x° — x4y? — xy? + xy’. 


Solution We begin by factoring out the common factor of x. 


xo — xe = xy + xy? = x(X° _ xy" = ry + y) 


Since x° — x*y* — x’y? + y° has four terms, we try factoring it by grouping: 
ga x47? = 33 a xy = x(x5 = xy? = ys + y’) 
= x[x3(x? _ y’) = p(x? = im) 


= x(x* — y*(x? — 3) Factor out x* — y’. 


Finally, we factor the difference of two squares and the difference of two cubes: 


x® — xy? — x8y? + xy? = x(x + yx — yx — YG? + xy + y’) 


Since each factor is prime, the given expression is in completely factored form. 


SELF CHECK 2 Factor: 2a* — 2a7b* — 8a° + 85°. 


FEY SELF CHECK ANSWERS 4, —an(a?? + B?)(a + Ba b) 2. (a + 2)(a— 2'a — He + ab + B) 


Factor completely. 
1. 4x? + 16 


2. ax’ + bx? — 36a — 36b 


3. 9x7 — 9x 


4. 64 — x° 
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5.6 EXERCISES 


WARM-UPS Indicate which factoring technique you would 
use first, if any. 

1. 2x — 4x 2. 16 — 25)" 

3. 125+ rst 4.ax+ay-—x-y 

5.x +4 6. 8x7 — 50 

7, br = Ss 8. 8a° — 27b° 
REVIEW Solve each equation, if possible. 


9. 2t-—5)+1r= 302-2 

10. 5 + 3(2x — 1) = 2(4 + 3x) — 24 
11.5- 30+ 1)=t+2 

12. 4m — 3 = —2(m + 1) — 3 


VOCABULARY AND CONCEPTS fill in the blanks. 


13. The first step in any factoring problem is to factor out all 
common , if possible. 


14. If a polynomial has two terms, check to see if it is the 
, the sum of two cubes, or the 


of two cubes. 


15. If a polynomial has three terms, try to factor it as the 
product of two___ 


16. If a polynomial has four or more terms, try factoring by 


RANDOM PRACTICE Factor each polynomial completely. 


17. 6x + 3 18. x7 - 9 

19. x° — 6x —7 20. a — 8 

21. 6 + 7t — 3 22. 4x° — 25 

23. ° —2t+1 24. 6p? — 3p —2 

25. 2x — 32 26. 1 — 16 

27. x° + 7x +1 28. 10° — 13r — 4 

29. —2x° + 1287 30. 16 — 40z + 252° 
31. 142° — 407° + 64+ 32. 6x° + 7x — 20 

33. 6x° — x — 16 34. 30a* + Sa* — 200a" 


6a° + 35a” — 6a 
21° — 1007 + ¢ 
16x* — 40x7 + 25x* 
25a’ — 60a + 36 


. —84x7 — 147x — 12x? 
2 x2 — 5x? — 25x + 125 
. 8x° — 8 

. 16x? + 64 

. 5x? — 5x° + 25x? 


18y* — 8y 


. 9x7 + 12x + 16 


T0p'g? — 35p*q? + 49p°¢? 
2ab? + 8ab — 24a 

3rs? — rst 

—8p'q' — 4p°¢? 50. 8mrn* — 24mn"* 


4a’ — 4ab + b? — 9 52. 3rs + 6° — 188? 


ath 
ac + ad + be + bd 
xy? = 9x7 = y +2 


. a(x — a) — B(x — a) 
» Sxtyict + 25x27 y32? — 35x3y729 


. 8p° — 279° 
. 2c? — Sed — 3d” 


125p* — 64y° 
8a-x*y — 2b’ xy 
—16x4y?z + 24° y3z4 — 15x? p32? 


2ac + 4ad + be + 2bd 
8ip* — 16q4 
4x? + 9y" 


. 54x73 + 250y° 
247° 4+4x4+1-¥7 


5 


oe = xy" oF xy -~ 


3.3 


.@xe-—ay t+ bx — By 


. 2a°c — 2b?c + 4a°d — 4b7d 


3a°x? + 6a?x + 3a? — 3b? 
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WRITING ABOUT MATH Write x° — y° as (x°)? — (”)’, factor it as the difference of 
75. Explain how to identify the type of factoring required to two cubes, and show that you get 
factor a polynomial. (x + x — Not + ey’ +9 


76. Which factoring technique do you find most difficult? Why? 
78. Verify that the results of Exercise 77 agree by showing the 


SOMETHING TO THINK ABOUT parts in color agree. Which do you think is completely 


: : : factored? 
77. Write x° — y° as (x*)? — (y°), factor it as the difference of 
two squares, and show that you get 


(x + y)@? — xy + y\(x — yx? + xy +’) 


Solving Equations by Factoring 


GD Solve a quadratic equation in one variable using the zero-factor property. 
@9 Solve a higher-order polynomial equation in one variable. 


Objectives 


Vocabulary 


Solve each equation. 


1ox+3=4 


Getting Ready 


In this section, we will learn how to use factoring to solve many equations that contain 
second-degree polynomials in one variable. These equations are called quadratic equations. 
Equations such as 


3x +2=0 and 9x —-6=0 


that contain first-degree polynomials are linear equations. Equations such as 
9x7 -6x=0 and 3x7+4x-7=0 


that contain second-degree polynomials are called quadratic equations. 


364 CHAPTER 5 Factoring Polynomials 


Quadratic Equations 


Zero-Factor Property 


EXAMPLE 1 


Solution 


A quadratic equation in one variable is an equation of the form 
ax? + bx +c =0 (This is called quadratic form.) 


where a, b, and c are real numbers, and a # 0. 


Solve a quadratic equation in one variable using the zero-factor 
property. 


Many quadratic equations can be solved by factoring. For example, to solve the quad- 
ratic equation 


x+5x-6=0 
we begin by factoring the trinomial and writing the equation as 
(x + 6)(x — 1) = 0 


This equation indicates that the product of two quantities is 0. However, if the product of 
two quantities is 0, then at least one of those quantities must be 0. This fact is called the 
zero-factor property. 


Suppose a and 5 represent two real numbers. 


If ab = 0, then a = Oorb = 0. 


By applying the zero-factor property to Equation 1, we have 
x+6=0 or x-1=0 

We can solve each of these linear equations to get 
x=-6 or x=1 


To check, we substitute —6 for x, and then | for x in the original equation and simplify. 


Forx = -6 Forx =1 
x + 5x-6=0 x + 5x-6=0 
(-6)? + 5(-6) -6 40 (dy + 50) -620 
36 — 30-6 +0 1+5-60 
6-60 6-60 
0 = 0=0 


Both solutions check. 

The quadratic equations 9x7 — 6x = 0 and 4x* — 36 = 0 are each missing a term. 
The first equation is missing the constant term, and the second equation is missing the 
term involving x. These types of equations often can be solved by factoring. 


Solve: 9x? — 6x = 0. 


We begin by factoring the left side of the equation. 
9x* — 6x = 0 


3x(3x — 2) =0 Factor out the common factor of 3x. 
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By the zero-factor property, we have 


3x = 0 or 3x —-2=0 


We can solve each of these equations to get 


x=0 or x=> 


3 


Check: We substitute these results for x in the original equation and simplify. 


Forx = 0 For x = 3 
9x? — 6x = 0 9x? — 6x = 0 
9(0)” — 6(0) 0 0(2) - «(2) is 
0-040 3 3 
eae) 
—|-—6(=]40 
0(§ 3 
4-440 
0=0 


Both solutions check. 


SELF CHECK1 Solve: Sy* + 10y = 0. 


EXAMPLE2 Solve: 4x? — 36 =0. 


Solution To make the numbers smaller, we divide both sides of the equation by 4. Then we 
proceed as follows: 


4x” — 36 =0 
x-9=0 Divide both sides by 4. 
(x + 3)(x — 3) = 0 Factor x* — 9. 
x+3=0 or x —3=0 Set each factor equal to 0. 
x= -3 | x = 3 Solve each linear equation. 


Check each solution. 


Forx = -3 Forx =3 
4x* — 36 =0 4x” — 36 =0 
4(-3)° — 36 20 4(3) — 36 £0 
4(9 — 36 +0 49) — 3620 
0=0 0=0 


Both solutions check. 


SELF CHECK 2 Solve: 9p” — 64 = 0. 


In the next example, we solve an equation whose polynomial is a trinomial. 
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EXAMPLE3 Solve: x’ — 3x — 18 =0. 


Solution x -3x-18=0 
(x + 3)\(x — 6) = 0 Factor x* — 3x — 18. 
x+3=0 or x —6=0 — Set each factor equal to 0. 
x=-3 | x = 6 _— Solve each linear equation. 


Check each solution. 


FEY SELF CHECK3 Solve: x7 + 3x - 18 =0. 


EXAMPLE 4 Solve: 2x7 + 3x =2. 


Solution We write the equation in the form ax* + bx + ¢ = Oand solve for x. 


2x* + 3x =2 
2x7 + 3x-2=0 Subtract 2 from both sides. 
(2x — 1\(x + 2) =0 Factor 2x7 + 3x — 2. 


2x -1=0 or x+2=0 Set each factor equal to 0. 


2x = 1 x = —2 — Solve each linear equation. 
1 
x==> 
2 


Check each solution. 


FS) SELF CHECK 4 Solve: 3x? — 5x = 2. 


EXAMPLE 5 Solve: (x — 2)(x* — 7x + 6) = 0. 


Solution We begin by factoring the quadratic trinomial. 
(x — 2)(x* — 7x + 6) =0 
(x — 2)(x — 6)(x — 1) =0 Factor x* — 7x + 6. 


If the product of these three quantities is 0, then at least one of the quantities must 
be 0. 


x-2=0 or x-6=0 or x-1=0 


x=2 | x=6 | x 


Check each solution. 


FEY SELF CHECKS Solve: (x + 3)(x7 + 7x — 8) = 0. 
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2] Solve a higher-order polynomial equation in one variable. 


A higher-order polynomial equation is any equation in one variable with a degree of 3 or 
larger. 


EXAMPLE 6 Solve: x° — 2x* — 63x = 0. 


Solution We begin by completely factoring the left side. 
3 2 _ 
x — 2x° — 63x = 0 


x(x? — 2x — 63) =0 Factor out x, the GCF. 
x(x + 7)\(x — 9) = 0 Factor the trinomial. 
x=0 or x+7=0 or x —9=0 © Set each factor equal to 0. 
| x= —-7 | x =9 Solve each linear equation. 


Check each solution. 


SELF CHECK6 Solve: x? — x? — 2x = 0. 


EXAMPLE7 Solve: 6x? + 12x = 17x’. 


Solution To get all of the terms on the left side, we subtract 17x? from both sides. Then we 
proceed as follows: 
6x° + 12x = 17x? 
6x? — 17x? + 12x = 0 Subtract 17x* from both sides. 
x(6x? — 17x + 12) =0 Factor out x, the GCF. 
x(2x — 3)(3x — 4) =0 Factor 6x7 — 17x + 12. 
x=0 or 2x —-3=0 or 3x —4=0 © Seteach factor equal to 0. 


2x = 3 3x =4 — Solve the linear equations. 
3 4 
x=> x= > 
2 3 


Check each solution. 


SELF CHECK7 Solve: 6x? + 7x? = 5x. 


EVERYDAY CONNECTIONS Selling Calendars 


A bookshop is selling calendars at a resent the store’s total daily profit from calendar sales by 
price of $4 each. At this price, the store the function p(x) = —3x* + 30x — 48, where x repre- 
can sell 12 calendars per day. The sents the selling price, in dollars, of a calendar. Find the 
manager estimates that for each $1 selling price at which the profit p(x) equals zero. 

_ increase in the selling price, the store 

will sell 3 fewer calendars per day. Each 

~ calendar costs the store $2. We can rep- 
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SELF CHECK ANSWERS 1. 0, -2 


Solve each equation: 
1. 8x7- 8 =0 


3. x(x + 10) = —25 


5.7 EXERCISES 


WARM-UPS | Solve each equation. 


1. (x — 8\(x — 7) =0 2. (x + I(x — 2) = 0 


3.x° + 7x =0 4. x° — 12x =0 


5. x7 - 2x +1=0 6.x +x-20=0 


REVIEW = Simplify each expression and write all results without 
using negative exponents. 


7. wiueut 8. 
abt d 

9. a 10. (3x°)° 
a 


VOCABULARY AND CONCEPTS Fill in the blanks. 
11. An equation of the form ax” + bx + c = 0, where a # 0, is 


called a equation. 
12. The property “If ab = 0, then a = __ or b = __” is called 
the property. 


13. A quadratic equation contains a -degree polynomial 


in one variable. 
14. If the product of three factors is 0, then at least one of the 
numbers must be _. 


GUIDED PRACTICE 
Solve each equation. (Objective 1) 


15. (x — 2)(x + 3) =0 16. (x — 3)(x — 2) =0 


Bb 3, = 


1 1 3 
4.2,-; 5.1,-3,-8 6.0,2,-1 7. 0,3,-3 


17. (x — 4)(x + 1) =0 18. (x + S5)\(x + 2) =0 


19. (2x — 5)(3x + 6) =0 20. (3x — 4\(x + 1) =0 


21. (x — 1)(x + 2)(x — 3) = 0 
22. (x + 2)(x + 3)(x -4)=0 


Solve each equation. See Example 1. (Objective 1) 

23. x — 3x =0 24. x7 + 5x =0 
25. 5x° + 7x = 0 26. 2x7 — 5x = 0 
27. x7? — 7x =0 28. 2x7 + 10x = 0 
29. 3x° + 8x = 0 30. 5x° — x =0 


Solve each equation. See Example 2. (Objective 1) 
31. x° — 25=0 32. x* — 36 =0 


33. 9 —-4=0 34. 162° — 25=0 
35. x” = 49 36. 2 = 25 
37. 4x? = 81 38. 9y° = 64 


Solve each equation. See Example 3. (Objective 1) 
39. x? — 13x + 12=0 40. x? + 7x +6=0 


Al. x° — 2x -15=0 42. x —-x-20=0 
Solve each equation. See Example 4. (Objective 1) 

43. 6x. +x =2 44, 12x° + 5x =3 
45. 2x7 — 5x = —2 46. 5p’ — 6p = -1 
Solve each equation. See Example 5. (Objective 1) 

47. (x — 1)(x? + 5x + 6) =0 
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48. (x — 2)(x* — 8x + 7) =0 81. (yp? — 81)(p + 2) =0 82. (4q¢° — 49\(q — 7) = 0 
49. (x + 3)(x° + 2x — 15) = 0 
50. (x + 4)(x* — 2x — 15) 83. 3x7 — 8x = 3 84. 2x? — 11x = 21 
Solve each equation. See Example 6. (Objective 2) : . 
51. x) + 3x7 + 2x = 0 52. x? — 7x? + 10x = 0 ooy ee Ie eee Roe IN ie 
53. x° — 27x — 6x7 = 0 54. x° — 22x — 9x7 =0 87. x(6x + 5) = 6 88. x(2x — 3) = 14 
Solve each equation. See Example 7. (Objective 2) 89. (x + 1)(8x + 1) = 18x 90. 4x(3x + 2)=x+ 12 
55. 6x° + 20x? = —6x 56. 2x° — 2x” = 4x 

91. x? + 1.3x? — 0.3x =0 92. 2.4x° — x? — 0.4x = 0 
57. x° + 7x? = x7 — 9x 58. x° + 10x? = 2x” — 16x 

WRITING ABOUT MATH 
ADDITIONAL PRACTICE | Solve each equation. 93. If the product of several numbers is 0, at least one of the 
59. 8x° — lox = 0 60. 15x° — 20x = 0 numbers is 0. Explain why. 
61. 10x7 + 2x =0 62. 5x + x =0 94. Explain the error in this solution. 

2 _ 2_ _ 
63. y — 49=0 64. x 121 =0 5x2 + 2x = 10 
2 _ 224 
ae Ab ae) 1=0 x(5%mq2) = 10 
67. x — 4x —- 21=0 68. x + 2x -15=0 x=10 _ oo 42=10 
69. x7 +8 - 9x =0 70. 45 + x? — 14x =0 5x = 8 
8 

71. a + 8a = -15 72. @ —a= 56 *'S 
73. 2y -8=-y 74. -3y+18=y) SOMETHING TO THINK ABOUT 

95. Explain how you would factor 
75. 2x°+x-3=0 76. 6¢° —-5g+1=0 

3a + 3b + 3c — ax — bx — cx 

77. 14m? + 23m +3=0 78. 35n° — 34n + 8 =0 96. Explain how you would factor 


9 — & — 4ab — 4b° 


79. 5)(2x° 4 3)=0 
e eee ) 97. Solve in two ways: 3a° + 9a - 2a-6=0. 
a 


80. (a + 1)(6a* + 2)=0 


98. Solve in two ways: p> — 2p +p—2=0. 


Problem Solving 


GD Solve an integer application problem using a quadratic equation. 
© Solve a motion application problem using a quadratic equation. 
&} Solve a geometric application problem using a quadratic equation. 


Objectives 
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PS 1. One side of a square is s inches long. 2. The length of a rectangle is 4 centimeters 
i Find an expression that represents its more than twice the width. If w 

2 area. represents the width, find an expression 
oO that represents the length. 

= If x represents the smaller of two con- The length of a rectangle is 3 inches 

w secutive integers, find an expression greater than the width. If w represents the 
hd that represents their product. width of the rectangle, find an expression 


that represents the area. 


Finally, we can use the methods for solving quadratic equations discussed in the previous 


section to solve problems. 
(i) Solve an integer application problem using a quadratic equation. 


EXAMPLE 1 One integer is 5 less than another and their product is 84. Find the integers. 


Analyze the problem We are asked to find two integers. Let x represent the larger number. Then x — 5 rep- 
resents the smaller number. 


Forman equation We know that the product of the integers is 84. Since a product refers to a multiplica- 
tion problem, we can form the equation x(x — 5) = 84. 


Solve the equation — To solve the equation, we proceed as follows. 


x(x — 5) = 84 
x? — 5x = 84 Remove parentheses. 
x? — 5x — 84=0 Subtract 84 from both sides. 
(x — 12)(x + 7) =0 Factor. 
x-12=0 or x+7=0 Set each factor equal to 0. 
x = 12 | x = —7 Solve each linear equation. 


State the conclusion We have two different values for the first integer. 
x= 12 or x=-7 
and two different values for the second integer 
x-3=7 or x-5=-12 
There are two pairs of integers: 12 and 7, and —7 and —12. 


Check the result The number 7 is five less than 12 and 12 - 7 = 84. The number —12 is five less than —7 
and —7+ — 12 = 84. Both pairs of integers check. 


COMMENT In this problem, we could have let x represent the smaller number, in which 
case the larger number would be described as x + 5. The results would be the same. 


2 | Solve a motion application problem using a quadratic equation. 


EXAMPLE 2 FLYINGOBJECTS If an object is thrown straight up into the air with an initial velocity 
of 112 feet per second, its height after ¢ seconds is given by the formula 


h = 112t — 162? 


Analyze the problem 


Form an equation 


Solve the equation 


State the conclusion 


Check the result 
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where / represents the height of the object in feet. After this object has been thrown, in 


how many seconds will it hit the ground? 


We are asked to find the number of seconds it will take for an object to hit the ground. 
When the object is thrown, it will go up and then come down. When it hits the ground, 


its height will be 0. So, we let h = 0. 


If we substitute 0 for h in the formula h = 112¢ — 162°, the new equation will be 


0 = 112¢ — 1627 and we will solve for ¢. 


h = 112t — 1627 
0 = 112t — 167? 
We solve the equation as follows. 
0 = 112¢ — 162? 
0 = 1647 — ft) Factor out 16. 
16t = 0 or 7—t=0 _— Seteach factor equal to 0. 
t=0 | t= 7 Solve each linear equation. 


When ¢ = 0, the object’s height above the ground is 0 feet, because it has not been 
released. When ¢ = 7, the height is again 0 feet. The object has hit the ground. The 


solution is 7 seconds. 


When t = 7, 
h = 112(7) — 16(7)° 
= 184 — 16(49) 
=0 


Since the height is 0 feet, the object has hit the ground after 7 seconds. 


EXAMPLE 3 


Analyze the problem 


Solve a geometric application problem using a quadratic equation. 


Recall that the area of a rectangle is given by the formula 


A=lw 


where A represents the area, / the length, and w the width of the rectangle. The perimeter 


of a rectangle is given by the formula 


P=2/1+ 2w 


where P represents the perimeter of the rectangle, / the length, and w the width. 


RECTANGLES Assume that the rectangle in Figure 5-1 
has an area of 52 square centimeters and that its length is 
1 centimeter more than 3 times its width. Find the 
perimeter of the rectangle. 


We are asked to find the perimeter of the rectangle. To do 
so, we must know both the length and the width. If we let 
w represent the width of the rectangle, then 3w + | rep- 
resents its length. 


3w t+ 1 


: 


Figure 5-1 
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Form and solve an equation Weare given that the area of the rectangle is 52 square centimeters. We can use this fact 
to find the values of the width and length and then find the perimeter. To find the width, 
we can substitute 52 for A and 3w + | for /in the formula A = /w and solve for w. 


A=lw 
52 = 3w + lw 
52 = 3w’? + w Remove parentheses. 
0=3w +w-— 52 Subtract 52 from both sides. 
0 = (3w + 13)(w — 4) Factor. 
3w + 13 =0 or w-4=0 Set each factor equal to 0. 
3w = —13 w=4 Solve each linear equation. 
~~ B 
w= as 
Because the width of a rectangle cannot be negative, we discard the result w = -. 


Thus, the width of the rectangle is 4, and the length is given by 
3w +1 =3(4)4+1 
=12+1 
= 13 
The dimensions of the rectangle are 4 centimeters by 13 centimeters. We find the 
perimeter by substituting 13 for / and 4 for w in the formula for the perimeter. 
P=21+ 2w 
= 2(13) + 2(4) 
= 26+ 8 
= 34 
State the conclusion The perimeter of the rectangle is 34 centimeters. 
Check the result A rectangle with dimensions of 13 centimeters by 4 centimeters does have an area of 52 


square centimeters, and the length is | centimeter more than 3 times the width. A rec- 
tangle with these dimensions has a perimeter of 34 centimeters. 


EXAMPLE 4 TRIANGLES The triangle in Figure 5-2 has an area 
of 10 square centimeters and a height that is 3 cen- 
timeters less than twice the length of its base. Find | 
the length of the base and the height of the triangle. — 


2b=3 


b 
Analyze the problem We are asked to find the length of the base and the Figure 5-2 
height of the triangle, so we will let b represent the 
length of the base of the triangle. Then 2b — 3 rep- 
resents the height. 
Form and solve an equation Because the area is 10 square centimeters, we can substitute 10 for A and 2b — 3 forh 
in the formula A = Sbh and solve for b. 


1 
A= oh 


1 
10 = —b(2b — 3 
z(2b — 3) 


20 = b(2b — 3) 
20 = 2b? — 3b 
0 = 2b* — 3b — 20 
0 = (2b + 5)(b — 4) 


2b+5= or 
2b = —-5 
5 
a) 


State the conclusion 


the result b = 3. The length of the base of the triangle is 4 centimeters. Its height is 
2(4) — 3, or 5 centimeters. 


Check the result 


10 centimeters. 


Because a triangle cannot have a negative number for the length of its base, we discard 


If the base of the triangle has a length of 4 centimeters and the height of the triangle is 
5 centimeters, its height is 3 centimeters less than twice the length of its base. Its area is 
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Multiply both sides by 2. 
Remove parentheses. 
Subtract 20 from both sides. 


Factor. 
b-4=0 
b=4 


Set both factors equal to 0. 


Solve each linear equation. 


WARM-UPS _ Give the formula for... 


1. the area of a rectangle 

2. the area of a triangle 

3. the area of a square 

4. the volume of a rectangular solid 
5. the perimeter of a rectangle 

6. the perimeter of a square 


REVIEW Solve each equation. 
7. —2(5x + 2) = 3(2 — 3x) 
8. 3(2a — 1) -—9 = 2a 
9. Rectangles A rectangle is 3 times as long as it is wide, and 
its perimeter is 120 centimeters. Find its area. 


10. Investing A woman invested $15,000, part at 7% simple 
annual interest and part at 8% annual interest. If she 
receives $1,100 interest per year, how much did she invest at 
7%? 


1 1 
A = xbh = 5(4)(5) = 2(5) = 10 


1. A phone is shaped like a rectangle and its longer edge is one inch longer than twice its 
shorter edge. If the area of the phone is 6 in.”, find the dimensions of the phone. 


VOCABULARY AND CONCEPTS fill inthe blanks. 

11. The first step in the problem-solving process is to 
the problem. 

12. The last step in the problem-solving process is to 


APPLICATIONS 


13. Integer problem One integer is 2 more than another. Their 
product is 35. Find the integers. 

14. Integer problem One integer is 5 less than 4 times another. 
Their product is 21. Find the integers. 

15. Integer problem If 4 is added to the square of an integer, 
the result is 5 less than 10 times that integer. Find the 
integer(s). 

16. Integer problem If 3 times the square of a number is 
added to the number itself, the result is 14. Find the 
number. 
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An object has been thrown straight up into the air. The formula 
h = vt — 16t? gives the height h of the object above the ground 
after t seconds when it is thrown upward with an initial velocity v. 


17. 


18. 


19. 


20. 


21. 


22. 


Time of flight After how many seconds will an object hit 
the ground if it was thrown with a velocity of 144 feet per 
second? 

Time of flight After how many seconds will an object hit 
the ground if it was thrown with a velocity of 160 feet per 
second? 

Ballistics If a cannonball is fired with an upward velocity 
of 220 feet per second, at what times will it be at a height of 
600 feet? 

Ballistics A cannonball’s initial upward velocity is 128 feet 
per second. At what times will it be 192 feet above the 
ground? 

Exhibition diving At a resort, tourists watch swimmers 
dive from a cliff to the water 64 feet below. A diver’s height 
h above the water t seconds after diving is given by 

h = —16t? + 64. How long does a dive last? 

Forensic medicine The kinetic energy E of a moving object 
is given by E = im’, where mm is the mass of the object 

(in kilograms) and yv is the object’s velocity (in meters per 
second). Kinetic energy is measured in joules. By the 
damage done to a victim, a police pathologist determines 
that the energy of a 3-kilogram mass at impact was 

54 joules. Find the velocity at impact. 


In Exercises 23-24, note that in the triangle y* = h? + x’. 


23. 


h ft 


Ropes courses A camper slides down the cable of a high- 
adventure ropes course to the ground as shown in the illus- 
tration. At what height did the camper start his slide? 


72 ft 


24. Ropes courses If the pole and the landing area discussed in 


25. 


26. 


27. 


28 


29 


30 


31. 


Exercise 23 are 24 feet apart and the high end of the cable is 
7 feet, how long is the cable? 

Insulation The area of the rectangular slab of foam insula- 
tion is 36 square meters. Find the dimensions of the slab. 


Sia 
Qw+1)m 


Shipping pallets The length of a rectangular shipping 
pallet is 2 feet less than 3 times its width. Its area is 21 
square feet. Find the dimensions of the pallet. 

Carpentry A rectangular room containing 143 square feet 
is 2 feet longer than it is wide. How long a crown molding is 
needed to trim the perimeter of the ceiling? 

Designing tents The length of the base of the triangular 
sheet of canvas above the door of the tent shown below is 

2 feet more than twice its height. The area is 30 square feet. 
Find the height and the length of the base of the triangle. 


eats: 


(one / 
a 


as 


mm 


Dimensions of a triangle The height of a triangle is 2 
inches less than 5 times the length of its base. The area is 36 
square inches. Find the length of the base and the height of 
the triangle. 

Area of atriangle The base of a triangle is numerically 3 
less than its area, and the height is numerically 6 less than 
its area. Find the area of the triangle. 

Area of a triangle The length of the base and the height of 
a triangle are numerically equal. Their sum is 6 less than the 
number of units in the area of the triangle. Find the area of 
the triangle. 


32. 


33. 


Dimensions of a parallelogram The formula for the area of 
a parallelogram is A = bh. The area of the parallelogram in 
the illustration is 200 square centimeters. If its base is twice 

its height, how long is the base? 


TS 


4 


Swimming pool borders The owners of the rectangular 
swimming pool want to surround the pool with a crushed- 
stone border of uniform width. They have enough stone to 
cover 74 square meters. How wide should they make the 
border? (Hint: The area of the larger rectangle minus the 
area of the smaller is the area of the border.) 


34. 


35. 


House construction The formula for the area of a 


trapezoid is A = Mba 


. The area of the trapezoidal truss 
in the illustration is 24 square meters. Find the height of the 
trapezoid if one base is 8 meters and the other base is the 


same as the height. 


|«_—___ 8 - 8 m —_——__+| 


Volume of asolid The 

volume of a rectangular 

solid is given by the formula h 
V = Iwh, where / is the 

length, w is the width, and h 

is the height. The volume of 

the rectangular solid in the 
illustration is 210 cubic centimeters. Find the width of the 
rectangular solid if its length is 10 centimeters and its height 
is | centimeter longer than twice its width. 


36. 


37. 


38. 


39. 


40. 


41. 
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Volume of a pyramid The volume of a pyramid is given by 
h 


the formula V = Bh where B is the area of its base and / is 
its height. The volume of the pyramid in the illustration is 
192 cubic centimeters. Find the dimensions of its rectangu- 
lar base if one edge of the base is 2 centimeters longer than 
the other, and the height of the pyramid is 12 centimeters. 


Volume of a pyramid The volume of a pyramid is 84 cubic 
centimeters. Its height is 9 centimeters, and one side of its 
rectangular base is 3 centimeters shorter than the other. 
Find the dimensions of its base. (See Exercise 36.) 


Volume of a solid The volume of a rectangular solid is 

72 cubic centimeters. Its height is 4 centimeters, and its 
width is 3 centimeters shorter than its length. Find the sum 
of its length and width. (See Exercise 35.) 

Telephone connections The number of connections C that 
can be made among v telephones is given by the formula 


1 
C= a — n) 
How many telephones are needed to make 66 connections? 


Football schedules If each of ¢ teams in a high school foot- 
ball league plays every other team in the league once, the 
total number T of games played is given by the formula 


_ t(t — 1) 


T 
2 


If the season includes a total of 10 games, how many teams 
are in the league? 

Sewage treatment In one step in waste treatment, sewage is 
exposed to air by placing it in circular aeration pools. One 
sewage processing plant has two such pools, with diameters 
of 40 and 42 meters. Find the combined area of the pools. 


. Sewage treatment To meet new clean-water standards, the 


plant in Exercise 41 must double its capacity by building 
another pool. Find the radius of the circular pool that the 
engineering department should specify to double the plant’s 
capacity. 
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In Exercises 43-44, a? + b? = c?. 

43. Tornado damage The tree shown below was blown down 
in a tornado. Find x and the height of the tree when it was 
standing. 


b=(x+2) ft 


44. Car repairs To work under a car, a mechanic drives it up 
steel ramps like the ones shown below. Find the length of 
each side of the ramp. 


PROJECTS 


Because the length of each side of the largest square in 
Figure 5-3 is x + y, its area is (x + y)*. This area is also 
the sum of four smaller areas, which illustrates the factor- 
ization 


Figure 5-3 


What factorization is illustrated by each of the following 


figures? 
a 
= 


‘54 2. 
b 


WRITING ABOUT MATH 


45. Explain the steps you would use to set up and solve an 
application problem. 

46. Explain how you should check the solution to an applica- 
tion problem. 


SOMETHING TO THINK ABOUT 


47. Here is an easy-sounding problem: 


The length of a rectangle is 2 feet greater than the width, 
and the area is 18 square feet. Find the width of the 
rectangle. 


Set up the equation. Can you solve it? Why not? 


48. Does the equation in Exercise 47 have a solution, even if 
you can’t find it? If it does, find an estimate of the solution. 


Sig Fe 
AH 


5. Factor the expression 


a +act+2a+ab+ be + 2b 


4. ia Le 


and draw a figure that illustrates the factorization. 
6. Verify the factorization 
x + 3x°yp + 3xy? + =(xe + yf 
Hint: Expand the right side: 
(x + yy = (x + p(x + p(x + y) 


Then draw a figure that illustrates the factorization. 


Chapters REVIEW 


SECTION 5.1 


Chapter5 Review 


—~ 


? 


——_—_—__—_—_— 
TT 
oOo 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


A natural number is in prime-factored form if it is 
written as the product of prime-number factors. 


42 =6-7=2:3-7 
56=827 =2+467 = 2+2+2-7 = 2° <7 


The greatest common factor (GCF) of several 
monomials is found by taking each common 
prime factor the fewest number of times it 
appears in any one monomial. 


Find the GCF of 12x*y, 42x7y, and 32x7y’. 
l2x4y = 2+2+3+xexexey 
42x77 = 2+3+Texexrpey GCF = 2x7y 


32x°y> = 2+2+2+2+2exexepepey 


If the leading coefficient of a polynomial is nega- 
tive, it is often useful to factor out —1. 


Factor completely: —x* + 3x* — 5. 

—x3 + 3x? -— 5 

(-Dx? + (—1)(-3x°) + (—1)5 
—1(x? — 3x? + 5) 

—(x* — 3x° + 5) 


Factor out —1. 


The coefficient of 1 need not 
be written. 


If a polynomial has four terms, consider factoring 
it by grouping. 


Factor completely: x* + xy + 3x + 3y. 


Factor x from x* + xy and 3 from 3x + 3y and proceed as follows: 


x + xy + 3x + 3y = x(x + p) + 3(x +) 


(x + y)(x + 3) 


Factor out (x + y). 


REVIEW EXERCISES 
Find the prime factorization of each number. 


1. 35 2. 45 

3. 96 4. 102 

5. 87 6. 99 

7. 2,050 8. 4,096 
Completely factor each expression. 

9. 3x + Oy 10. Sax? + 15a 
11, 7x7 + 14x 12; 39° = 3% 

13. 2x7 + 4x° — 8x 14. ax + ay — az 


15. ax +ay-a 16. xyz + xyz 


Completely factor each polynomial. 
17. (x + ylat+(x+ y)b 

18. (x+y + (x+y) 

19. 2x°(x + 2) + 6x(x + 2) 

20. 3x(y + z) — 9x(y + 2? 


21. 3p + 9q + ap + 3aq 
22. ar — 2as + Tr — 14s 
23. x7 + ax + bx + ab 
24. xy + 2x —2y —4 

25. xa + yb + ya + xb 
26. x? — 4x* + 3x — 12 
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SECTION 5.2 


DEFINITIONS AND CONCEPTS EXAMPLES 


To factor the difference of two squares, use the 
pattern 


vy = (x + yx -y) VP —36=x7- 6 =(x + 6x — 6) 


Binomials that are the sum of two squares cannot 9x? + 36 = 9(x? + 4) Factor out 9, the GCF. (x* + 4) does not 
be factored over the real numbers unless they factor. 
contain a GCF. 


REVIEW EXERCISES 
Completely factor each expression. 


7.x = 9 30. 27 -— (x+y) 
28. xy? — 16 31. 6x°y — 247° 
29. (x +2" -y 32. (x + ypP-2 
DEFINITIONS AND CONCEPTS EXAMPLES 


Factor trinomials using these steps (trial and error): | Factor completely: 12 — x7 — x. 


1. Write the trinomial with the exponents of one 1. We will begin by writing the exponents of x in descending order. 
variable in descending order. D 7 


N 


2. Factor out any greatest common factor 
(including —1 if that is necessary to make the 


. Factor out —1 to get 


coefficient of the first term positive). = —(? + x — 12) 
3. If the sign of the third term is +, the signs 3. Since the sign of the third term is —, the signs between the binomials are 
between the terms of the binomial factors are opposite. 
the same as the sign of the trinomial’s second 
term. If the sign of the third term is —, the 
signs between the terms of the binomials are 
opposite. 
4. Try various combinations of first terms and 4. We find the combination that works. 
last terms until you find the one that works. If 
none work, the trinomial is prime. = —& + 4) = 3) 
5. Check by multiplication. 5. Since —(x + 4)(x — 3) = 12 — x* — x, the factorization is correct. 


Factor trinomials by grouping (ac method). 2x7 — x — 10 


= 2x7 —5x+4x—10 a=2,c = 10. The two factors whose 
product is 20 and difference is —1 are —5 
and 4. Replace —x with —Sx + 4x. 
Factor by grouping. 

x(2x — 5) + 2(Q2x — 5) 

(2x — 5)(x + 2) 


REVIEW EXERCISES 
Completely factor each polynomial. Completely factor each polynomial. 
33. x° + 10x + 21 34, x° + 4x - 21 37. 2x* — 5x - 3 38. 3x7 — 14x — 5 


35. x7 + 2x — 24 36. x — 4x — 12 39. 6x° + Tx — 3 40. 6x° + 3x — 3 


41. 6x° + 17x* — 3x 


42. 4x° — 5x* — 6x 
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43. 12x — 4x7 — 2x° 44. —4a° + 4ab + 24ab> 


DEFINITIONS AND CONCEPTS 


SECTION 5.5 


EXAMPLES 


The sum and difference of two cubes factor 
according to the patterns 


wet y = (x + yr — xy + y’) et 64=x4+ 4 = (x + 4x? — «+44 4’) 
= (x + 4x? — 4x + 16) 
ey = (x — px? + xy + y’) x — 64= 3x7 — 4 = (x — 4)(x* — x(-4) + (-4)) 
= (x — 4)(x* + 4x + 16) 
REVIEW EXERCISES 
Factor each polynomial completely. 
A5,.¢ = 27 47. 2x° + 54 
46. d°+8 48. 2ab* — 2ab 


SECTION 5.6 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Factoring polynomials: 


1. Factor out all common factors. 


2. If an expression has two terms, check to see if 
it is 
a. the difference of two squares: 


a —b =(a+t bya — b) 
b. the sum of two cubes: 
a + b? = (a+ b)(a* — ab + b’) 


c. the difference of two cubes: 


a—b=(a- bya 4 


ab + b?) 


3. If an expression has three terms, check to see if 
it is a perfect-square trinomial square: 


a + 2ab + b* = (at bia + b) 
a — 2ab + b> = (a — ba — b) 


If the trinomial is not a perfect-square trino- 
mial, attempt to factor it as a general trinomial. 

4. If an expression has four or more terms, factor 
it by grouping. 

5. Continue factoring until each individual factor 
is prime, except possibly a monomial factor. 

6. If the polynomial does not factor, the polyno- 
mial is prime over the set of rational numbers. 


7. Check the results by multiplying. 


Factor: —2x° + 2y°. 


1. Factor out the common factor of —2. 
(—2)y® = —2(x° — y®) 


2. Identify x° — y° as the difference of two squares and factor it: 


2+x°® 


—2(x6 — y) = -2¢x3 + ye? - y?) 


Then identify x° + y* as the sum of two cubes and x* — y’ as the differ- 
ence of two cubes and factor each binomial: 


—2(x° — y) = —2(x° + WO? - y’) 
(x + VQ? — xy + yx 


ya? + xy + y) 


3. Factor: 4x7 — 12x + 9. 


This is a perfect-square trinomial because it has the form 
(2x)* — 2(2x)(3) + (3)*. It factors as (2x — 3). 


4. Factor: ax — bx + ay — by. 
Since the expression has four terms, use factoring by grouping: 
ax — bx + ay — by = x(a — b) + y(a — b) 
= (a — bx + y) 
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REVIEW EXERCISES 


Factor each polynomial. 52. +2axta—-y 
49. 3x°y — xy — 6xy + 2y° 53. x — 44+ bx + 2b 
50. 5x° + 10x — 15xy — 30y 54. ax° — ay® 


51. 2a°x + 2abx + a + ab 


SECTION 5.7 


DEFINITIONS AND CONCEPTS EXAMPLES 


A quadratic equation is an equation of the form 2x? + 5x = 8 and x? — 5x = O are quadratic equations. 
ax’ + bx + c = 0, where a, b, and c are real 
numbers and a # 0. 


Zero-factor property: To solve the quadratic equation x* — 3x = 4, proceed as follows: 


If aand 5 represent two real numbers and if Pe eee | 
ab = 0, thena = O0orb = 0. 
x? —3x—-4=0 Subtract 4 from both sides. 


(x + 1)(x - 4) =0 Factor x? — 3x — 4. 
x+1=0 or x—4=0 _ Seteach factor equal to 0. 


x=-l | x =4 Solve each linear equation. 
REVIEW EXERCISES 
Solve each equation. 
55. x7 + 2x =0 56. 2x” — 6x = 0 65. 2x7 — 5x -3 =0 66. 2x°> + x-3=0 
57. 3x° = 2x 58. 5x’ + 25x = 0 
59. x -9=0 60. x° — 25 =0 67. 4x7 = 1 68. 9x7 = 4 
61. a — 7a + 12=0 62. x° - 2x -15=0 69. x? — 7x° + 12x =0 70. x* + 5x* + 6x =0 
63. 2x — x° + 24=0 64. 16 + x’ — 10x =0 71, 2x? + 5x* = 3x 72. 3x° — 2x = x* 
SECTION 5.8 
DEFINITIONS AND CONCEPTS EXAMPLES 
Use the methods for solving quadratic equations Assume that the area of a rectangle is 240 square inches and that its length is 
discussed in Section 5.7 to solve application 4 inches less than twice its width. Find the perimeter of the rectangle. 
problems. 


Let w represent the width of the rectangle. Then 2w — 4 represents its length. 
We can find the length and width by substituting into the formula for the 
area: A = /+w. 
240 = (2w — 4)w 
240 = 2w* — 4w Remove parentheses. 
0 = 2w? — 4w — 240 Subtract 240 from both sides. 
0 = — 2w — 120 Divide each side by 2. 
0 =(w-— 12) + 10) Factor. 
w-12=0 or wt+10=0 Set each factor equal to 0. 


w= 12 | w= —10 Solve each linear equation. 
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Because the width cannot be negative, we discard the result w = —10. Thus, 
the width of the rectangle is 12, and the length is given by 


2w — 4 = 2(12) —4 
=24-4 
= 20 


The dimensions of the rectangle are 12 in. by 20 in. We find the perimeter by 
substituting 20 for / and 12 for w in the formula for perimeter. 


P = 21 + 2w = 2(20) + 2(12) = 40 + 24 = 64 


The perimeter of the rectangle is 64 inches. 


REVIEW EXERCISES 76. Gardening A rectangular flower bed is 3 feet longer than 

73. Number problem The sum of two numbers is 12, and their twice its width, and its area is 27 square feet. Find its 
product is 35. Find the numbers. dimensions. 

74. Number problem _ If 3 times the square of a positive 77. Geometry A rectangle is 3 feet longer than it is wide. Its 
number is added to 5 times the number, the result is 2. Find area is numerically equal to its perimeter. Find its 
the number. dimensions. 

75. Dimensions of a rectangle A rectangle is 2 feet longer 78. Geometry A triangle has a height 1 foot longer than its 
than it is wide, and its area is 48 square feet. Find its base. If its area is 21 square feet, find its height. 
dimensions. 


Chapter5 TEST 


1. Find the prime factorization of 196. 18. x° — 64 
2. Find the prime factorization of 111. 19. 216 + 8a° 


Oey sh 
Factor out the greatest common factor. a me ca 


3. 60ab?c? + 30a°b?c — 25a Solve each equation. 

4. 3x°(a + b) — 6xy(a + db) 21. x7 + 3x =0 

22025 ea 0 

23. 9y — 81 =0 

24 39 — OH) 4 Dae 4? 


Factor each expression completely. 
Eh Gbe ar (a) SP lobe se (ap 


6. x* — 25 
Te Sar — 27b- 25. 10x7 — 13x =9 
8. 16x* — 817 26. 10x7 -x =9 


9.397 + 4x43 


2 27. 10x* + 43x =9 
UG a = She = 2 


11, x? + 10xy + 9y” 28. 10x* — 89x = 9 
12. 6x* — 30xy + 24y" 29. Cannon fire A cannonball is fired straight up into the air 
13. 3x2 + 13x +4 with a velocity of 192 feet per second. In how many seconds 


will it hit the ground? (Its height above the ground is given 


2, 
14, 2a" + Sa — 12 by the formula / = vt — 1627, where v is the velocity and t is 


15. 2x? + 3xy — 2y? the time in seconds.) 
163 120255 x 30. Base of a triangle The base of a triangle with an area of 
17. 12a” + 6ab — 36b" 40 square meters is 2 meters longer than it is high. Find the 


base of the triangle. 
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CHAPTER 6 


Rational 
Expressions and 
Equations; Ratio 
and Proportion 


6.1 Simplifying Rational Expressions 

6.2 Multiplying and Dividing Rational Expressions 
6.3 Adding and Subtracting Rational Expressions 
6.4 Simplifying Complex Fractions 


6.5 Solving Equations That Contain Rational 
Expressions 


Solving Applications of Equations That Contain 
Rational Expressions 


Ratios 
Proportions and Similar Triangles 
Projects 


. CHAPTER REVIEW 
Careers and Mathematics pa 


“FOOD-PROC IG OCCUPATIONS: CUMULATIVE REVIEW EXERCISES 


BAKER Z 
Bakers mix and bake ingredients in accordance to 
recipes to produce varying quantities of breads, pastries, 
and other baked goods. Bakers commonly are employed 
in grocery stores and specialty shops that produce 
small quantities of baked goods. In In this chapter ea 
manufacturing, bakers 
produce goods in 
large quantities. 
Food-processing 
workers held about 
705,000 jobs in 2006, 
of which about 
149,000 were bakers. 
Training varies widely 
among the food- 
processing occupations. 
Bakers often start as 
apprentices or as trainees. 


In Chapter 6, we will discuss rational expressions, the 
fractions of algebra. After learning how to simplify, 
add, subtract, multiply, and divide them, we will 
solve equations and application problems that 
involve rational expressions. We then will conclude 
by discussing ratio and proportion. 
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Simplifying Rational Expressions 


GB Find all values of a variable for which a rational expression is undefined. 
©} Write a rational expression in simplest form. 
&} Simplify a rational expression containing factors that are negatives. 


Objectives 


a ext 


Vocabulary 


Simplify. 
12 
16 


Getting Ready 


Fractions such as i and ; that are the quotient of two integers are rational numbers. 


Expressions such as 


a 5x7 +3 
and = eer 

at+2 x +x—- 12 
where the numerators and denominators are polynomials, are called rational expressions. 
Since rational expressions indicate division, we must exclude any values of the variable 
that will make the denominator equal to 0. For example, a cannot be —2 in the rational 
expression 


a 
a+2 


because the denominator will be 0: 
a —2 —2 
a+2 —-24+2 0 


When the denominator of a rational expression is 0, we say that the expression is 
undefined. 
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(i) Find all values of a variable for which a rational expression is undefined. 


EXAMPLE 1 Find all values of x such that the following rational expression is undefined. 


5x7 +3 
rt+x-12 


Solution — To find the values of x that make the rational expression undefined, we set its denomi- 
nator equal to 0 and solve for x. 


vr+x-12=0 


(x + 4)(x — 3) = 0 Factor the trinomial. 
x+4=0 or x—3=0 _ Set each factor equal to 0. 
x= —-4 | x = 3 Solve each equation. 


We can check by substituting 3 and —4 for x and verifying that these values make the 
denominator of the rational expression equal to 0. 


For x = 3 For x = —4 
5x? + 3 5(3)° + 3 5x? + 3 5(—4)? + 3 
¥+x-12 ¥+4+3-12 ixe- 2 GOP FCO 122 
5(9) + 3 5(16) + 3 
~943=12 ~ 16-4 = 12 
45 + 3 80 + 3 
~ 12-12 ~ 12-12 
_ 48 _ 83 
0 0 
Since the denominator is 0 when x = 3 or x = —4, the rational expression 
ti is undefined at these values. 


>| SELF CHECK 1 Find all values of x such that the following rational expression is undefined. 
3x7 — 2 


x°—-2x-3 


2) Write a rational expression in simplest form. 


We have seen that a fraction can be simplified by dividing out common factors shared by 
its numerator and denominator. For example, 


18 3-6 
30 «5-6 


These examples illustrate the fundamental property of fractions, first discussed in 
Chapter 1. 
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EVERYDAY CONNECTIONS U.S. Renewable Energy Consumption 


Wind energy 
4% 


Solar energy Wind energy 
1% 5% 


Solar energy 
1% 


a. Sela hea 


Hydroelectric energy 
36% 


Hydroelectric energy ; 
42% Biomass 


53% 


Biomass 
48% 


th ] 
Geothermal energy Geo ee energy 
5% 


Source: http://www.eia.doe.gov/cneaf/solar.renewables/page/prelim_trends/rea_prereport.html 


The pie charts compare the variety of renewable energy resources used by Americans in 2006 and 2007. 


1. Suppose 3.285 quadrillion Btu (British thermal units) came from biomass resources in 2006. What was the total 


renewable energy consumption in 2006? 
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2. The total renewable energy consumption in 2007 was 6.83 quadrillion Btu. How many Btu came from geothermal 


energy resources? 


The Fundamental If a, b, and x are real numbers, then 
Property of Fractions 


g 
cad 


(b # Oand x # 0) 
b-x 


S/S 


Since rational expressions are fractions, we can use the fundamental property of 
fractions to simplify rational expressions. We factor the numerator and denominator of 
the rational expression and divide out all common factors. When all common factors 
have been divided out, we say that the rational expression has been written in simplest 


form. 


2 


21x" 
EXAMPLE 2 Simplify: i: ~ Assume that the denominator is not 0. 


Solution We will factor the numerator and the denominator and then divide out any common 


factors, if possible. 


Qix’y 3+ Texexey 
os Factor the numerator and denominator. 
14xy 2*7*x-yry 
1 1 1 
2a. Fs ‘ 
= BT Sea J Divide out the common factors of 7, x, and y. 
244 * opr 
1 1 1 
_ 3x 
2y 


This rational expression also can be simplified by using the rules of exponents. 
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21x“y _ 3 gen ti=2 x = ous =73 
14xy 2°] “ ¥ 
ee 
= py 2-1=1;1-2=-l 
3) xX af, 2 
Eats yie- 
2 y v 
3x ‘ 
= Multiply. 
2y 
2a*b? 


EJ SELF CHECK 2 Simplify: . Assume that the denominator is not 0. 


24ab* 


3x 


Xore : ; 
. Assume that the denominator is not 0. 
3x + 9 


EXAMPLE 3 Simplify: 


Solution We will factor the numerator and the denominator and then divide out any common 
factors, if possible. 


x + 3x x(x + 3) 
3x +9 3(x + 3) 


1 
x(x +3) 


= ———_ Divide out the common factor of x + 3. 


ea) 


Factor the numerator and the denominator. 


x 
3 


2 
> | SELF CHECK 3 _— Simplify: oe Assume that the denominator is not 0. 
Pe 


Any number divided by | remains unchanged. For example, 


a = 37, * = 5x, and 


en ay 


PERSPECTIVE 


such as Sir Isaac Newton (1642-1727) and Gottfried 
Wilhelm von Leibniz (1646-1716) began to look more 


closely at expressions related to the fraction ne One of 


The fraction ‘ is equal to 2, because 4+ 2 = 8. The 
expression * is undefined, because there is no number x 


for which 0 - x = 8. The expression , presents a different 
these expressions, called a derivative, is the foundation of 


calculus, an important area of mathematics discovered 
independently by both Newton and Leibniz. They dis- 


a 4 oe 99 4 29 y Rr 
because 0 + 7 = 0. Since “no answer” and “any answer covered that under certain conditions, there was one best 
are both unacceptable, division by 0 is not allowed. 


problem, however, because ; seems to equal any number. 
For example, 2 = 17, because 0: 17 = 0. Similarly, 2 = 7, 


answer. Expressions related to ; are called indeterminate 


0 : 
Although 9 represents many numbers, there is often forme: 


one best answer. In the 17th century, mathematicians 
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In general, for any real number a, the following is true. 


Division by 1 


(|S 


34 x? 


x 
1+x 


EXAMPLE 4 Simplify: 


Assume that the denominator is not 0. 


Solution We will factor the numerator and then divide out any common factors, if possible. 


e+x% w(x 4 LD 
_ Factor the numerator. 


1+x 1+x 
‘ 1 
x2(x 
= eur) Divide out the common factor of x + 1. 
+x 
1 
x2 
1 
=x Denominators of | need not be written. 


2 — 
SELF CHECK 4 Simplify: “———*. Assume that the denominator is not 0. 
— 


x + 13x + 12 
EXAMPLE 5 Simplify: Ya Assume that no denominators are 0. 
32 = 


Solution We will factor the numerator and the denominator and then divide out any common 
factors, if possible. 


x +13x+12 («+ DQ+12) 


Factor the numerator and denominator. 


x? — 144 (x + 12)(x — 12) 
1 
x +1 
= e Meer) Divide out the common factor of x + 12. 
(x +42)(x — 12) 
1 
ee 
x —- 12 


SELF CHECK 5 Simplify: 


-—9 ; 
ae Assume that no denominators are 0. 
= De 


COMMENT Remember that only factors common to the entire numerator and entire 
denominator can be divided out. Terms that are common to the numerator and denomi- 
nator cannot be divided out. For example, consider the correct simplification 


5+8 13 
5 5 
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It would be incorrect to divide out the common ferm of 5 on the left side in the previous 
simplification. Doing so gives an incorrect answer. 


1 
5 + 8 SIO 8 


5 B 1 
1 


9 


5(«+.3) —5 
7(x + 3) -—7 


EXAMPLE 6 Simplify: 


. Assume that the denominator is not 0. 


Solution We cannot divide out x + 3, because it is not a factor of the entire numerator, nor is it 
a factor of the entire denominator. Instead, we simplify the numerator and denomina- 
tor, factor them, and divide out all common factors, if any. 


Ax 3) 5 ox 15 = 5 
Wx+3)-7 Ix+21-7 
_ 5x + 10 
7x + 14 
_ S(x + 2) 
~ 7(x + 2) 


Remove parentheses. 
Combine like terms. 


Factor the numerator and denominator. 


_ Sean 
e+) 


Divide out the common factor of x + 2. 


>| SELF CHECK 6 _— Simplify: ee Assume that the denominator is not 0. 


x(x + 3) — 3(x - 1) 


EXAMPLE 7 | Simplify: 
wee +3 


Solution Since the denominator x* + 3 is always positive, there are no restrictions on x. To sim- 
plify the fraction, we will simplify the numerator and then divide out any common 
factors, if possible. 


x(x +3)- 3-1) x +3x-3x +3 


Remove parentheses in the numerator. 


x +3 x +3 
x +3 Ba : 
5 Combine like terms in the numerator. 
x +3 
: 1 
_— OF +3) Divide out the common factor of 
~ (x2-+3) x7 +3. 
1 
= 1 


a(a + 2) — (a — 1) 


FB) SELF CHECK 7 Simplify: 


a+2 


EXAMPLE 8 


Solution 


SELF CHECK 8 
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Sometimes rational expressions do not simplify. For example, to attempt to simplify 
vr+x-2 
r+x 
we factor the numerator and denominator. 
rP+x-2 (xt 2)x-1) 
r+x x(x + 1) 


Because there are no factors common to the numerator and denominator, this rational 
expression is already in simplest form. 


3 
: : x + 8 . 
Simplify: 5 . Assume that no denominators are 0. 
x + ax+ 2x + 2a 


We will factor the numerator and the denominator and then divide out any common 
factors, if possible. 


+8 (x + 2)(x? — 2x + 4) Factor the numerator and begin to 


ey +axt2x+2a x(x +a)t+2(x+ a) __ factor the denominator. 
(x + 2)(x* — 2x + 4) 


= Finish factoring the denominator. 
(x + a)(x + 2) . 


1 
_ (6 +2(x? — 2x + 4) _ Divide out the common factor of 


G+ aera xt 


_x-2x+4 


BD ana 6) 


ab + 3a — 2b—-6 


Simplify: ar . Assume that no denominators are 0. 
ao = 


EXAMPLE 9 


Solution 


Simplify a rational expression containing factors that are negatives. 


If the terms of two polynomials are the same, except for signs, the polynomials are called 
negatives of each other. For example, 


x — yand —x + y are negatives, 
2a — 1 and —2a + 1 are negatives, and 
3x7 — 2x + 5and —3x* + 2x — 5S are negatives. 


Example 9 shows why the quotient of two polynomials that are negatives is always —1. 


- 2a-1 ; 
Simplify: a. a b. — . Assume that no denominators are 0. 
yrx 1 — 2a 


We can rearrange terms in each numerator, factor out —1, and proceed as follows: 
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6 Ee IEE , 26=) =e 
YX. Vox 1 — 2a l= 2a 
_ ~0— x) _ -(1 - 2a) 
7 y-x ~  1-2a 
1 1 
_-@*) _ = =2a) 
=—-1 =-1 


EY SELF CHECK9 Simplify: aoe Assume that the denominator is not 0. 


The previous example suggests this important result. 


Division of Negatives The quotient of any nonzero expression and its negative is —1. In symbols, we have 


Tigi: b then = =e 


ky = a 


FR SELF CHECK ANSWERS = 1.3,-1_2. 73.2 ax 5242 64 71 wobt® 9-1 
1. Evaluate = for 
x+4 
ax=3 b. x =0 «a x=-4 
4x + 20 


2. Simplify: 7-43. Assume x # 3. 


x 
9x7 


1 
is undefined. 
xX 


3. Find all value(s) of x for which 


a — —_ 


6.1 EXERCISES —— } 


6 2D 2.3 
WARM-UPS _ Simplify each rational expression. Assume no 5. = 6. a 
denominators are zero. 6xy xy 
rae: aoe 7,2 3, 2 
"21 “17 ee y= x 
st 2 
22 a REVIEW 
wxy 4x 


9. State the associative property of addition. 


10. State the distributive property. 

11. What is the additive identity? 

12. What is the multiplicative identity? 
13. Find the additive inverse of 3. 

14. Find the multiplicative inverse of 3. 


VOCABULARY AND CONCEPTS Fill in the blanks. 
15. Ina fraction, the part above the fraction bar is called the 


16. Ina fraction, the part below the fraction bar is called the 


17. The denominator of a fraction cannot be _. 

18. A fraction that has polynomials in its numerator and 
denominator is called a expression. 

19. x — 2and2 — x are called 

20. To simplify a rational expression means to write it in 

terms. 


of each other. 


21. The fundamental property of fractions states that fe = 

22. Any number x divided by | is _. 

23. To simplify a rational expression, we 
and denominator and divide out 


the numerator 
factors. 


24. A rational expression cannot be simplified when it is written 
in 


GUIDED PRACTICE 


Find all values of the variable for which the following rational 
expressions are undefined. See Example 1. (Objective 1) 


oe 2y +1 ae 3x = 8 
“y-2 “x +6 
ss 3a’ + 5a 98, 2x =7 
* 3a-2 “6x +5 
ax = 13 2p? + 5 
le ee ae a 
CH eH=2 6p —p-1 
2m? + 5m 5¢ - 3 
a eee 32.757 
2m =m =3 6g —q-2 


Write each expression in simplest form. If it is already in simplest 
form, so indicate. Assume that no denominators are 0. See 
Example 2. (Objective 2) 
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43 x+3 AA x—-9 
* 3(x + 3) "3x — 27 
2(x + 7) 5x + 35 
45. ——_ 46. ———— 
x+7 HET 
47 x? + 3x 4s Pea ee 
“x +6 a) 


Write each expression in simplest form. If it is already in simplest 
form, so indicate. Assume that no denominators are 0. See 
Example 5. (Objective 2) 


x +3x+2 rtx—6 
49. —,~- 50. >=——— 
x + eH 2 eH KH] 2 
x? — 8x + 15 x7 - 6x —7 
51, —_—_ 52. 
x -x-6 x + 8x +7 
2x? — 8) 3y° — 15y 
53, —~ — sa, 7 *Y 
x — 6x + 8 ye > 3y— 10 
2a° — 16 3y> + 81 
55. > ——_—_ 56. = 
2a? + 4a + 8 yaar 


Write each expression in simplest form. If it is already in simplest 
form, so indicate. Assume that no denominators are 0. See 
Examples 6-7. (Objective 2) 


By A(x + 3) +4 Ke x? — 3(2x — 3) 
3(x + 2) + 6 9 

59. w+ 5x +4 60. xr -9 
Ax + 3) — (x + 2) (2x + 3) — (x + 6) 


Write each expression in simplest form. If it is already in simplest 
form, so indicate. Assume that no denominators are 0. See 
Example 8. (Objective 2) 

et) x—8 


61, ———____—_ 62. ——___Y_—_ 
axtat+xt+1 ax+x-—2a-—2 


63 ab+b+2a+2 éa 
“abt+atbt+i1 : 


xy + 2y + 3x + 6 
x + 5x + 6 


Write each expression in simplest form. If it is already in simplest 
form, so indicate. Assume that no denominators are 0. See 
Example 9. (Objective 3) 


28 —18 
333. 34. 
35 54 
5° 6 
5 oF 
—6x —25y 
37. 33..>—_ 
18 5 
2x7 5y" 
39, — 40. 
3y 2x* 


Write each expression in simplest form. If it is already in simplest 
form, so indicate. Assume that no denominators are 0. See 


Examples 3-4. (Objective 2) 


(3+ 4)a 


41. 
24 — 3 


(3 — 18)k 
42. 


so Pea 
7-—x cd 

ey. 6x — 3y ke: 3c — 4d 
3y — 6x 4c — 3d 


ADDITIONAL PRACTICE = Write each expression in simplest 
form. If it is already in simplest form, so indicate. Assume that no 


denominators are 0. 


69 usd 
* 9a 


48 


70. 
l6oy 


392 


71. 


73. 


75. 
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79. 


81. 


83. 


85. 


87. 


89. 


91. 


6a — 6b + 6c 


9a — 9b + 9c 


x? + 2x — 15 


15x — 3x? 


25y — 5xy 


28x 4+ 2x — 5) x? — 10x + 25 
i ame 93. ——__—__ 94. —_—— 
32y 3x — 5(x — 2) 25 — x° 
12xz 
74, 
4xz 
a 34] 3] 
76. 6x" — 13x + 6 95. 96. — 
3x7 +x —-2 Xe Se aed, ee ee lh 
= + 3y+3x+9 b +b? + 2a + 2b 
7, 2 97, 2 98, c 
yz — 2y x —9 a + 2a+ab+ 2b 
x” — 8x + 16 
80. ——_— 
x= 16 
Cy eee 
oe WRITING ABOUT MATH 
84 3a — 3b—-6 99. Explain ay =-l. 
"2a —2b-4 ae 
56, + oe 100. Explain why = — Te 1. 
Qxy + y* * 
Sa = 27 
88. Pe ar SOMETHING TO THINK ABOUT 
x 43x — 
Bi. _ . : x — 3 eS, 
90 x7 + 4x — 77 101. Exercise 93 has two possible answers: Pa and xs 
eT = = 
en Why is either answer correct? 
102. Find two different-looking but correct answers for the fol- 
s. ee lowing problem. 
“3x + xy y? + 5(2y + 5) 


Simplify: 5 ~ 


Multiplying and Dividing Rational Expressions 


@ Multiply two rational expressions and write the result in simplest form. 


® Multiply a rational expression by a polynomial and write the result in 
simplest form. 


€} Divide two rational expressions and write the result in simplest form. 


Objectives 


@3 Divide a rational expression by a polynomial and write the result in 
simplest form. 


® Perform combined operations on three or more rational expressions. 


Multiply or divide the fractions and simplify. 


2. 


6. 


Getting Ready 


Multiplying Rational 
Expressions 


EXAMPLE 1 


Solution 


SELF CHECK 1 


6.2 Multiplying and Dividing Rational Expressions 393 


Just like arithmetic fractions, rational expressions can be multiplied, divided, added, and 
subtracted. In this section, we will show how to multiply and divide rational expressions, 
the fractions of algebra. 


Multiply two rational expressions and write the result in simplest form. 


Recall that to multiply fractions, we multiply their numerators and multiply their denom- 
inators. For example, to find the product of 2 and 2 we proceed as follows. 


«3 
=>=-~ Multiply the numerators and multiply the denominators. 


ao 4-3 = 12and7:5 = 35. 


This suggests the rule for multiplying rational expressions. 


If a, b, c, and d are real numbers and b # 0 and d # 0, then 


ac 


ae 
b d_ bd 


Multiply. Assume that no denominators are 0. 

[2 7 =§ x ..3 t+1 t-1 
aoe . 7? i ae d. —_: 

a 5 QO 3x. 2 t t— 2 


We will multiply the numerators, multiply the denominators, and then simplify, if 
possible. 


«212 y eI 
3 5 3+5 9 3x 9+3x 
2 —35 
~ 15 ~ 27x 
3 _¥ 3 git lteter =) 
“Dog Bai " ¢ t-2 it=>) 
ae 
= 


xX p— 


. 33 3 . 
Multiply: - i Assume that no denominators are 0. 


EXAMPLE 2 


Solution 


i 
- —. Assume that no denominators are 0. 


35x 
Multiply: 
ulliply Ty"z 5xy 


We will multiply the numerators, multiply the denominators, and then simplify, if 
possible. 
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35x°y ae 35x7y +z Multiply the numerators and multiply the 
Tyz Sxy  Ty?z + Sxy denominators. 
Sf Ke Por’. 


= Factor. 
Teprysz+5exey arr 


1 1 1 1 1 
= ao ; a F . = Divide out common factors. 
1 1 1 1 
a 
y 
2,2 3 
>| SELF CHECK2 Multiply: — : aa Assume that no denominators are 0. 


xr —x x+2 


. Assume that no denominators are 0. 


EXAMPLE 3 Multiply: Cree 


Solution We will multiply the numerators, multiply the denominators, and then simplify. 


wra-x xt2 (= x)(x + 2) Multiply the numerators and multiply the 


x%+4 x (2x + 4)(x) denominators. 
x(x — 1)(x + 2) ae 
Ie + Dx actor. 
1 1 
x- 1 
mG Maer?) Divide out common factors. 
cartel 
x= 1 
2) 


2, 
x Exe x2 : 
. Assume that no denominators are 0. 


FY SELF CHECK3 = Multiply: 


3x +6 x41 


) 2 
EXAMPLE 4 Multiply: ~ and . Assume that no denominators are 0. 
x =X 
Solution We will multiply the numerators, multiply the denominators, and then simplify. 


x — 3x xr+x-2 
2 : 2 


x -—x-—6 Ko =X 
(x? — 3x)(x* + x — 2) Multiply the numerators and multiply the 
(x? ye 6)(x? — x) denominators. 


— x(x — 3)(x + 2)x — 1) 
(x + 2)(x — 3)x(x — 1) 


Factor. 
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1 1 i, 1 
_ xO 34 Ha 
(54 MST 


=1 


Divide out common factors. 


2 2 
+a @-a-— 


2 
SELF CHECK4 Multiply: a : . Assume that no denominators are 0. 


@-4 @+2atl1 


2 | Multiply a rational expression by a polynomial and write the result 
in simplest form. 


Since any number divided by | remains unchanged, we can write any polynomial as a 
rational expression by inserting a denominator of 1. 


2 
xX FX . 
EXAMPLE 5 Multiply: =a 7). Assume that no denominators are 0. 
2 
x + 8x +7 
Solution We will write x + 7 as~ t if multiply the numerators, multiply the denominators, and 
then simplify. 
r+x (xtN= r+x tu 7 Write x + 7 asa fraction with a 
e+ 8x +7 eo ) + 8x47 1 denominator of 1. 
x(x + 1)(x + 7) Multiply the fractions and factor 
7 (x + 1)(x + 7)1 where possible. 
1 1 
= gi st a, Divide out all common factors. 
=x 
a-—a 
SELF CHECK5 Multiply: (a — 7): ae Assume that no denominators are 0. 
a — 8a 


3 | Divide two rational expressions and write the result in simplest form. 


Recall that division by a nonzero number is equivalent to multiplying by the reciprocal of 
that number. Thus, to divide two fractions, we can invert the divisor (the fraction follow- 
ing the + sign) and multiply. For example, to divide > by 5, we proceed as follows: 


4 3 4 5 3 acoad bee ask 
>t E=5°R ~~ C(LUmverts and change the division to a multiplication. 
1 8 7 3 
20 : ‘ : 
= a1 Multiply the numerators and multiply the denominators. 


This suggests the rule for dividing rational expressions. 
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Dividing Rational If ais a real number and ), c, and d are nonzero real numbers, then 
Expressions 


a.c_ad_«ad 


bid be. be 


EXAMPLE 6 _ Divide, assuming that no denominators are 0: 
7 2) =O 15x 
“13° 26 * 35y ~—s«14 


Solution We will change each division to a multiplication and then multiply the resulting 
rational expressions. 


e. 2. . 7. 26 


a. : = 7 Invert the divisor and multiply. 
13 26 13 21 . ve 
7-22-13 : ; : 
= 3-3-7 Multiply the fractions and factor where possible. 
7-2-0 
a Di 
= Divide out common factors. 
Pear 
1 1 
_2 
3 
—9x  15x*  -9x 14 ey 
b. = Invert the divisor and multiply. 


Multiply the fractions and factor where possible. 


1 1 1 
ee eee ey 
= 3. 7. 2 7 5. a . Divide out common factors. 
1 1 1 
6 . ee 
=— Multiply the remaining factors. 
25xy 
a —8a 16a? 
EY SELF CHECK 6 Divide: 35 > a Assume that no denominators are 0. 


2 2 
XS +2x+ 1 : 
EXAMPLE7 Divide: = oa as . . Assume that no denominators are 0. 


3x: = 15 6x — 30 


Solution We will change the division to a multiplication and then multiply the resulting rational 
expressions. 
etx x +2x41 
3x-15  6x—30 
r+x . 6x — 30 
3x—15 x7 +2x4+1 


Invert the divisor and multiply. 
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x(x + 1)+2+3(x — 5) 
3x — 5x + D+ 1 


Multiply the fractions and factor. 


1 1 1 
_ x(e tt) + 2+ BS) 
He SM +1) 


Divide out all common factors. 


_ 2x 
x+1 
a a-1 a-1 . 
SELF CHECK 7 Divide: 5 ar . Assume that no denominators are 0. 
a+4a+3 a+2a-3 


4 Divide a rational expression by a polynomial and write the result 
in simplest form. 


To divide a rational expression by a polynomial, we write the polynomial as a rational 
expression by inserting a denominator of | and then divide the expressions. 


2x* — 3x -2 
EXAMPLES Divide: 7 7 - (4 — x’). Assume that no denominators are 0. 
X 


— x2 


Solution We will write 4 — x” as 4 7 change the division to a multiplication, and then multi- 


ply the resulting rational expressions. 
2x? — 3x —2 
2x +1 
2x7 -3x-2 4-%x 
~  xt1 ° 1 
= 3e=2 1 
Rel sax 
(2x + 1)(x — 2)+1 
~ Qx+D2+x02—x 


= (4 — x’) 


Write 4 — x? as a fraction with a denominator of 1. 


Invert the divisor and multiply. 


Multiply the fractions and factor where possible. 


1 1 
= Gat Tie 21) Divide out common factors: *—2 = —1. 
Ox+ HO + NO—H) a 
_ =! 
—2+x 
_ 1 = _ a 
7 seg bob 


2 2 


—b 
SELF CHECK 8 Divide: (b — a) + a Assume that no denominators are 0. 
ata 
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5] Perform combined operations on three or more rational expressions. 


Unless parentheses indicate otherwise, we will follow the order of operations rule and 
perform multiplications and divisions in order from left to right. 


2 2 
Me = eC x” — 4x y= 4 : 
=e os . Assume that no denominators are 0. 
2 x7 -x-2 x7+x 


EXAMPLE 9 Simplify: 


Solution Since there are no parentheses to indicate otherwise, we perform the division first. 


xr —-x-6 x -4x x—4 
x= 2 w—x-2 x 4+x 
xv—-x-6 x*--x-2 x-4 - . 
= : 5 oe Invert the divisor and multiply. 
x—2 x -4x x +x 


(x + 2)(x — 3)(x + 1)(x — 2)(x — 4) 
7 (x — 2)x(x — 4)x(x + 1) 


Multiply the fractions and factor. 


1 1 1 
_(& t+ x — IE+HNE-—4) 


Divide out all common factors. 


ee ee 
_ (x + 2)(x — 3) 
x2 


at+ab a—-bh at+b 


SELF CHECK9 Simplify: 
EI ae ae ee eae 


. Assume that no denominators are 0. 


EXAMPLE 10 Simplify: 


eae Gl xt2 


) Assume that no denominators are 0. 


x° — 2x x + 3x x 


Solution We perform the division within the parentheses first. 
a : L2) 

xv —2x \xr 43x x 
cist oes __x ) 
x? -—2x \x?+3x x+2 

(x + 3)(x + 3)(x + 2)(x — 2)x — Multiply the fractions and factor where 


Invert the divisor and multiply. 


x(x — 2)x(x + 3)(x + 2) possible. 
i. 1 1 1 
: + 3)Q 
= ee et eae 218 Divide out all common factors. 
re ema ea 
—xt+3 
x 


FY SELF CHECK 10 Simplify: 


= 2X (== x 
P+6x+9— 


5 . ) Assume that no denominators are 0. 
x +3x x+2 
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Fy SELF CHECK ANSWERS ee ee be ey Fae =f asl Hae 1 bets 


Simplify. Assume no division by zero. 


‘ e+e go: oe 
1. (x 4x — 12) 236 2. mood sya 
x a 
2 5 3 
3. 4. 7 
se. —+— 
4 3 65 
—- — a —_- 
6.2 EXERCISES — } 


WARM-UPS Perform the operations and simplify. Assume no 17. To multiply fractions, we multiply their and 
denominator is zero. multiply their : 
x3 x+1 7 ac 
1 2 : 18, —-— = 
2 xX 5 bi | be d- 4 
5 3 3 19. To write a polynomial in fractional form, we insert a 
x+7 7 7 enominator of _. 
3 x I Cx CoG 
dam - is 2 oo 8 og ee 
5.543 6. (x + 1) 3 Pa ae 
21. To divide two fractions, invert the and : 
REVIEW 22. Unless parentheses indicate otherwise, do multiplications 
Simplify each expression. Write all answers without using and divisions in order from to 
negative exponents. Assume that no denominators are 0. 
8x4y° GUIDED PRACTICE 
7. 2x3 y°(—3x7y4z) 8. e 2 5 wile ae . 
=2x y Perform the multiplication. Assume that no denominators are 0. 
9. 3y)4 10. (a2a) 3 Simplify the answers, if possible. See Examples 1-2. (Objective 1) 
3m 5) 9 2 s) 
11. _ 12. (3x7y*)° 23. 7 : 3 24. 7 . V1 
x 
os 2y 2 3x oy 
Perform the operations and simplify. 25. = o 26. “7 a 
3 D4 ' a 3 a 
13. —4( — 4° + 3y — 2) + 6(-2y" + 4) — 4(-2y° — y) de ae Te 
27. —:-= 28. a 
5 5 : 3y 7x 7 Sz 
14. y — 5)5y° — 3° + 4y—-1 (vy #5) 5 —2xy  3xy 45 —3x xz 
a x 83 
VOCABULARY AND CONCEPTS fill inthe blanks. 31 ab” . bc? . abc? 32 xy ‘ xz mee 
15. Ina fraction, the part above the fraction bar is called the ab abe ac? Z xy? xyz 
ee 33 gH] z2+2 34 a-3 a+3 
16. Ina fraction, the part below the fraction bar is called the anes | Zz “a 5 
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Perform the multiplication. Assume that no denominators are 0. 
Simplify the answers, if possible. See Example 3. (Objective 1) 


xt? x+2 »-3P y-3 
pe et 36, V3.2 
xt+t1l x41 yo3 y3 
3p -—9 y 
37, 2. 
y-3 3y 
RSD HES 
38. . 


3x +9 32-25 


Ty-14 x P43y 3) 

39, 2. 40. ?—_—”. ad 
y-2 Ix 9 yt3 
abc? Cc ata 


41. 


a+i- ab ae 
xeyzr x? — 4 By 


42. 
4x + 8 2x7 y*2? x= 2 


Perform the multiplication. Assume that no denominators are 0. 
Simplify the answers, if possible. See Example 4. (Objective 1) 
5z— 10 3 
z+2 32-6 
x7 -— x 3x-6 

x , 3x = 3 
7+42—5 5z 

z= 5 z+5 
xr+x-6 5x-10 

5x : x +3 

3x7 4+ 5x4+2 x-3 x7 +5x+6 

xr -9 7 Sa 6x + 4 
7-25 x +x-2 6x 
3x+6  2x+10 3x2 — 18x +15 
a —ab4 bac + ad + be + bd 

ath ce 


ax + bx + ay by x? txy ty 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
ey ax + bx 


Perform each division. Assume that no denominators are 0. 
Simplify answers when possible. See Example 6. (Objective 3) 


1 1 3 #1 
51.27 5 52..23— 
3 2 4 3 
ag 2b. 8 sq, 14. 10 
“14° 2 “3° 3 
55 ae 56. fe 
3xy Oy g 2 
Me Q MD z—-3 2+3 
57. ao 58. + 
3x 2 Zz Z 


Perform each division. Assume that no denominators are 0. 
Simplify answers when possible. See Example 7. (Objective 3) 


50. e-4  x-2 
38-0 oe4e 2 
eb. oo eas 
Sx+15 .%«+3 


yy +2). YW +2) 
yv-3) w-3y 
ear .2=2 


61. 


62. 
32” 62 
a 5x°+13x-6 5x*- 17x + 6 
: x+3 ; x= 2 
64 xr-x-6 | x? — 25 
“9x7 +9x +10 2x7 + 15x + 25 
ab+4a+2b+8 bh —16 
65. — er 
2 + db + 16 b° — 64 
66 r = ae r + rs t+ s° 


r— st mrt+tms+nr+ns 

Perform the operations. Assume that no denominators are 0. 
Simplify answers when possible. See Examples 5 and 8. (Objectives 2 
and 4) 


x=5 


67. wag 4) 


X= 2 

68. (6x — 8) ~~ 

OR 5 = 12 
3x +9 


+1 


69. + (x + 3) 


7-9 
70. (3x + 9) +- 


Perform the operations. Assume that no denominators are 0. 
Simplify answers when possible. See Examples 9-10. (Objective 5) 


Ze 2 2 2 
Meta 79,02 8 oe 
3 4° 6 2 y 8 
2 3 3 2 
ee es 74, ¥_.3¥_ 2 15 
18 6 x 3y 4 20 
2 2x: +2 5 


er+x—-6 WP 4+2x + 3x 
vr - 4 x-2 ° x+2 
eax -6 Y+x-2 +7 
e+6x—-7 x +2x 
ADDITIONAL PRACTICE Perform the indicated 


operation(s). Assume that no denominators are 0. Simplify 
answers when possible. 


78. 


x? — 3x 


es go. ——! (-=) 
"35 55 "24 35 
2 15 1 2 10 3 
81. —+»—-— 82. —-— += 
3.2 7 5 9 2 
Pe a ne 
“y 3 “a 9 
3x x y 2 
85. — += 386. — + — 
2 °2 6 3y 


Tz 4z 
87. —-— 88. 
9z 2z 
2x°y 3xy" 
89. eee ‘ or 90. 
3xy 2 
8x°y* xy 
91. = 92. 
4x 2y 
93 10r?st? 3r°t 2574 94 
* 6rs? rst 5578? ' 
3x 2x 
95. — + — 96. 
y 4 
97 kia + ey 98 
“3x Oy ° 
x x 
99. > 100. 
3 4 
101 x—2 2x 
“2 x-2 
10a 104 
a) x+5 , 
z-27% 2-2 
105. ¢ 2 - 106. 
32° 6z 
107 ne — 2m — 3 nr — 4 
“Im + 4 m+ 3m+2 
ion 2 PY 
3p -9 p+ 6p +9 
109 vay yx? — y* 
, yo — xy ax + ay t+ bx + by 
a0 xw — xz + wy — yz _ x y 
. 2 ed a) 
x + Ixy + y Z w 
11 | _xtil 
“3x-3 3 
ap x-16  3x+12 
“ y- 4 x 
‘a 2x7 + 8x-—42 2x + 14x 
: Pome, © x? + 5x 
198 x -—2x-35 . x*°+ 7x + 10 
"3x7 +27x 6x? + 12x 


; 3xy 
3x 3y 
—5ced* 10abc? 


6ab 2berd 


102. —— -—— 
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115. x + Ixy + 12y* . x -— xy - 2 


x? + Qxy — By? x? + 4xy + 3" 
m? + 9mn + 20n” m* — 9mn + 20n? 
116. 2 2 . 2 2 
m — 25n° m — 16n- 
7, eat ee FT 
“mp-—mq+np-—nqg @-p 
3 
3 —ps-qrt 
116. —_ 2-2 
re+rst s q —p 
bie x-1 x4+3. 5 
“-9 x+2 x+2 
130. °° —_ w+] x =5 
“x41 x? + 3x “x -3 


121. 


(eh, B) ) 
ve —4\x4t+2 x42 


2 (22 =) 
3x-3 \x-1 x+1 


yo e+ 2x41 . By 


= | xp yp 
ry ee Me x? + 2xyp + y? 


: 2 
xi — x3 x x+y 


122. 


123. 


124. 


WRITING ABOUT MATH 


125. Explain how to multiply two fractions and how to simplify 
the result. 

126. Explain why any mathematical expression can be written 
as a fraction. 

127. To divide fractions, you must first know how to multiply 
fractions. Explain. 


a Cc e 


128. Explain how to do the division; + 4 + ir 


SOMETHING TO THINK ABOUT 


129. [iw] Let x equal a number of your choosing. Without sim- 


plifying first, use a calculator to evaluate 
rtx-6 x? 


43x %x“x-2 


Try again, with a different value of x. If you were to sim- 
plify the expression, what do you think you would get? 

130. Simplify the expression in Exercise 129 to determine 
whether your answer was correct. 


Go 
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Objectives 


Vocabulary 


Getting Ready 


Adding and Subtracting Rational Expressions 


GD Add two rational expressions with like denominators and write the 
answer in simplest form. 


® subtract two rational expressions with like denominators and write the 
answer in simplest form. 


&} Find the least common denominator (LCD) of two or more polynomials. 


@3 Add two rational expressions with unlike denominators and write the 
answer in simplest form. 

® subtract two rational expressions with unlike denominators and write the 

answer in simplest form. 


We now discuss how to add and subtract rational expressions. 


Add two rational expressions with like denominators 

and write the answer in simplest form. 

To add rational expressions with a common denominator, we follow the same process we 
use to add fractions; add their numerators and keep the common denominator. For 
example, 


2x 3x _ 2x + 3x 
7 7 7 


Add the numerators and keep the common denominator. 
= 2x + 3x = 5x 


In general, we have the following result. 
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Adding Rational If a, b, and d represent real numbers, then 
Expressions with Like Pe ee es 
Denominators at ae ae (d # 0) 


EXAMPLE 1 Perform each addition. Assume that no denominators are 0. 
a. In each part, we will add the numerators and keep the common denominator. 


xy 3xy — xy + 3xy 


Add the numerators and keep the common denominator. 


8z 8z 8z 
4xy ae 
= — Combine like terms. 
8z 
=> Su = FAY =D because ¢ = L, 
“ 


3x + y = x+y 3x+y+x+y Add the numerators and keep the common 
5x 5x 5x denominator. 


b. 


_ 4x + 2y 
5x 


COMMENT After adding two fractions, simplify the result if possible. 


Combine like terms. 


SELF CHECK 1 Perform each addition. Assume no denominators are 0. 
a ++ 
7 7 


EXAMPLE? Ada 2 = Ga» 


5x+ 10 5x+ 10 


Solution Since the rational expressions have the same denominator, we add their numerators 
and keep the common denominator. 


3x + 21 8x + 1 3x + 214+ 8x+1 


= Add the fractions. 
5x +10 5x + 10 5x + 10 mente 
Let 22 pias 
= ————_ Combine like terms. 
5x + 10 
i 
_ WG-2 Factor and divide out the common 
ea 7) factor of x + 2. 
1 
i 
5 


SELFCHECK2 Add: 745+ 245 (x #2). 
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2 | Subtract two rational expressions with like denominators 
and write the answer in simplest form. 


To subtract rational expressions with a common denominator, we subtract their numera- 
tors and keep the common denominator. 


Subtracting Rational If a, b, and d represent real numbers, then 
Expressions with Like 

; a @ @= 
Denominators Fg ee (d # 0) 


EXAMPLE 3 Subtract, assuming no divisions by zero. 
DX 2% 5x +1 4x-2 


3 3 “x - 3 x-3 


Solution In each part, the rational expressions have the same denominator. To subtract them, 
we subtract their numerators and keep the common denominator. 


D6 2x. Sx = 2x 


a. 3 3 3 Subtract the numerators and keep the common denominator. 
3x ao 

= 3 Combine like terms. 

_* i 

= 221 

=x Denominators of | need not be written. 
b Sx+1 4x-—2  (5x+4+1)- (4x — 2) — Subtract the numerators and keep the 

" y —3 C=3 x —3 common denominator. 
5x +1—-—4x +2 
= 3 Remove parentheses. 
x — 


x +3 east? 
= 3 Combine like terms. 
oS 


FEY SeLF CHECK 3 Subtract: 2+} -L54 (y ¥ -5), 


To add and/or subtract three or more rational expressions, we follow the rules for 
order of operations. 


x + x+ x + 
EXAMPLES “Ginplige Oe Oa GS, 
x-7 x-7 x-7 


Solution This example involves both addition and subtraction of rational expressions. Unless 
parentheses indicate otherwise, we do additions and subtractions from left to right. 
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3x + 1 Sx +2, 2x41 
x=—*] x= 7 x—7 
(3x + 1) — (5x + 2) + (2x + 1) Combine the numerators and keep the 


x-—7 common denominator. 


3x +1—-—5x-2+4+2x+4+1 
= 7 Remove parentheses. 
= 


= Combine like terms. 


=0 Simplify. 


SY SELF CHECK4 = Simplify: 43 + **+2- 4. @+#5). 
da 


Example 4 illustrates that if the numerator of a rational expression is 0 and the 
denominator is not, the value of the expression is 0. 


3 | Find the least common denominator (LCD) of two or more polynomials. 


Since the denominators of the fractions in the addition 4 + 3 are different, we cannot 
: ; . 7 5 
add the fractions in their present form. 


four-sevenths + three-fifths 
— Different denominators | 


To add these fractions, we need to find a common denominator. The smallest common 
denominator (called the least or lowest common denominator) is the easiest one to use. 


Least Common The least common denominator (LCD) for a set of fractions is the smallest number 
Denominator that each denominator will divide exactly. 


In the addition 4 + QB the denominators are 7 and 5. The smallest number that 7 and 


5 will divide exactly is 35. This is the LCD. We now build each fraction into a fraction 
with a denominator of 35. 


4 a 3 7 4-5 " 3-7 Multiply numerator and denominator of ; by 5, and multiply 
7 7*5  5+7 numerator and denominator of 5 by 7. 
= a + = Do the multiplications. 
a" 335 


Now that the fractions have a common denominator, we can add them. 


20, 21 _ 20+21 41 
35 350 (i 5té«SS 
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EXAMPLE 5 Write each rational expression as a rational expression with a denominator of 
30y (vy ¥ 0). 
1 ) 
b. ay Cc. aE 
2y 5 10y 


Solution — To build each rational expression into an expression with a denominator of 30y, we mul- 
tiply the numerator and denominator by what it takes to make the denominator 30y. 
1 1-15 15 
a Oy 2y15 30y 
3y _ 3y-6y _ 18)” 
“5 5+ 6y 30y 
> 7x 7x:3 — 21x 
“10y 10y-3 30y 


EY SELF CHECK5 Write 4 as a rational expression with a denominator of 30ab_ (a, b # 0). 


There is a process that we can use to find the least common denominator of several 


rational expressions. 


Finding the Least 1. List the different denominators that appear in the rational expressions. 
Common Denominator 2. Completely factor each denominator. 
(LCD) 3. Form a product using each different factor obtained in Step 2. Use each different 


factor the greatest number of times it appears in any one factorization. The product 
formed by multiplying these factors is the LCD. 


Sa lla 35a 
Ue ig sep 


EXAMPLE 6 Find the LCD of 


Solution We list and factor each denominator into the product of prime numbers. 
Mb =2*2*2*3*h= 2) ©3 <b 
186 =2°3+3-b=2>3? +b 
36b = 25 2*3 +3 +b = 27+ 37 +b 
We then form a product with factors of 2, 3, and b. To find the LCD, we use each of 
these factors the greatest number of times it appears in any one factorization. We use 
2 three times, because it appears three times as a factor of 24. We use 3 twice, because 
it occurs twice as a factor of 18 and 36. We use 5 once because it occurs once in each 
factor of 24b, 185, and 36). 
LCD = 2:2:2-3-3°+b 
=8-9-b 
= 72b 


FY SELF CHECK 6 Find the LCD of 3% and 5 
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4 Add two rational expressions with unlike denominators 


Adding Rational 
-xpressions with Unlike 


-Denomin 5 
4 vam 
EXAMPLE 7 


Solution 


SELF CHECK 7 


and write the answer in simplest form. 


The process for adding and subtracting rational expressions with different denominators 
is the same as the process for adding and subtracting expressions with different numeri- 
cal denominators. 


For example, to add se and 3x, we first find the LCD, which is 35. We then build the 
rational expressions so that each one has a denominator of 35. Finally, we add the results. 


4x 3x _ 4x-5 | 3x+7 Multiply numerator and denominator of % by 5 and 


7 5 Tee 5-7 numerator and denominator of ax by 7. 
= ayy + ae Do the multiplications. 
35 35 
41x : 
= 35° Add the numerators and keep the common denominator. 


The following steps summarize how to add rational expressions that have unlike 
denominators. 


To add rational expressions with unlike denominators: 

1. Find the LCD. 

2. Write each fraction as a fraction with a denominator that is the LCD. 
3. Add the resulting fractions and simplify the result, if possible. 


5a lla 35a 
~s 
245° 195° 284 365 © * OD. 


Add: 


In Example 6, we saw that the LCD of these rational expressions is 
2+2+2+3+3+b = 72b. To add the rational expressions, we first factor each 
denominator: 


Sa a: lla mn 35a 7 Sa i lla i 35a 
24b 18b) 36b) 2°2+2-3+b 2-3+3°b 2+2-3°3°b 


In each resulting expression, we multiply the numerator and the denominator by 
whatever it takes to build the denominator to the lowest common denominator of 
2°-2°2-3°3-5. 

5a°3 ie lla-2-2 4. 35a:2 
2°2°2-3°b-3) 2°3+3°b?2°2 2-2°3+3°b-2 
15a + 44a + 70a 


Do the multiplications. 


72b 
= 1294 Add the fractions. 
72b 
= a Simplify. 
24b 


Add: 32+3% (2 #0). 
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EXAMPLE8 Add: 2 +2” (x +0). 
14x 21x 


Solution We first find the LCD 
14x =2:+7:x 
LCD = 2°3-7+x = 42) 
aw 7 eee 
and then build the rational expressions so that each one has a denominator of 42x. 
Sy 2y Sy +3 2y-2 Multiply the numerator and denominator of 2 by 


14x 21x 14x:3  21x-2 3and those of #2 by 2. 


= aay + ay Do the multiplications. 
42x 42x 

= aay Add the fractions. 
42x 


FEY SELF CHECKS Add: #2 +2 (x #0), 


3x 


EXAMPLE9 Add: (x, y # 0). 


x 
y 


Solution — By inspection, the LCD is xy. 


1, x_10) , @x 
x y xy) My 


Build the fractions to get the common denominator of xy. 


= oe Do the multiplications. 
XY XY 
yr cs ‘ 
= Add the fractions. 
xy 


Fy SELF CHECK 9 


5] Subtract two rational expressions with unlike denominators 
and write the answer in simplest form. 


To subtract rational expressions with unlike denominators, we first write them as expres- 
sions with the same denominator and then subtract the numerators. 


EXAMPLE 10 Subtract) —“--2 (+ +0,-1). 
x+1 x 


Solution Because x and x + 1 represent different values and have no common factors, the least 
common denominator (LCD) is their product, (x + 1)x. 


x 3 x(x) 3(x + 1) Build the fractions to get the common 
xt] x“ («t+1)x x(x +1) denominator. 
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x(x) — 3(x + 1) Subtract the numerators and keep the common 
- (x + 1)x denominator. 
_¥ 3x73 
(x + 1)x 


Do the multiplication in the numerator. 


SY SELF CHECK 10 Subtract. —2. —2 (a #1,b #0). 
a 1 b 


EXAMPLE 11 Subtract: 


(a # 1, -1). 


Solution — To find the LCD, we factor both denominators. 


a-l=a-1 


te tea LCD = (a + I)\(a- 1) 


After finding the LCD, we proceed as follows: 


a _2 
a-l @-l 
“ Factor the d inat 
= or the denominator. 
(a—-1) (atl@—- ne 
a(a + 1) 2 ; 
= Build the first fraction. 
Gin Ge he =p uild the first fraction 
aa+t+1)-—2 Subtract the numerators and keep the 
~ (a- lat 1) common denominator. 
a+a-2 ” ne 
= emove parentheses. 
(a - 1a + 1) e 
1 
_ (at 2Y(a-T) Factor and divide out the common factor 
(a=—ThKla + 1) of a— 1, 
1 
_at2 — 
re implify. 


SELF CHECK 11 Subtract: ;2>7-p24 (b#1,-D). 


EXAMPLE 12 Subtract: = Es iggy 


yx 


Solution We note that the second denominator is the negative of the first, so we can multiply the 
numerator and denominator of the second fraction by —1 to get 


3 x 3 =Ibe Multiply numerator and denominator by 
x-y ypr-x x-y -ly-x) ol. 
3 ae. 
= - Remove parentheses. 
x= y =) AP 
3 =x 


= =V~res=x2— yp 
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_ 2 (=a) Subtract the numerators and keep the 
Pea common denominator. 
3+ x 
-_ —(-x) =x 
x —y 


FY SELF CHECK 12 Subtract: -2,-,2, (a0). 


To add and/or subtract three or more rational expressions, we follow the rules for the 


order of operations. 


3 1 
EXAMPLE 13 Perform the operations: +—- (x #0,y #0). 


Solution — Find the least common denominator. 
xy =x'x¢y 
xypr=xery Factor each denominator. 
xy=xryry 
In any one of these denominators, the factor x occurs at most twice, and the factor y 
occurs at most twice. Thus, 


LCD =x-x+yry 
= 2y 


We build each rational expression into an expression with a denominator of xy”. 


2 ey 1% Factor each denominator and 


3+y 
er ee x-y-ey:x build each fraction. 
— 3y + 2xny — x Do the multiplications and 
~ xy? combine the numerators. 


FEY SELF CHECK 13 Combine: 3;-2+% (a,b #0). 


: 3 1 ; : 
EXAMPLE 14 Perform the operations: > + es, Assume that no denominator is 0. 


Solution — Find the least common denominator. 


x -—y~=(x-yxty) 
x—-yrex-yp Factor each denominator, where possible. 
x+ty=xtryp 
Since the least common denominator is (x — y)(x + y), we build each fraction into a 
new fraction with that common denominator. 
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3 nM 2 1 
wr -y x-y xty 
3 2 1 
= + - Factor. 
(X—yxty) x-y xty 
= 3 24a+y) | l(x — y) Build each fraction to get a 
C= Netty) GH-neEty Ore —7) -Commordenominator 
34+ 2x + y)-— I(x - y) Combine the numerators and 
(x — y\(x + y) keep the common denominator. 
34+2x+2y—-xt+y 
= Remove parentheses. 
(x — y)(x + y) 
34+ x + 3y oe 
= Combine like terms. 
(x — y)(x + y) 


SELF CHECK 14 Perform the operations: a2 --=3,+-4*, (a#b,a#—D). 


ESI GEiR GHC ANG Wiens UN te lr meen aie et et Oo 


7 3 842 12x ab 
i= Fak G B=p=3 7 6 = fe ee ib eS 
10. “a= tp 1. G@sp6-H 127-5 13-°—@e tb GE Ble =O) 
Simplify: 
5 2 
3 x-3 


c 55 

WARM-UPS _ Determine whether the expressions are equal. 5. <-> 6. 7 (y # 0) 

16 , 25 : 

2° 12 * 8° 40 

> OX Sy y 

a _ 7.393, #0) are 

ees, 4, nee 
? 9° 27 10’ 30 


REVIEW Write each number in prime-factored form. 
9. 49 10. 64 
11. 136 12. 242 
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13. 102 14. 315 

15. 144 16. 145 

VOCABULARY AND CONCEPTS fill in the blanks. 

17. The for a set of rational expressions is the smallest 


number that each denominator divides exactly. 

18. When we multiply the numerator and denominator of a 
rational expressions by some number to get a common 
denominator, we say that we are the fraction. 

19. To add two rational expressions with like denominators, we 
add their and keep the 

20. To subtract two rational expressions with 
nators, we need to find a common denominator. 


denomi- 


GUIDED PRACTICE 


Perform the operations. Simplify answers, if possible. Assume that 
no denominators are 0. See Examples 1-2. (Objective 1) 


ny! 2343 
3° 3 4 4 
23,244 24,242 
9 9 co ot 
Tees es se 
y 3x 3% 

27. 3x — 5, 6x = 13 28. 8x — 7 2x + 37 

S72 x—2 x + 3 wa 3 


Perform the operations. Simplify answers, if possible. Assume that 
no denominators are 0. See Example 3. (Objective 2) 


oa i 
eee 2 “99 99 
qe 32, ¥ _ 
yy 5 5 
ie x — xt x + 
33. 6x—5  3x—5 34. Ix+ 7 2x+7 
3xy 3xy Sy Sy 
sy 2 d= 5 Sx +8 3x 2 
35..————_ 36. ——_ —- —— 
yr+3 yt3 x+5 KES 


Perform the operations. Simplify answers, if possible. Assume that 
no denominators are 0. See Example 4. (Objectives 1-2) 


13x 12) 5 13y  13y = -10y 
37, + ee 
15 15 15 32 32 32 
xt+1 %x-3) 30x41) 
39. 
x= 2 x2 x 2 
40. 3xy x(3y— x) x(x- y) 
x-y x-y x-y 


Build each fraction into an equivalent fraction with the indicated 
denominator. Assume that no denominators are 0. See Example 5. 
(Objective 3) 


25 5 

41. —-; 20 42. — xy 
4 y 
8 7 

43. -; xy 44. -; xy? 
x y 


45, 3 & +1? 
“se pety 


2 3 

47. v2 +x 48 a 7 —y 
x y 

49. ;7 = 1 50. : sy 4 
g= 1 yrt2 

51. 2x7 + 3x +2 52. x7 4+x-2 
x +] x=] 


Several denominators are given. Find the LCD. See Example 6. 
(Objective 3) 


53. 2x, 6x 54. 3y, 9y 

55. 3x, 6y, Ixy 56. 2x°, 6y, 3xy 
57.x°-1,x+1 58. y —9,y -3 

59. x° + 6x,x + 6,x 60. xy’ — xy,xy,y — 1 


Perform the operations. Simplify answers, if possible. Assume that 
no denominators are 0. See Examples 7-9. (Objective 4) 


6 a2= 
"2° 3 a ay 
2y y Ty 10y 
63. — +— 64. — + — 
9 3 6 9 
x-1l yttl a+2 b-2 
65. ——— + 66. + 
x y b a 
x+1l <x-1 2x x+1 
67. 68. + 
x-1l x+1 x2 = 3 
Eat KS yt2 y+t4 
69. + 70. : 
x 2x Sy 15y 
x x1 3X. -F 1 
71, =F 72. 
x + 1 x x yal 


Perform the operations. Simplify answers, if possible. Assume that 
no denominators are 0. See Examples 10-12. (Objective 5) 
2 sd 8a Sa 


73. 74. 
3 6 Is J2 


95, 76, 22 — 2 
“14 21 “5x 2 
x+5 =] »—7 +7 
7 76°. —* 
Xy xy y 2y 
) 4+ 2) 2y — 6 
6, . ie 
x= 2. 4 yr+3 y-9 
81 x+1 r+ 82 x+1 x 
“x+2 -x-6 “Ix+4 277-8 
83 yt+3 yt4 a4 2x+2 2x 
“y-1 ees “y-2 2G 


Perform the operations. Simplify answers, if possible. Assume that 
no denominators are 0. See Examples 13-14. (Objectives 4-5) 


ae 2x ; 2x x 
"23x42 ° x-1 x-2 
86 4a 3a 4a 
“a-2 a-3 @—-Sat+6 
a7 2 2 ae =) 
a-l a+2 ata-—2 
88 2% ; 3x x+3 
“y-1l' xt1 ~~] 
ADDITIONAL PRACTICE 


Several denominators are given. Find the LCD. 
89. x° —x-6,x°-9 
90. ¢ = 4x = 5,4 = 25 


Perform the operations. Assume that no denominators are 0. 


4 10 Me OC 
91. — + — (ime aio 

Ty Ty 4p 4y 

yt+t2 yt4 X+3 * +d 
93 94. 

Sz 5z 2 x2 

Sy by r Pr 
95. = 96. — - — 

3x 3x 2r = 2r 
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x Dy. Xx Sy 4y yp 
97, — += - = 98, —— + = — — 
3y 3y = 63y 8x 8x 8x 
99. 14 +2 100. = — 3x 
y » 
101. —* ged 
ye2 pra yr? 
3y x pox 
102. + 
¥=D #8 S X= 5 
—a 1 
103. t 
3a - 27 3at+9 
d d 
104. — - 
d+6d+5 d+5d+4 
WRITING ABOUT MATH 
105. Explain how to add rational expressions with the same 
denominator. 


106. Explain how to subtract rational expressions with the 
same denominator. 


107. Explain how to find a lowest common denominator. 


108. Explain how to add two rational expressions with different 
denominators. 


SOMETHING TO THINK ABOUT 
109. Find the error: 


M+ 3 x+2 2x1+3- x Joe 


x+5 eae) er 
a) 
x+5 


ll 
an 


110. Find the error: 


§x—4 x _ 5x-4 +g 
TOY LPR 
6x — 4 
2y 
_ 3x 
oy 


Show that each formula is true. 


ii ¢ = (12S 
“bod bd “b ad bd 


a 
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Simplifying Complex Fractions 


GD Simplify a complex fraction. 
® Simplify a fraction containing terms with negative exponents. 


Objectives 


Vocabulary 


Use the distributive property to remove parentheses, and simplify. 


1 x(1 + 5) 2 1o( - 2) 3 (3 + i) 4 (3 = 1) 
: 3 : 5 "“\2 4 i 7 
3 2 1 1 1 
~ x(—+ HoH : a : —+— 
5 (2 3) 6 (2 1) 7 ax(3 +) 8 oo( ») 


Getting Ready 


In this section, we consider fractions that contain fractions. These complicated fractions 


are called complex fractions. 


@ Simplify a complex fraction. 


Fractions such as 


1 5 x+1 

3 3 pi d 2 

ze pe Gage SS , 
& Sook 2 
9 x 


that contain fractions in their numerators and/or denominators are called complex 
fractions. Complex fractions should be simplified. For example, we can simplify 
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by doing the division: 

3x 1 

3 Sx, 2y_ 5x9 Sx+3+2 _ 15x 
2y 3 9 3 2y B: 2y 2y 
°. 1 
9 


There are two methods that we can use to simplify complex fractions. 


Simplifying Complex Method I 
ctions ix Write the numerator and the denominator of the complex fraction as single fractions. 
>. Then divide the fractions and simplify. 


Method 2 
Multiply the numerator and denominator of the complex fraction by the LCD of the 
fractions in its numerator and denominator. Then simplify the results, if possible. 


@ 
3x 
5 +] 
To simplify ———— (assuming no division by 0) using Method 1, we proceed as follows: 
x 
2 ee 
5 
3x 3x 5 
4+] +e 
5 5 , 5 10 
= Write | as 5 and 2 as >. 
3 x 10 x 
5 5 5 
3x + 5 
Hypatia _ 2) Add the fractions in the numerator and subtract the 
(370 a.D.-415 A.D.) ~ 10-x fractions in the denominator. 
Hypatia is the earliest known 5 
woman in the history of mathe- 
matics. She was a professor at _ 3x +5 . 10— xX Write the complex fraction as an equivalent division 
the University of Alexandria. 5 ; 5 problem. 
Because of her scientific beliefs, 
h nsidered to bea 3x +5 5 com 
SIE ES Co) = : Invert the divisor and multiply. 
heretic. At the age of 45, she 5 10—-x 
was attacked by a mob and (3x + 5)5 
murdered for her beliefs. =. Multiply the fractions. 
5(10 — x) 
3x + 5 35 5 
= 10 Divide out the common factor of 5:5 = 1. 
= xX 


To use Method 2, we first determine that the LCD of the fractions in the numerator 
and denominator is 5. We then multiply both the numerator and denominator by 5. 


: Multiply both numerator and denominator by 5. 


= Remove parentheses. 
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_ 3x + 5 
10 -—x 


Do the multiplications. 


With practice, you will be able to see which method is easier to understand in any 
given situation. 


EXAMPLE 1 Simplify: 


. Assume that no denominators are 0. 


wis | ols 


Solution We will simplify the complex fraction using both methods. 


Method 1 Method 2 
XxX x Xx 
22.7 2s (3) 
eg 2°39 y () 
3 3 3G 
_x3 x 
3 y 7 a 
_ 3x sa 
3y 1 
_ mo 
y y 
a 
FEY SELF CHECK 1 Simplify: —}. Assume no denominator is 0. 
é 


EXAMPLE 2 Simplify: 


. Assume no denominator is 0. 


a |S 


Solution We will simplify the complex fraction using both methods. 


Method 1 Method 2 
x x x 
+1 
x+1 x _y x + 1 ay (5) 
~x+1 x 7 
= = * bs set (2) 
x x x 
2 
= aa 
x+1 oy _ 1 
__* yx + 1) 
~ (x + 1) 1 
2 
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SELF CHECK 2 Simplify: = Assume no denominator is 0. 
yt 


x : . 
. Assume no denominator is 0. 


]-— 
x 


EXAMPLE 3 Simplify: 


Solution We will simplify the complex fraction using both methods. 


Method 1 Method 2 
ee 2s mee (1 +4) 
xX Xx x x x 
1 x 1 1 ( ‘) 
es pe J -— x ee 
x x x x x 
x+1 eae 
7 x x - 1 
x—- 1 


b+ 
SELF CHECK 3 Simplify: “——. Assume no denominator is 0. 


Le 
x 


1 
EXAMPLE 4 Simplify: ——|_s Assume no denominator is 0. 


1+ 


x +1 


Solution We will simplify this complex fraction by using Method 2 only. 
1 _ (x+1):1 


Multiply numerator and denominator by 


ara (+ (1+) xt. 
eee Simplify. 
(x+ 11 +1 
x+1 eet cae 
= Simplify. 


a 
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GRY SELF CHECK 4 Simplify: ——*—. Assume no denominator is 0. 
2 


2] Simplify a fraction containing terms with negative exponents. 


Many fractions with terms containing negative exponents are complex fractions in 
disguise. 


= 
EXAMPLE 5 Simplify: a Assume no denominator is 0. 
x ~~ y 


Solution We will write the fraction as a complex fraction and simplify: 


x+y? | x y 


qr Ek te 
x OY 
1 1 
vy(t + >) 
= zi ¥ 1 Multiply numerator and denominator by xy”. 
ae) 
xy a ) 
x y 
xy + x° 
=e - Remove parentheses. 
yoTxXYy 
7 x(y* + x) Attempt to simplify the fraction by factoring the 
yy - x’) numerator and denominator. 


The result cannot be simplified. 


rs . . 
es Assume no denominator is 0. 


FEY SELF CHECK5 Simplify: 


FB SELF CHECK ANSWERS) §=1,@ 2.24! 3.14% 4 20+0. 5 wd 


y Sie oe Pie = 2) mye Ex) 


Simplify: 


REVIEW 


Write each expression as an expression involving only one 


exponent. Assume no variable is zero. 
5. err 6. (a°a’)* 
7. —2r(ryP 8. (s°)°(s*)° 


Write each expression without parentheses or negative 


exponents. 
12y 3\~? 
10. ( a) 
3y 


= (7) 
*\4Pr 
VOCABULARY AND CONCEPTS Fill in the blanks. 


oy 

11. 

( or? 

13. If a fraction has a fraction in its numerator or denominator, 
it is called a : 

14. The denominator of the complex fraction 


3x 
x 7 
1S 
1 
—+2 —____=4 
x 


15. In Method 1, we write the numerator and denominator of a 
complex fraction as fractions and then 


16. In Method 2, we multiply the numerator and denominator 
of the complex fraction by the of the fractions in its 
numerator and denominator. 


GUIDED PRACTICE 


Simplify each complex fraction. Assume no division by 0. See 
Examples 1-2 (Objective 1) 


18. 


— 

~ 
Biwlwty 
Sr] 


6.4 Simplifying Complex Fractions 


Simplify each complex fraction. Assume no division by 0. See 
Example 3. (Objective 1) 


2 3 
= 44] ae) 
3 5 
25. 5 26. | 
ee gee 
3 5 
re. 2_35 
3° 4 43 
27. 28. 
31 2_3 
a a a 9 
1 1 
4 3 == 3 
29. 30. 
ee) 24 
¥ x 
2 3 
—) 23 
x 
at 32. 
aa | 
x x 
3 
= =y “+ 3y 
33, 34. 
Pe ge 
x x 
2 
a “ay 
da T= 
a ae 36. i 
a+2 m-—3 
1 1 
37 x+1 38 x= 1 
‘ ; , 
i+ = 
x1 ae | 
x 2 
x =) 
Py ees 40. — 
x 2 
Cae = 


419 
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Simplify each complex fraction. Assume no division by 0. See 2 ik 4 
Example 4. (Objective 1) x+2 x—-1 ~\ 
65. 66. 
41 : 42 : a i a 
. 1 ip 1 ° bia K= 3° -% xt+1 
x y a b 
z a 
x 3 L x 2 3.2 
ea, a ar ae 67, = x+1 6. 2 xl 
y x 3 y 2 1 1 2 
3 x 4 a bowel EES. 3 oe ee, ee | 
x y a b 
45. 46. 
i 4 
x a I. wil 2 3 
OF Sas Spee 2 i 
34 3 _ 2 69, 27? RYT 9, 22) es 
x= il x 1 ree 3. 
47. a 48. 1 xy +x y +y ab — a b? =] 
= 2+ 
x x 
1 — 25y 1 — 9x? 
71 72 


Simplify each complex fraction. Assume no division by 0. See 
Example 5. (Objective 2) 


“14 10y7! + 25y? "1 = 6x7 495, 


x? ao 
49. 50. — 
y! b 
51 yo +l is 1+ x! WRITING ABOUT MATH 
“y?-4 | 73. Explain how to use Method | to simplify 
a ee t-1? 
53. ———_ 54. 1 
a+ 1 i tr 1+— 
x 
55 2x7! + 4x7? 56 x? - 3x3 i 
"9x72 4 x7! * 3x7? — 9x73 35 he 


ADDITIONAL PRACTICE = Simplify each complex fraction. 


Assume no division by 0. 74. Explain how to use Method 2 to simplify the expression in 


Exercise 73. 


y a 
57, ~_ 1 58. b SOMETHING TO THINK ABOUT 
y a : u 75. Simplify each complex fraction: 
x 
3 4 5 2 1 1 1 1 
oo ae a a eer Ey ES 1 
59, ~*~" 60. — J Pte 14 1 14 i 
2.3 1. # 1+ = 1+ 
x+1 x y y-3 qe I 
2.3 ae : 
x xt y yl 
61. 62. 
2, 3 4 5 
oS 7 ~ ade 76. In Exercise 75, what is the pattern in the numerators and 
2 : denominators of the four answers? What would be the next 
mi __ 2 2a I answer? 
m+2 m-—-1 a-3 a-2 
ees 64. 
3 m a 3 
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Solving Equations That Contain Rational 
Expressions 


GD Solve an equation that contains rational expressions. 
©) Identify any extraneous solutions. 
&} Solve a formula for an indicated variable. 


Objectives 


Vocabulary 


B | 2, 2 
‘ — += : ~+— 
4 o(2 =) ° ox(Z =) 


1 1 
7. o- (+1) 8. @+2(3-—1,) 


Getting Ready 


We will now use our knowledge of rational expressions to solve equations that contain 
rational expressions with variables in their denominators. To do so, we will use new 
equation-solving methods that sometimes lead to false solutions. For this reason, it is 
important to check all answers. 


@ Solve an equation that contains rational expressions. 
To solve equations containing rational expressions, it is usually best to eliminate the 
denominators. To do so, we multiply both sides of the equation by the LCD of the 


rational expressions that appear in the equation. For example, to solve a +1= - we 
multiply both sides of the equation by 6: 


We then use the distributive property to remove parentheses, simplify, and solve the 
resulting equation for x. 
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x x 
6 Fr +6°1=6- 6 
2x +6=x 
x+6=0 Subtract x from both sides. 
x= —-6 Subtract 6 from both sides. 
¥ & 
Check: 3 = ra 
- +12 — Substitute —6 for x. 
3 6 
—2+12-1 — Simplify. 
-l=-1 


Because —6 satisfies the original equation, it is the solution. 


EXAMPLE 1 Solve: 2 ie é (x # 0). 


Solution — To clear the equation of rational expressions, we multiply both sides of the equation by 
the LCD of *, 1, and §, which is x. 


6 
ae 
x x 
4 6 ; : 
x re +1)=x ~ Multiply both sides by x. 
6 
x-—-+x-l=x- = Remove parentheses. 
4+x= Simplify. 
x= Subtract 4 from both sides. 
4 6 
Check: —+1=— 
*¥ x 
4 4125 substitute 2 
= = — i gee 
> 2 ubstitute 2 for x 
2+1243 — Simplify. 
3=3 


Because 2 satisfies the original equation, it is the solution. 


FY SELF CHECK1 Solve: £-1=2 (x #0). 


2 | Identify any extraneous solutions. 


If we multiply both sides of an equation by an expression that involves a variable, as we 
did in Example 1, we must check the apparent solutions. The next example shows why. 


x+3 4 
ark = 1 
i ae ee 
f=1 i=i1 ubstitute OF X. 
_ a 
COMMENT Whenever a 0 = 0 Division by 0 is undefined. 
restricted (excluded) value is a 
possible solution, it will be Such false solutions are often called extraneous solutions. Because | does not satisfy the 


extraneous. 


FY SELF CHECK2 Solve: **3=—1, (x #2). 
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EXAMPLE 2 Solve: ~*==—*— (x #1). 


Solution To clear the equation of rational expressions, we multiply both sides by x — 1, the 
LCD of the fractions contained in the equation. 


KS 4 
x- 1 ~ x1 
(x — on = (x -— pb Multiply both sides by x — 1. 
x+3=4 Simplify. 
x= 1 Subtract 3 from both sides. 


Because both sides were multiplied by an expression containing a variable, we must 
check the apparent solution. 


original equation, there is no solution. The solution set of the equation is ©. 


The next two examples suggest the steps to follow when solving equations that 
contain rational expressions. 


Solving Equations 1. Find any restrictions on the variable. Remember that the denominator of a fraction 
Containing Rational cannot be 0. 

_ Expressio 2. Multiply both sides of the equation by the LCD of the rational expressions appear- 

; we f ing in the equation to clear the equation of fractions. 


3. Solve the resulting equation. 


4. Check the solutions to determine any extraneous roots. If an apparent solution of 
an equation is a restricted value, that value must be excluded. 


ae 1 3(x — 3) 


EXAMPLE 3 Solve : 
+ 1 x +1 


Solution Since the denominator x + 1 cannot be 0, x cannot be —1. To clear the equation of 
rational expressions, we multiply both sides by x + 1, the LCD of the rational expres- 
sions contained in the equation. We then can solve the resulting equation. 


424 CHAPTER6_ Rational Expressions and Equations; Ratio and Proportion 


3x + 1 3(x — 3) 
x+1 ° x41 
(x + | eS 2| =(x + p/ =>] Multiply both sides by x + 1. 
x+1 x+1 
3x + 1 — 2(x + 1) = 3(x — 3) Use the distributive property to 
remove brackets. 
3x +1—-2x-2=3x-9 Remove parentheses. 
x-1=3x-9 Combine like terms. 
—2x = -8 On both sides, subtract 3x and add 1. 
x=4 Divide both sides by —2. 
Gade: ae 
x+1 x+1 
3(4) + 1 > 3(4 — 3) ; 
aa] 2= eS Substitute 4 for x. 
13. 10 5 3(1) 
5 §° & 
3. 3 
5. 5 


Because 4 satisfies the original equation, it is the solution. 


FY SELF CHECK 3 Solve: 


To solve an equation with rational expressions, we often will have to factor a 
denominator to determine the least common denominator. 


+2 1 
x+3 x7 +2x -3 


EXAMPLE 4 Solve: 1. 


Solution — To find any restricted values of x and the LCD, we must factor the second denomi- 


nator. 
x+2 1 1 
x+3 x7 4+2x-3 
x+2 1 


+ =1 Factor x7 + 2x — 3. 
33° G49G2D nea oe 
Since x + 3 and x — | cannot be 0, x cannot be —3 or 1. 
To clear the equation of rational expressions, we multiply both sides by 
(x + 3)(x — 1), the LCD of the fractions contained in the equation. 


x+2 1 
- + = - ; x— 1). 
(x + 3)(x — 1) C43 @S3G—D (x + 3)(x — 1)1 = Multiply both sides by (x + 3)(x — 1) 
eo D 
—t + — = — ke : 
(x + 3)(x a aA (x + 3)(x — 1) @20G—) (x + 3)(x — 1)1 ~~ Remove brackets. 


(x — I(x + 2) +1 = (x + 3x — 1) Simplify. 
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r+x—-24+1=x+2x-3 Remove parentheses. 
x-2+1=2x-3 Subtract x* from both sides. 
x-1=2x-3 Combine like terms. 
-x-l=-3 Subtract 2x from both sides. 
-x=-2 Add 1 to both sides. 
x=2 Divide both sides by —1. 


Verify that 2 is the solution of the given equation. 


FRY SELF CHECK 4 Solve: X=4+2=3= x -3. 


4y — 50 
5y — 25° 


EXAMPLES Solve: : iy 


Solution Since 5y — 25 cannot be 0, y cannot be 5. Thus, 5 is a restricted value. 


4 4y — 50 
+ry= 
5 Sy — 25 
2 gael Factor Sy — 25 
= actor Sy — 25. 
5 5(y — 5) af 
4 4y — 50 
5(y — 5) 5 + y| = 5(y - 9/2 Multiply both sides by 5(y — 5). 
4(y — 5) + 5y(v — 5) = 4y — 50 Remove brackets. 
4y — 20 + Sy? — 25y = 4y — 50 Remove parentheses. 
5y* — 25y — 20 = —50 Subtract 4y from both sides and 
rearrange terms. 
5y* — 25y + 30 =0 Add 50 to both sides. 
y —5y+6=0 Divide both sides by 5. 
QV - 30-2) =0 Factor y? — 5y + 6. 
y-3=0 or y-2=0 Set each factor equal to 0. 
y=3 | y=2 


Verify that 3 and 2 both satisfy the original equation. 


SELF CHECK5 Solve: *—% -5=%. 


(e} Solve a formula for an indicated variable. 


Many formulas are equations that contain fractions. 


EXAMPLE6 The formula + = - + - is used in electronics to calculate parallel resistances. Solve the 


formula for r. 


Solution We eliminate the denominators by multiplying both sides by the LCD, which is rrjrp. 
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1 

r 

1 1 1 . . 

rrr = 1r{2 + Multiply both sides by rr,ro. 
r ry lp 


TT lo TT {lo TT {lo 
= + Remove parentheses. 


r ry i) 
rly = 1%, + ry Simplify. 
ryry = rt. + 11) Factor out r. 
ito co ; 
——_=r Divide both sides by rz — 1. 
a+r 
or 
rir 
p= —_— 
tg +r 


FY SELF CHECK 6 Solve the formula for ry. 


FEY SELF CHECK ANSWERS = 1.3 2. @2isextraneous. 3.1 4. 5;3isextraneous 51,2 6. = <2; 


4 
1. Solve: —+x=5. 
x 


ae 5 
2. Solve: is 1 + 1=0. 
(x + 3) x ES 


3. Explain the procedure for identifying extraneous solutions. 


6.5 EXERCISES 


WARM-UPS Indicate your first step when solving each REVIEW Factor each expression. 
equation. Assume no denominators are zero. 5. x2 + 4x 6. x2 — 16y” 
1 x-3 x 2 1 8 
*“s 2 = 1 a 7. 2x? + x —3 8. 6a" — Sa — 6 
+1 = xt » 4x? + 10x — 
3245-25 a Fe ax=3 9. x 16 10. 4x 10x — 6 


VOCABULARY AND CONCEPTS Fill in the blanks. 


11. False solutions that result from multiplying both sides of an 
equation by a variable are called ____——_ solutions. 


12. If the product of two numbers is 1, the numbers are called 


To clear an equation of rational expressions, we multiply 
both sides by the of the expressions in the equation. 


13. 


14. If you multiply both sides of an equation by an expression 


that involves a variable, you must the solution. 


J 2 : . 
15. To clear the equation \ aie 5 of denominators, we multi- 


ply both sides by __. 
x 


« x b _ 
To clear the equation ——5 — >= = 


16. 


5 of denominators, 


we multiply both sides by 


GUIDED PRACTICE 


Solve each equation and check the solution. See Example 1. 
(Objective 1) 


x 3x y 4y 
2+ 45> Lo t655 
17 5 4 5) 18 3 6 3 
2y 4y 3x x 
19. — -8=— 20. —-6=— 
5 x 5 4 ° 4 
x x x x 
.ot1=2 .2-3=2 
21 3 1 5 22 5 3 5 
x x 2 x 
230 = 8 24. a gt 
25, 844-9 6 ee 
ao ae a oa: 
x= x+2 
27. +2x=-1 28. 5 3x =xt+ 8 
95, SG 30; Shag 
. 9 a ° 3 
x + x 
31, axa 32, Dios, 


Solve each equation and check the solution. Identify any 
extraneous root. See Example 2. (Objective 2) 


a ae Pe, eee 
“a+2 a+2 i +1 z+ 1 
x 5 3 3 
35. aa =3 36. +1= 
x-5 x= 5 pod yo? 


Solve each equation and check the solution. Identify any 
extraneous root. See Example 3. (Objective 2) 


37. 24+2=3 38. +9=11 
xX x 

Pee eee eae eer 
a a a b b 

i. 7 ee a 
pei yt f=25. 723 
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1 3 3 7 


44, = 
pt+6 pt+6 


Solve each equation and check the solution. Identify any 
extraneous root. See Example 4. (Objective 2) 


u 1 uti v 
45. = 46. =] 
u-l ue ~w-u v+2 y-]1 
3 1 2(3x + 2) 
47. = 
x= 2 * x = 2x 
ae 4 3 —6 
"x x4+2 xe se 2) 
—5 3 1 
49. } = 
sts-2 st2 s— |] 
1 3 
50. — u } = 
g-q-2 atl q-2 
3y 8 2, 
Cee =-—* 
3y-6 y-4 +4 
x= 3 1 = 5 
52. = 
4x-4 9 6x-6 
n n+8 n-8 
53. + = 
m—-9 nt+3 n-3 
54 x= 3 1 , aces 
“x-2 x x 
ge b+2 is =7 
“b+3 b-5 
56 Me SA 2 3 
‘e293 gag 7 


Solve each equation and check the solution. Identify any 
extraneous root. See Example 5. (Objective 2) 


eee ae 

3 3y —9 

3. 37 — 350 
58. y+t—= 

4 4y-— 24 
59. 2 = z 

5x -20 5 5x-—20 5 

60 x 12 _ = 
“x-1 yx x= 1 


Solve each formula for the specified variable. See Example 6. 


(Objective 3) 

616 4 = ere. 
a b 
1 l 

62. 7 — 5 = l ford. 
a ec 

63. —+ —= 1 forb. 
Bo a or 

64, 5 — 5 = I fora, 


427 
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ADDITIONAL EXERCISES | Solve each equation. APPLICATIONS 
65 e-4 c+4 66 brs £3 79. Optics The focal length f of a lens is given by the formula 
: 1 1 2 : 5 7 2 : : + 
x + x ve yr = a aa 
, = : + = d, d. 
67. = = 68. ; ; f aq @& 
where d, is the distance from the object to the lens and d; is 
3x-1 x+3 3x44 the distance from the lens to the image. Solve the formula 
69. F 5 3 for f. 
2x+3 3x-4 = x-2 
70. at ras 80. Solve the formula in Exercise 79 for d). 
3 3.3 2, 1 2p-1 
ie = 8 fe = —— WRITING ABOUT MATH 
5) 3 7 81. Explain how you would decide what to do first when you 
73. 3 + 3 = 74, 5 + rag =2 solve an equation that involves fractions. 
5 3 5 82. Explain why it is important to check your solutions to an 
75. = y equation that contains fractions with variables in the 
4y+12 4 4y+12 4 denominator. 
i Se 
, b Bb + 3b SOMETHING TO THINK ABOUT 
77. z—4 one 2 78. a+2 = = 3 83. What numbers are equal to their own reciprocals? 
z-3 zt1 at+8 a~2 84. Solve: x 7 +x !=0. 


Solving Applications of Equations That Contain 
Rational Expressions 


GD Solve an application problem using a rational equation. 


Objectives 


a If it takes 5 hours to fill a pool, what part could be filled in 1 hour? 

S 2. $x is invested at 5% annual interest. Write an expression for the interest earned in 

co one year. 

= 3. Write an expression for the amount of an investment that earns $y interest in one year 
£ at 5%. 

9) 

uy) 


Express how long it takes to travel y miles at 52 mph. 


In this section, we will consider problems whose solutions depend on solving equations 
containing rational expressions. 
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@ Solve an application problem using a rational equation. 


EXAMPLE 1 NUMBERPROBLEM If the same number is added to both the numerator and denomi- 
nator of the fraction 2 the result is . Find the number. 


Analyze the problem We are asked to find a number. We will let 7 represent the unknown number. 


Forman equation If we add the number n to both the numerator and denominator of the fraction 2 we 
will get z. This gives the equation 


3+n 4 
S+n 5 


Solve the equation — To solve the equation, we proceed as follows: 


ee es 
S5+n 5 
3+n 4 ; . 
5(5 + "ys ae = 55+ "5 Multiply both sides by 5(5 + 7). 


533 +n) = (5 + n)4 Simplify. 
15 + 5n = 20 + 4n Use the distributive property to remove parentheses. 
5n = 5+ 4n Subtract 15 from both sides. 
n=5 Subtract 4n from both sides. 
State the conclusion The number is 5. 


Check the result Add 5 to both the numerator and denominator of 2 and get 
ae” ee ee 


5+5 10 5 


The result checks. 


As we did in Example 1, it is important to state the conclusion after solving an applica- 
tion problem. 


EXAMPLE 2  FILLINGANOILTANK An inlet pipe can fill an oil tank in 7 days, and a second inlet pipe 
can fill the same tank in 9 days. If both pipes are used, how long will it take to fill the tank? 


Analyze the problem We are asked to find how long it will take to fill the tank, so we let x represent the 
number of days it will take to fill the tank. 


Forman equation The key is to note what each pipe can do in | day. If you add what the first pipe can do 
in | day to what the second pipe can do in | day, the sum is what they can do together 
in | day. Since the first pipe can fill the tank in 7 days, it can do ; of the job in | day. 
Since the second pipe can fill the tank in 9 days, it can do j of the job in | day. If it takes 


x days for both pipes to fill the tank, together they can do i of the job in 1 day. 
This gives the equation 


What the first inlet what the second inlet what they can do 


pipe can do in | day plus pipe can do in | day eels together in | day. 
1 1 1 
—, + — = — 
7 9 x 
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Solve the equation To solve the equation, we proceed as follows: 


9 
1 1 1 ; 
632 + ) = «3(+) Multiply both sides by 63x. 


9x + 7x = 63 Use the distributive property to remove parentheses and 
simplify. 
16x = 63 Combine like terms. 
63 - : 
x= Divide both sides by 16. 


16 


State the conclusion It will take ee or 32 days for both inlet pipes to fill the tank. 


Check the result In e2 days, the first pipe fills +( 83) of the tank, and the second pipe fills 3(2) of the 


tank. The sum of these efforts, a + is equal to one full tank. 


an 
16° 


EXAMPLE 3 TRACKANDFIELD A coach can run 10 miles in the same amount of time that her best 
student athlete can run 12 miles. If the student can run | mph faster than the coach, 
how fast can the student run? 


Analyze the problem Weare asked to find how fast the student can run. Since we know that the student runs 
1 mph faster than the coach, we will let r represent the rate of the coach andr + | rep- 
resent the rate of the student. In this case, we want to find the rate of the student, 
which isr + 1. 


Forman equation This is a uniform motion problem, based on the formula d = rt, where d is the distance 
traveled, r is the rate, and ¢ is the time. If we solve this formula for t, we obtain 
d 


t=— 
r 


If the coach runs 10 miles at some unknown rate of r mph, it will take 10 hours. If the 


student runs 12 miles at some unknown rate of (r + 1) mph, it will take “Sy hours. We 


can organize the information of the problem as in Table 6-1. 


i = r : t 
Student 12 ip ae il ee 
Par ll 
1 
Coach 10 r “ 
Table 6-1 


Because the times are given to be equal, we know that eal = 1 This gives the equation 


The time it takes the naa the time it takes the 
student to run 12 miles q coach to run 10 miles. 
12 10 
r+1 r 
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Solve the equation Wecan solve the equation as follows: 


12. 10 

rt+1 r 

ComMENT This probl c m 
MMEN 1S problem rv + 1)—— = r(r + 1)— Multiply both sides by r(r + 1). 
could have been set up with r ea a r 
representing the student’s rate 12r = 10(r + 1) Simplify. 
and r — | the coach’s rate. 12r = 10r + 10 Use the distributive property to remove parentheses. 
2r = 10 Subtract 10r from both sides. 
r=5 Divide both sides by 2. 


State the conclusion Thecoach can run 5 mph. The student, running | mph faster, can run 6 mph. 


Check the result Verify that this result checks. 


EXAMPLE 4 COMPARING INVESTMENTS At one bank, a sum of money invested for one year will 
earn $96 interest. If invested in bonds, that same money would earn $120, because the 
interest rate paid by the bonds is 1% greater than that paid by the bank. Find the 
bank’s rate of interest. 


Analyze the problem Weare asked to find the bank’s rate of interest, so we can let r represent the bank’s rate. 
If the interest on the bonds is 1% greater, then the bonds’ interest rate will be r + 0.01. 


Forman equation This is an interest problem that is based on the formula i = pr, where iis the interest, p 
is the principal (the amount invested), and r is the annual rate of interest. 
If we solve this formula for p, we obtain 


as 


If an investment at a bank earns $96 interest at some unknown rate r, the principal 
invested is 26 If an investment in bonds earns $120 interest at some unknown rate 
(r + 0.01), the principal invested is ae. We can organize the information of the 
problem as in Table 6-2. 


Interest = Principal - Rate 
Bank 96 2 r 
r 
120 
ar WL 
Bonds 120 , +001 par WL0I 
Table 6-2 


Because the same principal would be invested in either account, we can set up the fol- 
lowing equation: 
96 ——«:120 
r r+ 0.01 
Solve the equation Wecan solve the equation as follows: 


96-120 


r r+0.01 


432 CHAPTER 6_ Rational Expressions and Equations; Ratio and Proportion 


r(r + 0.01) - = = ee ‘r(r + 0.01) Multiply both sides by r(r + 0.01). 
r r+ 0.01 
96(r + 0.01) = 120r 
96r + 0.96 = 120r Remove parentheses. 
0.96 = 24r Subtract 96r from both sides. 
0.04 = r Divide both sides by 24. 


State the conclusion The bank’s interest rate is 0.04 or 4%. The bonds pay 5% interest, a rate 1% greater 
than that paid by the bank. 


Check the results Verify that these rates check. 


1. Chris can clean a house in 3 hours and Cheryl can clean the house in 2 hours. Their son, 
Tyler, can scatter toys all over the house in 4 hours. If Tyler starts scattering toys at the 
same time Chris and Chery] start cleaning, when (if ever) will the house be clean? 


6.6 EXERCISES } 


WARM-UPS APPLICATIONS 
1. Write the formula that relates the principal p that is invested, Solve and verify your answer. See Example 1. (Objective 1) 
the earned interest i, and the rate r for I year. 15. Number problem If the denominator of i is increased by a 
2. Write the formula that relates the distance d traveled at a number and the numerator is doubled, the result is 1. Find 
speed r, for a time ¢. the number. 
3. Write the formula that relates the cost C of purchasing ¢ 16. Number problem If a number is added to the numerator of 


items that cost $d each. i and the same number is subtracted from the denominator, 


the result is 2. Find the number. 
17. Number problem If a number is added to the numerator of 


4. Write the formula that relates the value v of a mixture of n 
pounds costing $p per pound. 


REVIEW Solve each equation. R and twice as much is added to the denominator, the result 
5. x7 — 5x -6=0 6. x — 25=0 is ;. Find the number. 
7. (t+ 2)(t7 + 7¢ + 12) =0 8. (x? — Dar — 4) = 0 18. Number problem If a number is added to the numerator of 


: and twice as much is subtracted from the denominator, the 


3 
%y-y=0 10. Sa" — 125a = 0 result is 8. Find the number. 
11. 2y — 4) = -y? 12. 603 + 3502 = 6t Solve and verify your answer. See Example 2. (Objective 1) 
19. Grading papers It takes a teacher 45 minutes to grade a set 
of quizzes and takes her aide twice as long to do the same 
f ing. How | ill it take th 
VOCABULARY AND CONCEPTS amount 0 grading ow long will it take them to grade a 
/ / ; set of quizzes if they work together? 

13. List the five steps used in problem solving. 20. Printing schedules It takes a printer 8 hours to print the 
14. Write 6% as a decimal. class schedules for all of the students in a college. A faster 


printer can do the job in 6 hours. How long will it take to 
do the job if both printers are used? 
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21. Filling a pool An inlet pipe can fill an empty swimming 
pool in 5 hours, and another inlet pipe can fill the pool in 
4 hours. How long will it take both pipes to fill the pool? 


22. Roofing a house A homeowner estimates that it will take 
7 days to roof his house. A professional roofer estimates 
that he could roof the house in 4 days. How long will it take 
if the homeowner helps the roofer? 


Solve and verify your answer. See Example 3. (Objective 1) 


23. Flying speeds On average, a Canada goose can fly 10 mph 
faster than a Great Blue heron. Find their flying speeds if a 
goose can fly 120 miles in the same time it takes a heron to 
fly 80 miles. 

24. Touring A tourist can bicycle 28 miles in the same time as 
he can walk 8 miles. If he can ride 10 mph faster than he 
can walk, how much time should he allow to walk a 30-mile 
trail? (Hint: How fast can he walk?) 


thr, r mph, 8 mi 


thr, (r + 10) mph, 28 mi 


25. Comparing travel A plane can fly 300 miles in the same 
time as it takes a car to go 120 miles. If the car travels 
90 mph slower than the plane, find the speed of the plane. 


26. Wind speed A plane can fly 300 miles downwind in the 
same amount of time as it can travel 210 miles upwind. 
Find the velocity of the wind if the plane can fly 255 mph in 
still air. 


Solve and verify your answer. See Example 4. (Objective 1) 


27. Comparing investments Two certificates of deposit pay 
interest at rates that differ by 1%. Money invested for one 
year in the first CD earns $175 interest. The same principal 
invested in the other CD earns $200. Find the two rates of 
interest. 

28. Comparing interest rates Two bond funds pay interest at 
rates that differ by 2%. Money invested for one year in the 
first fund earns $315 interest. The same amount invested in 
the other fund earns $385. Find the lower rate of interest. 


29. Comparing interest rates Two mutual funds pay interest at 
rates that differ by 3%. Money invested for one year in the 
first fund earns $225 interest. The same amount invested in 
the other fund earns $450. Find the higher rate of interest. 


30. Comparing interest rates Two banks pay interest at rates 
that differ by 1%. Money invested for one year in the first 
account earns $105 interest. The same amount invested in 
the other account earns $125. Find the two rates of interest. 


Solve and verify your answer. 

31. Number problem The sum of a number and its reciprocal 
is B Find the numbers. 

32. Number problem The sum of the reciprocals of two con- 
secutive even integers is am Find the integers. 


33. Filling a pool One inlet pipe can fill an empty pool in 
4 hours, and a drain can empty the pool in 8 hours. How 
long will it take the pipe to fill the pool if the drain is left 
open? 

34. Sewage treatment A sludge pool is filled by two inlet pipes. 
One pipe can fill the pool in 15 days and the other pipe can 
fill it in 21 days. However, if no sewage is added, waste 
removal will empty the pool in 36 days. How long will it 
take the two inlet pipes to fill an empty pool? 

35. Boating A boat that can travel 18 mph in still water can 
travel 22 miles downstream in the same amount of time that 
it can travel 14 miles upstream. Find the speed of the 
current in the river. 


Same time 
(18 —r) mph, 14 mi 
rmph 


36. Conveyor belts The diagram shows how apples are 
processed for market. Although the second conveyor belt is 
shorter, an apple spends the same time on each belt because 
the second belt moves | ft/sec slower than the first. Find the 
speed of each belt. 


Boxed Washed 


Unloaded 


37. Sales A bookstore can purchase several calculators for a 
total cost of $120. If each calculator cost $1 less, the book- 
store could purchase 10 additional calculators at the same 
total cost. How many calculators can be purchased at the 
regular price? 

38. Furnace repairs A repairman purchased several furnace- 
blower motors for a total cost of $210. If his cost per motor 
had been $5 less, he could have purchased 1| additional 
motor. How many motors did he buy at the regular rate? 
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39. 


40. 


41 


42 


43. 


River tours A river boat tour begins by going 60 miles 
upstream against a 5 mph current. Then the boat turns 
around and returns with the current. What still-water speed 
should the captain use to complete the tour in 5 hours? 


Travel time A company president flew 680 miles in a cor- 
porate jet but returned in a smaller plane that could fly only 
half as fast. If the total travel time was 6 hours, find the 
speeds of the planes. 

Sharing costs Some office workers bought a $35 gift for 
their boss. If there had been two more employees to con- 
tribute, everyone’s cost would have been $2 less. How many 
workers contributed to the gift? 

Sales A dealer bought some radios for a total of $1,200. 
She gave away 6 radios as gifts, sold each of the rest for $10 
more than she paid for each radio, and broke even. How 
many radios did she buy? 

The London to Tashkent, Uzbekistan, Charity Road Rallye 
takes roughly 2 weeks to complete. One leg of the race, from 
Nurburgring, Germany, to Wroclaw, Poland, covers 512 
miles and the leg from Krakow, Poland, to Kiev, Ukraine, 
covers 528 miles. If the speed from Germany to Poland is 20 
mph faster than that from Poland to Ukraine and the differ- 
ence in times is 4 hours, find the rates of travel for the 2 legs. 
(Hint: Add the 4 hours to the expression for the faster rate.) 


Available at http://www.londontashkent.com 


Ratios 


Objectives 
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@ Express a ratio in simplest form. 
® Translate an English sentence to a ratio. 
€} Write a ratio as a unit cost. 

@3 Write a ratio as a rate. 


CHAPTER 6_ Rational Expressions and Equations; Ratio and Proportion 


44. The Pony Express carried mail from St. Joseph, MO, to 
Sacramento, CA, between 1860 and 1861. Pony Express 
riders stopped only long enough to change horses and these 
were saddled and waiting. The distance covered was 
1,800 miles. A car travels 52 mph faster than the horse. If it 
took the Pony Express riders 7.5 times as long to make the 
trip as by car, find how long it took the Pony Express to 
make the trip. 

Available at 
http://www.americanwest.com/trails/pages/ponyexp1.htm 


WRITING ABOUT MATH 

45. The key to solving shared work problems is to ask, “How 
much of the job could be done in 1 unit of time?” Explain. 

46. It is difficult to check the solution of a shared work 
problem. Explain how you could decide if the answer is at 
least reasonable. 


SOMETHING TO THINK ABOUT 


47. Create a problem, involving either investment income or 
shared work, that can be solved by an equation that con- 
tains rational expressions. 


48. Solve the problem you created in Exercise 47. 
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Simplify each fraction. 


> 
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Co 
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In this section, we will discuss ratios, unit costs, and rates. These ideas are important in 
many areas of everyday life. 


cL Express a ratio in simplest form. 
Ratios appear often in real-life situations. For example, 


- To prepare fuel for a Lawnboy lawnmower, gasoline must be mixed with oil in 
the ratio of 50 to 1. 


To make 14-karat jewelry, gold is mixed with other metals in the ratio of 14 to 10. 
At Rock Valley College, the ratio of students to faculty is 16 to 1. 


Ratios give us a way to compare numerical quantities. 


A ratio is a comparison of two numbers by their indicated quotient. In symbols, 


; @ 
If a and b are two numbers, the ratio of a to b is B 


COMMENT The denominator 4 cannot be 0 in the fraction a but b can be 0 in the ratio 


ato b. For example, the ratio of women to men on a women’s softball team could be 25 
to 0. However, these applications are rare. 


Some examples of ratios are 


7. Ot ng 2288 
oe = 1,317 


The fraction 5 can be read as “the ratio of 7 to 9.” 
« The fraction s can be read as “the ratio of 21 to 27.” 


+ The fraction ie can be read as “the ratio of 2,290 to 1,317.” 


Because i and 3 represent equal numbers, they are equal ratios. 


EXAMPLE 1 Express each phrase as a ratio in simplest form. 
a. the ratio of 15 to 12 b. the ratio of 0.3 to 1.2 


Solution a. The ratio of 15 to 12 can be written as the fraction 8. After simplifying, the ratio 


ig 
84: 
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b. The ratio of 0.3 to 1.2 can be written as the fraction os, We can simplify this frac- 
tion as follows: 


0.3. 0.3+10  Toclear the decimals, multiply both numerator and denominator by 
12 12-10 10. 


Multiply: 0.3 - 10 = 3 and 1.2- 10 = 12. 


Simplify the fraction: 3 = a = i. 
1 


Ey SELF CHECK 1 Express each ratio in simplest form. 
a. the ratio of 8 to 12 b. the ratio of 3.2 to 16 


EXAMPLE 2 Express each phrase as a ratio in simplest form. 
a. the ratio of 3 meters to 8 meters b. the ratio of 4 ounces to 1 pound 


3 meters 
8 meters’ 


Solution a. The ratio of 3 meters to 8 meters can be written as the fraction or just 3 

b. Ratios should be expressed in the same units. Since there are 16 ounces in | pound, 
4 ounces 
16 ounces? 


the proper ratio is which simplifies to i 


EY SELF CHECK 2 Express each ratio in simplest form. 
a. the ratio of 8 ounces to 2 pounds 


b. the ratio of 1 foot to2 yards (Hint: 3 feet = 1 yard.) 


(74) Translate an English sentence to a ratio. 


EXAMPLE 3 STUDENT/FACULTY RATIOS At a college, there are 2,772 students and 154 faculty 
members. Write a fraction in simplified form that expresses the ratio of students per 
faculty member. 


Solution — The ratio of students to faculty is 2,772 to 154. We can write this ratio as the fraction 


27? and simplify it. 


1 
2,772 18 - 154 
154 1: 154 
1 
_ 18 154 _ | 
1 154 


The ratio of students to faculty is 18 to 1. 


EJ SELF CHECK3 In a college graduating class, 224 students out of 632 went on to graduate school. 
Write a fraction in simplified form that expresses the ratio of the number of students 
going on to graduate school to the number in the graduating class. 


EXAMPLE 4 


Solution 


SELF CHECK 4 


EXAMPLE 5 


Solution 
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Write a ratio as a unit cost. 


The unit cost of an item is the ratio of its cost to its quantity. For example, the unit cost 
(the cost per pound) of 5 pounds of coffee priced at $20.75 is given by 


$20.75 


————— = $4.15 d 20.75 + 5 = $4.15 
5 pounds $ Pee . $ 


The unit cost is $4.15 per pound. 


SHOPPING Olives come packaged in a 12-ounce jar, which sells for $3.09, or in a 
6-ounce jar, which sells for $1.53. Which is the better buy? 
To find the better buy, we must find each unit cost. The unit cost of the 12-ounce jar 1s 


$3.09 309¢ 
12 ounces 12 ounces 


Change $3.09 to 309 cents. 


= 25.75¢ per ounce 
The unit cost of the 6-ounce jar is 


$1.53 153¢ 
6ounces 6 ounces 


Change $1.53 to 153 cents. 


= 25.5¢ per ounce 


Since the unit cost is less when olives are packaged in 6-ounce jars, that is the better buy. 


A fast-food restaurant sells a 12-ounce soft drink for 79¢ and a 16-ounce soft drink for 
99¢. Which is the better buy? 


Write a ratio as a rate. 


When ratios are used to compare quantities with different units, they often are called 
rates. For example, if we drive 413 miles in 7 hours, the average rate of speed is the quo- 
tient of the miles driven to the length of time of the trip. 


413 miles _ 59 miles 413 _ 7-59 59 


Average rate of speed = 


7 hours 1 hour is ie 
The rate * matles can be expressed in any of the following forms: 
il 
59 - = 59 miles per hour, 59 miles/hour, or 59 mph 
our 


HOURLY PAY Find the hourly rate of pay for a student who earns $370 for working 
40 hours. 
We can write the rate of pay as 


$370 
40 hours 


and simplify by dividing 370 by 40. 


Rate of pay = 
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dollars 
R f = 9,25——_ 
ate of pay = 9.25 hair 

The rate is $9.25 per hour. 


Ey SELF CHECK 5 =Lawanda earns $716 per 40-hour week managing a dress shop. Find her hourly rate of 
pay. 


EXAMPLE 6 ENERGY CONSUMPTION One household used 813.75 kilowatt hours of electricity 
during a 31-day period. Find the rate of energy consumption in kilowatt hours per day. 


Solution We can write the rate of energy consumption as 


813.75 kilowatt hours 
31 days 


Rate of energy consumption = 


and simplify by dividing 813.75 by 31. 


kilowatt hours 
day 


Rate of energy consumption = 26.25 


The rate of consumption is 26.25 kilowatt hours per day. 


EY SELF CHECK 6 To heat a house for 30 days, a furnace burned 72 therms of natural gas. Find the rate of 
gas consumption in therms per day. 


| ACCENT ON TECHNOLOGY | y\maxa@-i\(niiqa@ A man drove a total of 775 miles. Along the way, he stopped for gas three times, 

pumping 10.5, 11.3, and 8.75 gallons of gas. He started with the tank half-full and 

Computing Gas Mileage ended with the tank half-full. To find how many miles he got per gallon, we need to 
divide the total distance by the total number of gallons of gas consumed. 


VD + Total distance 
10.5 + 11.3 + 8.75 + Total number of gallons consumed 


We can make this calculation by entering these numbers and pressing these keys. 
775| = ((10.5/4 11.3/+4 8.75 ) = Using a scientific calculator 
775 + (10.5 + 11.3 + 8.75 ) ENTER — Usinga graphing calculator 


Either way, the display will read 25.36824877. To the nearest one-hundredth, he got 
25.37 mpg. 


>| SELF CHECK ANSWERS hea’ 5 Re he j b. 7 3.28 4. the 16-ozdrink 5. $17.90 per hour 


°F 


6. 2.4 therms per day 


1. Express (x + 2) to (2x + 4) asa ratio in simplest form. 
2. Express (x* — 25) to (x* — 4x — 5) asa ratio in simplest form. 


6.7 EXERCISES 


WARM-UPS Express as a ratio in simplest form. 


1. 5to8 2. 50 to 1 

3. 3to9 4. 7to 10 

REVIEW 

Solve each equation. 

5. 2x + 4 = 38 6. 5-4 = 38 
x6 

7. 3(x + 2) = 24 8. —,— = 20 

Factor each expression. 

9. 2x + 6 10. x° — 49 

11, 2x7 -x-6 12. x° + 27 


VOCABULARY AND CONCEPTS Fill in the blanks. 


13. Aratioisa of two numbers. 


14. The of an item is the quotient of its cost to its 
quantity. 
15. The ratios 3 and : are ratios. 


: 500 miles - 
16. The quotient 757 5y;, is called a : 


17. Give three examples of ratios that you have encountered 
this past week. 


18. Suppose that a basketball player made 8 free throws out of 
12 tries. The ratio of ‘ can be simplified as z. Interpret this 
result. 


GUIDED PRACTICE 


Express each phrase as a ratio in simplest form. See Example 1. 
(Objective 1) 


19. Sto7 20. 3 to 5 

21. 17 to 34 22. 19 to 38 
23. 22 to 33 24. 14 to 21 
25. 7 to 24.5 26. 0.65 to 0.15 


Express each phrase as a ratio in simplest form. See Example 2. 
(Objective 1) 


27. 4 ounces to 12 ounces 28. 3 inches to 15 inches 


29. 12 minutes to | hour 30. 8 ounces to | pound 


31. 3 days to 1 week 32. 4 inches to 2 yards 


33. 18 months to 2 years 34. 8 feet to 4 yards 
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Express each result in simplest form. See Example 3. (Objective 2) 

35. Faculty-to-student ratio At a college, there are 125 faculty 
members and 2,000 students. Find the faculty-to-student 
ratio. 

36. Ratio of mento women Ina state senate, there are 94 men 
and 24 women. Find the ratio of men to women. 


Refer to the monthly family budget shown in the table. Give each 
ratio in simplest form. 


Item Amount 
Rent $750 
Food $652 
Gas and electric $188 
Phone $125 
Entertainment $110 


37. Find the total amount of the budget. 

38. Find the ratio of the amount budgeted for rent to the total 
budget. 

39. Find the ratio of the amount budgeted for entertainment to 
the total budget. 

40. Find the ratio of the amount budgeted for phone to the 
amount budgeted for entertainment. 


Find the unit cost. See Example 4. (Objective 3) 


41. Unit cost of gasoline A driver pumped 17 gallons of 
gasoline into his tank at a cost of $53.55. Write a quotient 
of dollars to gallons, and give the unit cost of gasoline. 


42. Unit cost of grass seed A 50-pound bag of grass seed costs 
$222.50. Write a quotient of dollars to pounds, and give the 
unit cost of grass seed. 

43. Comparative shopping A 6-ounce can of orange juice sells 
for 89¢, and an 8-ounce can sells for $1.19. Which is the 
better buy? 

44. Comparative shopping A 30-pound bag of fertilizer costs 
$12.25, and an 80-pound bag costs $30.25. Which is the 
better buy? 


Express each result in simplest form. See Examples 5-7. (Objective 3) 


45. Rate of pay Ricardo worked for 27 hours to help insulate 
a hockey arena. For his work, he received $337.50. Write a 
quotient of dollars to hours, and find his hourly rate of pay. 


46. Real estate taxes The real estate taxes on a summer home 
assessed at $75,000 were $1,500. Find the tax rate as a 
percent. 
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47. Rate of speed A car travels 325 miles in 5 hours. Find its Refer to the tax deductions listed in the table. Give each ratio in 
rate of speed in mph. simplest form. 
48. Rate of speed An airplane travels from Chicago to San 
Francisco, a distance of 1,883 miles, in 3.5 hours. Find the 


Item Amount 
average rate of speed of the plane. 

Medical S995 

Real estate tax $1,245 
ADDITIONAL PRACTICE : 

Contributions $1,680 
Express each result in simplest form. Mortgage interest $4,580 
49. Unit cost of cranberry juice A 12-ounce can of cranberry Union dues SS 22S 


Juice sells for 84¢. Give the unit cost in cents per ounce. 


50. Unit cost of beans A 24-ounce package of green beans 57. Find the total amount of deductions. 


sells for $1.29. Give the unit cost in cents per ounce. 58. Find the ratio of real estate tax deductions to the total 
deductions. 
51. Comparing speeds A car travels 345 miles in 6 hours, and a 59. Find the ratio of the contributions to the total deductions. 
truck travels 376 miles in 6.2 hours. Which vehicle travels 
faster? 60. Find the ratio of the mortgage interest deduction to the 
52. Comparing reading speeds One seventh-grader read a union dues deduction. 
54-page book in 40 minutes, and another read an 80-page 
book in 62 minutes. If the books were equally difficult, WRITING ABOUT MATH 


which student read faster? 
61. Some people think that the word ratio comes from the 


a3. Comparing gas mulcage: Oue carsaen [22 miles on words rational number. Explain why this may be true. 


51.3 gallons of gasoline, and another went 1,456 miles on 
55.78 gallons. Which car had the better mpg rating? 62. In the fraction §, b cannot be 0. Explain why. In the ratio a 
to b, b can be 0. Explain why. 
54. Comparing electric rates In one community, a bill for 
575 kilowatt hours (kwh) of electricity was $38.81. Ina SOMETHING TO THINK ABOUT 
second community, a bill for 831 kwh was $58.10. In which 63. Which ratio is the larger? How can you tell? 
community is electricity cheaper? 
Emptying atank An 11,880-gallon tank can be emptied in aoe, 
27 minutes. Write a quotient of gallons to minutes, and give 19 
the rate of flow in gallons per minute. 


17 19 


55 ead 
21 


64. Which ratio is the smaller? How can you tell? 


56. Filling a gas tank It took 2.5 minutes to put 17 gallons of 13 aig 17 
gas in a car. Write a quotient of gallons to minutes, and give 29 31 


the rate of flow in gallons per minute. 


Proportions and Similar Triangles 


oO Determine whether an equation is a proportion. 

®) Solve a proportion. 

&} Solve an application problem using a proportion. 

@3 Solve an application problem using the properties of similar triangles. 


Objectives 


f Proportions 


Vocabulary 
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Solve each equation. 


ie 
a) 
Ww 


5. A 


A statement that two ratios are equal is called a proportion. In this section, we will discuss 
proportions and use them to solve problems. 


Determine whether an equation is a proportion. 


Consider Table 6-3, in which we are given the costs of various numbers of gallons of 
gasoline. 


Number of gallons Cost (in $) 


2 7.60 
5 19.00 
8 30.40 
12 45.60 
20 76.00 
Table 6-3 


If we find the ratios of the costs to the numbers of gallons purchased, we will see that 
they are equal. In this example, each ratio represents the cost of 1 gallon of gasoline, 
which is $3.80 per gallon. 


7.60 19.00 30.40 45.60 76.00 
“7 = 3.80, —— = 3.80, 0 3.80, or 3.80, aa 3.80 


When two ratios such as 2g and 1208 are equal, they form a proportion. 


A proportion is a statement that two ratios are equal. 


Some examples of proportions are 


‘ne: 7 21 8x 40x 


ee ees. ‘ ; 
+ The proportion 77 gon be read as “1 is to 2 as 3 is to 6.” 
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. 7 21 : : 
The proportion 37g oan be read as “7 is to 3 as 21 is to 9.” 


. 8x _ 40d : ‘ 
The proportion o = a can be read as “8x is to 1 as 40x is to 5.” 


. a C : : 3 
The proportion B qoan be read as “ais to bas cis tod. 
Dy 


The terms of the proportion § = a are numbered as follows: 


First term > a c < Third term 


Second teem — 6 d+ Fourth term 


In the proportion t = 2, the numbers | and 6 are called the extremes, and the 
numbers 2 and 3 are called the means. 


The extremes of the proportion 
<7 
—aaa 2 6 
The means of the proportion 
In this proportion, the product of the extremes is equal to the product of the means. 
1-6=6 and 2°3=6 


This illustrates a fundamental property of proportions. 


Fundamental Property 


of Proportions In any proportion, the product of the extremes is equal to the product of the means. 


In the proportion ; = a aand dare the extremes, and } and c are the means. We can 


show that the product of the extremes (ad) is equal to the product of the means (bc) by 
multiplying both sides of the proportion by bd to clear the fractions, and observing that 


ad = be. 
f= 
b od 
bd a_ bd c _ . F , bd 
=> =—:-7 _ Toeliminate the fractions, multiply both sides by +. 
1 5b 1d 
abd bcd : : 
7 = 7 Multiply the numerators and multiply the denominators. 
ad = bc Divide out the common factors: ? =1 and 4 =1. 


Since ad = bc, the product of the extremes equals the product of the means. 
To determine whether an equation is a proportion, we can check to see whether the 
product of the extremes is equal to the product of the means. 


EXAMPLE 1 Determine whether each equation is a proportion. 
825, g Sis 
~]: 21 “3S & 
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Solution In each part, we check to see whether the product of the extremes is equal to the 
product of the means. 
a. The product of the extremes is 3 - 21 = 63. The product of the means is 7 + 9 = 63. 
Since the products are equal, the equation is a proportion: 2 = x. 


b. The product of the extremes is 8 - 5 = 40. The product of the means is 3 - 13 = 39. 


. eps -..8 4 13 
Since the products are not equal, the equation is not a proportion: 3 # >. 


SELF CHECK 1 = Determine whether the equation is a proportion: * - s. 


When two pairs of numbers such as 2, 3 and 8, 12 form a proportion, we say that 
they are proportional. To show that 2, 3, 8, and 12 are proportional, we check to see 
whether the equation 


2. 8 


3 16 


is a proportion. To do so, we find the product of the extremes and the product of the 
means: 


2-12 = 24 = The product of the extremes 3-8 = 24 = The product of the means 


Since the products are equal, the equation is a proportion, and the numbers are propor- 
tional. 


EXAMPLE 2 _ Determine whether 3, 7, 36, and 91 are proportional. 


Solution We check to see whether 3 = a is a proportion by finding two products: 


3-91 = 273 = This is the product of the extremes. 
7 +36 = 252 = Thisis the product of the means. 


Since the products are not equal, the numbers are not proportional. 


SELF CHECK 2 Determine whether 6, 11, 54, and 99 are proportional. 


2] Solve a proportion. 


Suppose that we know three of the terms in the proportion 


x _ 24 
5 20 

To find the unknown term, we multiply the extremes and multiply the means, set them 
equal, and solve for x: 


2s 
5 20 
20x = 5:24 Ina proportion, the product of the extremes is equal to the product of the 


means. 
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20x = 120 Multiply: 5 + 24 = 120. 


20x 120 oa ‘& s 
0 = 0 To undo the multiplication by 20, divide both sides by 20. 
x=6 Simplify: a = | and = 6. 


The first term is 6. 


12 
EXAMPLE 3 Find the fourth term of the proportion: Pa 


Solution — To solve the proportion, we clear the fractions by multiplying the extremes and multi- 
plying the means. Then, we solve for x. 


23 
18 x 
12-x =18-3 Ina proportion, the product of the extremes equals the product of the 
means. 
12x = 54 Multiply: 18 - 3 = 54. 
12x 54 ee os ‘ 
DD = DR To undo the multiplication by 12, divide both sides by 12. 
fos ee 54 _ 9 
x= 5 Simplify: 75 = land 75 = 35. 


Fy SELF CHECK 3 


x 


EXAMPLE 4 Find the third term of the proportion 2 aT 


Solution To find the third term of the proportion, we clear the fractions by multiplying the 
extremes and multiplying the means. Then, we solve for x. 
a5 
7.2 15.84 
3.5(15.84) = 7.2x In a proportion, the product of the extremes equals the product 
of the means. 
55.44 = 7.2x Multiply: 3.5- 15.84 = 55.44 


55.44 7.2x ee: A ‘ 
a2 = aD To undo the multiplication by 7.2, divide both sides by 7.2. 
7.7=x Simplify: a = 7.7 and 45 =1. 


The third term is 7.7. 


>| SELF CHECK 4 Find the second term of the proportion af = Be 
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| ACCENT ON TECHNOLOGY | WY \Mazec\(nilaqi@ To solve the equation in Example 4 with a calculator, we can proceed as follows. 


Solving Equations 3.9 es 

with a Calculator 7.2 15.84 
3.5(15.84) : : 
a Multiply both sides by 15.84. 


te 
We can find x by entering these numbers and pressing these keys. 


3.5 Bee 15.84 eae 7.2 Fe Using a scientific calculator 
3.5 X 15.84 + 7.2 ENTER — Usinga graphing calculator 


Either way, the display will read 7.7. Thus, x = 7.7. 


EXAMPLES Solve. ~~ == 


Solution _ To solve the proportion, we clear the fractions by multiplying the extremes and multi- 
plying the means. Then, we solve for x. 


2x+1 10 

4° 8 
8(2x + 1) = 40 In a proportion, the product of the extremes equals the 
product of the means. 
16x + 8 = 40 Use the distributive property to remove parentheses. 
16x +8 —8=40-—8  Toundo the addition of 8, subtract 8 from both sides. 
16x = 32 Simplify: 8 — 8 = 0 and 40 — 8 = 32. 
16x 32 iced a 
16 = 16 To undo the multiplication by 16, divide both sides by 16. 
x= Simplify: ié =1 and 32 = 2. 
Thus, x = 2. 


SELF CHECK5 Solve: #2>+ = 22. 


3 | Solve an application problem using a proportion. 


When solving application problems, we often need to set up and solve a proportion. 


EXAMPLE 6 If 6 apples cost $1.38, how much will 16 apples cost? 


Solution Let c represent the cost of 16 apples. The ratios of the numbers of apples to their costs 
are equal. 
6 apples is to $1.38 as 16 apples is to $c. 
6apples> 6 _ 16 = 16 apples 
Cost of 6 apples — 1.38 c < Cost of 16 apples 
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Ey SELF CHECK 6 


EXAMPLE 7 


Solution 


Fy SELF CHECK 7 


EXAMPLE 8 


Solution 


6c 
6c 


6 


€ 


Sixteen apples will cost $3.68. 


If 9 tickets to a concert cost $112.50, how much will 15 tickets cost? 


MIXING SOLUTIONS A solution contains 2 quarts of antifreeze and 5 quarts of water. 
How many quarts of antifreeze must be mixed with 18 quarts of water to have the 


same concentration? 


Let g represent the number of quarts of antifreeze to be mixed with the water. The 
ratios of the quarts of antifreeze to the quarts of water are equal. 


2 quarts antifreeze is to 5 quarts water as g quarts antifreeze is to 18 quarts water. 


2 quarts antifreeze > 
5 quarts water > 


2. 


The mixture should contain ~ or 7.2 quarts of antifreeze. 


A solution should contain 2 ounces of alcohol for every 7 ounces of water. How much 


alcohol should be added to 


1.38(16) Ina proportion, the product of the extremes is 
equal to the product of the means. 


= 22.08 Do the multiplication: 1.38 - 16 = 22.08. 

_ 22.08 To undo the multiplication by 6, divide both 
~ 6 sides by 6. 

= 3.68 Simplify: 2 =1 and 22,98 = 3.68. 


2 q +q quarts of antifreeze 
5 18 <—18 quarts water 


18 = 5q__siIna proportion, the product of the extremes is 
equal to the product of the means. 


36 = 5q ~~‘ Do the multiplication: 2 - 18 = 36. 


36 5¢ = Toundo the multiplication by 5, divide both sides 
5 5 byS. 


> =4q Simplify: 2 =1. 


20 ounces of water to get the proper concentration? 


BAKING A recipe for rhubarb cake calls for 1} cups of sugar for every 24 cups of flour. 


How many cups of flour are needed if the baker intends to use 3 cups of sugar? 


Let f represent the number of cups of flour to be mixed with the sugar. The ratios of 
the cups of sugar to the cups of flour are equal. 


14 cups sugar is to 24 cups flour as 3 cups sugar is to f cups flour. 


1 
iy cups sugar > 1 
2% cups flour 91 


3 + 3 cups sugar 
< f cups flour 


Change the fractions to decimals. 
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1.25f =2.5+3 Ina proportion, the product of the extremes is equal 
to the product of the means. 


1.25f = 7.5 Do the multiplication: 2.5 - 3 = 7.5. 
125f 7.5 To undo the multiplication by 1.25, divide both sides 
125 125 by 1.25. 

f =6 Divide: i = 1 and = 6. 


The baker should use 6 cups of flour. 


SELF CHECK 8 How many cups of sugar will be needed to make several cakes that will require a total 
of 25 cups of flour? 


EXAMPLE9 QUALITY CONTROL Ina manufacturing process, 15 parts out of 90 were found to be 
defective. How many defective parts will be expected in a run of 120 parts? 


Solution Let d represent the expected number of defective parts. In each run, the ratio of the 
defective parts to the total number of parts should be the same. 
15 defective parts is to 90 as d defective parts is to 120. 
15 defective parts > i> _ de <d defective parts 
90 parts > 90 = 120 «120 parts 
15-120 = 90d Ina proportion, the product of the extremes is 
equal to the product of the means. 
1,800 = 90d __ Do the multiplication: 15 - 120 = 1,800. 


1,800 _ 90d = To undo the multiplication by 90, divide both 


90 “90. sides by 90. 
_ foo W800 90 _ 
20 =d Divide: “99 20 and 5 = 1. 


The expected number of defective parts is 20. 


SELF CHECK9 How many defective parts will be expected in a run of 3,000 parts? 


4] Solve an application problem using the properties of similar triangles. 


If two angles of one triangle have the same measure as two angles of a second triangle, 
the triangles will have the same shape. Triangles with the same shape are called similar 
triangles. In Figure 6-1, AABC ~ ADEF (read the symbol ~ as “is similar to”). 


E 


A CD F 
Figure 6-1 
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Property of Similar If two triangles are similar, the lengths of all pairs of corresponding sides are in pro- 
Triangles portion. 


In the similar triangles shown in Figure 6-1, the following proportions are true. 


AB BC BC CA ng C42 4B 
DE EF EF FD * FD DE 


EXAMPLE 10 HEIGHTOFATREE A tree casts a shadow 18 feet long at the same time as a woman 
5 feet tall casts a shadow that is 1.5 feet long. Find the height of the tree. 


Solution We let / represent the height of the tree. Figure 6-2 shows the triangles determined by 
the tree and its shadow and the woman and her shadow. 


Vd ft 


18 ft 


Figure 6-2 
Since the triangles have the same shape, they are similar, and the lengths of their corre- 
sponding sides are in proportion. We can find h by solving the following proportion. 


h = 18 Height of the tree Shadow of the tree 
5 1.5 Height of the woman ~ Shadow of the woman 


1.5h = 5(18) Ina proportion, the product of the extremes is equal to the product of 


the means. 
h = 60 To undo the multiplication by 1.5, divide both sides by 1.5 and simplify. 
The tree is 60 feet tall. 


[J SELF CHECK 10 Find the height of the tree if the woman is 5 feet 6 inches tall and her shadow is still 1.5 
feet long. 


FEY SELF CHECKANSWERS =. no 2 yes 3.24 4.76 5.2 6.818750 7. oz 8. 125cups 9. 500 10. 66K 


1. To monitor the population of wild animals, the Fish and Wildlife department uses a 
method called “tag and release.” A number of animals are captured, tagged, and returned 
to the wild. A year later, another group of the animals is captured and the ratio of the 
tagged animals to the total captured is believed to be approximately the same as the ratio of 
the original number tagged to the total population. 

If 25 wolves were tagged and released and a year later 21 wolves were captured, 3 of 
which were tagged, predict the total population of the wolves. 


WARM-UPS _ Whichexpressions are proportions? 


iy, oe . 
“5° 10 “2° 3 
teak ee 
ames “x 2x 
REVIEW 


5. Change a to a percent. 
6. Change j to a percent. 


7. Change 334% to a fraction. 
8. Change 75% to a fraction. 
9. Find 30% of 1,600. 

0. Find 5% of 520. 

1 


- Shopping If Maria bought a dress for 25% off the original 
price of $98, how much did the dress cost? 

12. Shopping Bill purchased a shirt on sale for $17.50. Find 

the original cost of the shirt if it was marked down 30%. 


VOCABULARY AND CONCEPTS Fill in the blanks. 


13. A___——Cis a statement that two are equal. 


14. The first and fourth terms of a proportion are called the 
of the proportion. 


15. The second and third terms of a proportion are called the 
of the proportion. 


16. When two pairs of numbers form a proportion, we say that 
the numbers are 


17. If two triangles have the same shape, they are said to be 


18. If two triangles are similar, the lengths of their correspon- 
ding sides are in 
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19. The equation 5 = is a proportion if the product ___ is 
equal to the product __. 


20. If 3- 10 = 17x, then 
answers may differ.) 


21. Read AABC as ABC. 
22. The symbol ~ is read as 


is a proportion. (Note that 


GUIDED PRACTICE 


Determine whether each statement is a proportion. See Example 1. 
(Objective 1) 


9 81 5 20 
ee 24.555 
“3° -6 “19 95 
38 40 29 
B75 = a5 28. 5 = 5p 
10.4 41.6 13.23 39.96 
- 3.6 14.4 ae 3.45 11.35 


Determine whether the given values are proportional. See 
Example 2. (Objective 1) 
31. 6, 10, 15, 25 

33. 3,7,4,8 


32. 4, 2,17, 8.5 
34. 4.5, 6, 8.5, 10 


Solve for the variable in each proportion. See Examples 3-4. 
(Objective 2) 


2 x 3. x 
35. a % 36. 68 
37 eis 38 eee 

"10 “14D 

Solve for the variable in each proportion. See Example 5. 
(Objective 2) 

xe ll 3 x=] 2. 
39. = —— 40. are 


5 15 7 21 
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i x+3 0-7 a xt+7_ 3 
“12 6 “ -4 12 
ADDITIONAL PRACTICE 
a3, 20 8 aa 42 
“x 4 “x 8 
x 9 x —18 
a5 6. 
go =" rea 
* 43 26 “17 34 
as 2x+1 14 os @=1. 9 
"18 3 “1g 54 
3p -2 pti 12 18 
an 12 ®©83 aa m m+2 
APPLICATIONS 


Set up and solve a proportion. See Examples 6-9. (Objective 3) 


53. Grocery shopping If 3 pints of yogurt cost $1, how much 
will 51 pints cost? 

54. Shopping for clothes If shirts are on sale at two for $25, 
how much will 5 shirts cost? 

55. Gardening Garden seed is on sale at 3 packets for 50¢. 
How much will 39 packets cost? 

56. Cooking A recipe for spaghetti sauce requires four 
16-ounce bottles of catsup to make two gallons of sauce. 
How many bottles of catsup are needed to make 10 gallons 
of sauce? 

57. Mixing perfume A perfume is to be mixed in the ratio of 
3 drops of pure essence to 7 drops of alcohol. How many 
drops of pure essence should be mixed with 56 drops of 
alcohol? 

58. Making cologne A cologne can be made by mixing 2 drops 
of pure essence with 5 drops of distilled water. How many 
drops of water should be used with 15 drops of pure 
essence? 


59. Making cookies A recipe for chocolate chip cookies calls 
for 14 cups of flour and | cup of sugar. The recipe will 
make 35 dozen cookies. How many cups of flour will be 
needed to make 12 dozen cookies? 

60. Making brownies A recipe for brownies calls for 4 eggs 
and 15 cups of flour. If the recipe makes 15 brownies, how 
many cups of flour will be needed to make 130 brownies? 


61. Quality control In a manufacturing process, 95% of the 
parts made are to be within specifications. How many defec- 
tive parts would be expected in a run of 940 pieces? 

62. Quality control Out of a sample of 500 men’s shirts, 17 
were rejected because of crooked collars. How many 
crooked collars would you expect to find in a run of 
15,000 shirts? 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


Gas consumption If a car can travel 42 miles on | gallon of 
gas, how much gas will it need to travel 315 miles? 


Gas consumption If a truck gets 12 mpg, how far can it go 
on 17 gallons of gas? 

Computing paychecks Chen earns $412 for a 40-hour 
week. If he missed 10 hours of work last week, how much 
did he get paid? 

Computing paychecks Danielle has a part-time job earning 
$169.50 for a 30-hour week. If she works a full 40-hour 
week, how much will she earn? 

Model railroading An HO-scale model railroad engine is 
9 inches long. If HO scale is 87 feet to 1 foot, how long is a 
real engine? 

Model railroading An N-scale model railroad caboose is 
3.5 inches long. If N scale is 169 feet to | foot, how long is a 
real caboose to the nearest half inch? 

Model houses A model house is built to a scale of 1 inch 
to 8 inches. If a model house is 36 inches wide, how wide is 
the real house? 

Drafting Ina scale drawing, a 280-foot antenna tower is 
drawn 7 inches high. The building next to it is drawn 

2 inches high. How tall is the actual building? 

Mixing fuel The instructions on a can of oil intended to 
be added to lawnmower gasoline read: 


Recommended Gasoline Oil 
50 to 1 6 gal 16 oz 


Are these instructions correct? (Hint: There are 

128 ounces in | gallon.) 

Mixing fuel See Exercise 71. How much oil should be 
mixed with 28 gallons of gas? 


Set up and solve a proportion. See Example 10. (Objective 4) 


73. 


Height of a tree A tree casts a shadow of 26 feet at the 
same time as a 6-foot man casts a shadow of 4 feet. The 
two triangles in the illustration are similar. Find the height 
of the tree. 


6 ft 


4 ft 26 ft 


74. Height of a flagpole A man places a mirror on the ground 
and sees the reflection of the top of a flagpole, as in the 
illustration. The two triangles in the illustration are similar. 
Find the height / of the flagpole. 


aS 


<< 
=—=s 


{ h 


75. Width of ariver Use the dimensions in the illustration to 
find w, the width of the river. The two triangles in the illus- 
tration are similar. 


76. Flight path An airplane ascends 100 feet as it flies a hori- 
zontal distance of 1,000 feet. The two triangles in the illus- 
tration are similar. How much altitude will it gain as it flies a 
horizontal distance of 1 mile? (Hint: 5,280 feet = 1 mile.) 


. x ft 
— {i00 ft i 


1,000 ft 


1 mi -| 
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77. Flight path An airplane descends 1,350 feet as it flies a 
horizontal distance of 1 mile. How much altitude is lost as 
it flies a horizontal distance of 5 miles? 

78. Skiruns A ski course falls 100 feet in every 300 feet of 
horizontal run. If the total horizontal run is f mile, find the 
height of the hill. 

79. Mountain travel A road ascends 750 feet in every 
2,500 feet of travel. By how much will the road rise in a trip 
of 10 miles? 

80. Photo enlargements The 3-by-5 photo in the illustration is 
to be blown up to the larger size. Find x. 


5:in, 


©Stuart and Campbell Innes 


WRITING ABOUT MATH 

81. Explain the difference between a ratio and a proportion. 

82. Explain how to tell whether the equation S = poe is a pro- 
portion. 


SOMETHING TO THINK ABOUT 


83. Verify that - = - = — Is the following rule always 


true? 


a Cc are 


b d bt+d 


84. Verify that since 2 = 2 then 3 3 5-2 =, Is the follow- 


ing rule always true? 


a+b _ctd 
b d 


If : = ? then 
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PROJECTS 


1. If the sides of two similar triangles are in the ratio of | 


to 1, the triangles are said to be congruent. Congruent 

triangles have the same shape and the same size (area). 

a. Draw several triangles with sides of length 1, 1.5, 
and 2 inches. Are the triangles all congruent? What 
general rule could you make? 

b. Draw several triangles with the 
dimensions shown in the illus- 
tration on the right. Are the tri- 40° 50° 
angles all congruent? What 1 inch 
general rule could you make? 

c. Draw several triangles with the 
dimensions shown in the illus- 
tration on the right. Are the tri- 
angles all congruent? What Tanch 
general rule could you make? 


. If y is equal to a polynomial divided by a polynomial, 
we call the resulting function a rational function. The 
simplest of these functions is defined by the equation 
f(x) = 1 Since the denominator of this fraction cannot 
be 0, the domain of the function is the set of real 
numbers, except 0. Since a fraction with a numerator of 
1 cannot be 0, the range is also the set of real numbers, 
except 0. 

Construct the graph of this function by making a 
table of values containing at least eight ordered pairs, 
plotting the ordered pairs, and joining the points with 
two curves. Then graph each of the following rational 
functions and find each one’s domain and range. 

a. f(x) = = b. f(x) = -— 


x 
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d. f(x) = 2 


SI ay 4 


3. Suppose that the cost of telephone service is $6 per 
month plus 5¢ per call. If n represents the number of 
calls made one month, the cost C of phone service that 
month will be given by C = 0.05n + 6. If we divide the 
total cost C by the number of calls 1, we will obtain the 
average cost per call, which we will denote as c. 


— C  0.05n+ 6 Cis the average cost per call, C 
(I) ¢c=— = is the total monthl 

n n y cost, and 
nis the number of phone calls 
made that month. 


Use the rational function in Equation 1| to find the 
average monthly cost per call when 


a. 5 calls were made b. 25 calls were made. 


Assume that a phone company charges $15 a month and 5¢ per 
phone call and answer the following questions. 


a. Write a function that will give the cost C per month for 
making 7 phone calls. 

b. Write a function that will give the average cost c per 
call during the month. 

c. Find the cost if 45 phone calls were made during the 
month. 

d. Find the average cost per call if 45 calls were made 
that month. 


SECTION 6.1 


DEFINITIONS AND CONCEPTS EXAMPLES 


F F ‘ : 2 
Fractions that are the quotient of two integers are | Rational numbers: B 28 
rational numbers. 

3X2 
xD r+x-3 


Fractions that are the quotient of two polynomi- Rational expressions: 
als are rational expressions. 
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If b and c are not 0, then 


a‘c a 22xy Ue x yey: ‘ 
—— 2 Mix qv Factor the numerator and denominator. 
bee 2 axy St xy 
2y" 3 
= os Divide out the common factors of 11, x, and y. 

x 
a 2x3 — 2° 2x7(x Tt 
aoe Factor the numerator. 
1 x= 1 x=T 

2x? a 

= ce Divide out the common factor of x — 1. 

= 2x? Denominators of | need not be written. 
a, : . F . : 
— is undefined. x cannot be 2 in the rational expression = + 5 because the denominator will be 


2+1 
035 =3 = 


2. The expression is undefined. 


ag 


Because x — 3 and 3 — x are opposites (additive inverses), their quotient is 


REVIEW EXERCISES 


x+4 
“(x + 3)(x — 3) 
Write each fraction in lowest terms. 


For what values of x is the rational expression undefined? 


x —3 
"YP 4+x-6 


4. 


6. 


3xy 
3p — 2 
2— 3p 
2x” — 16x 
2x* — 18x + 16 


13. 


15. 


arene sew 
"4 2x 
2 
12, 2 
2x(4xy) 
2 a acai 
14, —— ald 
x — 5x — 24 
a +2a+ ab + 2b 
16. — 5 
a +2ab+b 


SECTION 6.2 


DEFINITIONS AND CONCEPTS EXAMPLES 
a ee x+1 2» 16 (x + I(x? — 16) Multiply the numerators and 
bd bed”? x+4 %-x-2 (x +40?-x-2) multiply the denominators. 
(x4+T(x+4)~ - 4) ‘Factor and divide out the 
(44+ Ho+TH(x — 2) common factors. 
_x-4 
y= 2 
a_ceoad 6x7 3x 
—+—=—:— (b,c,d#0 : 
boa oe Ix+8 Ix — 24 
6x7 x” — 2x — 24 
-_*_.* ss Invert the denominator and multiply. 
2x + 8 3x 
6x7(x" — 2x — 24 
a Cy 7 ae ) Multiply the fractions. 
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ee e) Factor and divide out the common factors. 
_ x(x — 6) 
1 
= x(x — 6) Denominators of | need not be written. 


REVIEW EXERCISES 


Perform each division and simplify. 


Perform each multiplication and simplify. 3x7 6x = x + 5x ; x? 
3xy | 4x 3x 2x = 2 " 5x7y  15xy? "P4+4x-5 x-1 
17. —— 18. — "=o 
2x 2y* ie He x 
xr -—x-6 x -2x-3 
a 22 ee aS ae es 
° x2 + 2x x+ 1 "3x -— 15 x +2x4+1 24 x? — 3x vr-—x 


v-x-6 x+x-2 


x +4x4+4/x-2 x+2 
25. — = 
xtx-6\x-1 »+2x-3 


SECTION 6.3 


DEFINITIONS AND CONCEPTS EXAMPLES 

a b_atb peg 4x+3  x+1  4x+3+x+1 Add the numerators and keep the 
d dd ( ) 2x 2x 2x common denominator. 

= a3 Combine like terms. 

2x 
ab aj 4x +3 x+1 4x+3-(x+1) Subtract the numerators and keep 
d dd ( ) 2x 2x 2% the common denominator. 
4x+3-x-1 
ae 5 ad Remove the parentheses. 
xX 


_ 3x42 
2x 


Combine like terms. 


The least common denominator (LCD) for a set 
of fractions is the smallest number that each 
denominator will divide exactly. 


Finding the Least Common Denominator (LCD) 


1. List the different denominators that appear in 
the rational expressions. 

2. Completely factor each denominator. 

3. Form a product using each different factor 
obtained in Step 2. Use each different factor 
the greatest number of times it appears in any 
one factorization. The product formed by mul- 
tiplying these factors is the LCD. 


The LCD of 6 and 9 is 18. 
The LCD of 10 and 15 is 30. 


2x 4x 5x 
Find the LCD of —, —— st 
ind the LCD o 3° ia 18 
3y=3-y 
Sy =3:S-y 


18y =2+3-3+y 


Form a product with factors of 2, 3 and y. We use 2 one time, because it 
appears only once as a factor of 18. We use 3 two times because it appears 
twice as a factor of 18. We use 5 one time, because it appears only once as a 
factor of 15. We use y once because it only occurs once in each factor of 3y, 
15y, and 18y. 


LCD = 2+3-3-5-y = 90y 
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To add or subtract rational expressions with To perform the subtraction = ae 5 - ae we factor x* — 9 and discover the 
unlike denominators, first find the LCD of the LCD is (x + 3)(x — 3). Then we proceed as follows: 
expressions. Then express each one in equivalent 
form with this LCD. Finally, add or subtract the xt1l 2 
expressions. Simplify, if possible. vr-9 xt+3 
Pes x — 3) aes 2 sii — 
actor the denominator of the 
~ - + - 
Cre = 2) Cee a first fraction. 
el =I¢= 3 ca the numerators and 
eep the common 
+ 3)\(x — 3 ; 
e Yor ) denominator. 
4 = 26 66 
_ i. Remove parentheses. 
—x+7 
= aes Combine like terms. 
REVIEW EXERCISES 6a acs 31, 22222 
Perform each operation. Simplify all answers. “y+1 =x “9x 2 
26. —— ++ BF 
xty xt+yp k= K=7 
x 3 4 
32. 
x+2 x x7 42x 
1 1 1 _ 
28, —— +— 29, = 33. 3, x75 
x-l x x x-1l x41 Y=] 


SECTION 6.4 


DEFINITIONS AND CONCEPTS EXAMPLES 
To simplify a complex fraction, use either of these | Method 1 
methods: 

2x 3 
1. Write the numerator and denominator of the Pa | = re 


complex fraction as single fractions, do the 7. 2. 
division of the fractions, and simplify. te 


xx+l xax4+) Build each fraction $0 each 
fraction has a denominator of 

l(x + 1) 2x a4 
x(x +1) x(x + 1) Ba Uh 

2x? 3x + 3 

+1 +1 
a ae ) Simplify wherever possible. 
oie all 2x 

x(x+1) x(x + 1) 


Add the fractions and write the 
resulting complex fraction as an 
equivalent division problem. 


2x7 +3x+3 3x41 


Simplify the numerators. 


= : Invert the divisor and multiply. 


= Multiply the fractions and simplify. 
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2. Multiply both the numerator and the denomi- 
nator of the complex fraction by the LCD of 
the fractions that appear in the numerator and 
the denominator, then simplify. 
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Method 2 
2x 3 
+— 
x+1 x 
1. 2 
x xt+1 
2. 3 
vee + H( ai +2) 
5 ies a Ce 
1 2 
+1y)—+ 
ue (2 =| 
+0( 


2) +x + 0(2) 
ee 1 x 


x(x + (2) + x(x + o( 


x+2x + 3(x + 1) 


x+1 


) 


Multiply the numerator and 
the denominator by the 
LCD of x(x + 1). 


Remove parentheses. 


Do the multiplication. 


x+1+ 2x 
2x? + 3x +3 
= implify. 
Sera Simplify. 
REVIEW EXERCISES 1 3 
Simplify each complex fraction. x +d 1+ ea 
- 7. 
3 244 5 : 1 
2 2 a 2-3 
34. > 35. 5 x x 
3 3 + 1 2 ca es Ar € 
x= 1 XSI b 
38. 39. 
u a, 
r=) a 7 


SECTION 6.5 


x+2x+2=x 


3x +2=x 
2x = —2 
x=-l 


DEFINITIONS AND CONCEPTS EXAMPLES 
: : : 1 2 x 
To solve an equation that contains rational Solve: | a 
expressions, change it to another equation me eee 
without rational expressions. Do so by multiply- vow o( 7 2) Spied D| x Multiply both sides by 
ing both sides by the LCD of the rational expres- eM,” x(x + 1) Sma 1; 
sions. Check all solutions for extraneous roots. 1 2 * Use the disititutive 
x(x + of ) + x(x + (2) = x(x + »| - 
xt+1 x x(x + 1) property. 
x+2(x+ 1l)=-x Multiply each term by 
see 1: 


Remove parentheses. 
Combine like terms. 


Subtract x and 2 from 
both sides. 


Divide both sides by 2. 
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2 -1 
Check: + —= ( ) 
—1+1° -1 (-1P +(-1) 
1 = 
oe 2 = — 
0 0 
Since division by 0 is undefined, x = —1 is extraneous. Since there is no solu- 


tion, the solution set is @. 


REVIEW EXERCISES 
Solve each equation and check all answers. 


46. Solve for r;: Fs =—+-—. 


T> 

E=1-2 

x+2 T; 
3 Solve the formula for 7}. 


x—1 48. Nuclear medicine Radioactive tracers are used for diag- 


0,2 = Z 41. 2 = 
xX Oecll x+4 
i ie 
3x x 9 x+4 
ie ae = 
x= 1 x+4 vr +3x-4 
4 3 6 
i OEE x+3 x7 4+5x4+6 
1 1 


47. The efficiency E of a Carnot engine is given by the formula 


nostic work in nuclear medicine. The effective half-life H of 
a radioactive material in a biological organism is given by 
the formula 


RB 
H= 
R+B 


where R is the radioactive half-life and B is the biological 
half-life of the tracer. Solve the formula for R. 


SECTION 6.6 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Use the methods for solving rational equations 
discussed in Section 6.5 to solve application 
problems. 


An inlet pipe can fill a pond in 4 days, and a second inlet pipe can fill the same 
pond in 3 days. If both pipes are used, how long will it take to fill the pond? 


Let x represent the number of days it takes to fill the pond. 


What the first what the second what they can 
inlet pipecan plus inlet pipe can equals do together 
do in | day do in | day in | day. 
1 if 1 
— + — = = 
4 3 x 


To solve the equation, we proceed as follows: 


3 
1 1 1 . ; 
rx(5 + x) = 12x(~) Multiply both sides by 12x. 
x 


3x + 4x = 12 Use the distributive property to remove 
parentheses and simplify. 
7x = 12 Combine like terms. 
12 
x= 7 Divide both sides by 7. 


It will take i or 13 days for both inlet pipes to fill the pond. 
REVIEW EXERCISES 
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49. Pumping a basement If one pump can empty a flooded 
basement in 18 hours and a second pump can empty the he can jog 10 miles. If he can ride 10 mph faster than he 
basement in 20 hours, how long will it take to empty the can jog, how fast can he jog? 
basement when both pumps are used? 52. Wind speed A plane can fly 400 miles downwind in the 
50. Painting houses If a homeowner can paint a house in 14 same amount of time as it can travel 320 miles upwind. If 
days and a professional painter can paint it in 10 days, how the plane can fly at 360 mph in still air, find the velocity of 
long will it take if they work together? the wind. 
51. Jogging A jogger can bicycle 30 miles in the same time as 


SECTION 6.7 


DEFINITIONS AND CONCEPTS EXAMPLES 

ei : : zg 1 x 
A ratio is the comparison of two numbers by their | Ratios: 5 5 = 
indicated quotient. y 
The unit cost of an item is the ratio of its cost to If 3 pounds of peanuts costs $6.75, the unit cost (the cost per pound) is 
its quantity. — = $2.25 per pound. 
Rates are ratios that are used to compare quanti- If a student drives 120 miles in 3 hours, her average rate is i a or 40 mph. 
ties with different units. REVIEW EXERCISES 
Write each ratio as a fraction in lowest terms. 57. If three pounds of coffee cost $8.79, find the unit cost (the 
53. 3 to 6 54. 12x to 15x cost per pound). 

F 58. If a factory used 2,275 kwh of electricity in February, what 

55. 2 feet to | yard 56. 5 pints to 3 quarts 


was the rate of energy consumption in kwh per week? 


SECTION 6.8 


DEFINITIONS AND CONCEPTS EXAMPLES 
eer : . 12 9 27 
A proportion is a statement that two ratios are Proportions: 14 ll 33 
equal. 
: : BoD « 
In any proportion, the product of the extremes is Solve: ara _ i 


equal to the product of the means. 
V(x — 2) =6+x Ina proportion, the product of the extremes is equal 
to the product of the means. 


7x — 14 = 6x Do the multiplication. 
x= 14 Subtract 6x and add 14 to both sides. 


The measures of corresponding sides of similar A tree casts a shadow 14 feet long at the same time as a woman 5.6 feet tall 
triangles are in proportion. casts a shadow that is 2.8 feet long. Find the height of the tree. 


Let / represent the height of the tree. Since the triangles formed are similar, the 
lengths of their corresponding sides are in proportion. 


h _ 14 Height of tree _ Shadow of tree 
5.6 2.8 Height of the woman Shadow of the woman 


2.8°h =5.6-14 Ina proportion, the product of the extremes is equal 
to the product of the means. 


2.8h = 78.4 Do the multiplication. 
h = 28 Divide both sides by 2.8. 


The tree is 28 feet tall. 


REVIEW EXERCISES 
Determine whether the following equations are proportions. 


59, 4 = 20 se 

“7 34 ae *. 
Solve each proportion. 

3 6 x x 

— = 62. — == 

- x 9 3 5 
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4x-1_ x 


=o 64 
5 7 “18 6 
65. Height of a pole A telephone pole casts a shadow 12 feet 
long at the same time that a man 6 feet tall casts a shadow 
of 3.6 feet. How tall is the pole? 


Chapter6 TEST 


Assume no division by 0. 


48x* 
1. Simplify: = - 
S4xy 
2x7 —x—3 
2. Simplify. —— >—_— 
Fao 4x? — 9 


eee 3(x + 2) — 3 
3. Simplify: == 
12x?y 25y*z 
15xyz ; 16xt° 
se Bek De ED 
axon ri 4 
ay ee Sie Moxie 
6. Divide and simplify: ee: 30xyt> 
x =o. Sha 3) 
3x7 + 6x 3x? + 6x7" 
ee ae ee yy 
—y x -2x a 
5x-4 5x+3 
x= il iG w= 1 
ace flip = 2) 
Dip se 3 Dye ‘ 
x6 4P Il x= Il 


4. Multiply and simplify: 


5. Multiply and simplify: 


7. Divide and simplify: 


8. Simplify: 


9. Add: 


10. Subtract: 


11. Add: ab 5 
iG see Il 
SBS 
12. Subtract: ——~ — 3. 
Xe 
8x 
mate: xy? 
13. Simplify: Fo 
4y 
ey 
i142 
x 
14. Simplify: ————. 
a=) 
By 


os ie ices 
15. Solve for x: 1° 2° 5 
Ge sk +2 
16. Solve for x: 3x eS) = 16—- 2 
3} 2 
7 1 3} 
17. Solve for x: : 
Solve for x a oe 
RB 
18. Solve for B: = : 
8. Solve for ag 


19. Cleaning highways One highway worker could pick up all 
the trash on a strip of highway in 7 hours, and his helper 
could pick up the trash in 9 hours. How long will it take 
them if they work together? 

20. Boating A boat can motor 28 miles downstream in the 
same amount of time as it can motor 18 miles upstream. 
Find the speed of the current if the boat can motor at 23 
mph in still water. 

21. Flight path A plane drops 575 feet as it flies a horizontal 
distance of : mile. How much altitude will it lose as it flies a 
horizontal distance of 7 miles? 


22. Express as a ratio in lowest terms: 6 feet to 3 yards. 


ets) 3xt ; 
23. Is the equation ae a proportion? 
Spgy Ss! 
=) 
24. Solve for y: SS 
et iv 


25. A tree casts a shadow that is 30 feet long when a 6-foot-tall 
man casts a shadow that is 4 feet long. How tall is the tree? 
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4 = 
Simplify each expression. 330-2 = 4325 34. 0< = oy 
le He 2 Ay 
5 
ao 4. Gx) 
‘i Graph each equation. 


5. (3x7 — 2x) + (6x° — 3x? — 1) Palle 40s 
6. (4x? — 2x) — (2x3 — 2x? - 3x +1) 35. 4x — 3y = 12 36. 3x + 4y =4y + 
y y 


7. 3(5x° — 4x + 3) + 2(—x* + 2x — 4) ‘ k 
8. 4(3x° — 4x — 1) — 2(-2x° + 4x — 3) 


Perform each operation. Assume no division by 0. SS Sy ee Nd 
9. 3x*y"(—4x"y*) 

10. —5x°(7x? — 2x7 — 2) 

11. 3x + DQx + 4) 

12. (5x — 4y)(3x + 2y) 


If f(x) = 2x? — 3, find each value. 


12). J) ee 37. f(0) 38. /(3) 
14, 2x — 3)2x° — x? —x-—3 39. f(—2) 40. f(2x) 
Factor each expression. een each fraction. ; 
15. 3x) — ony 16. 3(a + b) + x(a + b) Pe ae re eS 
ll x? + 3x — 10 
2) 4 2 
Be ea 18. 25p" — 16q Perform the operation(s) and simplify when possible. Assume no 
division by 0. 
ioe 2053. — xy — Gy. ee er 
43. a 


ape = 5) sae 3 


Pe — 
210d Gi 20 =p Gp ened 


22. 8m — 10mn — 3n? 44. 


Sy) o_o 
23. p? — 27q° Z > 
ere As. ae ie on Ie = 
rae 2 eae D get D 4D 
Solve each equation. A6. = ll eis 1 
4 ae Sane al 
25. =x + 6= 18 26. 5 — =7-x 2 
5 a7 @ ar il __@ 
27. 6x7 -x -2=0 28) 5.¢ = Wx “2a+4 2-8 
29. x + 3x+2=0 30. 2y° + 5y - 12 =0 ie! 
43.02 — 
ie ee 
Solve each inequality and graph the solution set. se y 


Bile abe = 3) 7 [Yo Tee = O< Si 
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CHAPTER 7 


More Equations, 
Inequalities, 
and Factoring 


Review of Solving Linear Equations 
and Inequalities in One Variable 


Solving Equations in One Variable Containing 
Absolute Values 


Solving Inequalities in One Variable Containing an 
Absolute-Value Term 


Review of Factoring 

Review of Rational Expressions 
Synthetic Division 

Projects 

CHAPTER REVIEW 

CHAPTER TEST 


Careers and Mathematics 
TEER ET BI DTE ANT 


FLIGHT ENGINEERS: 


Pilots are highly trained professionals who fly either 
airplanes or helicopters. Civilian aircraft pilots and flight 
engineers held about 106,000 jobs in 2004. Of these, 
about 84,000 worked as airline pilots, copilots, and 
flight engineers. The remainder were 
commercial pilots who 
worked as flight 
instructors at local 
airports or for large 
businesses that fly 
company cargo and 
executives in their 
own airplanes. 
Every pilot who is paid 
to transport passengers 
or cargo must have a 
commercial pilot's license 
with an instrument rating 
issued by the FAA. 


In this chapter > 


In this chapter, we will review many concepts 
covered in the first six chapters and extend them to 
the intermediate algebra level. If you have trouble 

with any topic in this chapter, review the sections in 
the text in which we first discussed that topic. 
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Review of Solving Linear Equations 
and Inequalities in One Variable 


@ Solve a linear equation in one variable. 


® Solve a linear equation in one variable that results in an identity 
or a contradiction. 


&} Solve a formula for a specified variable. 
@3 Solve an application problem using a linear equation in one variable. 
® Solve a linear inequality in one variable. 
©} Solve a compound inequality. 


Objectives 


contradiction 


= D eT 


Vocabulary 


Find the value of x that will make each statement true. 
x= 5.= 3 
6 4. 2x+3=x-4 


2. 


x+3=5 
cL 
5 


1. 


3. 


Getting Ready 


In this section, we will review how to solve equations and inequalities. 


@ Solve a linear equation in one variable. 


Recall that an equation is a statement indicating that two mathematical expressions are 
equal. The set of numbers that satisfy an equation is called its solution set, and the ele- 
ments in the solution set are called solutions or roots of the equation. Finding the solu- 
tion set of an equation is called solving the equation. 

To solve an equation, we will use the following two properties of equality to replace 
the equation with simpler equivalent equations that have the same solution set. We con- 
tinue this process until we have isolated the variable on one side of the = sign. 


1. If any quantity is added to (or subtracted from) both sides of an equation, a new 
equation is formed that is equivalent to the original equation. 


2. If both sides of an equation are multiplied (or divided) by the same nonzero con- 
stant, a new equation is formed that is equivalent to the original equation. 
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EXAMPLE 1 Solve: 3(2x — 1) = 2x + 9. 


Solution We can use the distributive property to remove parentheses and then isolate x on the 
left side of the equation. 


3(2x — 1) = 2x +9 


6x -—3 =2x+9 To remove parentheses, use the distributive property. 
6x —-3+3=2x +943 To undo the subtraction by 3, add 3 to both sides. 
6x = 2x + 12 Combine like terms. 
6x — 2x = 2x +12—2x To eliminate 2x from the right side, subtract 2x from 
both sides. 
4x = 12 Combine like terms. 
x= 3 To undo the multiplication by 4, divide both sides by 4. 


Check: We substitute 3 for x in the original equation to see whether it satisfies the 


equation. 
3(2x —1)=2x+9 
3(22-3-1) 22-349 
3(5)=6+9 On the left side, do the work in parentheses first. 
15 = 15 


Since 3 satisfies the original equation, it is a solution. The solution set of the equation 
is {3}. 


SELF CHECK 1 Solve: 2(3x — 2) = 3x — 13. 


To solve more complicated linear equations, we will follow these steps. 


Solving Equations 1. If an equation contains fractions, multiply both sides of the equation by their least 
¢. 4 : common denominator (LCD) to eliminate the denominators. 


. 2. Use the distributive property to remove all grouping symbols and combine like terms. 
h 3. Use the addition and subtraction properties to get all variables on one side of the 
equation and all numbers on the other side. Combine like terms, if necessary. 
- 4 4. Use the multiplication and division properties to make the coefficient of the vari- 
ee 
a . 


i 


} 
| ‘ 
able equal to 1. 


5. Check the result by replacing the variable with the possible solution and verifying 
that the number satisfies the equation. 


EXAMPLE 2 Solve: (x 3) = 30 2) +2. 


Solution Step1: Since 6 is the smallest number that can be divided by both 2 and 3, we mullti- 
ply both sides of the equation by 6, the LCD, to eliminate the fractions: 


(x 3) = 56 2)+2 
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5 3 
6| Sex - 3) = 6| Sex = 2) + 2| Multiply both sides of the equation by 6. 


10(x — 3) = 9x — 2) + 12 6-2 =10,6-3=9,and6-2 = 12. 


Step 2: We use the distributive property to remove parentheses and then combine like 
terms. 


10x — 30 = 9x — 18 + 12 To remove parentheses, use the distributive 
property. 
10x — 30 = 9x — 6 Combine like terms. 


Step 3: We use the addition and subtraction properties by adding 30 to both sides 
and subtracting 9x from both sides. 


10x — 30 — 9x + 30 = 9x — 6 — 9x + 30 


x = 24 Combine like terms. 


Since | is the coefficient of x in the above equation, Step 4 is unnecessary. 


Step 5: We check by substituting 24 for x in the original equation and simplifying: 


5 3 
3 3) ics 2)+2 
5 73 
3 (24 3) 5 (24 2)+2 


? 


Fic fo 
3 (21) 2 522) +2 


Jo 


5(7) = 33 + 2 
35 = 35 


Since 24 satisfies the equation, it is a solution. The solution set of the equation is {24}. 


FEY SELF CHECK 2 Solve: a(x 2) = 2 ies. 


(74) Solve a linear equation in one variable that results in an identity 
or a contradiction. 
The equations discussed so far have been conditional equations. For these equations, 


some numbers x are solutions and others are not. An identity is an equation that is satis- 
fied by every number x for which both sides of the equation are defined. 


EXAMPLE3 Solve: 2(x — 1) + 4=4(1 + x) — (2x + 2). 


Solution 2x -—1)+4= 40 + x) — x + 2) 
2x -2+4=4+4+ 4% —-2x-2 Use the distributive property to remove 
parentheses. 
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2x +2=2x+2 Combine like terms. 
2=2 Subtract 2x from both sides. 


Since 2 = 2, the equation is true for every number x. Since every number x satisfies this 
equation, it is an identity. The solution set of the equation is the set of real numbers R. 


SELF CHECK 3 Solve: 3(x + 1) — (20 + x) = 5(x — 1) — 3(x + 4). 


A contradiction is an equation that has no solution. 


x- 1 3. 13x —2 
EXAMPLE4 Solve: ~—— + 4x => + ~~. 
3 2; 3 
61 3. 13x -2 
Solution + 4x =i+ 
3 9 3 
‘ aa re 4x) _ 63 4 [34 = 2) Se eliminate the fractions, multiply both 
2 3 sides by 6. 
2(x — 1) + 6(4x) = 9 + 2(13x — 2) Use the distributive property to remove 
parentheses. 
2x —2+ 24x =9 + 26x — 4 Remove parentheses. 
26x — 2 = 26x + 5 Combine like terms. 
—2=5 Subtract 26x from both sides. 


Since —2 = 5 is false, no number x satisfies the equation. The solution set of the equa- 
tion is @, called the empty set. 


x-2 x+ 
FB} SELF CHECK 4 Solve: 4723-54 : 


5 3 


E} Solve a formula for a specified variable. 


To solve a formula for a variable means to isolate that variable on one side of the = sign 
and place all other quantities on the other side. 


EXAMPLE 5 WAGESAND COMMISSIONS A sales clerk earns $200 per week plus a 5% commission 
on the value of the merchandise she sells. What dollar volume must she sell each week 
to earn $250, $300, and $350 in three successive weeks? 


Solution The weekly earnings e are computed using the formula 
(1) e= 200 + 0.05y 


where v represents the value of the merchandise sold. To find v for the three values of 
e, we first solve Equation | for v. 
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Ey SELF CHECK 5 


EXAMPLE 6 


Analyze the problem 


Form an equation 


Solve the equation 
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e = 200 + 0.05v 
e — 200 = 0.05v Subtract 200 from both sides. 
e — 200 as : 
0.05 =y Divide both sides by 0.05. 

We can now substitute $250, $300, and $350 for e and compute v. 
_ €= 200 _ €= 200 _ e— 200 
0.05 0.05 0.05 
_ 250 — 200 _ 300 — 200 _ 350 — 200 

"0.05 "0.05 "0.05 
v = 1,000 v = 2,000 v = 3,000 


She must sell $1,000 worth of merchandise the first week, $2,000 worth in the second 
week, and $3,000 worth in the third week. 


What dollar volume must the clerk sell to earn $500? 


Solve an application problem using a linear equation in one variable. 


BUILDINGADOGRUN A man has 28 meters of fencing to make a rectangular dog run. 
He wants the dog run to be 6 meters longer than it is wide. Find its dimensions. 


To find the dimensions, we need to find both the length and the width. If w is chosen to 
represent the width of the dog run, then w + 6 represents its length. (See Figure 7-1.) 


The perimeter P of a rectangle is the distance around it. Because the dog run is a 
rectangle, opposite sides have the same length. The perimeter can be expressed as 
2w + 2(w + 6) or as 28. 


Figure 7-1 
Two widths plus (twolengths equals | the perimeter. 
2-w + 2-(w + 6) = 28 


We can solve this equation as follows: 


2w + 2(w + 6) = 28 


2w + 2w + 12 = 28 


4w + 12 = 28 
4w = 16 
w=4 

wt+6= 10 


State the conclusion 


Use the distributive property to remove parentheses. 
Combine like terms. 

Subtract 12 from both sides. 

Divide both sides by 4. This is the width. 

Add 6 to the width to find the length. 


The dimensions of the dog run are 4 meters by 10 meters. 
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Check the result If the dog run has a width of 4 meters and a length of 10 meters, its length is 6 meters 
longer than its width, and the perimeter is 2(4) + 2(10) = 28. 


5] Solve a linear inequality in one variable. 
Recall that inequalities are statements indicating that two quantities might be unequal. 


+ a<bmeans “ais less than 5.” 
a > bmeans “ais greater than 5.” 
a = b means “a is less than or equal to b.” 


+ a= bmeans “ais greater than or equal to 5.” 


In Chapter 1, we saw that many inequalities can be graphed as regions on the 
number line, called intervals. For example, the graph of the inequality —4 < x < 2 is 
shown in Figure 7-2(a). Since neither endpoint is included, we say that the graph is an 
open interval. In interval notation, this interval is denoted as (—4, 2), where the parenthe- 
ses indicate that the endpoints are not included. 

The graph of the inequality -2 = x = 5 is shown in Figure 7-2(b). Since both end- 
points are included, we say that the graph is a closed interval. This interval is denoted as 
[—2, 5], where the brackets indicate that the endpoints are included. 

Since one endpoint is included and one is not in the interval shown in Figure 7-2(c), 
we call the interval a half-open interval. This interval is denoted as [—10, 10). Since the 
interval shown in Figure 7-2(d) extends forever in one direction, it is called an unbounded 
interval. This interval is denoted as [—6, ©), where the symbol ~ is read as “infinity.” 


4 2 2 2 10 10 -6 


(a) (b) (c) (d) 
Figure 7-2 


If a and b are real numbers, Table 7-1 shows the different types of intervals that can 


occur. 
Kind of interval Inequality Graph Interval 
Open interval OSX <p) <j > (a, b) 
a b 
Half-open interval (1S xe ly) ae [a, b) 
a b 
OS Sly —_——}- _- (a, 5] 
a b 
Closed interval a=) —————— [a, b] 
a b 
Unbounded interval SO ——— (a, ©) 
a 
x=a —< $f [a, °°) 
a 
Rew ——j—__+ (—®, a) 
da 
x=a ——<$j > GP 
a 
—-~o<xX< _— (—®, 0) 
0 


Table 7-1 
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Properties of 
Inequalities 


Inequalities such as x + 1 > x, which are true for all numbers x, are called absolute 
inequalities. Inequalities such as 3x + 2 < 8, which are true for some numbers x, but not 
all numbers x, are called conditional inequalities. 

If a and 4 are two real numbers, then a < b, a = b, or a > b. This property, called 
the trichotomy property, indicates that one and only one of three statements is true about 
any two real numbers. Either 


the first number is less than the second, 
+ the first number is equal to the second, 
or the first number is greater than the second. 
If a, b, and c are real numbers with a < band b < c, thena < c. This property, called the 
transitive property, indicates that if we have three numbers and the first number is less 
than the second and the second number is less than the third, then the first number is less 


than the third. 
To solve an inequality, we use the following properties of inequalities. 


1. Any real number can be added to (or subtracted from) both sides of an inequality 
to produce another inequality with the same direction as the original inequality. 

2. If both sides of an inequality are multiplied (or divided) by a positive number, 
another inequality results with the same direction as the original inequality. 

3. If both sides of an inequality are multiplied (or divided) by a negative number, 
another inequality results, but with the opposite direction from the original inequality. 


Property | indicates that any number can be added to both sides of a true inequality 
to get another true inequality with the same direction. For example, if 4 is added to both 
sides of the inequality 3 < 12, we get 


3+4<12+4 
7< 16 
and the < symbol remains an < symbol. Adding 4 to both sides does not change the 
direction (sometimes called the order) of the inequality. 
Subtracting 4 from both sides of 3 < 12 does not change the direction of the 
inequality either. 
3-4<12-4 
-1<8 
Property 2 indicates that both sides of a true inequality can be multiplied by any pos- 
itive number to get another true inequality with the same direction. For example, if both 
sides of the true inequality —4 < 6 are multiplied by 2, we get 
2(—-4) < 2(6) 
—8§< 12 
and the < symbol remains an < symbol. Multiplying both sides by 2 does not change the 


direction of the inequality. 
Dividing both sides by 2 doesn’t change the direction of the inequality either. 


—-4 6 


2 2 
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Property 3 indicates that if both sides of a true inequality are multiplied by any neg- 
ative number, another true inequality results, but with the opposite direction. For 
example, if both sides of the true inequality —4 < 6 are multiplied by —2, we get 


-4<6 
—2(—4) > -2(6) 
8>-12 


and the < symbol becomes an > symbol. Multiplying both sides by —2 reverses the 
direction of the inequality. 
Dividing both sides by —2 also reverses the direction of the inequality. 


—4<6 
—4 6 
—_ > — 
=f. 2 
2>-3 


A linear inequality in one variable is any inequality that can be expressed in the form 
COMMENT We must 
remember to reverse the 
inequality symbol every time We can solve linear inequalities by using the same steps that we use for solving linear 
we multiply or divide both equations, with one exception. If we multiply or divide both sides by a negative number, 
sides by a negative number. we must reverse the direction of the inequality. 


ax+c<0 ax +c>0 ax +c=0 or ax+c=0 (a#0) 


EXAMPLE 7 Solve: a. 3(2x —-9)<9 b. —4(3x + 2) < 16. 


Solution a. We solve the inequality as if it were an equation: 
3(2x — 9) <9 
6x —27<9 Use the distributive property to remove parentheses. 
6x < 36 Add 27 to both sides. 
x<6 Divide both sides by 6. 


The solution set is the interval (—~, 6). The graph of the solution set is shown in 
Figure 7-3(a). 
b. We solve the inequality as if it were an equation: 
—4(3x + 2) <= 16 
—12x —8=16 © Use the distributive property to remove parentheses. 
—12x = 24 Add 8 to both sides. 
x 2-2 Divide both sides by —12 and reverse the = symbol. 


The solution set is the interval [—2, ©). The graph of the solution set is shown in 
Figure 7-3(b). 


Figure 7-3 


SELF CHECK7 Solve: —3(2x + 1) >9. 
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EXAMPLE8 Solve: $00 Sh < — 3), 


2 4 
Solution 3 + 2)> 5 — 3) 


2 4 
15> 3% +2)> 15: 5% — 3)  Toeliminate the fractions, multiply both sides by 15. 


10(x + 2) > 12(x — 3) 15+3 = 10 and 15-3 = 12. 
10x + 20 > 12x — 36 Use the distributive property to remove parentheses. 
—2x + 20 > —36 Subtract 12x from both sides. 
—2x > —56 Subtract 20 from both sides. 
—_- x < 28 Divide both sides by —2 and reverse the > symbol. 
Figure 7-4 The solution set is the interval (—°%, 28), whose graph is shown in Figure 7-4. 


FJ SELF CHECK8 = Solve: 5x == $00 1), 


6 | Solve a compound inequality. 


To say that x is between —3 and 8, we write a double inequality: 
—3<x<8 _ Readas “—3 is less than x and x is less than 8.” 

This double inequality contains two different linear inequalities: 
=3 <x and x<8 


These two inequalities mean that —3 < x and x < 8. The word and indicates that these 
two inequalities are true at the same time. 


A Double Inequalities The double inequality c < x < dis equivalent toc < x and x < d. 


COMMENT Note that the inequality c < x < dis not equivalent to c < x or x < d. 


EXAMPLE9 Solve: -3<2x+5<7. 


Solution This inequality means that 2x + 5 is between —3 and 7 or possibly equal to —3. We 
can solve it by isolating x between the inequality symbols: 


—-3=2x+5<7 


—-8=2x <2 Subtract 5 from all three parts. 
—_-—_— ses 
4 1 -4<=x<l Divide all three parts by 2. 
Figure 7-5 The solution set is the interval [—4, 1). Its graph is shown in Figure 7-5. 


FJ SELF CHECK9 Solve: -3<2x-5<=9. 


EXAMPLE 10 


Solution 


= 


4 
Figure 7-6 


SELF CHECK 10 


EXAMPLE 11 


Solution 


—$_+— 


-3 8 
Figure 7-7 


SELF CHECK 11 


SELF CHECK ANSWERS 
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Solve: x +3<2x-1<4x-3. 


Since it is impossible to isolate x between the inequality symbols, we solve each of its 
linear inequalities separately. 
x#S < 2H = 1 and 2x —-1<4x—-3 
4<x 2<2x 
l<x 
Only those numbers x where x > 4 and x > | are in the solution set. Since all numbers 


greater than 4 are also greater than 1, the solutions are the numbers x where x > 4. 
The solution set is the interval (4, 2%). The graph is shown in Figure 7-6. 


Solve: x —5=3x-1255x+4+5. 


Solve the compound inequality: x = —30rx= 8. 


The graph of x = —3 or x = 8 is the union of two intervals: 
(—~, —3] U [8, ©) 


Its graph is shown in Figure 7-7. 
The word or in the statement x = —3 or x = 8 indicates that only one of the 
inequalities needs to be true to make the statement true. 


Solve: x < —2orx>4. 


COMMENT In the statement x <= —3 or x = 8, it is incorrect to string the inequalities 


together as 8 S x = —3, because that would imply that 8 = —3, which is false. 


1.-3 2-1 3R 42 5. $6,000 7. (-»,-2) (00,2) 


=) 
8.[—-7,°) — [-7, «) 9. (1, 7] (Chara 10. [—2,%) — [-2, «») 


ee 
-7 1 7 —2 
11. (—%, —2) U (4, ») (—0, -2) U (4, ©) 


2) 4 


Solve each inequality, and express the result as a graph and in interval notation, if appropriate. 
1. 6x — 2(x + 1) < 10 or —5x < —10 


2. 4x = 2(x — 6) and —S5x = 30 
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7.1 EXERCISES — } 


WARM-UPS Solve each equation or inequality. GUIDED PRACTICE 
1.2x+4=6 2. 3x —-4=8 Solve each equation. See Example 1. (Objective 1) 
3B. 2x<4 4.3x+1210 23. 2x + 1 = 13 24. 2x — 4 = 16 
ee Gea 25. 3(x + 1) = 15 26. —2(x + 5) = 30 
2 27.2r-5=1-r 28. 55-13 =s—1 
REVIEW Simplify each expression. Assume no variable is 0. 29. 3(22y — 4) — 6 = 3y 30. 2x + 2x — 3) = 5 
2 p5¢78\ 3 a Bah 2-4 31. 5(5 — a) = 37 — 2a 32. 4a + 17 = 7(a + 2) 
( 4-4 ) ( ah ) 33. 4(v + 1) = -2(44 - y) 34. Sir + 4) = —2(r — 3) 


9. Baking A man invested $1,200 in baking equipment to 


make pies. Each pie requires $3.40 in ingredients. If he can BONE eHeh ea HanOn Ste Exaln pie 2 (Obiective/t) 


sell all the pies he can make for $5.95 each, how many pies 35. ee 36. Lan 10 
will he have to make to earn a profit? 2 3 2° 3 
10. Investing A woman invested $15,000, part at ™% annual 37. x im x 38. 3 eae 20 —y 
interest and the rest at 8%. If she earned $1,100 in income 6 3 2 2 
over a one-year period, how much did she invest at 7%? a#1. @=1 2 
39. 
3 =) 15 
VOCABULARY AND CONCEPTS Fill in the blanks. 40, 2 1 2-3 a , 
11. An____is a statement indicating that two mathemati- "4 4 2 
cal expressions are equal. aa. 22 +3 3z —4 _#= 2 
12. If any quantity is to both sides of an equation, a 3 6 2 
new equation is formed that is equivalent to the original y= e. 2 y 
equation. 42. , 2 573 
13. If both sides of an equation are (or ) 
by the same nonzero number, a new equation is formed that Solve each equation and indicate whether it is an identity or a 
is equivalent to the original equation. contradiction. See Examples 3-4. (Objective 2) 
14. An__is an equation that is true for all values of its 43. 4(2 — 31) + 6 = —6t + 8 
variable. 44, 2x — 6 = —2x + 4(x — 2) 
15. A is an equation that is true for no values of 45. 3(x — 4) + 6 = —2(x + 4) + 5x 
its variable. 3 x 
16. The symbol <isreadas“__.” Ge =) a 3 2 
17. The symbol = is read as “ or equal to.” 


’ Solve each formula for the indicated variable. See Example 5. 
18. An open interval has no 


; (Objective 3) 
19. A interval has one endpoint. I I 
20. Ifa<bandb<c,then _.. 47. V= gor for B 48. A= oh for b 
21. If both sides of an inequality are multiplied by a 
number, a new inequality is formed that has the same direc- 
leleereiie 49. P= 21+ wf 50. P = 21+ 2wfor! 
22. If both sides of an inequality are multiplied by a al sie a o = ae 
number, a new inequality is formed that has the opposite 
direction from the first. = = 
51,2=— P for x 52. 2 =~ P for p 
oO 


53. y= mx + bforx 54. y = mx + b form 
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Solve each inequality. Give the result in interval notation and 
graph the solution set. See Examples 7-8. (Objective 5) 


55.5x -3>7 

56. 7x —-9 <5 

57. —3x —1=5 

58. —2x + 6= 16 

59. —3(a + 2) > 2(a + 1) 


60. —4(y —1)<y +8 


1 1 
61. =y+2=-y-4 
a a 

1 1 
62. fo gee? 


Solve each inequality. Give the result in interval notation and 
graph the solution set. See Examples 9-10. (Objective 5) 
63. —2< -b+3<5 
64.4<-1-2<9 
65. 15 >2x-7>9 
66. 25 >3x-2>7 
67. —6 < —3(x — 4) = 24 
68. —4 <= —2(x + 8)<8 
1 
69. 0= 5* —4>6 


5 — 3x 


70. -2= 
2 


<2 


Solve each inequality. Give the result in interval notation and 
graph the solution set. See Example 11. (Objective 6) 


71. 3x +2<80r2x-—3>11 


72. 3x +4< —-2or3x+4> 10 


73. —4(x + 2) = 120r3x+8<11 


74. x <30rx > —3 


ADDITIONAL PRACTICE Solve each equation or 
inequality. If an inequality, give the answer as a graph and in 
interval notation, where appropriate. 


75. 2(a — 5) - Ba + 1) =0 
76. 8(3a — 5) — 4(2a + 3) = 12 
77. vv +2)=(v +1" -1 
78. x(x — 3) =(x - 17 — (54+ x) 
79. 8 -9y=-y 
80.4 -3x=x 
81. S(x — 2) = Oand -3x <9 
82. x < —3andx > 3 
1 
83. -6=,a+1<0 
g4. 02 <2 
3 
Ss Ss 
85. P=L+—ifors 86. P= L+ —ifor f 
f - 
APPLICATIONS 
Solve each application. See Example 6. (Objective 4) 
87. Finding dimensions The rectangular garden below is twice 
as long as it is wide. Find its dimensions. 
88. Fencing pastures A farmer has 624 feet of fencing to 


enclose the rectangular pasture shown below. Because a 
river runs along one side, fencing will be needed on only 
three sides. Find the dimensions of the pasture if its length 
is parallel to the river and is double its width. 
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89. Fencing pens A man has 150 feet of fencing to build the 92. Cutting beams A 30-foot steel beam is to be cut into 
pen shown below. If one end is a square, find the outside two pieces. The longer piece is to be 2 feet more than 
dimensions of the entire pen. 3 times as long as the shorter piece. Find the length of 

each piece. 


93. Finding profit The wholesale cost of a radio is $27. A 
store owner knows that for the radio to sell, it must be 
priced under $42. If p is the profit, express the possible 
profit as an inequality. 

94. Investing If a woman invests $10,000 at 8% annual inter- 
est, how much more must she invest at 9% so that her 
annual income will exceed $1,250? 


95. Buying compact discs A student can afford to spend up 
to $330 on a stereo system and some compact discs. If the 
90. Enclosing swimming pools A woman wants to enclose the stereo costs $175 and the discs are $8.50 each, find the 
swimming pool shown in the illustration and have a 
walkway of uniform width all the way around. How wide 
will the walkway be if the woman uses 180 feet of fencing? 


greatest number of discs the student can buy. 


96. Grades A student has scores of 70, 77, and 85 on three 
exams. What score is needed on a fourth exam to make the 
student’s average 80 or better? 


WRITING ABOUT MATH 


97. Explain the difference between a conditional equation, an 
identity, and a contradiction. 


98. The techniques for solving linear equations and linear 
inequalities are similar, yet different. Explain. 


SOMETHING TO THINK ABOUT 
99. Find the error. 


Solve each application. 

91. Cutting boards The carpenter below saws a board into two A(x + 3) = 16 
pieces. He wants one piece to be | foot longer than twice the 4m 3 = 16 
length of the shorter piece. Find the length of each piece. YM - 13 

13 
x -NS 
4 


100. Which of these relations is transitive? 
a= b. < ca # d. # 
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Solving Equations in One Variable Containing 
Absolute Values 


GD Find the absolute value of a number. 
@9 Solve an equation containing a single absolute-value term. 
&} Solve an equation where two absolute-value terms are equal. 


Objectives 


Simplify each expression. 


i =6 6) 2. 5) 3. —(x — 2) 4. -(2-7) 


Getting Ready 


In this section, we will review the definition of absolute value and show how to solve 
equations that contain absolute values. 


al Find the absolute value of a number. 


Recall the definition of the absolute value of x. 


Absolute Value Tie == OF them || ox, 


itt x2 < ©, ine ||se| = 2. 


This definition associates a nonnegative real number with any real number. 


+ If x = 0, then x is its own absolute value. 
+ If x <0, then —x (which is positive) is the absolute value. 


Either way, |x| is positive or 0: 


|x| =O for all real numbers x 


EXAMPLE 1 | Find each absolute value. 
a.|9| b|-5| «|0| and dj2-a| 


Solution a. Since 9 = 0, 9 is its own absolute value: |9| = 9. 
b. Since —5 < 0, the negative of —5 is the absolute value: 


|-5| = -(-5) =5 
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ComMENT The placement c. Since 0 = 0, 0 is its own absolute value: |0| = 0. 
of a — sign in an expression d. Since 7 ~ 3.14, it follows that 2 — a < 0. Thus, 
containing an absolute value _ _ 

symbol is important. For Pee Sea) e 
example, |—19| = 19, but 
—|19| = -19. 


FY SELF CHECK 1 Find each absolute value. 
a. |—12| b. |4 — 7 


EXAMPLE 2 Find each value. 
a. —|—10| b. —| 13] and c. —(—|-3]) 


Solution a. —|—10| = —(10) = —10 
b. —|13| = -13 
c =(—(=3))=—-(-3) = 3 


FS) SELF CHECK 2 Find the value: —|-15]. 


(74 Solve an equation containing a single absolute-value term. 


In the equation |x| = 5, x can be either 5 or —5, because 


|5| = 5 and =|-5| =5 
Thus, if |x| = 5, then x = 5S or x = —5S. In general, the following is true. 
Absolute Value If k > 0, then 
Equations |x| =k is equivalent to x=korx=—-k 


The absolute value of x can be interpreted as the distance on the number line from a 
point to the origin. The solutions of |x| = & are represented by the two points that lie 
exactly & units from the origin. (See Figure 7-8.) 


k k 
—_—_—_—_—_—-es 
—" | —7 
-k 0 k 

Figure 7-8 


The equation |x — 3| = 7 indicates that a point on the number line with a coordi- 
nate of x — 3 is 7 units from the origin. Thus, x — 3 can be either 7 or —7. 


x-3=7 or x-3=-7 
s=. | fond 


~ -- -- = 
=< i" The solutions of |x — 3| = 7 are 10 and —4. (See Figure 7-9). If either of these numbers 
Figure 7-9 is substituted for x in the equation, it is satisfied: 
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|x —3| =7 |x —3| =7 
[10 — 3, £7 |-4 - 3, 47 
|7| =7 a7 
C4 G27 


EXAMPLE3 Solve: |3x — 2| =5. 


Solution Wecan write |3x — 2| = Sas 
3x —-2=5 or 3x —2=—-5 
and solve each equation for x: 


3x -2=5 or 3x -2=-5 


3x = 7 3x = -3 
x= x=-l1 


Verify that both solutions check. 


SELF CHECK3 Solve: |2x + 3| =5. 


To solve more complicated equations with a term involving an absolute value, we 
must isolate the absolute value before attempting to solve for the variable. 


EXAMPLE 4 Solve: | ox +3/44=10, 


Solution We first isolate the absolute value on the left side. 


| a +3/+4=10 
3 

2 ; 
(1) | 3° + 3 | =6 Subtract 4 from both sides. 


We can now write Equation | as 
2 2 
ZO ee 8 or ge tae 6 


and solve each equation for x: 


2 2 
=x+3=6 or -x+3=-6 
3 3 
2 2 : , 
3 =3 3° =-—9 Subtract 3 from both sides of each equation. 
2x =9 2x = —27 Multiply both sides of each equation by 3. 
9 27 
x= 5 x= > Divide both sides of each equation by 2. 


Verify that both solutions check. 
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EXAMPLE 5 


Solution 


fy SELF CHECK 5 


EXAMPLE 6 


Solution 


Ey SELF CHECK 6 


FY SELF CHECK 4 Solve: | =x ~3 


+1=7. 


1 
Solve: | Tx + 5 | = —4, 


Since the absolute value of a number cannot be negative, no value of x can make 


7x + 1 = —4, Since this equation has no solutions, its solution set is ©. 


Solve: —|3x + 2| = 4. 


1 
Solve: [gx-5|-4=-4 


We first isolate the absolute value on the left side. 
1 
| Iya | iad 


1 
2 


aie 5 | =0 Add 4 to both sides. 
Since 0 is the only number whose absolute value is 0, the binomial 5x — 5 must be 0, 
and we have 


1 
ge ree 


1 
ha =5 Add 5 to both sides. 


x = 10 Multiply both sides by 2. 
Verify that 10 satisfies the original equation. 


+2=2. 


2 
Solve: | 3* —4 


ACCENT ON TECHNOLOGY 


Solving Absolute Value 
Equations 


We can solve absolute value equations with a graphing calculator. For example, to solve 
|2x — 3| = 9, we graph the equations y; = |2x — 3| and y2 = 9 on the same coordi- 
nate system, as shown in Figure 7-10. To enter the equation y; = |2x — 3| ona TI-84 
Plus calculator, press these keys. 


Y= (MATH) |& 12 & eB) 


The equation |2x — 3| = 9 will be true for all x-coordinates of points that lie on both 
graphs. By using the TRACE or INTERSECT feature, we can see that the graphs inter- 
sect when x = —3 and x = 6. These are the solutions of the equation. 


Equations with Two 
Absolute Values 


EXAMPLE 7 


Solution 


SELF CHECK ANSWERS 


7.2. Solving Equations in One Variable Containing Absolute Values 


Solve an equation where two absolute-value terms are equal. 


The equation |a| = |b| is true when a = b or when a = —#. For example, 


Figure 7-10 


[3] = |3| [3] = |-3] 


3=3 3=3 


Thus, we have the following result. 
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If aand 5 represent algebraic expressions, the equation |a| = |b| is equivalent to the 


pair of equations 


a=b or a=-—b 


Solve: |5x + 3| = |3x + 25]. 


This equation is true when 5x + 3 = 3x + 25, or when 5x + 3 = —(3x + 25). We 


solve each equation for x. 


5x +3 =3x+25 or 


2 ="29 
x=11 


5x + 3 = —(3x + 25) 
5x +3 = —3x — 25 


8x = —28 
_ 28 
a 
7 
a) 


Verify that both solutions check. 


FRY SELF CHECK7 Solve: |4x — 3| = |2x + 5]. 


Up tb IP, eta 7h ils) 


ch i=4) 4h G,=2 %@ 


480 CHAPTER7 More Equations, Inequalities, and Factoring 


Express each of the following as an absolute value equation: 
1.x =2o0rx = -2 


2. 2x —-3 =7or2x —3 = —-7 


3.x+4=6o0rx+2=—-—8 


iad ———_ _ 

7.2 EXERCISES — ’ 
WARM-UPS Select the smaller of the two numbers. (Objective 1) 
Find each absolute value. 31. |2|, |5| 32. |—6|, |2| 

1. (=5| 2. -|5| 33. [5], |—8| 34. |6|, |3| 

3. —|-6| 4. —|4| 35. |—2|, | 10| 36. |—6|, —|6| 
Solve each equation. 37. |—3|, —|—4| 38. |—3|, |—2| 

5. |x| =8 6. |x| 5 39. —|—5|, —|—7| 40. —|—8|, —|20] 

. |x| = . |x] = - 

41. —x, +1 x>0 42. y,|\y—-1 >1 

7. |x —5| =0 8 |x+1)=1 a wIy- 1M OF) 


REVIEW Solve each equation. Solve each equation. See Examples 3-4. (Objective 2) 


t ¢ 
9. 3(2a — 1) = 2a 1h Sl 43. |x| = 8 44. |x| =9 
5x x b+9 b+2 8 45. |x — 3| =6 46. |x + 4| =8 
11. -1=2.4+ 12 12. 4b ve 
2 3 2 5 5 
47. |2x — 3| =5 48. |4x — 4| = 20 


VOCABULARY AND CONCEPTS fill in the blanks. 


is. eet =. 49. |3x + 2| = 16 50. |5x — 3| = 22 
ae Ae ee 51. |x + 3| +7 = 10 52, |2—x|+3=5 
15. |x| = __ for all real numbers x. 
16. If A > 0, then |x| = kisequivalentto__.- 53. |0.3x — 3] -2=7 54. |0.1x +8) -—1=1 
17. If |a| = |b|, thena = bor 
18. If k > 0, the equation |x| = k has ______ solutions. . 

Solve each equation. See Examples 5-6. (Objective 2) 
GUIDED PRACTICE 55,|2x+3| =-5 56. |2x + 10| =0 
Find each value. See Examples 1-2. (Objective 1) 2 
19. |8| 20. |—18| 57. |3x + 24| =0 58. |x — 21| = —-8 
21. |—12| 22. |15| Solve each equation. See Example 7. (Objective 3) 
23. —|2| 24. —|—20| 59. |2x + 1| = |3x + 3} 60. |S5x — 7| = |4x 4+ 1| 
25. —|—30| 26. —|25| 
27. —(—|50|) 28. —(—|—20]) 61. [3x — 1| = |x + 5| 62. [3x + 1| = |x — 5| 
29. |7 — 4| 30. |27 — 4| 

63. |2 — x| = |3x + 2| 64. |4x + 3] = |9 — 2x| 
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© |e. | ag DI = 6 Use a graphing calculator to solve each equation. Give the 
ele a |e 66. [Tee 12) il 8 result to the nearest tenth. 
79. |0.75x + 0.12] = 12.3 
80. |—0.47x — 1.75| = 5.1 
ADDITIONAL PRACTICE 
Solve each equation. WRITING ABOUT MATH 
ig 7 81. Explain how to find the absolute value of a number. 
67. 2 1} =3 68. 4 | = 32 82. Explain why the equation |x| + 5 = 0 has no solution. 
69. |3 — 4x| = 5 70. |8 — 5x| = 18 SOMETHING TO THINK ABOUT 
83. For what values of & does |x| + & = 0 have exactly two 
4 3 solutions? 
71, 5* 4 | 2=-2 72. 4" +2 | +45 84. For what value of k does |x| + k = 0 have exactly one 
solution? 
85. Construct several examples to show that |a-b| = |a| - |b|. 
1 1 
73.) x + 3 | =|x=3] 7A) | = |x +4| 86. Construct several examples to show that | 7 A 
87. Construct several examples to show that 
75. |3x + 7| = —|8x —2| 76. —|17x + 13] = |3x — 14| |a + b| # jal + |b. 
88. Construct several examples to show that 
+ a—b| # |a\| — |b}. 
77, tS = 12 78. Z42|=4 eee 


Solving Inequalities in One Variable Containing 
an Absolute-Value Term 


GD Solve an inequality in one variable containing one absolute-value term. 


Objectives 


Solve each inequality. 


fee 2H 3S 


Getting Ready 


In this section, we will show how to solve inequalities that have a term containing an 
absolute value. 
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(i) Solve an inequality in one variable containing one absolute-value term. 


The inequality |x| < 5 indicates that a point with coordinate x is Jess than 5 units from 
the origin. (See Figure 7-11.) Thus, x is between —5 and 5, and 


|x| <5 is equivalent to —§$<x< 5 


The solution to the inequality |x| <k (k > 0) includes the coordinates of the 
points on the number line that are Jess than k units from the origin. (See Figure 7-12.) 


5 5 
—_—_—seeoeoe 
a SEE 
5 0 5 & 8B 
Figure 7-11 Figure 7-12 


We have the following facts. 


zs < ie is equivalent to =< <le (ek >) 
ls Se is equivalent to =§EeEIE (2) 


To solve an inequality containing a term with an absolute value, we first isolate the 
absolute-value term on one side of the inequality. Then we use one of the previous prop- 
erties to write the inequality as a double inequality. 


EXAMPLE 1 Solve: |2x — 3| —-2<7. 


Solution We first add 2 to both sides of the inequality to obtain 
|2x — 3] <9 
We can then write the inequality as the double inequality 
=—9< 2x — 3 <9 


and solve for x: 


-9<2x-3<9 
—-6<2x< 12 Add 3 to all three parts. 
—3<x<6 Divide all three parts by 2. 
-3 6 Any number between —3 and 6, not including either —3 or 6, is in the solution set. This 
Figure 7-13 is the interval (—3, 6). The graph is shown in Figure 7-13. 


FB) SELF CHECK1 Solve: [3x + 1| <5. 


EXAMPLE 2 Solve: |3x + 2| <5. 


Solution We write the expression as the double inequality 


—-$=3x1+2=5 
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and solve for x: 


—-S553x+255 
-753x 53 Subtract 2 from all three parts. 
7 
————— oe 3 =x =. 1 Divide all three parts by 3. 
-7/3 1 
Figure 7-14 The solution set is the interval = 1], whose graph is shown in Figure 7-14. 


SELF CHECK2 Solve: |2x — 3| <5. 


The inequality |x| > 5 can be interpreted to mean that a point with coordinate x is 
more than 5 units from the origin. (See Figure 7-15.) 


Figure 7-15 


Thus, x < —Sorx> 5. 
In general, the inequality |x| > k (k > 0) can be interpreted to mean that a point 
with coordinate x is more than k units from the origin. (See Figure 7-16.) 


ee 
= OO OE 
Figure 7-16 
Thus, 
|x| >k is equivalent to x<-korx>k 


The or indicates union, an either/or situation. It is necessary for x to satisfy only one 
of the two conditions to be in the solution set. 


To summarize, 


If kis a nonnegative constant, then 


xe] Sk is equivalent to BS =e OF 6 > lk 


|x| 2 is equivalent to eS =k OF xy = ik 


EXAMPLE3 Solve: |5x — 10| > 20. 


Solution We write the inequality as two separate inequalities 
5x — 10 < —20 or 5x — 10 > 20 
and solve each one for x: 
5x —-10<—20 or 5x- 10> 20 


5x < —10 5x > 30 ~=Add 10 to both sides. 
x<-2 x > 6 Divide both sides by 5. 
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Thus, x is either less than —2 or greater than 6. 


re 


5 6 x<—2 or 


Figure 7-17 


ES) SELF CHECK3 Solve: |3x - 2| > 4. 


EXAMPLE 4 Solve: | : *| =6. 
Solution 
: F . =-6 or 
and solve each one for x: 
3 = 
= -6 
5 or 
3-—x =< -30 
—x = —33 
x = 33 
(ee 
aT 33 
Figure 7-18 
FB) SELF CHECK 4 Solve: | ~ | =2. 


x>6 


This is the union of two intervals (—%, —2) U (6, ©). The graph appears in Figure 7-17. 


We write the inequality as two separate inequalities 


3 =x ne 
5 
=6 
3 — x = 30 Multiply both sides by 5. 
=x = 27 Subtract 3 from both sides. 
x = -—27 Divide both sides by —1 and reverse the 


direction of the inequality symbol. 


The solution set is (—%, —27] U [33, ©), whose graph appears in Figure 7-18. 


EVERYDAY CONNECTIONS The Shortest Distance Between Two Points 


Perhaps one of the most famous examples of an inequal- 
ity involving absolute values is the so-called Triangle 
Inequality describing one of the Propositions in Euclid’s 
Elements. Yn layman’s terms, the Triangle Inequality pro- 
vides the basis for the rule of 
thumb, “The shortest distance 
between two points is a 
straight line.” Using mathemat- 
ical terminology, we say that 
given any triangle formed by 
the points A, B, and C, the 
length of any one side of the 
triangle must be shorter than 
the sum of the other two sides. 
Using mathematical notation 


for the triangle in the illustration, we write 
|x + y| < |x| + |yI. 


Baar 
x |x + y| 


Use the Triangle Inequality to determine whether the 
given numbers represent the lengths of the sides of a tri- 
angle. 

1. 8, 14, 20 

Px M0), il, 22 


EXAMPLE 5 


Solution 


Figure 7-19 


SELF CHECK 5 
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2 
Solve: Be 2|-3>6. 


We begin by adding 3 to both sides to isolate the absolute value on the left side. We 
then proceed as follows: 


2 
| 3x-2|-3>6 


ws) 
| a = 2 | >9 Add 3 to both sides. 
2 2 
== 2< =9 —-x-2>9 
Fla or 3° 
2 2 ; 
a <-7 a > 11 Add 2 to both sides. 
2x < —21 2x > 33 Multiply both sides by 3. 
21 33 - : 
XS 3 x> a Divide both sides by 2. 


The solution set is (—~, —41) U (3, ~), whose graph appears in Figure 7-19. 


Solve: Fae | —2>1. 


EXAMPLE 6 


Solution 


SELF CHECK 6 


ACCENT ON TECHNOLOGY 


Solving Absolute Value 
Inequalities 


Solve: |3x — 5| = —2. 


Since the absolute value of any number is nonnegative, 

and since any nonnegative number is larger than —2, 

the inequality is true for all x. The solution set is 0 
(—, ©), whose graph appears in Figure 7-20. Figure 7-20 


Solve: |2x + 3] > —5. 


We can solve many absolute value inequalities by a 
graphing method. For example, to solve |2x — 3| < 9, 
we graph the equations y, = |2x — 3| and y2 = 9 on 
the same coordinate system. If we use window settings 
of [—5, 15] for x and [—5, 15] for y, we get the graph 
shown in Figure 7-21. 

The inequality |2x — 3| <9 will be true for all 
x-coordinates of points that lie on the graph of Figure 7-21 
y = |2x — 3| and below the graph of y = 9. By using 
the TRACE feature, we can see that these values of x 
are in the interval (—3, 6). 

The inequality |2x — 3| > 9 will be true for all x-coordinates of points that lie on 
the graph of y = |2x — 3| and above the graph of y = 9. By using the TRACE feature, 
we can see that these values of x are in the union of two intervals (—%, —3) U (6, %). 
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SELF CHECK ANSWERS 4. (-2,4) (2, 4/3) 2. [-1,4] [-1, 4] 
a -_ — - 
=D 4/3 -l 4 
3. (—~, -2)U (2,2) (2, -2/3) U2, ») 4. (—%, -2] U[10, %) — (00, -2] U [10, 09) 
(ee 
—2/3 2 2 10 
5. (—~, -§) U (4,2) (0, -8/3) U (4/3, ) 6. (—~, ©) (0, e0) 
re 
-8/3 4/3 : 
1. Express each of the following as an absolute value inequality. 
a -5Sx55 
b. 3x —5<—-T7or3x-5>7 
2. Solve the inequality |x + 5| < 2x — 9. Write the solution in interval notation and graph 
it. 
— 7 
7.3 EXERCISES — } 


WARM-UPS Solve each inequality. 


1. |x| <8 2. |x| > 8 
3. |x| =4 4. |x| <7 
5.|x+1| <2 6. |x +1] >2 


REVIEW Solve each formula for the given variable. 


7. A=p + prt fort 8. A =p + prtforr 


9. P = 2w + 2/ for] 10. V =< Bh for B 


VOCABULARY AND CONCEPTS 

Fill in the blanks. 

11. If & > 0, then |x| < kis equivalent to 
12. If k > 0, then 
13. If & is a nonnegative constant, then |x| > k is equivalent to 


is equivalent to -k =x =k. 


14. If kis a nonnegative constant, then 
x= —-korx=k. 


is equivalent to 


GUIDED PRACTICE 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Examples 1-2. (Objective 1) 


15. |2x| <8 16. |3x| < 27 

17. |x +9| <12 18. |x — 8| <= 12 
19. |3x — 2| < 10 20. |4x —1| <7 
21. |3 — 2x| <7 22. |4 — 3x| = 13 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Examples 3-4. (Objective 1) 


23. |5x| > 5 


24. 


7x| >7 


25. 


x= 12) S24 
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26. |x + 5| =7 


27. |3x + 2| > 14 


28. |2x — 5| = 25 


29. |2 — 3x| =8 


30. |—1 — 2x| >5 
Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 5. (Objective 1) 


a1. | ox +7 +5>6 


32.| dx 3 -4<2 


33. —|2x — 3| < —7 


34. —|3x + 1| < -8 


35.°—|5x = 1+ 2< 0 


¥=2 

36. =4 
a 
X= 2 

37. >4 
— 

38. [3x + 1|+2<6 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 6. (Objective 1) 


39. —2|3x — 4| < 16 


40. |7x + 2| > -8 


41. [5x — 1| +4<0 
42. |3x + 2| < -3 
43. |2x + 1| +2<2 


4A, 


x+ 
45. (24*) | >o 


46. |4x + 3| > 0 


ADDITIONAL PRACTICE 

Solve each inequality. Write the solution set in interval notation 
and graph it. 

47. 3|2x + 5|=9 


3 
48. ane <2 
5 3 
49 : 1) <0 
»| sx t+ < 
7 
3 
50.) -x-2/+3s3 
5 
1 
51.) =x-5]/+4>4 
5 
ip, | ge a 
A 3° a= 


1 
53. | ya-2| +23 
54, |8x — 3] >0 
55. [3x — 2| +2=0 
56, |Sx— 12) <= 


57. |4x + 3| > —-5 


$2 <2 


1 
58. rs + 6 


BY Use a calculator to solve each inequality. Give each answer in 
interval notation. Round to the nearest tenth. 

59. |0.5x + 0.7| < 2.6 

60. |1.25x — 0.75] < 3.15 

61. |2.15x — 3.05| > 3.8 

62. | — 3.57x + 0.12| > 2.75 


WRITING ABOUT MATH 


63. Explain how parentheses and brackets are used when 
graphing inequalities. 

64. If k > 0, explain the difference between the solution sets of 
|x| <kand|x| >k. 


SOMETHING TO THINK ABOUT 
65. Under what conditions is |x| + |y| > 


x+ yl? 


66. Under what conditions is |x| + |y| = 


x + yl? 


a 
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Review of Factoring 


@ Factor a polynomial by factoring out the greatest common factor (GCF). 
® Factor a polynomial with four terms or six terms by grouping. 

&} Factor a difference of two squares. 

@3 Factor a trinomial by trial and error and by grouping (the ac method). 
@ Factor a sum and difference of two cubes. 


Objectives 


Vocabulary 


Perform each multiplication. 

1. 3x°y(2x — yp) 2 JQ6sF-D)G6= 2) 

3. (x + 2)(x — 3) 4. (2x + 3)(3x — 1) 

5. (x — 3)(x* + 3x + 9) 6. (x + 2)(x* — 2x + 4) 


Getting Ready 


In this section, we will review the basic types of factoring discussed in Chapter 5. 


Ga Factor a polynomial by factoring out the greatest common factor (GCF). 


EXAMPLE 1 Factor out the greatest common factor (GCF): 3xyz? + 6xz* — 9xyz". 


Solution We begin by factoring each monomial: 
Bxy’'2 = 3-xepryp zzz 
6xz* =3-2+x-z°z 

—9xyzt = -3-3+xeypegegezez 
Since each term has one factor of 3, one factor of x, and two factors of z and there are 
no other common factors, 3xz* is the GCF of the three terms. We can use the distribu- 
tive property to factor it out. 

3xy°z? + 6xz? — Oxyz* = 3xz7+ y?z + 3xz7+2 + 3xz7(—3yz7) 

= 3x7°(y"z + 2 — 3yz’) 


>| SELF CHECK 1 Factor out the greatest common factor: 4ab*? — 6a°b*. 


EXAMPLE 2 


Solution 


SELF CHECK 2 
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Factor out the negative of the greatest common factor: —6u7v* + 8u°v. 


Since the GCF of the two terms is 2u’v*, the negative of the GCF is —2u*v’. To factor 
it out, we proceed as follows: 
—6u-v? + 8ubv? = —2u7v* + 3y + Qu? Vv + 4u 
= —2u’y? + 3y — (—2u’v”)4u 
—2u’v*(3v — 4u) 


Factor out the negative of the greatest common factor: —3p°q + 6p7q’. 


EXAMPLE 3 


Solution 


SELF CHECK 3 


EXAMPLE 4 


Solution 


2n 3n 


Factor x” from x“ + x3” + x", 


We can write the trinomial in the form 
7 PME May ye] 
and then factor out x7”. 
AP WP PM SH Pe PM Me + Md] 


= x(x" + x" + 1) 


Factor 2a” from 6a~” — 4a"*!. 


Factor a polynomial with four terms or six terms by grouping. 


Although there is no factor common to all four terms of ac + ad + bc + bd, there is a 
factor of ain the first two terms and a factor of b in the last two terms. We can factor out 
these common factors. 


ac+ad+ be + bd=a(c + d) + b(c + d) 
We can now factor out c + don the right side. 
ac + ad + bc + bd = (c+ d)(a+t b) 


The grouping in this type of problem is not always unique. For example, if we write 
the expression ac + ad + bc + bdin the form ac + bc + ad + bd and factor c from the 
first two terms and d from the last two terms, we obtain the result with the factors in 
reverse order. 

ac + bc + ad + bd = cla + b) + da + b) 


= (a + b)(c + ad) 


Factor: 3ax? + 3bx* + a + 5bx + Sax + b. 


Although there is no factor common to all six terms, 3x* can be factored out of the 
first two terms, and 5x can be factored out of the fourth and fifth terms to get 


3ax” + 3bx* + a+ 5bx + 5ax + b = 3x7(a + b) + at 5x(b+a)+b 
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This result can be written in the form 


3ax? + 3bx? + a + Sbx + Sax + b = 3x°(a + b) + 5x(a + 5b) + (a t+ D) 
Since a + bis common to all three terms, it can be factored out. 


3ax? + 3bx? + a + 5bx + Sax + b = (a + b)3x* + 5x + 1) 


FE SELF CHECK 4 = Factor: 2px? + 2gx? + p + qx + Ipx + q. 


EXAMPLE 5 ELECTRONICS The formula r,r, = rr, + rr, is used to relate the combined resistance, 
r, of two resistors wired in parallel. The variable r, represents the resistance of the first 
resistor, and the variable r, represents the resistance of the second resistor. Solve the 
formula for rp. 


Solution — To isolate r, on one side of the equation, we get all terms involving r, on the left side 
and all terms not involving rz on the right side. We then proceed as follows: 


Nylon = 11%o + ry 


Ty — ry = 77, Subtract rrz from both sides. 
rr, —r) =1ry Factor out rz on the left side. 
rr) ass ‘ 
ry = Divide both sides by r; — r. 
ry r 


FEY SELF CHECK5 Solve fif2 = ffi + ff2 for fr. 


&} Factor a difference of two squares. 


Recall the formula for factoring the difference of two squares. 


Factoring the Difference Pane 
of Two Squares x — yo = (x + yx — y) 


If we think of the difference of two squares as the square of a First quantity minus 
the square of a Last quantity, we have the formula 


F?-L? =(F + L\(F-L) 


In words, we say, to factor the square of a First quantity minus the square of a Last quan- 
tity, we multiply the First plus the Last by the First minus the Last. 
To factor 49x” — 16, for example, we write 49x° — 16 in the form (7x) — (4)° and 

COMMENT Expressions such Use the formula for factoring the difference of two squares: 
as (7x)? + (4) are the sum of 49x? — 16 = (7x)* — (4) 
two squares and cannot be = _ 
factored in the real number ier ee) 
system. The binomial We can verify this result by multiplying 7x + 4 and 7x — 4 and observing that the result 
49x° + 16 is prime. is 49x? — 16. 
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EXAMPLE6 Factor: (x + y)*—- ~. 


Solution This expression is the difference of two squares that can be factored: 
t+ yi - 2 =[@t+yP - CY 
=[@ +9 + SI t+ yy - 7) 


The factor (x + y)” + z’is the sum of two squares and is prime. The factor (x + y)? — z 
is the difference of two squares and can be factored as (x + y + z)(x + y — z). Thus, 


(ty -2=[ae+ + 7]1e+ yp" - 27) 
=[xt+yP +7]l@tytoet+y-2 


2 


SELF CHECK6 Factor: a‘ — (b + o)*. 


EXAMPLE7 Factor: 2x*y — 32y. 


Solution We factor out the GCF of 2y and proceed as follows: 


2x*y — 32y = 2y(x* — 16) Factor out the GCF of 2y. 
= 2y(x? + 4)(x? - 4) Factor x* — 16. 
= 2y(x? + 4)(x + 2)(x — 2) Factor x? — 4. 


SELF CHECK7 Factor: 3ap* — 243u. 


4] Factor a trinomial by trial and error and by grouping (ac method). 


To factor a trinomial with a leading coefficient of 1 or —1, we follow these steps: 


Factoring Trinomials 1. Write the trinomial in descending powers of one variable. 


. Factor out any GCF, including —1. 


P : 
J , . List the factorizations of the third term of the trinomial. 
< . Pick the factorization where the sum of the factors is the coefficient of the middle 
r ; * term. 
¢ 


EXAMPLE 8 Factor: a. x7 — 6x +8 b. 30x — 4xy — 2xy’, 


bh WwW N 


Solution a. Since this trinomial is already written in descending powers of x and there are no 
common factors, we can move to Step 3 and list the possible factorizations of the 
third term, which is 8. 


The one to choose 
8(1) 4(2) =B(=1) —4(—2) 


In this trinomial, the coefficient of the middle term is —6, and the only factor- 
ization where the sum of the factors is —6 is —4(—2). Thus, 
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x? — 6x + 8 = (x — 4)\(x — 2) 


Because of the commutative property of multiplication, the order of the 
factors is not important. We can verify this result by multiplication. 


b. We begin by writing the trinomial in descending powers of y: 
30x — 4xy — 2xy? = —2xy? — 4xy + 30x 


Since each term in the trinomial has a common factor of —2x, it can be factored 
out. 


30x — 4xy — 2xy? = —2x(y? + 2y — 15) 
To factor y> + 2y — 15, we list the factors of —15 and find the pair whose sum is 2. 


The one to choose 


| 
15(-1) 5(—3) 1(-15) 3(—5) 


The only factorization where the sum of the factors is 2 (the coefficient of the 
middle term of y? + 2y — 15) is 5(—3). Thus, 


30x — 4xy — 2xy? = —2x(y”? + 2y — 15) 
—2x(y + 5)(y — 3) 
Verify this result by multiplication. 


EJ SELF CHECK 8 = Factor. 
a. x’ + 5x + 6 
b. 16a — 2ap” — 4ap 


There are more combinations of factors to consider when factoring trinomials with 
leading coefficients other than 1. For example, to factor 5x* + 7x + 2, we must find two 
binomials of the form ax + b and cx + d such that 


5x? + 7x + 2 = (ax + b)(cx + d) 


Since the first term of the trinomial 5x” + 7x + 2 is 5x’, the first terms of the binomial 
factors must be 5x and x. 


5x" 
4 _ a Ss 
5x7 + 7x + 2 = (5x + b\(x + d) 


Pierre de Fermat . 
(1601-1665) Since the product of the last terms must be 2, and the sum of the products of the outer 


Bieter del ennatshares tho honor and inner terms must be 7x, we must find two numbers whose product is 2 that will give 
with Descartes for discovering ana- a middle term of 7x. 

lytic geometry, and with Pascal for 
developing the theory of probabil- 
ity. But to Fermat alone goes credit 
for founding number theory. He is 


2 


,  ™ 
5x? + Tx + 2 = (5x + b)(x + d) 


probably most famous for a ~ 

theorem called Fermat’ last theorem. O+1=7x 

It states that ifn represents a . ; ‘ 3 ; 

number greater than 2, there are no Since 2(1) and (—2)(—1) both give a product of 2, there are four combinations to consider: 
hol bers, a, b, and c that 

Specie oe (5x + 2)(x + 1) (Sx — 2)(x — 1) (5x + 1)(x + 2) (5x — 1)(x — 2) 


ie pee & Of these combinations, only the first gives the proper middle term of 7x. 
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(1) 5x7 + Tx + 2 = (5x + 2)(x + 1) 
We can verify this result by multiplication. 
If a trinomial has the form ax” + bx + c, with integer coefficients and a # 0, we can 
test to see if it is factorable. If the value of b* — 4ac is a perfect square, the trinomial can 
be factored using only integers. If the value is not a perfect square, the trinomial is prime 


and cannot be factored using only integers. 
For example, 5x* + 7x + 2 is a trinomial in the form ax* + bx + c with 


a=5, b= 7, and c=2 
For this trinomial, the value of b* — 4ac is 
b* — 4ac = 7 — 4(5)(2) = 49 — 40 = 9 


Since 9 is a perfect square, the trinomial is factorable. Its factorization is shown in Equa- 
tion I. 


Test for Factorability A trinomial of the form ax* + bx + c, with integer coefficients and a # 0, will factor 
into two binomials with integer coefficients if the value of b” — 4ac is a perfect square. 


If 6 — 4ac = 0, the factors will be the same. 


If b° — 4ac is not a perfect square, the trinomial is prime. 


EXAMPLE9 Factor: 3p* — 4p — 4. 


Solution In this trinomial, a = 3, b = —4, and c = —4. To see whether it factors, we evaluate 
b* — 4ac. 


hb? — 4ac = (—4)° — 4(3)(—4) = 16 + 48 = 64 


Since 64 is a perfect square, the trinomial is factorable. 
To factor the trinomial, we note that the first terms of the binomial factors must 
be 3p and p to give the first term of 3p”. 


3p 
: > a 
3p? — 4p -4 = Gp + Nt?) 


The product of the last terms must be —4, and the sum of the products of the outer 
terms and the inner terms must be —4p. 


-4 


—_, 
3p* — 4p —4 = Bp + (p+: 2) 
Yi 


O+I1=—4p 
Since 1(—4), —1(4), and —2(2) all give a product of —4, there are six combinations to 
consider: 
(3p + 1)\(p — 4) (3p — 4)(p + I) (3p — 1)(p + 4) 


Bp + 4)e- VD (3p — 2) + 2) (3p + 2)(p — 2) 
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Of these combinations, only the last gives the required middle term of —4p. Thus, 


3p” — 4p — 4 = (3p + 2)(p — 2) 


FS) SELF CHECK9 = Factor: 2m? — 3m — 9, if possible. 


Recall the following hints for factoring trinomials. 


Factoring a General 1. Write the trinomial in descending powers of one variable. 
Trinomial 2. Factor out any GCF (including —1 if that is necessary to make the coefficient of 
the first term positive). 
3. Test the trinomial for factorability. 
4. If the sign of the third term is +, the signs between the terms of the binomial 
factors are the same as the sign of the middle term. If the sign of the third term 
is —, the signs between the terms of the binomial factors are opposite. 


5. Try combinations of the factors of the first term and last term until you find one 
that works, or until you exhaust all the possibilities. If no combination works, the 
trinomial is prime. 


6. Check the factorization by multiplication. 


EXAMPLE 10 Factor: 24y + 10xy — 6x’y. 


Solution We write the trinomial in descending powers of x and factor out —2y: 
24y + 10xy — 6x*y = —6x7y + 10xy + 24y 
= —2y(3x" — 5x — 12) 
In the trinomial 3x° — 5x — 12,a = 3,b = —5,andc = —12. Thus, 
b* — 4ac = (—5)? — 4(3)(—12) = 25 + 144 = 169 


Since 169 is a perfect square, the trinomial will factor. 

Since the sign of the third term of 3x* — 5x — 12 is —, the signs between the bino- 
mial factors will be opposite. Because the first term is 3x, the first terms of the bino- 
mial factors must be 3x and x. 


3x7 
a 
24y + 10xy — 6x*y = —2y(3x = (x=) 


The product of the last terms must be —12, and the sum of the outer terms and the 
inner terms must be —5x. 


= 12 
gS 
24y + 10xy — 6x?y = —2yp(3x (x 2) 
as 


O+1]= —5x 


Since 1(—12), 2(—6), 3(—4), 12(—1), 6(—2), and 4(—3) all give a product of —12, there 
are 12 combinations to consider. 


SELF CHECK 10 


EXAMPLE 11 


Solution 


SELF CHECK 11 


EXAMPLE 12 


Solution 


SELF CHECK 12 
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(3x + 1)(x — 12) (3x — 12)(x + 1) (3x + 2)(x — 6) 
(3x — 6)(x + 2) (3x + 3)(x — 4) (3x — 4)(x + 3) 
(3x + 12)(x — 1) (3x — 1)(x + 12) (3x + 6)(x — 2) 
(3x — 2)(x + 6) (3x + — = 3) (3x — 3)(x + 4) 


The one to choose. 


The six combinations marked in blue cannot work because one of the factors has a 
common factor. This implies that 3x7 — 5x — 12 would have a common factor, which 
it doesn’t. 

After trying the remaining combinations, we find that only (3x + 4)(x — 3) gives 
the proper middle term of —5x. Thus, 


24y + 10xy — 6x*y = —2y(3x* — 5x — 12) 
= —2y(3x + 4)(x — 3) 


Factor: 18a — 6ap” + 3ap. 


Factor: x7" + x” — 2. 


Since the first term is x7”, the first terms of the factors must be x” and x”. 
x" 
> Sa 
x + x®—-2=(x" lx” —*)/) 


Since the third term is —2, the last terms of the factors must have opposite signs, have 
a product of —2, and give a middle term of x”. The only combination that works is 


x2” 4 x" -?= (x” 4 2)(x" _ 1) 


Factor: a” + 2a" — 3. 


Factor: x* + 6x +9 -— 2’. 


We group the first three terms together and factor the trinomial to get 
+ 6x t+ 9-2 =(x + 3x +3)-2 
=(x+3~P-2 
We can now factor the difference of two squares to get 


4+ 6xt+9-27=(x+342(x4+3-2) 


Factor: y>+4y+4-?. 


Factoring by grouping, also called the ac method, can be used to factor trinomials of 
the form ax* + bx + c. For example, to factor the trinomial 6x* + 7x — 3, we proceed 
as follows: 


1. Find the product ac: 6(—3) = —18. This number is called the key number. 
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Factoring the Sum 
of Two Cubes 


EXAMPLE 13 


Solution 


2. Find two factors of the key number —18 whose sum is 7. These are 9 and —2. 
9(-2) = -18 and 9+ (-2)=7 

3. Use the factors 9 and —2 as coefficients of terms to be placed between 6x* and —3: 
6x? + Tx — 3 = 6x* + 9x — 2x — 3 

4. Factor by grouping: 


6x? + 9x — 2x — 3 = 3x(2x + 3) — (2x + 3) 
= (2x + 3)(3x — 1) Factor out 2x + 3. 


We can verify this factorization by multiplication. 


Factor a sum and difference of two cubes. 


Recall the following formula for factoring the sum of two cubes: 


ae? Si (eae Ge = a ae a) 


If we think of the sum of two cubes as the cube of a First quantity plus the cube of 
a Last quantity, we have the formula 


Fo +L? =(F + L\(F - FL +L’) 


In words, we say, to factor the cube of a First quantity plus the cube of a Last quantity, we 
multiply the First plus the Last by 


the First squared 
minus the First times the Last 


+ plus the Last squared. 


Factor. 
aoxt+8 b. 8b? + 27c° 
a. The binomial x°* + 8 is the sum of two cubes, because 
et+8=x4+ 23 
Thus, x° + 8 factors as (x + 2) times the trinomial x* — 2x + 2°. 
F+L3=(F+ LF -F L+L’) 
1 4 i te doh 4 
xo + 2? =(x + 2)(x? —x-2 4 27) 
= (x + 2)(x? — 2x + 4) 
b. The binomial 85° + 27c’ is the sum of two cubes, because 
8b> + 27° = (2b)* + (3c) 
Thus, 8b° + 27c? factors as (2b + 3c) times the trinomial (2b)* — (2b)(3c) + (3c). 
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Fo+ UL =(F+L\(F - F L + L% 
| | | | t 4 | 
(2b)? + (3c)? = (2b + 3c)[(2b)? — (2b)(3c) + (3c)? 

= (2b + 3c)(4b? — 6be + 9c’) 


SELF CHECK 13 Factor. 
a. p> + 64 
b. 27p? + 125q° 


Recall the following formula for factoring the difference of two cubes: 


Factoring the Difference vee ; f 
of Two Cubes x —y = ya tary) 


If we think of the difference of two cubes as the cube of a First quantity minus the 
cube of a Last quantity, we have the formula 


Fe - L? =(F-L)\(F + FL+L’) 
In words, we say, to factor the cube of a First quantity minus the cube of a Last quantity, 


we multiply the First minus the Last by 


+ the First squared 
+ plus the First times the Last 
+ plus the Last squared. 


EXAMPLE 14 Factor. 
a. a — 646° b. —20° + 12877 


Solution a. The binomial a* — 645° is the difference of two cubes. 
a’ — 64b° = a — (4b)° 
Thus, its factors are the difference a — 4b and the trinomial a” + a(4b) + (4b). 
FP- L =(F-L\FP+FL + L 
{ { + +4 +4 { 
a’ — (4b)? = (a — 4b)[a” + a(4b) + (45) 
= (a — 4b)(a°? + 4ab + 1667) 


b. —20° + 12877 = —277( — 64) Factor out —277. 
= -2°(t — 4) + 4t + 16) Factor f° — 64. 


SELF CHECK 14 Factor. 
a. 27p° — 8 
b; ap" Sip 
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EXAMPLE 15 Factor: x° — 64. 


Solution The binomial x° — 64 is both the difference of two squares and the difference of two 
cubes. We will factor the difference of two squares first. 
x° — 64 = (x)? — 8? 
= (x* + 8)(x* — 8) 


Since x° + 8 is the sum of two cubes and x* — 8 is the difference of two cubes, each of 
these binomials can be factored. 


x° — 64 = (x* + 8)(x° — 8) 
= (x + 2)(x? — 2x + 4)(x — 2)(x? + 2x + 4) 


EY SELF CHECK 15 Factor: a° — 1. 


SELF CHECK ANSWERS = 4, 2ab?(2b — 3a) 2. —3p°g(p — 2g) 3. aa" - 2a) 4. QP +Ix+DO+Q) 5. fi =722G 
6. [e+ (b+ cP (atb+o(a—b-c) 7. 3a(p? + 9)(p + 3) — 3) 8B. a. (x + 3)(x + 2) 
b. —2a(p + 4)(p — 2) 9. 2m + 3)\(m — 3) 10. —3a(2p + 3)(p — 2) 11. (a" + 3)(a" — 1) 
12. (y+2+*(yt+2- 13. a. (p+ 4p? —4p4+ 16) b. (3p + 5q)(9p? — 15pq + 25q7) 
14, a. (3p — 2)(9p? + 6p + 4) —b. —3p(p — 3)(p* + 3p + 9) 
15. (a+ Ia’ — at I(a- lla +a+ 1) 


Factor completely. 


1 
a i ee 
xX Xx 4 


2. 3x77 — x13 -—2 


3. 3(tan x)? — tan x — 2 


—— SS ss 
7.4 EXERCISES — , 
WARM-UPS Factor each expression, if possible. 5.a +8 6. b° — 27 
1. 3xy? — 6x7y 2x - 1 
3. x? + 5x -6 4. 2x7 -x-1 REVIEW 


7. The speed of sound is approximately 1.1 x 10° ft/sec. 
Express this number in standard notation. 


8. The time ¢ (in hours) it takes to complete a job is given by 
the following equation. Find ¢. 

aa 

10 


+ 


als 


Solve each equation. 
9 é 5t — 3) = 38 
» 3K )= 
10. 2¢ -9=q(qg+3)+¢ 
VOCABULARY AND CONCEPTS fill in the blanks. 


11. Factoring out a common monomial is based on the distrib- 
utive property, which is a(b + c) = 

12. Factoring the difference of two squares is based on the 
formula F* — L? = . 

13. A trinomial of the form ax* + bx + c, with integer coeffi- 
cients and a # 0, will factor if the value of b* — 4ac isa 

square. When factoring by grouping, the product 

ac is called the i 

14. If b? — 4ac in Exercise 13 is not a perfect square, the trino- 
mial is over the integers. 

5.x t+yp=(x+y) 

16. x -y =(x—-y) 


GUIDED PRACTICE 


Factor out the GCF from each polynomial. See Example 1. 
(Objective 1) 


17. 2x + 8 18. 3y —9 

19. 2x? — 6x 20. 3y° + 3)" 

21. 15x°y — 10x?y" 22. 63x°y"? + 81x°*y4 
23. 13ab’c? — 26a°b’c 24. 4x°yz? + Axy?2? 
25. 272° + 1227 + 3z 26. 251° — 10° + 5° 


27. 245° — 12s°¢ + 6st? 
28. 1872? + 12y?z3 — 24y427 


Factor out the negative GCF from each polynomial. See Example 2. 


(Objective 1) 
29. —3a—-6 30. —6) + 12 


31. —6x — 3xy 32. —15y*? + 25y° 


Factor out the designated common factor. See Example 3. 
(Objective 1) 


n+2 n+3 


33. x° from x + x 
34. y from yo + ye 

35. y" from 2y iw 
36. x" from 4x"*3 — 5x"*> 


nat2 3 
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Factor each polynomial by grouping. See Example 4. (Objective 2) 
38. ar — br + as — bs 


37. ax + bx + ay + by 


40. 2c + 2d — cd — d* 


39. x° + px + 2x + 2p 


Al. 3c —cd + 3d- 42. °° + 4y — xy — 4x 


43. 4y + 8 + 2xy + 4x 
44. 2pxy — 2qxy + pq’ — ay” 
Solve for the indicated variable. See Example 5. (Objective 2) 


45. ryro = rr. + rr, for r; 46. ryro = rr. + rr; forr 


47. Si —r) =a-—Irforr 
48. Sn = (n — 2)180° forn 
Factor each binomial completely. See Examples 6-7. (Objective 3) 


49. x°-4 50. » -9 


51. 9)? — 64 52. 16x* — 81y* 


53. 8lat — 49b° 54. 64r° — 12157 


55.(xty~—-2 56. a — (b- cy 


57. x1 - y* 
58. l6at — 81b* 
59. 2x° — 288 60. 8x° — 72 


Factor each trinomial completely, if possible. If it cannot be 
factored, state that the polynomial is prime. See Example 8. 
(Objective 4) 


61. a? — 3ab — 4b? 62. b° + 2bce — 80c* 


63. x + 5x +6 64. y+ Ty + 6 
65. a + 5a — 52 66. b* + 9b — 38 
67. —a + 4a + 32 68. —x° — 2x + 15 
69. 3x7 + 12x — 63 70. 2y> + 4y — 48 


71. —3x* + 15x — 18 72. —2y’ — 16y + 40 


Test each trinomial for factorability and factor it completely, if 
possible. If it cannot be factored, state that the polynomial is 
prime. See Example 9. (Objective 4) 


73. 2x7 — 1lx +5 74. 3c? — 5c — 12 


75. 6y° + Ty +2 76. 6x” — 1lx +3 
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77. 8a + 6a —9 78. 15b7 + 4b — 4 
79. 2y° + pt — 607 80. 3x° — 10xy — 8y" 
81. 5x7 + 4x4 1 82. 62° + 172 + 12 
83. 8x — 10x +3 84. 4a? + 20a + 3 


Factor each trinomial completely, if possible. If it cannot be 
factored, state that the polynomial is prime. See Example 10. 


(Objective 4) 


85. 3x° — 10x° + 3x 86. 6y° + Ty? + 2y 


87. a°b* — 13ab? + 22b° 
88. a°b?x? — 18a7b?x + Blah? 


89. —3a° + ab + 2b° 90. —2x° + 3xy + 5y" 


91. —4x7 — 9x + 12x? 92. —6x° — 4x — 9x? 


Factor each trinomial completely, if possible. If it cannot be 
factored, state that the polynomial is prime. See Example 11. 


(Objective 4) 
93. x" + 2x" + 1 94. x4" — 2x7" + 1 
95. 2a” — 3a” — 2 96. b°” — b” — 6 
97. x + xy" + 98. y" + 2y"z + 2° 
99. 6x7" + 7x" — 3 100. 12y*" + 10y"" +2 


Factor each expression completely. See Example 12. (Objective 4) 


101.x°+4x+4-y° 
102. x° — 6x +9 — 4y° 
103. x + 2x+1-92 
104, x° + 10x + 25 — 1627 


Factor each polynomial completely. See Examples 13-14. 
(Objective 5) 

105. y +1 106. x° — 8 

107. a? — 27 108. 5° + 125 
109. 8+ x° 110. 27-y° 

111, 2x? + 54 112. 2x? - 2 
113. 8-2 

114. 8 + ww 


118. 270° — b° 
119, 27x° — 125y° 
120. 64x° + 27)° 


Factor each polynomial completely. Factor a difference of two 
squares first. See Example 15. (Objective 5) 


121. x° — 1 

122. x° — y® 

123. x'* — y® 

124. al? — 64 

ADDITIONAL PRACTICE Factor each polynomial 
completely. 

125. 2x? — 32x 126. 3x° — 243x 
127. x* + 8x? + 15 128. xt + 11x? + 24 
129. y* — 13y° + 30 130. y* — 13y° + 42 
131. a —b° 132. a + b° 

133. x + y° 

134, x3 - y? 


135. —63u7v°2? + 28u7 72" — 21724 
136. —56x4y32* — 72x7y42° + 80xy727 


137. a’ — 13a” + 36 

138. b* — 176? + 16 

139. c — 4a° + 4ab — b* 
140. 4c? — a* — 6ab — 9b? 
141, —x° + 216 

142, —x? — 125 

143. 64m>x — 8n>x 

144, 16r* + 128rs° 

145. xy + 216xy* 

146. 16a° — 54a°b* 

147. 81r's? — 24rs° 

148. 4m°n + 500m?n* 
149. 125a°h” + 64a°b° 
150. 216a*b* — 1,000ab’ 
151. (m> + 8n*) + (mx + 8n°x) 


152. (a°x + b’x) — (ay + by) 


153. (a* + 27a) — (a*b + 27b) 
154. (x* + xy) — (xy + y+) 
155. y'Q" — 1) — 270" - 1) 


156. zy" — 4) + 80" — 4) 


157. 2mp* + l6ompq? 
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158. 24m°n — 3m°n* 170. Factor x°? — y*”. 
159. 3(x° + y*) — 2(x* + yy’) 171. Factor m — 2n + m* — 4n?* 
160. x(8a° — b*) + 4(8a* — b°) 172. Find the error. 

= 
161.0 —b>+at+b 2 i 


162... -y-x-y 5 A : 
163. 2x +y+4°-y er-yp=xy-y 


(x + yx — y) = yx — y) 


WRITING ABOUT MATH (x + y\(x— vy) W(x -y) 
164. Explain how you would factor —1 from a trinomial. x—y x—y 
165. Explain how you would test the polynomial ax” + bx + ¢ x¢p=y 
for factorability. 
166. Explain how to factor a* + b°. pron 
167. Explain the difference between x* — y* and (x — y)’. 2y =f 
oF 5d 
SOMETHING TO THINK ABOUT y y 
168. Because it is the difference of two squares, x — q° always 2=1 


factors. Does the test for factorability predict this? 

169. The polynomial ax* + ax + a factors: a is a common 
factor. Does the test for factorability predict this? Is there 
something wrong with the test? Explain. 


Review of Rational Expressions 


GD Simplify a rational expression. 
©} Multiply and divide two rational expressions. 
3} Add and subtract two rational expressions. 

@3 simplify a complex fraction. 


Objectives 


Perform each operation. 
2.8 
3 2 


1. 


Getting Ready 


@ Simplify a rational expression. 


Recall that a rational expression is an algebraic fraction with a polynomial numerator 
and a polynomial denominator. To manipulate rational expressions, we use the same 
rules as we use to simplify, multiply, divide, add, and subtract arithmetic fractions. 
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355) 


EXAMPLE1 Simplify: — 22 


6y*23 


Solution We factor the numerator and denominator and divide out all common factors: 


—8y%2° —2+4-yrprypezezezeze2 


6y*z3 2 -3+yryrypry rz zz 
1 1 11%1d1éidi 
Z-4- CYA Giggs 27° 7 


VA Ie ee aa? a a ae ae 
1 111 111 


EB) SELF CHECK 1 Simplify: 


25k? 


The rational expressions in Example | and Self Check 1 can be simplified using the 
rules of exponents: 


10k = 5°22 )1-2 —8y*2° _ —264 3—4,5—3 
25k 5°5 yz? 23 
ae ee 
2 417 
«5k “Sy 1 
7 47° 
By 


2x? + Ilx + 12 
EXAMPLE 2 Simplify, 
3x + llx -—4 


Solution We factor the numerator and denominator and divide out all common factors: 


1 
2x7 + 11x+12 (2x + 3x44) 
3x7 + 11x-4 (Gx- Doe 4) 


_ 2x +3 x+4_, 
3x — 1 ae 


COMMENT Do not divide out the x’s in * + 9 The x in the numerator is a factor of 


the first term only. It is not a factor of the entire numerator. Likewise, the x in the 
denominator is not a factor of the entire denominator. 


24 5x + 
GRY SELF CHECK2 Simplify: “{*2*** 
3x° + SX 2 
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7a 9.2 
EXAMPLE 3 Simplify. 2% 10 — & 


4y’ — xy 


Solution We factor the numerator and denominator and proceed as follows: 


=] 
an = 10xy — 8y _ (3x + 2y)\e=—4y) Because x — 4y and 4y — x are negatives, 


Ay? — xy yap) their quotient is —1. 
. =Gx + 2y) 
J 
_ 3X 2 
y 


—2a* — ab + 3b’ 


SELF CHECK 3 Simplify: 


a —ab 


2] Multiply and divide two rational expressions. 


To multiply two rational expressions, we multiply the numerators and multiply the 
denominators. 


EXAMPLE4 Multiply: 


Solution We multiply the numerators and multiply the denominators and simplify the resulting 
fraction. 


x — 6x +9 . xe (x? — 6x + 9)(x’) Multiply the numerators and multiply 


x x-—3 x(x — 3) the denominators. 


_ (x — 3)(x — 3)xx Factor the numerator and the 


x(x — 3) denominator. 
1 1 

oe coal) Divide out common factors. 
‘uate 

= x(x — 3) 

a—-2at+1 a 
SELF CHECK4 Multiply: - a 
ao 


6x7 + 5x-4 8x7? +6x-9 


EXAMPLE5 Multiply: 


2x? + 5x +3 12x74+ 7x-12 


Solution We multiply the rational expressions, factor each polynomial, and simplify. 
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oy Fae 8x7 + 6x — 9 
2x? + 5x +3 12x* + 7x - 12 
(6x7 += 4)(8x7 + 6x — 9) Multiply the numerators and multiply 
(2x2 + 5x + 3)(12x2 + 7x — 12) __ the denominators. 
(3x + 4)(2x — 1)(4x — 3)(2x + 3) 
~ (Ox + 3)\(x + DBx + 44x — 3) 


Factor the polynomials. 
1 1 1 

(3x4+4)(2x — 1(4x—3)2x+3) 

ea CL + Dea) 


—2x- 1 
x+1 


Divide out the common factors. 


Ix? + 5x+3 2x7 -— 5x +3 


FY SELF CHECK5 = Multiply: 


3x? + 5x +2 4x7 —9 


In Examples 4 and 5, we would obtain the same answers if we factored first and 
divided out the common factors before we multiplied. 
To divide two rational expressions, we invert the divisor and multiply. 


+8 x -2x+4 
x+1 0 27-2 


EXAMPLE 6 Divide: 


Solution — Using the rule for division of fractions, we invert the divisor and multiply. 
xe+8 x -2x+4 
xt1l 2x?-2 
x +8 2x7 - 2 
xt) “Saeed 
(x? + 8)(2x? — 2) 
(x + DO? - 2x + 4) 


1 1 
_@+ DGS + A2G4 HE - 1) 27-2= 267-1) 
(x-4-Tj(x? = 22 = 2x + I(x - 1) 


1 1 
= 2(x + 2)(x — 1) 


x+27 x -3x4+9 


FY SELF CHECK6 Divide: 


4 x+2 


x +2x-3  2x?-2 6° +4x-2 
be + See) 2-5-3 = 2x3 


EXAMPLE 7 Simplify: 


Solution We change the division to a multiplication by inverting the divisor. Since multiplica- 
tions and divisions are done from left to right, only the middle rational expression 
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should be inverted. Finally, we multiply the rational expressions, factor each polyno- 
mial, and divide out the common factors. 


x+2x-3 27-2 6x7 + 4x -2 
oT oa = a | 
x7 +2x-—3 2x*-5x-3 6x7 +4x-2 
= Gx eee dey 2x7 — 2 SIE = 3 


(x? + 2x — 3)(2x? — 5x — 3)(6x? + 4x — 2) 
(6x* + 5x + 1)(2x? — 2)(x* — 2x — 3) 


1 1 1 1 1 
_@* deer )DG-—4376e = Dat) 
(3x + Dia Dae + Dee eet) 


(x + 3)3x — 1) 
~ Bx + I(x + 1) 


3 | Add and subtract two rational expressions. 


To add or subtract rational expressions with like denominators, we add or subtract the 
numerators and keep the same denominator. Whenever possible, we should simplify the 


result. 
EXAMPLE 8 simplify: a 
ee xt+2 x+2 
: 4x Tx 4x + 7x 
+ = 
Soauion x+2 x+2 x+2 
_ 1llx 
7 x+2 
. . 4a 2a 
+ 
SELF CHECK 8 Simplify: —~5 + 


To add or subtract rational expressions with unlike denominators, we must convert 
them to rational expressions with the same denominator. 


4 
EXAMPLE9 Simplify; —~- — —2.. 
x+2 .x-2 
‘, 4x 7x 4x(x — 2) (x + 2)7x 1 ie 8 
Sol = — = be = | 
OMEN G42 4-0 SDD sD >. 82 ee 


COMMENT The - sign 
between the fractions in 
Step | applies to both terms 
of 7x” + 14x. 


(42 = 8x) — (7x? + 14x) 
(x + 2)(x — 2) 


Subtract the numerators and 
keep the common denominator. 
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_ de? = x= Ix = 14x To remove parentheses, use the 
(x + 2)(x — 2) distributive property. 
Ee os Combine like t 
(x + D(x — 2) ombine like terms. 


3a 
SELF CHECK9 — Simplify: : 
EY mpiny at+3 a-3 


EXAMPLE 10 Add: ——~—— + -—. 
x= 2k] ae i 


We factor each denominator and find the LCD: 
x? - 2x +1=(x- 1(x- 1) =(x - 17 
x -l=@+De-) 


We take the highest power of each factor to form the LCD of (x — 1)?(x + 1). 
We now write each rational expression with its denominator in factored form and 


write each rational expression with an LCD of (x — 1)°(x + 1). Finally, we add them. 


Solution 


x 3 x 3 
+ = + 
x-axt1 x -1 @&-DYE-) @&+DE-D 
x(x + 1) 3(x — 1) 


~ x-Dae-Yet+t) @+De-VY)e-) 
x +x+3x—-3 
(x — I(x — Di + 12 
x7 + 4x —3 : are 
= 5 This result does not simplify. 
(x — 1)(x + 1) 


FS) SELF CHECK 10 Ada: a 
— 


4 Simplify a complex fraction. 


Recall that a complex fraction is a fraction with a rational expression in its numerator 
and/or its denominator. Examples of complex fractions are 


3 x+2 a2 
5 3 2x 

rs =a and 22 
7 . y 


EXAMPLE 11 Simplify: hae 
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Solution Method1: We write the complex fraction as a division and proceed as follows: 


3a 
b 3a | bac 
6ac bp 
Be 
3a bP - ; 
= Invert the divisor and multiply. 
b 6ac 
b ae 
a Xe Multiply the fractions and simplify. 
( 


6ac 


Method 2: We multiply the numerator and denominator by b*, the LCD of # and 7, 
and simplify: 


3a 3a 5 
b db : _ ; 
bac bac aK b° 


b? b 


= — Simplify the fractions in the numerator and denominator. 


= — Divide out the common factor of 3a. 


EQ SELF CHECK 11 Simplify: 


EXAMPLE 12 Simplify: 


Solution Method1: We add the rational expressions in the numerator and in the denominator 
and proceed as follows: 
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yrux yr-x 
xy oxy 
yrx xy 
~ xy : pox 
yrx 
yx 


1 1 1 1 
Norbert Wiener x + y ay ( : + *) ey 
(1894-1964) 1 1 = 1 i : 
A child prodigy, Norbert Wiener = »(+ = 1) id 
received his PhD from Harvard x Yy x Vy 
University at the age of 19.Asa xy xy 
professor of mathematics at MIT, ae sre 
Wiener analyzed the nature of = J 
information and communica- XY XV 
tion, and created a new field x y 
called cybernetics. Without this 
study, modern computers = ytx 
would not exist. yrx 
1 1 
: : x yp 
FY SELF CHECK 12 Simplify: EC 
x 


= — Multiply and then divide out the factors of x and y. 


Method 2: We multiply the numerator and denominator by xy (the LCD of the 
rational expressions appearing in the complex fraction) and simplify. 


t 


Simplify the fractions. 


EXAMPLE 13 Simplify: ~—*?— 
ee 


Solution Method1: We proceed as follows: 


. +y! 


—2 —2 
x 7—y 


Write the fraction without using negative 
exponents. 


Get a common denominator in the 
numerator and denominator. 


Add the fractions in the numerator and 
denominator. 


Write the complex fraction as a division. 
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A ome, XxXyy 


Invert, multiply, and factor. 


xy (yxy + x) 
_ (y + x)xxyy Multiply the numerators and the 
xy(y — x\(y + x) denominators. 
_ _* Divide out the common factors of x, y, and 
yr x y + xin the numerator and denominator. 


Method 2: We multiply both numerator and denominator by x*y, the LCD of the 
rational expressions in the problem, and proceed as follows: 


1 1 
-1 =1 seaiger 
x +y x oY) : : : F 
=5 = 1 1 Write the fraction without negative exponents. 
xo Ty © cee 
Pe) y 
1 1 
ey(i+2) 5 
x y xy I 
1 1 x7? 
22 xy 
eek) 
x y 
= xy” + xy Use the distributive property to remove parentheses, 
yx and simplify. 
xy(y + x) ; 
Factor the numerator and denominator. 
(y + x)\(y — x) 
XY i 
= —— Divide out y + x. 
prox 


FB SELF CHECK 13 Simplify; ~—_?— 
x 


Comment x+y! means + + a and (x + y) ' means = + y Since + + ; eget 
follows that 


x i+ yo #(x + ae 


2x 
c* 3 
EXAMPLE 14 | Simplify: -—— 
3 ey 
x 


Solution We begin by multiplying the numerator and denominator of 


DX 


1 
J] -— 
x 


by x. This will eliminate the complex fraction in the numerator of the given fraction. 
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A +3 aor 43 
roe (1-4) 
x = x x =i 
2, 2 
a — . 
x x 
2x? 3 
ead 

2 

3-- 

x 


We then multiply the numerator and denominator of the previous complex fraction by 
x(x — 1), the LCD of 25, 3, and 2, and simplify: 


x= 1? 


PERSPECTIVE 
Each of the complex fractions in the list 
il 4b =, il 4b ! 5 dl se a , ll aE _ : 
il = i -$ — | 4+ ———— 
2 1 1 
i) 4b = il 45 
2 i 
2) 
can be simplified by using the value of the expression Can you show that the expressions in the list simplify to 
preceding it. For example, to simplify the second jhe lee tee 3, 3 4 B i: oe 9 
expression in the list, replace | + : with 5 Do you see a pattern, and can you predict the next 
| 1 es fraction? 
1+ = ll ar Sia s= Use a calculator to write each of these fractions as a 
3 Sa : 
oS 5 decimal. The values produced get closer and closer to the 
irrational number 1.61803398875 . . ., which is known 
ees ; : : as the golden ratio. This number often appears in the 
Tossa iiyatlie Hind oxpre sion replace 1 vi a architecture of the ancient Greeks and Egyptians. The 
ioe 9 width of the stairs in front of the Greek Parthenon 
1 1 3 8 (Illustration 1), divided by the building’s height, is the 
il <P =1+2=1+ == golden ratio. The height of the triangular face of the 
ee 1 5 28 Great Pyramid of Cheops (Illustration 2), divided by the 
ht ; 3 pyramid’s width, is also the golden ratio. 


Cal CO) CO OO) OO CON C—O OO 


ILLUSTRATION 2 


ILLUSTRATION 1 
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oT 
2 
po te i( +3) 
x > x= 1 xx) _, 
-1 
eee vee (3 +2) a 
x x 


2x? + 3x(x — 1) 
~ 3x(x — 1) — 2x - 1) 
_ 2x3 + 3x? — 3x 
3x7 — 5x +2 


This result does not simplify. 


SELF CHECK 14 Simplify: 


2 Dee ap il Soi = Vy) 2 Xie eae) 6a ge = WS 
SELF CHECK ANSWERS lege 23,73. a 4.a(a@—-1) 5.3.55 6 5-5 8753 GE DGK 3) 
SA = 3 1 Wi 28 Re ve! = Die 
10. a(a + 1)(a — 1) 11. 3yz 12. Mar se 13. y 14. 2 = Sy 


1. 5x(x — 2) — 6(x + 3)! 
2. 8(x — 2) 7 — 30(x — 2) 1 +7 


Assume no division by 0. REVIEW 
WARM-UPS | Simplify each fraction. Graph each interval. 
; 4 * 10 9. (—%, —4) U [5, ~) 10. (4, 8] 
*6 "15 

25 22 
3. ~ 30 4. 55 

. ‘ Fi Solve each formula for the indicated letter. 

a 
xy = x= 2 11. P = 2/ + 2w forw 12, $= <—* fora 
= 
= 2 r=) 

7. 


512 CHAPTER7 More Equations, Inequalities, and Factoring 


Solve each equation. 
13. a* — 13a” + 36 =0 


14. |2x — 1| =9 


VOCABULARY AND CONCEPTS fill in the blanks. 


Simplify each rational expression. See Example 1. (Objective 1) 


15. = (b,x #0) 
bx __ 
ac 
16. —-—= b,d#0 
b d — (b, )) 
a ec 
oS aay oe (b, c, d # 0) 
@° <€ 
18 —+-—= b#0 
b" G i ) 
GUIDED PRACTICE 
‘ 123 
* 3x 
—24x3y4 
21, ———— 
18x43 
9V(p — 2 
23, Y= 2) 
21y(y — z) 


(a — bb — oe - A 


C= oe = nao) 


15a? 
25a° 
15a°b* 
21bc? 
—3ab*(a — b) 
9ab(b — a) 
(p + gp — rr + 3) 
(r — p(s + rp + 4) 


20. 


22. 


24. 


26. 


Simplify each rational expression. See Example 2. (Objective 1) 


12 — 3x? 
v~-—x-2 
e4+8 
x - 2x +4 
x +2x4+1 

x +4x 43 
Ax? + 24x + 32 
16x? + 8x — 48 


27. 


29. 


31. 


33. 


x + 2x — 15 
x? — 25 
x7 + 3x49 
x - 27 
6x7 +x-2 
* 8x? + 2x — 3 
a4 


a—8 


28. 


30. 


32 


34. 


Simplify each rational expression. See Example 3. (Objective 1) 


x t+ 
35. 
xy 
a7 3m — 6n 
* 3n — 6m 
3x7 — 3y? 
39. 


x? + 2p + 2x + px 


x7 y 


41. > 
ei-yoixty 


42. 


xy 
per eer 
oe 
a—b 
2 
x + 2. 
40, ——— = 
x+2y+x- 4° 


2x? + 2x — 12 
x3 + 3x? — 4x — 12 


Perform the operation and simplify. See Examples 4-5. (Objective 2) 


2.2 272 
xy cd 


43. 44. 
cd x x ly ry 
As rt+2x4+1 x -x 46 at+6 3a-—12 
. Fs v-1 "PP =16 3a +18 
a7 2-x-3 xw+x-2 
, 1 x7 +x —-6 
7 9x7 + 3x - 20 3x7 -5x +2 
* 3x? — Ix +4 9x? + 18x45 
3° — 1-2 4-9 
49. 5 Feo 
6t St—6 2t°+ 5t+ 3 
- 2p? — 5p—3 2p? + 5p —3 
“  p-g 2p? + 5p +2 
Perform the operation and simplify. See Example 6. (Objective 2) 
_ ¥2),-2 3,2 3)2 3)-2 
a za 3 a ia 59, (a ! _ a z 
x yr xy b- b- 
7-16 x4+4 a-9 a+3 
53. > = 54. > + 
x*—-25 x-5 a-49 at+i7 
55 a@+2a-35 ax —3x 
. 12x " @ + 4a—21 
6 r-4 44x44 
“%-—bx ° b+ bx 
2x — 3x — 5 
57, 0x2 = 15x 4 28) = ™ 
* + 1 
2 
2 x —9 
58. (x — 6x + 9) = 
: ) x+3 


Perform the operations and simplify. See Example 7. (Objective 2) 
3x7? 4x7 yp? _ 36x 


59. — —— = 
oxy 18x “y 18y 
60. 9ab* ; 14xy? ; 18a°b?x 
Txy 2723 32° 
x 2 
61. (4x 4 2) ae oe 
62. (4x2 — 9) + — Sao (03) 
as. 2x7 — 2x — 4 3x7 + 15x 4x? — 100 
x +2x-8 baal | x -— x — 20 
ba 6a’ — Ja — 3 4a? — 12a +9 2a —a-3 
ail a-l 3a" — 2a — 1 
ie 2x7 + 5x — 3 ee x? — 9x + 4) 
x7 + 2x —3 x7-6xt+5 2x7-5x42 
66. r-4 ( xr—x-2 . x* — 3x ~) 
r-x-6 x -—8x4+15 74+ 3x42 


Perform the operation(s) and simplify. See Example 8. (Objective 3) 
x 5 3x x+4 
68. 
2x+2 2x+2 


7.5 Review of Rational Expressions 
69 5x 3 2x 70. 4 2a 3a x-y r+ 5x +6 
eal ete aed a+4 a+4 at+é4 xy 3xy 
97. 98. 5 
yrx x =9 
4y 16 3 a : 
ral =—— 72. - * 6xy 
a 4 y= 4 a b a b 
ve : — - | oo : - 
: vig 4 - i‘ ee Simplify each complex fraction. See Example 12. (Objective 4) 
74. =— =e I. 1 
Kor 13 12 a be 3x 12 fe — 
a b 
Perform the operation and simplify. See Example 9. (Objective 3) 99. 1 100. 1 1 
+ - x-y xty a a b 
75,02" ~ 26 7%. 7 . ee 
3 7 2 3 yx y x 
x y x yp 
101, ————- 102. 
i 11 
77,2474 me x 2 yx 
2 5 664 1 4 1 1 
= es — + — 
3 2 2 3 b b 
79, — +— 80. — + — : ' 
3 5 4 hk @ boa 
81. 82, — : aes ee 
x+2 .%x-4 ES +O 6 8 ) 
1+—-+—4 lie = 
105 — 106 * 
. 1 12 * 6 
1 1 Las ae 
83. x + — 84. 2 — Xx xv x 
x x +1 
2 6 x+2 x= 3 
85. = 86. = 
a+4 at+3 MED: eT oye F 
Simplify each complex fraction. See Example 13. (Objective 4) 
sl = 1 
+y c+yp 
107, ———"— 108. = = 
i + 
Perform the operation(s) and simplify. See Example 10. (Objective 3) ‘ cA i - ia 
x—y x Sy 
87 x ; x 109. a 110. =j = 
"45x46 2-4 as ai 
x 4 Simplify each complex fraction. See Example 14. (Objective 4) 
88. + 
3x2 -2x-1 3x74 10x +3 ia# ae 
‘ b 1+¢4 
oe ae oe 90. — fe ee 111, ———— 112, ———2 
r-9 x-3 x ~-4 xt2 x 1- a 1-2 
1 
= b 
x 
91,.1+x- 92.2—-—x+ 
M5 x= 9 
113. a+ 114. b+ 
a b+1 
1+ 1- 
at+1 b 
93 3 2, x3 
"“xt+1 x-1 --] 
94. zs : aw ADDITIONAL PRACTICE Simplify each expression. 
x 2 Xx 2 xr -4 2 2 2 
115 m—n 2 + 3x = 3 
Simplify each complex fraction. See Example 11. (Objective 4) "9x7 43x -2 nr — m2 
4x 5tt ray 2x? — 5x — 3 
— 116. — . 5 
y 9x 2x° + 2xytxt+y yxr-3y-—x° + 3x 
95. 96. 
6xz 2t 


e 18x 
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2 
(iy Oey, x + 3x +9 1 re a 3 
x — 27 xe + xd + yo + yd 133 at+1 134 x+1 
2 _ . . 
115 ee 3 = | eee ee 
x= 9 x +3 a-1 
e+y . r= xyty 
119. ato 7 
X y x“+xyty 
ae ae 2_g xty x-y 
120. ~ = Ps = 135, ——_ 136, ——| 
4-x x” — 8x + 12 > ace | x y 
2x°-—Tx-4 | 2x7 -9x-5 
121. hag 5 WRITING ABOUT MATH 
20° =x = x x = 25 : aes . : 
2x? + 3xy + 6x2 + 5xy + 137. Explain how to simplify a rational expression. 
122. yo Be — xy 138. Explain how to multiply two rational expressions. 
Pope hae So 139. Explain how to divide two rational expressions. 
123. ad : G= 2 140. Explain how to add two rational expressions. 
P-¢. ¢+pq 
124. S 5° 5 5 SOMETHING TO THINK ABOUT 
q—P pt+paqt pg = 
‘ae 3? +5n-2 = wrt+3nt+2 141. A student compared his answer, 5; —7, with the answer, 
*12n? — 13n +3. 4n? + 5n — 6 36-4 in the back of the text. Is the student’s answer 
126 8y° — 14y — 15 4y* — 9y — 9 correct? 
6y —lly-10 3y'-Ty-6 142. Another student shows this work: 
2 2 2. 
C=" = 12 6x + 8 3x +2 
a7 eee ee 2 
xb weHD 90 — 3x =— 10 x = 2x = 15 3° +6 Br+6 x42 
2 ~ 7 = = 
128. 4x 10x + 6 ; 2X = 3 x 3 3y By y 
x4 — 333 ay «62k 2 
= _ _ Is the student’s work correct? 
129 x+8 x 14 130. 2 x & 1 : s es 
Soro oy “Sag eae 143. In which parts can you divide out the 4’s? 
431, 222-4 221 __2 ‘ie 7% a, 
“Y= 3x 43x °° -9 4y al . ee a 
2 dx - 144. In which parts can you divide out the 3’s? 
132. 
el seat @2oe47 a, 23 p, 2+» gas 4g, 23 
32 3x + y 3y 3a — 3b 


Synthetic Division 


GB Divide a polynomial by a binomial of the form x — rusing synthetic 
division. 
®9 Apply the remainder theorem to evaluate a polynomial. 


€} Apply the factor theorem to determine whether a specific value is a zero 
of a polynomial. 


Objectives 
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> 
— 
& 
= 
2 | 
Co i 
ce) 
° | 
S | 


Divide each polynomial P(x) by x — 2 and find P(2). 
1 P(xy)=xr-x-1 2 P(Xxy=X4+x4+3 


Getting Ready 


aa Divide a polynomial by a binomial of the form x — rusing 
synthetic division. 
There is a shortcut method, called synthetic division, that we can use to divide a polyno- 


mial by a binomial of the form x — r. To see how it works, we consider the division of 
4x? — 5x* — 11x + 20 by x — 2. 


Ax? + 3x — 5 4 3 -5 

x — 2)4x3 — 5x? — 11x + 20 1-2)4-5-11 20 

4x° — 8x? 4-8 

3x? — 11x 3-11 
3x7 — 6x 3- 6 

—5x + 20 -5 20 

—5x + 10 -5 10 

10 (remainder) 10 (remainder) 


On the left is the long division, and on the right is the same division with the variables 
and their exponents removed. The various powers of x can be remembered without actu- 
ally writing them, because the exponents of the terms in the divisor, dividend, and quo- 
tient were written in descending order. 

We can further shorten the version on the right. The numbers printed in red need not 
be written, because they are duplicates of the numbers above them. Thus, we can write 
the division in the following form: 


A & Ss 
(=24=4=(11 20 
78 
3 
_ 6 
—5 
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CHAPTER 7 


EXAMPLE 1 


Solution 


More Equations, Inequalities, and Factoring 


We can shorten the process further by compressing the work vertically and eliminat- 
ing the | (the coefficient of x in the divisor): 


43 -5 

-2)4-5-11 20 
-§ -6 10 
3 -5 10 


If we write the 4 in the quotient on the bottom line, the bottom line gives the coeffi- 
cients of the quotient and the remainder. If we eliminate the top line, the division appears 
as follows: 


=3/4 =5 =11 20 
-8 -6 10 
4 3 =§ 40 


The bottom line was obtained by subtracting the middle line from the top line. If we 
replace the —2 in the divisor with +2, the division process will reverse the signs of every 
entry in the middle line, and then the bottom line can be obtained by addition. This gives 
the final form of the synthetic division. 


+2|4 -5 -Il 20 = The coefficients of the dividend 


8 6 —10 
+ 3. -5 10 ~The coefficients of the quotient and the remainder 
Thus, 
4x° — 5x7 — 11x +2 1 
ae saa ey ee ge 
x= 2 x—2 


Use synthetic division to divide 6x” + 5x —2byx—5 (x #5). 


We write the coefficients in the dividend and the 5 in the divisor in the following form: 


s-6 5 2 


Then we follow these steps: 


5] 6. p> = 2 
Begin by bringing down the 6. 
6 
5s} 6 5 -2 
\, 30 Multiply 5 by 6 to get 30. 
5s} 6 5 -2 
30 Add 5 and 30 to get 35. 
6 35 
5| 6 5 =2 
30 175 Multiply 35 by 5 to get 175. 
6 35 
5} 6 5 —-2 


30 175 Add —2 and 175 to get 173. 


SELF CHECK 1 


EXAMPLE 2 


Solution 


SELF CHECK 2 
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The numbers 6 and 35 represent the quotient 6x + 35, and 173 is the remainder. Thus, 


27457, —-2 1 
pea 
= > x= 5 


Use synthetic division to divide 6x” — 5x +2byx—5 (x #5). 


Use synthetic division to divide 5x° + x7 — 3byx—2 (x # 2). 


We begin by writing 
2) 5 1 0 -3 


Write 0 for the coefficient of x, the missing term. 


and complete the division as follows: 


235 1 0 -3 2}5 1 0 -3 2} 5 1 0 -3 
10 Me Ge O22 44 

> 

5 11 5 tt 22 5 11°22" a1 

Thus, 

5x3 + x? — 3 41 

= = 592 4+ 11x +224 

x-2 x-2 


Use synthetic division to divide 5x? — x7 + 3byx—2 (x #2). 


EXAMPLE 3 


Solution 


SELF CHECK 3 


Use synthetic division to divide 5x* + 6x7 + 2-—4xbyx +2 (x # —2). 


First, we write the dividend with the exponents in descending order. 
6x° + 5x* — 4x +2 


Then we write the divisor in x — r form: x — (—2). Using synthetic division, we begin 
by writing 


<o76 $-=4 2 


and complete the division. 


BG. & =i ® 


—-12 14 —20 
6 -7 10 ~—18 
Thus, 
24+ 6x7°+2-4 = 
ae Leg ie i 
2 x +2 


Divide 2x — 4x? + 3x7 — 3byx + 1. 
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fl Remainder Theorem 


EXAMPLE 4 


Solution 


Fy SELF CHECK 4 


Factor Theorem 


Apply the remainder theorem to evaluate a polynomial 


Synthetic division is important in mathematics because of the remainder theorem. 


If a polynomial P(x) is divided by x — 7, the remainder is P(r). 


We illustrate the remainder theorem in the next example. 


Let P(x) = 2x* — 3x? — 2x + 1. Find 
a. P(3) b. the remainder when P(x) is divided by x — 3. 


a. P(3) = 2(3)° — 3(3)* — 2(3) + 1 — Substitute 3 for x. 
= 2(27) — 39) -64+1 
=54-27-6+1 
= 2 


b. Use synthetic division to find the remainder when P(x) = 2x* — 3x7 — 2x + 1 is 


divided by x — 3. 
3) 2 -3 -2 1 
6 9 21 
2 3 722 


The remainder is 22. 


The results of parts a and b show that when P(x) is divided by x — 3, the remain- 


der is P(3). 


Use the polynomial of Example 4 and find: 
a. P(2) b. the remainder when the polynomial is divided by x — 2. 


COMMENT It is often easier to find P(r) by using synthetic division than by substituting 
r for x in P(x). This is especially true if ris a decimal. 


Apply the factor theorem to determine whether a specific value 
is a zero of a polynomial. 


Recall that if two quantities are multiplied, each is called a factor of the product. Thus, 
x — 2 is one factor of 6x — 12, because 6(x — 2) = 6x — 12. A theorem, called the 
factor theorem, tells us how to find one factor of a polynomial if the remainder of a 


certain division is 0. 


If P(x) is a polynomial in x, then 


P(r) =0 if and only if of = Pisa cio ot Jee) 
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If P(x) is a polynomial in x and if P(r) = 0, ris a zero of the polynomial. 


EXAMPLE 5 Let P(x) = 3x° — 5x* + 3x — 10. Show that 


Solution a. 


SELF CHECK5 Use the polynomial P(x) = x? — 5x + 6 to show that P(2) = 0 and that x — 2 isa 
factor of P(x). 


P(?2)=0 b. x — 2isa factor of P(x). 


We can use the remainder theorem to evaluate P(2) by dividing 


P(x) = 3x? — 5x* + 3x — 10 by x — 2. 


2} 3 -5 3 -10 
6 2 10 
3 1 5 0 


The remainder in this division is 0. By the remainder theorem, the remainder is P(2). 
Thus, P(2) = 0, and 2 is a zero of the polynomial. 


. Because the remainder is 0, the numbers 3, 1, and 5 in the synthetic division in 


part a represent the quotient 3x* + x + 5. Thus, 
(x-—2) + (x7 +x+5) + 0 


= 3x° — 5x7 + 3x — 10 


Divisor - quotient + remainder 


or 


(x — 2)(3x? + x + 5) = 3x° — 5x* + 3x — 10 


Thus, x — 2 is a factor of P(x). 


= the dividend, P(x) 


The result in Example 5 is true, because the remainder, P(2), is 0. If the remainder 
had not been 0, then x — 2 would not have been a factor of P(x). 


Vdd 3\ hme) wase-|\()kiyqi@ We can use a graphing calculator to approximate the real zeros of a polynomial func- 


Approximating Zeros of the function as in Figure 7-22. 
It is clear from the figure that the function f has a zero at x = 3. 


jC) = 2(3)° — 6(3)* + 7(3) — 21 — Substitute 3 for x. 


Polynomials 


= 2(27) — 6(9) + 21 — 21 
=0 


tion f(x). For example, to find the real zeros of f(x) = 2x* — 6x* + 7x — 21, we graph 


From the factor theorem, we know that x — 3 is a factor of the polynomial. To find the 
other factor, we can synthetically divide by 3. 


2 2G 7, B 
60. 21 
0 eo 


Thus, f(x) = (x — 3)(2x7 + 7). Since 2x? + 7 
cannot be factored over the real numbers, we 
can conclude that 3 is the only real zero of the 
polynomial function. 


I E 


ff) = 2x3 - 6x7 + 7x-21 


Figure 7-22 


520 CHAPTER7 More Equations, Inequalities, and Factoring 


FEY SELF CHECK ANSWERS «= 4. 6x +254 227, as +or+18+—-% 3. 3x7 749+ 


i= Ss 
Eh (Ge = Dice = 3) = a — Spe ar (6 


=h 4. both are | 


x 


1. Given that x + 2 isa factor of 2x7 — 3x7 — 11x + 6, find the remaining factors. 


2. Solve 2x* — 3x7 — 11x + 6 = 0 without a calculator. 


3. Find the x-intercepts for f(x) = 2x7 — 3x° — 11x + 6. 


——_ - — a a 
7.6 EXERCISES — } 
Assume no division by 0. GUIDED PRACTICE 
WARM-UPS Use synthetic division to perform each division. See Example 1. 
Find the remainder in each division. (Objective 1) 
(2 +2xt¢1leQ-2Q 9 2(?-4)EK+N 18..G x= 2) = 1) 


16. (x7 + x — 6) + (x — 2) 

17. (x° — 7x + 12) + (x — 4) 

18. (x? — 6x + 5) + (x — 5) 

19. (x7 — Sx + 14) + (x + 2) 
REVIEW 20. (x* + 13x + 42) + (x + 6) 

21. x” = 10x° + 5x — 6) = @— 3) 
22. Ox" = 9x° + 10% = 3) + @= 3) 


Determine whether x — 2 is a factor of each polynomial. 
3B. x - 2x7 +x-2 4A. x3 + 4x7 - 1 


Let f(x) = 3x* + 2x — 1 and find each value. 


5. f(l) 6. f(—2) 
7. f(2a) 8. f(-1 Use synthetic division to perform each division. See Examples 2-3. 
. ; (Objective 1) 
ee ee and ieee 24. 0 = = SGD 
9. 2(x ay 1) + 3(2x : 2x + 2) ; 24. (4x2 + 5x? — 1) + (x +2) 
10. —2(3y° — 2y + 7) — 307 + 2y — 4) + 407 + 2y — 1) 25. (x2 +8 + 6x) +(x +4) 
26. (x* — 15 — 2x) + (x + 3) 
2. 4 23 i : 
VOCABULARY AND CONCEPTS ade _ aia ie ao eee 
Fill in the blanks. ee ee ae) 
11, In order t thetic division, the divi tbe in th eee 
. -s order to use synthetic division, the divisor must be in the 30. (4x2 + 3x? + 8) = (x +2) 
orm 
12. If the leading term of the dividend is x° and the divisor is Let P(x) = 2x? — 4x” + 2x — 1. Evaluate P(x) by substituting the 
x — r, the leading term of the quotient will be __. given value of x into the polynomial and simplifying. Then 
13. The remainder theorem states that if a polynomial P(x) is evaluate the polynomial by using the remainder theorem and 
divided by x — r, the remainder is . synthetic division. See Example 4. (Objective 2) 
14. The factor theorem states that if P(x) is a polynomial in x, 31. P(—2) 32. P(-1) 
then P(r) = 0 if and only if is a factor of P(x). 33. P(3) 34. P(—4) 
35. P(0) 36. P(4) 


37. P(1) 38. P(2) 


Let Q(x) = x* — 3x? + 2x? + x — 3. Evaluate Q(x) by 
substituting the given value of x into the polynomial and 
simplifying. Then evaluate the polynomial by using the remainder 
theorem and synthetic division. See Example 4. (Objective 2) 


39. O(2) 40. O(-2) 
41. O(3) 42. Q(0) 
43. O(-3) 44. O(-4) 
45. O(-1) 46. O(1) 


Use the factor theorem and determine whether the first 
expression is a factor of P(x). See Example 5. (Objective 3) 
47. x — 3; P(x) = x79 — 3x* + Sx — 15 
48. x + 1: P(x) = x*° + 2x* — 2x — 3 

(Hint: Write x + las x — (—1).) 
49. x + 2; P(x) = 3x° — 7x + 4 

(Hint: Write x + 2 as x — (—2).) 
50. x; P(x) = 7x — 5x* — 8x (Hint: x = x — 0.) 


ADDITIONAL PRACTICE 

Use the remainder theorem and synthetic division to find P(r). 
51. P(x) =x — 4° +x -—2;r =2 

52. P(x) =x - 3x + x41 r=1 

53. P(x) =2x°+x+2;r =3 

54. P(x) =x +2x° 4+ Isr = 2 

55. P(x) = xt — 2x7 +.x° — 3x + 2;r = -2 

56. P(x) =x + 3x4 - x 


57. P(x) 


58. P(x) = 5x’ — 7x4 4+2°° 4+ 1:r=2 


PROJECTS 


Project 1 


The expression 1+x+.27+ 2° is a polynomial of 
degree 3. The polynomial 1 + x + x7 + x* + x* has the 
same pattern, but one more term. Its degree is 4. As the 
pattern continues and more terms are added, the degree of 
the polynomial increases. If there were no end to the 
number of terms, the “polynomial” would have infinitely 
many terms, and no defined degree: 


3 


LtxtrPtrextt vet xo te 


Such “unending polynomials,” called power series, are 
studied in calculus. However, this particular series is the 
result of a division of polynomials: 


= Consider the division oc Find the quotient by filling 
in more steps of this long division: 
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ray Use acalculator and synthetic division to perform each 
division. 


59. (7.2x° — 2.1x + 0.5) + (x — 0.2) 
60. (8.1x7 + 3.2x — 5.7) + (x — 0.4) 
61. (2.7x° + x — 5.2) + (x + 1.7) 
62. (1.3x7 — 0.5x — 2.3) + (x + 2.5) 
63. (9x° — 25) + (x + 57) 

64. (0.5x° + x) + (x — 2.3) 


Ry Use acalculator to work each problem. 


65. Find 2° by using synthetic division to evaluate the polyno- 
mial P(x) = x° at x = 2. Then check the answer by evaluat- 
ing 2° with a calculator. 

66. Find (—3)° by using synthetic division to evaluate the poly- 
nomial P(x) = x° at x = —3. Then check the answer by 
evaluating (—3)° with a calculator. 


WRITING ABOUT MATH 

67. If you are given P(x), explain how to use synthetic division 
to calculate P(a). 

68. Explain the factor theorem. 

SOMETHING TO THINK ABOUT = Suppose that 

P(x) = x19 — x99 + x98 — X97 +o tx? -— K+ 1. 

69. Find the remainder when P(x) is divided by x — 1. 

70. Find the remainder when P(x) is divided by x + lI. 


1 
Step 1: 1 —x)1 + Ox + 0x? + 
l= * 
x 
1 
Step 2: 1 —x)1 + Ox + 0x? + 
l- x 
x + 0x? 
2 


Xx—- xX 
2, 
x 


To determine how the fraction i and the series 
Ltxt¢x txt x44 2° + x° +--+ could be equal, try 


this experiment. 
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m letx = 5 and evaluate ae 


m Again, let x = 5 and evaluate the series. Because you 


cannot add infinitely many numbers, just add the first 3 
or 4 or 5 terms and see if you find a pattern. Use a cal- 
culator to complete this table: 


1 


Polynomial Value at x = 5 
l+x+x 
lt+xt+x+2x 
l+x+2x74+2x74 x1 
Ltxt¢x7?4¢ x txttx° 
l+x4¢3x7? 4+ 3724+ 2x44 2°4+ 2° 


‘Horizontal 


Project 2 


We began this chapter by discussing /ift provided by the 
wing of an airplane. We learned that two factors that 
determine lift are controlled by the pilot. One is the speed 
(or velocity) of the plane, and the other is the angle of 
attack, which is the angle between the direction the plane is 
aimed and the direction it is actually moving, as shown in 
the illustration. 

For one particular plane weighing 2,050 pounds, the 
lift, velocity, and angle of attack are related by the equation 


L = (0.017a + 0.023) V7 


What number do the values in the second column seem to 
be approaching? That number is called the swm of the 
series. 


m= Explain why the nonterminating decimal 1.J111111... 
represents the infinite series 


2 ce - Go) 7 Go) ° 
ol . @) ° (is) _ 


m= Using the fraction i. explain why 1.11111... =>. 


m Verify that 2 = 1.11111... by dividing 10 by 9. 


where L is the lift in pounds, a is the angle of attack in 
degrees, and Vis the velocity in feet per second. To support 
the plane, the lift must equal the plane’s weight. 


a. Find the correct angle of attack when the velocity of 
the plane is 88.64 mph. (Hint: You must change the 
velocity to units of feet per second.) 


b. As the angle of attack approaches 17°, the plane 
begins to stall. With more cargo on the return trip, the 
same plane weighs 2,325 pounds. If the pilot allows the 
velocity to drop to 80 feet per second (about 55 mph), 
will the plane stall? 
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SECTION 7.1 
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4. 


5. 


To solve a linear equation in one variable, follow 
these steps: 
1. 


If the equation contains fractions, multiply 
both sides of the equation by a number that 
will eliminate the denominators. 


. Use the distributive property to remove all sets 


of parentheses and combine like terms. 


. Use the addition and subtraction properties to 


get all variables on one side of the equation 
and all numbers on the other side. Combine 
like terms, if necessary. 

Use the multiplication and division properties to 
make the coefficient of the variable equal to 1. 
Check the result. 


DEFINITIONS AND CONCEPTS EXAMPLES 
If aand / are real numbers and a = J, then If a = b, then 
at+c=bt+e a-c=b-c a+3=b5+3 a-5=b-5 
ac=be (#0) 4=% (#0) 4-4 4-9 
Solving linear equations: To solve * 5 2_y= : x + 2, we first eliminate the fractions by multiply- 


ing both sides by 5 and proceeding as follows: 


K=2 8 
(2-2 .as( 242) 
x-2-5x=8 


—4x —2= 18 — 5x 
x = 20 


Remove parentheses. 
Combine like terms. 
Add 5x and 2 to both sides. 


Show that 20 satisfies the equation. 


An identity is an equation that is satisfied by every 
number x for which both sides of the equation are 
defined. The solution of an identity is the set of 
all real numbers and is denoted by R. 


A contradiction is an equation that has no solu- 
tion. Its solution set is the empty set, @. 


Show that the equation is an identity. 


5(2x + 3) + 8x — 9 = 6x = 8% + 3) 
10x — 15 + 8x — 9 = 6x — 8x — 24 
2x — 24 = —2x — 24 


Remove parentheses. 


Combine like terms. 


Since the left side of the equation is the same as the right side, every number x 
will satisfy the equation. The equation is an identity and its solution set is all 
real numbers, R. 


Show that the equation is a contradiction. 


5(2x + 3) — 8x — 9 = 8x — 6(x + 3) 
10x + 15 — 8x — 9 = 8x — 6x — 18 
2x + 6 = 2x — 18 
6=—-18 


Remove parentheses. 
Combine like terms. 
Subtract 2x from both sides. 


Because 6 # —18, there is no number that will satisfy the equation. Therefore, 
it is a contradiction and the solution set is the empty set, ©. 
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To solve a formula for an indicated variable means 
to isolate that variable on one side of the equa- 
tion. 


To solve ax + by = c for y, we proceed as follows: 
ax + by=c 
by =c-—ax Subtract ax from both sides. 


by c-ax 


3 Divide both sides by b. 
_€= ae h 
—— Zul 


Solving linear inequalities: 


Trichotomy property: 
a<b,a=b,ora>b 


Transitive properties: 
Ifa<bandb<c,thena<c. 
Ifa>bandb>c,thena>c. 
Properties of inequality: 
If a and bare real numbers and a < J, then 
at+c<bt+e 
a-c<b-c 
ac<be (c>0) 
ac>be (c<0) 


(c > 0) 


(c < 0) 


Either x < 3, x = 3,orx > 3. 


If —2 < 5and5 < 10, then —2 < 10. 
If 20 > 7 and7 > —5, then 20 > —5. 


To solve the linear inequality 3(2x + 6) < 18, use the same steps as for 
solving equations. 
3(2x + 6) < 18 
6x + 18<18 Remove parentheses. 
6x <0 Subtract 18 from both sides. 
x <0 Divide both sides by 6. 


The solution set is {x | x < 0} or, in interval notation, 
(—, 0). The graph is shown. The parenthesis at 0 indicates —_—— 
that 0 is not included in the solution set. 0 


To solve —4(3x — 4) = —8, proceed as follows: 
—4(3x — 4) =< -8 
—12x + 16= —-8 Remove parentheses. 
—12x = —24 Subtract 16 from both sides. 


x22 Divide both sides by —12 and reverse the 
inequality symbol. 


The solution set is {x |x = 2} or, in interval notation, [2, ©). 
The graph is shown. The bracket at 2 indicates that 2 is t 
included in the solution set. 


Compound inequalities: 
c <x < dis equivalent toc < xandx < d. 


To solve the inequality -7 = 2x — 5 < 3, isolate x between the inequality 
symbols. 


=P Ss 2x = S38 
—252x <8 Add 5 to all three parts. 
-lsx<4 Divide all three parts by 2. 


The solution set is {x | —1 = x < 4} or, in interval <«—_}+— _> 


notation, [—1, 4). The graph is shown. -1 4 


REVIEW EXERCISES 
Solve and check each equation. 


1. 4(y — 1) = 28 
B(x — 5 
3. 13(x — 9) -2=7x—5 4, 2) - 
5. 2x +4 =2(x + 3)-2 


Solve for the indicated variable. 


7.V= srr for h 


2. 3(x + 7) = 42 


6. (3x — 2) — x = 2(x — 4) 


ik 
8 V= gue + y) for x 
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10. Geometry A rectangle is 4 meters longer than it is wide. If 
the perimeter of the rectangle is 28 meters, find its area. 


Solve each inequality. Give each solution set in interval notation 
— 4) and graph it. 


1 1 

11. -y-2=>-y+2 
aP 2” 
7 3 

12. =(x + <—-(x - 
4% 3) gt 3) 

13. 3<3x+4<10 


14. 4x >3x+2>x-3 


9. Carpentry A carpenter wants to cut a 20-foot rafter so 
that one piece is 3 times as long as the other. Where should 


he cut the board? 


SECTION 7.2 


DEFINITIONS AND CONCEPTS EXAMPLES 
If x = 0, |x| = x. |4| =4 
If x <0, |x| = -x. |-4| = -(-4) =4 


If k > 0, |x| = kis equivalent to x = k or 
x =—-k. 


To solve the equation |2x — 3| = 1, write |2x — 3| = Las 


2x-3=1 or 2x -—3=-l 


~—_e—____e—_> and solve each equation for x: 
xz Oo «& 
2x—-3=1 or 2x-3=-1 
2x =4 2x = 2 
x=2 x=1 
Verify that both solutions check. 
|a| = |b| is equivalent toa = bora = —b. To solve the equation |4x — 3| = |2x + 15], note that the equation is true 


when 4x — 3 = 2x + 15 or when 4x — 3 = —(2x + 15). 
Then solve each equation for x. 


4x-—3=2x+15 or 4x-—3= —-(2x + 15) 


4x = 2x + 18 4x —3 = -2x -— 15 
2x = 18 6x = —12 
x=9 x= -2 
Verify that both solutions check. 
REVIEW EXERCISES 
Solve and check each equation. 
15. [3x + 1| = 10 16. | 3x-4 9 17. [3x + 2| = |2x — 3] 18. |Sx — 4| = |4x — 5| 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


If k > 0, |x| < kis equivalent to —k <x <k. 


-k 0 k 


To solve the inequality |2x — 3| < 1, note that |2x — 3| < 1 is equivalent to 
—1 <2x — 3 < 1, an inequality that we can solve. 


-1<2x-3<1 
2<2x<4 
1l<x<2 


Add 3 to all three parts. 
Divide all three parts by 2. 


The solution set contains all numbers between | and 2, not including either 1 
or 2. This is the interval (1, 2), whose graph is shown below. 


a 


1 2 


|x| > kis equivalent tox < —korx>k. 


———, 


-k k 


To solve the inequality |5x — 5| > 15, write the inequality as two separate 
inequalities and solve each one. Since |5x — 5| > 15 is equivalent to 


5x = 3 =15 or 5x5. 15 
we have 
Sx = 53 S15: of 5X => 5'>'15 
5x < —-10 5x > 20 Add 5 to both sides. 
x<—-2 x>4 Divide both sides by 5. 


Thus, x is either less than —2 or greater than 4. 
¥.==2 or x>4 


This is the union of two intervals (—%, —2) U (4, ©), whose graph appears 
below. 


(ee 
-2 4 

REVIEW EXERCISES 
Solve each inequality. Give each solution in interval notation and 
graph it. 3 
19. |2x + 7| <3 21. pros | eo 

2 
20. |3x — 8| =4 22.| ~x + 14] <0 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


GCF and factoring by grouping: 
Always factor out common factors as the first step 
in a factoring problem. 


To factor 36x* — 6x? + 12x, use the distributive property to factor out the 
greatest common factor of 6x. 


Factor the common term. 


6x(6x* — x + 2) 


If an expression has four or more terms, try to 
factor the expression by grouping. 
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25x* — 10x? + 20x — 8 


= (25x? — 10x”) + (20x — 8) Group the first two terms and the 
last two terms. 


= 5x°(5x — 2) + 4(5x — 2) Factor each grouping. 


= (5x — 2)(5x? + 4) Factor out 5x — 2. 
Difference of two squares: 64x° — 25 
=f =e nev = (8x)? — (5) Write each factor as a perfect square. 


= (8x + 5)(8x — 5) Factor. 


Sum of two cubes: 64x7 + 125 
PEPE peas = (4x)? + (5) Write each factor as a cube. 
= (4x + 5)[(4x)> — (4x)(5) + (5)] Factor. 
= (4x + 5)(16x — 20x + 25) Simplify. 
Difference of two cubes: 27a* — 1 
x — yp = (x — p(x? + xy + py”) = (3a)* — (1)? Write each factor as a cube. 
= 3a — 1)[(3a)? + (3a)(1) + (1)7]_ Factor. 
= (3a — 1)(9a? + 3a + 1) Simplify. 


Factoring a trinomial with a leading coefficient of 1: 


1. Write the trinomial in descending powers of 
one variable. 

2. List the factorizations of the third term of the 
trinomial. 

3. Pick the factorization in which the sum of the 
factors is the coefficient of the middle term. 


To factor x* — 8x + 12, first note that the trinomial is written in descending 
powers of x. Then note that the factors of 12 are 


1 and 12 —land —12 
2 and 6 —2 and —6 
3 and 4 —3 and —4 


Since —2 and —6 are the only pair whose sum is —8, the factorization is 
(x — 2)(x — 6). 


Test for factorability: 

A trinomial of the form ax? + bx +c (a #0) 
will factor with integer coefficients if b* — 4ac is a 
perfect square. 


To determine whether 5x” — 8x + 3 is factorable with integer coefficients, 
note that a = 5,b = —8, and c = 3. Then calculate b? — 4ac. 


b* — 4ac = (—8) — 4(5)(3) = 64 — 60 = 4 


Since 4 is a perfect square, 5x* — 8x + 3 is factorable with integer coefficients. 
p q g 


Factoring a trinomial with a leading coefficient 
other than 1: 


1. Write the trinomial in descending powers of 
one variable. 

2. Factor out any greatest common factor 
(including —1 if that is necessary to make the 
coefficient of the first term positive). 

3. Test the trinomial for factorability. 

4. When the sign of the first term of a trinomial 
is + and the sign of the third term is +, the 
signs between the terms of each binomial 
factor are the same as the sign of the middle 
term of the trinomial. 

When the sign of the first term is + and the 
sign of the third term is —, the signs between the 
terms of the binomials are opposites. 


To factor 5x” — 8x + 3, follow the steps shown on the left. 


1. The polynomial is already written in descending powers of x. 


2. In this polynomial, there are no common factors. 


3. We have previously seen that 5x* — 8x + 3 is factorable. 


4. Since the last term is + and the middle term —, the signs in both sets of 
parentheses will be —. 


The factors of the first term 52° are 5 and 1. 


The factors of the last term 3 are 3 and 1. 
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5. Try various combinations of first terms and 5. The possible combinations are 


last terms until you find the one that works. 
(5x — 3)(x — 1) and (5x — 1)(x — 3) 


6. Check the factorization by multiplication. 6. The pair that will give a middle term of —8x is 


(Sx — 3)\(x — 1) 


REVIEW EXERCISES 
Factor each polynomial. 


23. 4x + 8 24. S5x°y' — 10xy" 37. y + 2ly + 20 38. 2 — 1lz + 30 
25. —8x7ye24 — 12x43? 26. 12a°h'c? + 15a°b*c® 39, —x? — 3x + 28 40. —y? + 5y + 24 
27. xy + 2y+4x+8 28. ac + bc + 3a + 3b 41. yi +y°-2y 42. 2a* + 4a* — 6a’ 
29. Factor x” from x*”" + x”. 43. 15x? — 57xy — 12y° 44, 30x? + 65xy + 10)? 
30. Factor y*” from y~” — y*”. 
Factor each polynomial. 45. x° + 4x + 4 — 4p 
31. x4 + 4y + 4x7 + xy Ba + bet act+ah 46. y+ 3yt+2+2x +x 
Factor each polynomial. 
33. 2’ — 16 34, y’ - 121 47. x° + 343 48. a’ — 125 
35. 2x* — 98 36. 3x° — 300x7 49. 8° — 512 


50. 4x°y + 108yz* 


SECTION 7.5 


DEFINITIONS AND CONCEPTS EXAMPLES 


Simplifying a rational expression: To simplify a 2 ae 7 & (x # 3, —3), factor the numerator and the denomina- 


To simplify a rational expression, factor the numer- 
ator and denominator and divide out all factors 
common to the numerator and denominator. 


tor and divide out any resulting common factors: 


1 
xe -—S5x +6 (x=—3\(x-2) x-2 


a8 aio Ai) Y-9  (x+3er3) xt3 
bk ob 1 

Multiplying rational expressions: at+6 3a. — 12 

To multiply two rational expressions, follow the (ax + 4a — 4x — 16) 3a + 18 

same procedure as multiplying two fractions. 

P ea (a + 6)(3a — 12) Multiply the numerators and 
ac_ a (ax + 4a — 4x — 16)3a +18) multiply the denominators. 
—:—=— (b,d#0) 
bd bd (a + 6)3(a — 4) 

Factor. 
Simplify the result, if possible. (a — 4)(x + 4)3(a + 6) 


1 
- Divide all common factors. 
x+4 


Dividing rational expressions: 
To divide two rational expressions, follow the 
same procedure as dividing two fractions. 


a . 


ase 
bod 


Simplify the result, if possible. 
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r-4 wt+4xt4 
2b- bx = 2b + bx 
4 2b + bx Multiply by the reciprocal of the 


2b — bx 924+ 4x44 second expression. 
_  — 426 + bx) 
(2b — bx)(x? + 4x + 4) 


(x — 2)(x + 2)b(2 + x) 


the denominators. 


= Factor. 
b= Bixee DD 
K- 2 oo 
5 Divide out all common factors. 
a= UX: 
=-l x — 2and 2 — x are opposites. 
Adding and subtracting rational expressions with 2x +4 x +3 
the same denominator: ewe 4+13x+12 »x+13x4+12 
To add or subtract two rational expressions with Ind 2% = -Bubtast the aumnsrmior and keep rhe 
like denominators, add the numerators and keep = peer siya nites 
the denominator. Simplify, if possible. oe 2 ae ; 
x+1 ae 
aq oc oate = _— Combine like terms. 
P a (b # 0) x” + 13x + 12 
x+1 
a c¢ a-c = ——.—___ Factor the denominator. 
aa (b # 0) (x + 12)(x + 1) 
1 
io Divide out x + 1. 
x 


Finding the LCD of two rational expressions: 

To find the LCD of the denominators of two frac- 
tions, factor each denominator and use each 
factor the greatest number of times that it appears 
in any one denominator. The product of these 
factors is the LCD. 


2a 
To find the LCD of 7— fs = 


2a 3 
(a — 4)(a + 2) (a — 4\(a — 1) 


The LCD is (a — 4)(a + 2)(a — 1). 


Adding and subtracting rational expressions with 
different denominators. 


To add or subtract two rational expressions with 
different denominators, find the LCD of the two 
expressions and write each fraction as an equiva- 
lent fraction with the new denominator. Add the 
numerators and keep the denominator. Simplify if 
possible. 


2a 3 
a—2a-8 a—5a+4 
2a 3 
“G= Dara Goiesh 


Write each fraction with the LCD of (a — 4)(a + 2)(a — 1), found above. 


_ 2a(a — 1) ; 3(a + 2) 
(a — 4\(a + 2)(a — 1) (a — 4)(a — 1)(a + 2) 
7 2a” — 2a 3a + 6 
(a — 4)(a + 2)(a — 1) (a — 4\(a — 1)(a + 2) 
2a +at6 


~ (a —4(at 2Qa—-1 


This expression cannot be simplified. 


Multiply the numerators and multiply 


3 oe 
g and >—<%, yq factor each denominator to get 


Factor each denominator. 
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REVIEW EXERCISES 2x 3x 4x 
Simplify om rational expression. ; 61. Ed eo Pra ee, 
51, 2882 eg, 5x 5 ee 
576xy" x? + 14x + 49 Ree 8 ae ee 
ao the operations cia simplify. Assume no division by 0. (x + 2) > A(x + 3) 
53 x 4x +4 x =D 63. — i ae a ee 
: . - x - 
rx -6 V+5x4+6 " . * 
x? — 64 x = 16 
54. : i ea 
5 * . : ei, e—2 64 er eee ae 
55, > - ce eee "P+4xt4 4 x2 
xy xX y xi +2 x +2 
Simplify each complex fraction. 
57. + 58. = 32 ae ie 
xt+2 x+3 x-4 x+3 xy xy 
65. 66. 
xy 2_1 
2 2 2: 7 y 
Ma Bx 2. BIS 3x. xb 3x2 
59. 5 “2 are 2x +3 +.— 
CHS XH 6 oH BeH 4 FH 28 x a 
67 68. —_ ; 
5 aa oy a 
*% #2 + 
60. x= x= 6 Se eee 
x = 3x— 10. X= dk Ox’ 


DEFINITIONS AND CONCEPTS 


SECTION 7.6 


EXAMPLES 


Dividing a polynomial by a binomial of the form 

x — rusing synthetic division: 

Write the coefficients of the polynomial in the div- 
idend and r in the divisor. Use multiplication and 
addition to complete the division. 


Use synthetic division to perform the division 


(5x? — 8x — 2) + (x — 2) 


2) 3° 8 = 2 
10 4 
5 2 2 
2 ‘ 2 
Thus, (5x° — 8x — 2) + (x — 2) =5x +24 7 


Using the remainder theorem to evaluate a 
polynomial: 

Remainder theorem: 

If a polynomial P(x) is divided by x — r, then the 
remainder is P(r). 


Given P(x) = 8x* — 2x? — 9, find P(—2). 


S28. 2 =O 
—16 36 -—72 Insert a0 for the missing term. 
8 —18 36 —81 


Thus, P(—2) = —81. 


Using the factor theorem to determine if a binomial 
is a factor of a polynomial: 


Factor theorem: 
If P(x) is divided by x — r, then P(r) = 0 if and 
only if x — risa factor of P(x). 


Determine whether x + 4 is a factor of x* + 4x° + 9x? + 37x + 4. 
-4)/1 4 9 37 4 
—-4 0 —-36 —-4 
1 0 9 1 0 

Since the remainder is 0, x + 4 isa factor of x* + 4x° + 9x7 + 37x 


REVIEW EXERCISES 
Use synthetic division to find the remainder in each division. 
Assume no division by 0. 


69. x 2)3x3 + 2x* — 7x +2 
70. x + 2)2x* — 4x? — 14x + 3 
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Use the factor theorem to decide whether the first expression is a 
factor of P(x). 


71. x — 5; P(x) = x* — 3x7 — 8x — 10 
72. x + 5; P(x) = x2 + 4x7 — 5x 45 
(Hint: Write x + 5 as x — (—5).) 
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Solve each equation. 


1. x +4) +4=4(x — 5) aye eo) 


0) 
4. Solven = SO tot a. 


3. Solve P=L+ itor i 180 a 


5. Cutting pipe A 20-foot pipe is to be cut into three pieces. 
One piece is to be twice as long as another, and the third 
piece is to be six times as long as the shortest. Find the 
length of the longest piece. 

6. Geometry A rectangle with a perimeter of 26 centimeters 
is 5 centimeters longer than it is wide. Find its area. 


Solve each equation or inequality. 
7. —2Qx + 3)= 14 


4 

CE oe 

9. |2x + 3| = 11 10. [3x + 4| = |x + 12| 
11. |x +3| =4 


12) (204) = 2? 


Factor each polynomial. 

13. 3xy* + 6x°y 

14, 12a°b?c — 3a°*b?c? + babe? 
Us gee = 288 4 oP -y 


16. ax + ay 
17. x? — 49 


lye se lay = @xe = OY 
18.27 3) 


19. 4y* — 64 20. b*? + 125 


21. b° — 27 22. 3u° — 24 


PEL, xe ab She 2 1G 24. 6b7> + 5-2 


25. 6u> + 9u — 6 26. x° + 6x + 9-y? 


In Exercises 27-30, assume no division by 0. 

Simplify each rational expression. 

—12x°y32" 28 2x7 + Tx +3 
18x3y42? alge se 1D 


Perform the operations and simplify, if necessary. Write all 
answers without negative exponents. 


xy? x2z4 
29 aoe oe 
XZ yz 
30. ue lt +6 w—5ut+6 
u—4 a=) 
31. e+yp VP-x+y 32. 2 sear il 
4 DX) Il ear 2 
Simplify each complex fraction. 
Quew* eel 
2 Pe 2 
ea a4 
4uw4 wil 
uy 2 y 


35. Find the remainder in the division. 


ge = Oe ab Spy 
ae ar Il 


36. Use synthetic division to find the remainder when 
4x? + 3x° + 2x — 1is divided by x — 2. 


CHAPTER 8 


Writing Equations 
of Lines, Functions, 
and Variation 


8.1 A Review of the Rectangular Coordinate System 
2 Slope of a Line 
3 Writing Equations of Lines 
1 A Review of Functions 
Graphs of Nonlinear Functions 
5 Variation 


© Shutterstock.com/Lisa F. Young 


Atmospheric science is the study of the atmosphere— 

the blanket of air covering the Earth. Atmospheric 

scientists, often called meteorologists, study the 

atmosphere's physical characteristics, motions, and In this chapter ea 
processes. The best-known application 
of this knowledge is in 

forecasting the 

weather. 

Atmospheric 

scientists held about 

8,800 jobs in 2006. A 

bachelor’s degree in 

meteorology is usually 

the minimum 

educational 

requirement for an 

entry-level positionin the \_ 

field. cise 


In this chapter, we will review how to graph linear 
equations and then consider the reverse problem of 
writing equations of lines with known graphs. In 
Sections 8.4 and 8.5, we will continue the discussion 
of functions, one of the most important concepts in 
mathematics. Finally, we will conclude by discussing 
variation. 
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A Review of the Rectangular Coordinate System 


GD Plot an ordered pair on a coordinate plane and identify the coordinates of 
a point on a coordinate plane. 


®} Graph a linear equation in two variables by plotting points. 

&} Graph a linear equation in two variables by using the intercepts. 
@3 Graph a horizontal line and a vertical line. 

© Find the midpoint of a line segment between two points. 


Objectives 


quadrants 


Vocabulary 


In the equation 2x + y = 5, find y when x has the following values. 


3.x =0 


x=2 ~x=-2 


Getting Ready 


@ Plot an ordered pair on a coordinate plane and identify the coordinates 
of a point on a coordinate plane. 


René Descartes (1596-1650) is credited with the idea of associating ordered pairs of real 
numbers with points in the geometric plane. His idea is based on two perpendicular 
number lines, one horizontal and one vertical, that divide the plane into four quadrants, 
numbered as in Figure 8-1. 


Quadrant IT Quadrant I 


Origin 


> XxX 


pis es ie a | 23: 4 
2 


Quadrant II Quadrant IV 


a4 


Figure 8-1 
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The horizontal number line is the x-axis and the vertical number line is the y-axis. 
The point where the axes intersect, called the origin, is the 0 point on each number line. 

The positive direction on the x-axis is to the right, the positive direction on the y-axis 
is upward, and the unit distance on each axis is the same. This xy-plane is called a rectan- 
gular coordinate system or a Cartesian coordinate system. 

To plot the point associated with the pair of real numbers (2, 3), we start at the origin 
and count 2 units to the right and then 3 units up, as in Figure 8-2. The point P, which 
lies in the first quadrant, is the graph of the pair (2, 3). The pair (2, 3) gives the coordi- 
nates of point P. 

To plot point Q with coordinates (—4, 6), we start at the origin and count 4 units to 
the left and then 6 units up. Point Q lies in the second quadrant. Point R with coordinates 
(6, —4) lies in the fourth quadrant. 


COMMENT The pairs (—4, 6) and (6, —4) represent different points. One is in the 
second quadrant, and one is in the fourth quadrant. Since order is important when 
graphing pairs of real numbers, such pairs are called ordered pairs. 


In the ordered pair (a, 5), a is called the x-coordinate and b is called the y-coordinate. 


Figure 8-2 


2] Graph a linear equation in two variables by plotting points. 


EXAMPLE 1 


Solution 


The graph of an equation in the variables x and y is the set of all points on a rectangular 
coordinate system with coordinates (x, y) that satisfy the equation. 


Graph the equation: 3x + 2y = 12. 


To graph an equation, we can pick values for either x or y, substitute them in the equa- 
tion, and solve for the other variable. For example, if x = 2, then 
3x + 2y = 12 
3(2) + 2y = 12 — Substitute 2 for x. 
6+ 2y = 12 — Simplify. 
2y = 6 Subtract 6 from both sides. 
y=3 Divide both sides by 2. 


One ordered pair that satisfies the equation is (2, 3). If y = 6, we have 


3x + 2y = 12 
3x + 2(6) = 12 
3x + 12 = 12 
3x =0 

=0 
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Substitute 6 for y. 

Simplify. 

Subtract 12 from both sides. 
Divide both sides by 3. 
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A second ordered pair that satisfies the equation is (0, 6). 

The pairs (2, 3) and (0, 6) and others that satisfy the equation are shown in the 
table in Figure 8-3. We plot each pair on a rectangular coordinate system and join the 
points to get the line shown in the figure. This line is the graph of the equation. 


3x + 2y = 12 
x | y | @y) 
2) 3/(,3) 
0) 6] (0,6) 
4) 0| (4,0) 
6 | —3 | (6, —3) 
—2| 9) (-2,9) - 


Figure 8-3 


SELF CHECK 1 Graph 2x + 3y = 6. 


3 | Graph a linear equation in two variables by using the intercepts. 


The y-intercept of a line is the point (0, b) where the line intersects the y-axis. To find 5, 
substitute 0 for x in the equation of the line and solve for y. 


Intercepts of a Line 


The x-intercept of a line is the point (a, 0) where the line intersects the x-axis. To find a, 
substitute 0 for y in the equation of a line and solve for x. 


In Example 1, the y-intercept of the line is the point with coordinates of (0, 6), and 
the x-intercept is the point with coordinates of (4, 0). 


EXAMPLE 2 Use the x- and y-intercepts to graph 2x + Sy = 10. 
Solution — To find the y-intercept we substitute 0 for x and solve for y. 
2x + Sy = 10 
2(0) + 5y = 10 — Substitute 0 for x. 
Sy = 10 — Simplify. 
y=2 Divide both sides by 5. 
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The y-intercept is the point (0, 2). 


To find the x-intercept we substitute 0 for y and solve for x. 


2x + Sy = 10 
2x + 5(0) = 10 — Substitute 0 for y. 
2x = 10 — Simplify. 
x=5 Divide both sides by 2. 


The x-intercept is the point (5, 0). 


Although two points are sufficient to draw the line, it is a good idea to find and 
plot a third point as a check. To find the coordinates of a third point, we can substitute 


any convenient number (such as —5) for x and solve for y: 


2x + 5y = 10 
2(-5) + 5y = 10 — Substitute —5 for x. 
—10+ 5y = 10 — Simplify. 
Sy = 20 Add 10 to both sides. 
y=4 Divide both sides by 5. 


The line will also pass through the point (—5, 4). The graph is shown in Figure 8-4. 


y 

A 

(€34) 
2x + Sy = 10 
x |y| @y) 2x + 5y=10 
0} 2) (0,2) (0,2) 
5 | 0} (5, 0) x 
—5/ 41} (-S, 4) (5, 0) 
Figure 8-4 


FEY SELF CHECK2 © Graph 5x — 2y = 10. 


EXAMPLE3 Graph y= 3x+4. 


Solution We find the y- and x-intercepts. If x = 0, then 


y=3xt+4 
y = 3(0) + 4 _— Substitute 0 for x. 
y=4 Simplify. 


The y-intercept is the point (0, 4). 
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If y = 0, then 
y=3x+4 
= 3x +4 Substitute 0 for y. 
—4 = 3x Subtract 4 from both sides. 
4 
“3 =x Divide both sides by 3. 


The x-intercept is the point (-4, 0). 


To find the coordinates of a third point, we can substitute | for x and solve for y. 


y=3x+4 
y = 3(1) + 4 — Substitute 1 for x. 
y=7 Simplify. 


The point (1, 7) lies on the graph, as shown in Figure 8-5. 


y=3x+4 
x |y| @y) 


Figure 8-5 


SELF CHECK3 Graph y = —2x + 3. 


4] Graph a horizontal line and a vertical line. 


EXAMPLE4 Graph: a y=3 bx =—2. 


Solution a. Since the equation y = 3 does not contain x, the numbers chosen for x have no 
effect on y. The value of y is always 3. 
After plotting the pairs (x, y) shown in Figure 8-6 on the next page and joining 
them with a straight line, we see that the graph is a horizontal line, parallel to the 
x-axis, with a y-intercept of (0, 3). The line has no x-intercept. 


b. Since the equation x = —2 does not contain y, the value of y can be any number. 
The value of x is always —2. 
After plotting the pairs (x, y) shown in Figure 8-6 and joining them with a 
straight line, we see that the graph is a vertical line, parallel to the y-axis with an 
x-intercept of (—2, 0). The line has no y-intercept. 
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y= 3 x= —2 

x |y| @y) x | y | @y) (2,3) | (4,3) 
—3| 3 | (-3, 3) 2) = 2) || (= 2-2) (-2, 2) 
0/3 | (0, 3) —2|) 0/|(-2,0) 
2/3] (2,3) 2) 22,2) (2,0) i 
4} 3 | (4, 3) =2:| 36 (=2,6) 

2,72) 

Figure 8-6 


EY SELF CHECK4 «Graph: a. x =4 


The results of Example 4 suggest the following facts. 


Equations of Horizontal If aand b are real numbers, then 


and Vertical Lines The graph of y = bisa horizontal line with y-intercept at (0, b). If b = 0, the line is 
the x-axis. 


The graph of x = ais a vertical line with x-intercept at (a, 0). If a = 0, the line is 
the y-axis. 


(=) Find the midpoint of a line segment between two points. 


If point M in Figure 8-7 lies midway between points P(x,, y;) and Q(x, y2), point M is 
called the midpoint of segment PQ. To find the coordinates of M, we average the 
x-coordinates and average the y-coordinates of P and Q. 


y 


Q(xy, Yr) 


PO, yy) 


> xX 


Figure 8-7 


The Midpoint Formula 


EXAMPLE 5 


Solution 


SELF CHECK 5 


SELF CHECK ANSWERS 
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The midpoint of the line segment P(x,, y,) and Q(x, y>) is the point M with coordi- 
nates of 


(= ar 2 Wy ae 22) 
pene 2) 


Find the midpoint of the segment joining (—2, 3) and (3, —5). 


To find the midpoint, we average the x-coordinates and the y-coordinates to get 


xy + X2 —2 + 3 v1 + y2 3 + (—5) 
5 = 5 and 5 5 


=> =-1 


The midpoint of the segment is the point (5, = 1). 


Find the midpoint of (5, —3) and (—2, 5). 


ile y Zz y 3: y 
A A A 


> xX 


5x/- 2y= 10 
2x +/3y =6 
y=—2x/+ 3 


1. Find the center of a circle with a diameter having endpoints at (—5, 2) and (—9, —7). 


2. Find the midpoint of the segment joining 
a. (p — 2, p) and (4 — p, 5p — 2) 
b. (p + 5, 3p — 1) and (6p, p + 9) 
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8.1 EXERCISES — , 


WARM-UPS 25. E(0, 5) 26. F(—4, 0) 
Find the x- and y-intercepts of each line. 27. G(2, 0) 28. H(0, 3) 
Lxty=3 2. 3x + y=6 

y 
3.x+4y=8 4. 3x — 4y = 12 


Find the midpoint of a line segment with endpoints at 


5. (2, 4), (6, 8) 6. (4, —8), (-4, 6) gia 
REVIEW 
Graph each interval on the number line. Give the coordinates of each point shown in the illustration. 
Objective 1 
7. (-#, -2) U2, ») 8. (—2, 4] oe 
29. A 30. B 
31. C 32. D 
Fact h . ‘ated 33. E 34. F 
actor each expression completely. 
oe ide ar 35. G 36. H 
Ds ae 10. x - 1 
Wx - 1 12.2° 1 7 
‘a ) 
B 4 eA 
VOCABULARY AND CONCEPTS Fill in the blanks. 
13. The point where the x- and y-axes intersect is called the G El. 
—_—_—_—_—#——_—_—e» 
: Ce 
14. The x-coordinate of a point is the first number in an 
ordered : Ee eH De 
15. The__—_Cof' a point is the second number in an 
ordered pair. Graph each equation. See Examples 1-3. (Objective 2) 
16. The y-intercept of a line is the point where the line inter- 37.x+y=4 38. x-y=2 
sects the 4 7 
17. The x-intercept of a line is the point where the line inter- A 


sects the 


18. The graph of any equation of the form x = a, where a is a 
constant, is a line. 

19. The graph of any equation of the form y = 5, where bisa 
constant, is a line. 


20. The midpoint of a segment with endpoints at (a, 6) and 


(c, d) has coordinates of : 39. 2x -y =3 40. x + 2y =5 
y y 
GUIDED PRACTICE 4 
Plot each point on the rectangular coordinate system. (Objective 1) 
21. A(4, 3) 22. B(—2, 1) ales 
23. C(3, —2) 24. D(—2, —3) 
> X 


Graph each equation using x- and y-intercepts. See Examples 2 
and 3. (Objective 3) 


41. 3x + 4y = 12 42. 4x — 3y = 12 
y y 
A A 
> xX 
— oo OY 
43. y= —-3x+2 44. y=2x -3 
y y 
> xX > xX 
Graph each equation. See Example 4. (Objective 4) 
45. x =3 46. y= -4 
y y 
A 
> xX 
> xX 
47. —3y+2=5 48. —-2x+3=11 
y y 
A A 
> XxX 
> X 


Find the midpoint of the segment joining the given points. 
See Example 5. (Objective 5) 


49. (0, 0), (6, 8) 50. (10, 12), (0, 0) 
51. (6, 8), (12, 16) 52. (10, 4), (2, —2) 
53. (2, 4), (5, 8) 54. (5,9), (8, 13) 
55. (—2, —8), (3,4) 56. (—5, —2), (7, 3) 
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ADDITIONAL PRACTICE 
Graph each equation. 
57. 3y = 6x — 9 58. 2x = 4y — 10 
y y 
A 
> xX > xX 
59. 3x + 4y -8 =0 60. —2y —-3x +9 =0 
y y 
A A 
> XxX 
> x 


Find the midpoint of the segment joining the given points. 


61 


63 


64 


65 
66 


3 (=3,9)y(=5;-=5) 62. (2, —3), (4, —8) 


. (a, b), (4a, 3b) 
. (a + b, b), (—b, —a) 


. (a — b,b), (a + b, 35) 
. 3a,a +t b), (a + 2b, a — b) 


Find an endpoint if the midpoint and one endpoint of a segment 
are given. 


67 


68 


. If M(—2, 3) is the midpoint of segment PQ and the coordi- 
nates of P are (—8, 5), find the coordinates of Q. 

. If M(6, —5) is the midpoint of segment PQ and the coordi- 
nates of Q are (—5, —8), find the coordinates of P. 


APPLICATIONS 


69 


70. 


71. 


. House appreciation A house purchased for $125,000 is 
expected to appreciate according to the formula 

y = 7,500x + 125,000, where y is the value of the house 
after x years. Find the value of the house 5 years later and 
10 years later. 

Car depreciation A car purchased for $17,000 is expected to 
depreciate according to the formula y = —1,360x + 17,000. 
When will the car be worthless? 

Demand equations The number of television sets that con- 
sumers buy depends on price. The higher the price, the fewer 
people will buy. The equation that relates price to the number 
of TVs sold at that price is called a demand equation. 


For a 25-inch TV, this equation is p = — ha + 170, 
where p is the price and q is the number of TVs sold at that 
price. How many TVs will be sold at a price of $150? 


542 


72. 


73. 
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Supply equations The number of TVs that manufacturers 
produce depends on price. The higher the price, the more 
TVs manufacturers will produce. The equation that relates 
price to the number of TVs produced at that price is called 
a supply equation. 

For a 25-inch TV, the supply equation is p = inf + 130, 
where p is the price and gq is the number of TVs produced 
for sale at that price. How many TVs will be produced if the 
price is $150? 

Meshing gears The rotational speed V of a large gear 
(with N teeth) is related to the speed v of the smaller gear 
(with n teeth) by the equation V = a If the larger gear in 


the illustration is making 60 revolutions per minute, how 
fast is the smaller gear spinning? 


Slope of a Line 


Objectives 


Vocabulary 


GD Find the slope of a line given a graph. 
® Find the slope of a line passing through two given points. 

&} Find the slope of a line given its equation. 

@3 identify the slope of a horizontal line and a vertical line. 

© Determine whether two lines are parallel, perpendicular, or neither. 
@ Interpret slope in an application problem. 


74. Crime prevention The number v of incidents of family vio- 
lence requiring police response appears to be related to d, 
the money spent on crisis intervention, by the equation 


n = 430 — 0.005d 


What expenditure would reduce the number of incidents to 
350? 


WRITING ABOUT MATH 


75. Explain how to graph a line using the intercept method. 


76. Explain how to determine in which quadrant the point 
(a, b) lies. 


SOMETHING TO THINK ABOUT 

77. If the line y = ax + b passes through only quadrants I and 
I, what can be known about a and b? 

78. What are the coordinates of the three points that divide the 
segment joining P(a, b) and Q(c, d) into four equal parts? 
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Simplify each expression. 


67= "3 
8 = '5 


> 
sS 
© 
@ 
oc 
Dn 
= 
—_ 
—_— 
CT 
UO 


In Section 8.1, we graphed equations of lines. Later, we will show that we can graph a line 
if we know the coordinates of one point on the line and the slant (steepness) of the line. 
A measure of this slant is called the s/ope of the line. 


@ Find the slope of a line given a graph. 


A service offered by an online research company costs $2 per month plus $3 for each 
hour of connect time. The table in Figure 8-8(a) gives the cost y for certain numbers of 
hours x of connect time. If we construct a graph from these data, we get the line shown 
in Figure 8-8(b). 


Hours of connect time 
Ty kOe pe ee ayes = 
y 2 5 8 11 14 17 5 
Cost 
i (A (Pe ee 
0 1 2 3 4 5 
Hours of connect time 
Grace Murray Hopper (a) (b) 
(1906-1992) : 
Figure 8-8 


Grace Hopper graduated from 
Vassar College in 1928 and 
obtained a Master's degree from 
Yale in 1930. In 1943, she 
entered the U.S. Naval Reserve. 
While in the Navy, she became a 
programmer of the Mark I, the 
world’s first large computer. She 
is credited for first using the 
word “bug” to refer to a com- 
Ce eee eae pee: Changeiny 5-2 8-5 11-8 14-11 17-14. 3 
actually a moth that flew into = = = = = a 
one of the relays of the Mark Il. Change in x 1-0 2> 1 a= 2 4-3 5-4 1 
From then on, locating com- 
Cae ee The ratio of the change in y divided by the change in x between any two points on any 
line is always a constant. This constant rate of change is called the slope of the line. 


From the graph, we can see that if x changes from 0 to 1, y changes from 2 to 5. As 
x changes from | to 2, y changes from 5 to 8, and so on. The ratio of the change in y 
divided by the change in x is the constant 3. 
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Slope of a Nonvertical The slope m of the nonvertical line passing through points (x;, y,) and (x, 2) 1s 
Line changeiny Jy.- jy 


changeinx xX —- x, 


2 | Find the slope of a line passing through two given points. 


EXAMPLE 1 | Use the two points shown in Figure 8-9 to find the slope of the line passing through the 
points with coordinates (—2, 4) and (3, —4). 


Solution Wecan let (x;, y;) = (—2, 4) and (x, y2) = (3, —4). Then 


change in y 
oar a oe 
change in x 
Waa Pi 
X2— xX 
84 Guineas 
= —_____ ubstitute —4 for yo, 
3 — (-2) 4 for y;, 3 for x, and 
=2 fot xj: 
ee! 
5 
> 7X] =5 
oe! 
: Figure 8-9 


The slope of the line is 8. We would obtain the same result if we let (x1, y;) = (3, —4) 
and (x2, y2) = (—2, 4). 


FY SELF CHECK 1 Find the slope of the line joining the points (—3, 6) and (4, —8). 


COMMENT When calculating slope, always subtract the y-values and the x-values in the 


same order. 
2° 1 1 2 
m= ccm 2) or m= see 
Xn — xX, X1, — X2 


However, the following are not true: 


2 vA LA? 
napae—_ and npg 
Xx, Sp XQ ~~ Xy 


The change in y (often denoted as Ay) is the rise of the line between two points. The 
change in x (often denoted as Ax) is the run. Using this terminology, we can define slope 
to be the ratio of the rise to the run: 

Ay _ rise 


m = (Ax # 0) 
Ax run 
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3 | Find the slope of a line given its equation. 


To find the slope of a line from a given equation, we could graph the equation and count 
squares on the resulting line graph to determine the rise and the run. A better way is to 
find the x- and y-intercepts of the graph and use the slope formula. 


EXAMPLE 2 Find the slope of the line determined by 3x — 4y = 12. 


Solution We first find the coordinates of two points on the line. 


+ If x = 0, then y = —3, and the point (0, —3) is on the line. 
If y = 0, then x = 4, and the point (4, 0) is on the line. 


We then refer to Figure 8-10 and find the slope of the line between (0, —3) and (4, 0) by 
substituting 0 for y2, —3 for y,, 4 for x2, and 0 for x, in the formula for slope. 


y 


oy 
Ax 

= y2— Vi > Xx 
Xz —~ X41 

_ 0- (-3) (0, -3) 3x —/4y = 12 

4-0 

=3 

4 
The slope of the line is i. Figure 8-10 


SELF CHECK 2 Find the slope of the line determined by 2x + 5y = 12. 


4 Identify the slope of a horizontal line and a vertical line. 


If P(x, y1) and Q(x, y2) are points on the horizontal line shown in Figure 8-11(a) on the 
next page, then y; = y2, and the numerator of the fraction 


may On a horizontal line, x. # x;. 
X22 — X1 
is 0. Thus, the value of the fraction is 0, and the slope of the horizontal line is 0. 
If P(x,, y;) and Q(x, y2) are two points on the vertical line shown in Figure 8-11(b) 


on the next page, then x; = x, and the denominator of the fraction 


v2 7 Vi ; : 
——— Ona vertical line, y. # 1. 
Xy — X, 


is 0. Since the denominator cannot be 0, a vertical line has no defined slope. 
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y y 
A A 
OX, V2) 
= © 9 
P(X, Yy) AX, Yo) 
P(x, yy) 
> xX > xX 
(a) (b) 
Figure 8-11 
Slopes of Horizontal All horizontal lines (lines with equations of the form y = 5) havea slope of 0. 


and Vertical Lines All vertical lines (lines with equations of the form x = a) have no defined slope. 


If a line rises as we follow it from left to right, as in Figure 8-12(a), its slope is posi- 
tive. If a line drops as we follow it from left to right, as in Figure 8-12(b), its slope is neg- 
ative. If a line is horizontal, as in Figure 8-12(c), its slope is 0. If a line is vertical, as in 
Figure 8-12(d), it has no defined slope. 


y y y y 
Ay>0 
Ax>0 Ay=0 seas 
x= 
Ay >0 Ay <0 Ax>0 
Ax>0 ‘ | a ‘ x 
Positive slope Negative Zero slope No defined 
slope slope 
(a) (b) (c) (d) 
Figure 8-12 


5] Determine whether two lines are parallel, perpendicular, or neither. 


To see a relationship between parallel lines and their slopes, we refer to the parallel lines 
/, and /, shown in Figure 8-13, with slopes of m, and mp, respectively. Because right tri- 
angles ABC and DEF are similar, it follows that 
Ay of /, 
Ax of l, 
= Ay of lL, 
Ax of lL 
=m) Ay of 1, 


m, = 


> X 


Slope = my 


Figure 8-13 
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Thus, if two nonvertical lines are parallel, they have the same slope. It is also true that 
when two lines have the same slope, they are parallel. 


Slopes of Parallel Lines Nonvertical parallel lines have the same slope, and lines having the same slope are par- 
allel. 


Since vertical lines are parallel, lines with no defined slope are parallel. 


EXAMPLE 3 The lines in Figure 8-14 are parallel. Find the slope of /. 


Figure 8-14 


Solution From the figure, we can find the slope of line /;. Since the lines are parallel, they will 
have equal slopes. Therefore, the slope of line /, will be equal to the slope of line /;. We 
can use the points with coordinates (—3, 4) and (1, —2) on line /, to find the slope of /, 


as follows: 
Wa VA 
nae 
Xz — xX, 
—2-4 ; 
= 1-(3) Substitute —2 for ys, 4 for y,, 1 for x2, and —3 for x). 
=e 
4 
ee) 
2 


The slope of /; is -3 and because the lines are parallel, the slope of /5 is also 3. 


SELF CHECK 3 Find the slope of any line parallel to a line with a slope of —3. 


Two real numbers a and b are called negative reciprocals if a) = —1. For example, 
4 3 
as d = 
3 a 4 


: : 4/3) _ 
are negative reciprocals, because —3(4) = —1. 
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The following theorem relates perpendicular lines and their slopes. 


Slopes of Perpendicular If two nonvertical lines are perpendicular, their slopes are negative reciprocals. 
Lines 


If the slopes of two lines are negative reciprocals, the lines are perpendicular. 


Because a horizontal line is perpendicular to a vertical line, a line with a slope of 0 is 
perpendicular to a line with no defined slope. 


EXAMPLE 4 Are the lines shown in Figure 8-15 perpendicular? 


Solution We find the slopes of the lines and see whether they are negative reciprocals. 


Slope of line OP = a Slope of line PQ = z 
= va VA _ J27 Vi 
X27 Xy X2— Xy 
—-4-0 _ 4-(-4) 
~ 3-0 ~ 9-3 
_ 4 _ 8 
3 6 
_4 
“2 
Figure 8-15 Since their slopes are not negative reciprocals, the lines are not perpendicular. 


>| SELF CHECK 4 In Figure 8-15, is line PR perpendicular to line PQ? 


6 | Interpret slope in an application problem. 


Many applied problems involve equations of lines and their slopes. 


EXAMPLE 5 COSTOF CARPET A store sells a carpet for $25 per square yard, plus a $20 delivery 
charge. The total cost c of n square yards is given by the following formula. 


cost per ‘ the number of the delivery 
c equals times plus 
square yard square yards charge. 
c = 25 : n + 20 


Graph the equation c = 25n + 20 and interpret the slope of the line. 


Solution Wecan graph the equation on a coordinate system with a vertical c-axis and a horizon- 
tal n-axis. Figure 8-16 shows a table of ordered pairs and the graph. 


COMMENT Recall that any 
two points on a line can be 
used to find the slope. In this 
example, we chose (30, 770) 
and (50, 1,270), but we could 
have chosen any two points 
and obtained the same result. 


SELF CHECK 5 


EXAMPLE 6 


Solution 
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9 


1,200 
1,100 
1,000 
c = 25n + 20 900 
n| ¢ | (@,o _ 800 
10| 270] (10, 270 2 8 bi 
20) 520 on 520) 2 600 pees 
30} 770 | (30, 770) 500 
40 | 1,020 | (40, 1,020) 400 
50 | 1,270 | (50, 1,270) 300 
200 
100 
0 1 2 30 40 50 6 
Number of square yards purchased 
Figure 8-16 


If we choose the points (30, 770) and (50, 1,270) to find the slope, we have 


_ Ac 
~ An 
— 
7 Ny — NY 

1,270 — 770 . 
= ——— _ Substitute 1,270 for cy, 770 for c), 50 for nz, and 30 for ny. 

50 — 30 

_ 500 
20° 


= 25 


m 


Cy 


The slope of 25 is the cost of the carpet in dollars per square yard. 


Interpret the y-intercept of the graph in Figure 8-16. 


RATE OF DESCENT It takes a skier 1 
25 minutes to complete the course 
shown in Figure 8-17. Find his average 
rate of descent in feet per minute. 


(0, 12,000) 


12,000 


To find the average rate of descent, we 
must find the ratio of the change in 
altitude to the change in time. To find 
this ratio, we calculate the slope of the 
line passing through the points with 
coordinates (0, 12,000) and (25, 8,500). 


Altitude (ft) 


8,500 


12,000 — 8,500 ; 
Average rate of descent = 0 25 Time (min) 
Fi -17 
3,500 igure 8 
—25 


= 140 
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The slope is — 140. Thus, the rate of change of descent is 140 ft/min. 


EY SELF CHECK 6 Find the average rate of descent if the skier completes the course in 20 minutes. 


EVERYDAY CONNECTIONS 


Due Civilian labor force, Durham, NC 


246 
244. 
242 
240 
238 
236 
234 
232 
230 
228 
226 


224 F 


2 
2000 2001 


Labor force (in thousands) 


1 1 i 1 if i 1 it i i 1 1 1 i J 
2002 2003 2004 2005 2006 2007 2008 2009 
Year 


Source: http://www.bls.gov/eag/eag.nc_durham_msa.htm 


We can approximate the rate of growth (or decrease) of a 1. labor force from 2002 to 2003. 
quantity during a given time interval by calculating the 2. labor force from 2005 to 2006. 
slope of the line segment that connects the endpoints of 3. During which I-year interval was a positive rate of 


the graph on the given interval. growth of the labor force the smallest? 
Use the data from the graph to compute the rate of 


growth (or decrease) of the following: 


SELF CHECK ANSWERS le = 2 (2) -2 3. —3 4.no 5. The y-coordinate of the y-intercept is the delivery charge. 
6. 175 ft/min 


Find the slope of a line 
1. parallel to 3x — 2 = 0 

2. perpendicular to 6x = 4 

3. perpendicular to 5y + 4 = 0 
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— ~ — —— —_ 
8.2 EXERCISES — } 
WARM-UPS Find the slope of the line passing through 25. (0, 0), (3, 9) 26. (9, 6), (0, 0) 
1. (0, 0), (1, 3) 2. (0, 0), (3, 6) 27. (—1, 8), (6, 1) 28. (—5, —8), (3, 8) 
3. Are lines with slopes of —2 and -§ parallel? 29. (3, —1), (—6, 2) 30. (0, —8), (—5, 0) 
7 f - 31. (7, 5), (-9, 5) 32. (2, =8); (3; =8) 
4. Find the negative reciprocal of —0.2. 
5. Are lines with slopes of —2 and 4 perpendicular? 33. (—7, —5), (-7, —2) 34. (3, —5), (3, 14) 
REVIEW Simplify each expression. Write all answers without 
negative exponents. Assume no variable is zero. Find the slope of the line determined by each equation. See 
oe Example 2. (Objective 3) 
2 
6. (yy 7. (3) 35. 3x + 2y = 12 36. 2x —y =6 
oe 8 \ -4 37. 3x =4y — 2 38. x =y 
8. (x “y) 2. (=) x-4 27 
y 39. y= 40. x = —— 
3x23 0 8x7 Ty -2 2 4 
10 (#2) a (22) y 
8 xty*y 41. 4y = 3(y + 2) a2. xt y= 


VOCABULARY AND CONCEPTS Fill in the blanks. 


12. Slope is defined as the change in __ divided by the change in Determine whether the slope of the line in each graph is positive, 


negative, 0, or not defined. (Objective 4) 


43. y 44. 
A 


13. A slope is a rate of 
14. The formula to compute slope is m = 


15. The change in y (denoted as Ay) is the of the line 
between two points. x 


16. The change in x (denoted as Ax) is the of the line 
between two points. 


17. The slope of a line is 0. 
18. The slope of a_____line has no defined slope. 45. y 46. 


y 

) y 
19. If a line rises as x increases, its slope is___. A 
20. lines have the same slope. 
21. The slopes of nonvertical lines are negative 7 a6 
22. A line with no defined slope and a line with a slope of __ 

are perpendicular. 
x 


GUIDED PRACTICE 47. y 48. 


Find the slope of the line that passes through the given points, if 
possible. See Example 1. (Objectives 1-2) 


23. 
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49. y 50. y 


> xX x 


Determine whether the lines with the given slopes are parallel, 
perpendicular, or neither. See Examples 3-4. (Objective 5) 


51. m, = 3,m = =5 


1 
52. m, = P m, =4 
53. m, = 4, mz = 0.25 
54. m, = —5,m) = —~ 


=0:2 


Determine whether the line PQ is parallel or perpendicular or 
neither parallel nor perpendicular to a line with a slope of —2. See 
Examples 3-4. (Objective 5) 

55. P(3, 4), O(4, 2) 

56. P(6, 4), O(8, 5) 

57. P(—2, 1), Q(6, 5) 

58. P(3, 4), O(—3, —5) 


ADDITIONAL PRACTICE 


59. Are the lines passing through the points (2.5, 3.7), (3.7, 2.5) 
and (1.7, —2.3), (2.3, —1.7) parallel, perpendicular, or 
neither parallel nor perpendicular? 


60. Are the lines with slopes m, = a5 and m, = (22) parallel, 
perpendicular, or neither parallel nor perpendicular ? 


61. Are the lines with slopes m, = 33. and m, = 3) parallel, 
perpendicular, or neither parallel nor perpendicular? 


62. Is the line passing through the points P(5, 4) and Q(6, 6) 
parallel, perpendicular, or neither parallel nor perpendicu- 
lar to a line with a slope of —2? 

63. Is the line passing through the points P(—2, 3) and 
O(4, —9) parallel, perpendicular, or neither parallel nor 
perpendicular to a line with a slope of —2? 


Find the slopes of lines PQ and PR and tell whether the points P, Q, 
and R lie on the same line. (Hint: Two lines with the same slope 
and a point in common must be the same line.) 


64. P(—2, 4), O(4, 8), R(8, 12) 


65. P(6, 10), O(0, 6), R(3, 8) 

66. P(—4, 10), O(—6, 0), R(—1, 5) 

67. P(—10, —13), O(—8, —10), R(—12, —16) 
68. P(—2, 4), O(0, 8), R(2, 12) 

69. P(8, —4), O(0, —12), R(8, —20) 


70. Find the equation of the x-axis and its slope, if any. 
71. Find the equation of the y-axis and its slope, if any. 


72. Show that points with coordinates of (—3, 4), (4, 1), and 
(—1, —1) are the vertices of a right triangle. 

73. Show that a triangle with vertices at (0, 0), (12, 0), and 
(13, 12) is not a right triangle. 

74. A square has vertices at points (a, 0), (0, a), (—a, 0), and 
(0, —a), where a # 0. Show that its adjacent sides are per- 
pendicular. 

75. If aand b are not both 0, show that the points (2d, a), (b, b), 
and (a, 0) are the vertices of a right triangle. 

76. Show that the points (0, 0), (0, a), (b, c), and (b, a + c) are 
the vertices of a parallelogram. (Hint: Opposite sides of a 
parallelogram are parallel.) 

77. If 6b # 0, show that the points (0, 0), (0, 6), (8, b + 2), and 
(12, 3) are the vertices of a trapezoid. (Hint: A trapezoid 
is a four-sided figure with exactly two sides parallel.) 


APPLICATIONS — See Examples 5-6. (Objective 6) 


78. Grade of aroad Find the slope of the road. (Hint: 
1 mi = 5,280 ft.) 


32 ft 


1 mi 


79. Slope of aroof Find the slope of the roof. 


80. Slope of aladder A ladder reaches 18 feet up the side of a 
building with its base 5 feet from the building. Find the 
slope of the ladder. 


81. Physical fitness Find the slope of the treadmill for each 
setting listed in the table. 


e 


Height setting 
2 in. 
5 in. 
8 in. 
Height 
setting 


50 in. 


82. Global warming The following line graphs estimate the 


global temperature rise between the years of 1990 and 2040. 


Find the average rate of temperature change (the slope) of 
Model A: Status quo. 


2 |. Model A: Status quo 4 
[_ Model B: Shift to lower carbon fuels | 

oF (natural gas) =| 
© - Model C: Shift to renewable sources A 
3 fe (solar, hydro and wind power) 
2 iE Model D: Shift to nuclear energy B 
a C 
s & 
a D 
& es 
Be 

0 [= | | | 

1980 2000 2020 2040 


Year 


Based on data from The Blue Planet (Wiley, 1995) 


83. Global warming Find the average rate of temperature 
change of Model D: Shift to nuclear energy. 


84. Rate of growth When a college started an aviation 
program, the administration agreed to predict enrollments 
using a straight-line method. If the enrollment during the 
first year was 8, and the enrollment during the fifth year was 
20, find the rate of growth per year (the slope of the line). 
(See the illustration.) 


SS 
20° FLY WITH US! 


10 


Enrollment 


ENROLL IN THE 
AVIATION PROGRAM 


Years 
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85. Wheelchair ramps The illustration shows two designs for a 


ramp to make a platform wheelchair accessible. 

a. Find the slope of the ramp shown in design 1. 

b. Find the slope of each part of the ramp shown in 
design 2. 

c. Give one advantage and one disadvantage of each 
design. 


Design #1 
Upper 


2 
Ground level r = amma { 


evel _ 
———e 
Ground level | ia al + Lit 


25 ft >| 


Design #2 


——~> Upper 
x 1 


ae 5 ft >|« 


20 ft >| 


86. Rate of growth A small business predicts sales according 


87. 


to a straight-line method. If sales were $85,000 in the first 
year and $125,000 in the third year, find the rate of growth 
in sales per year (the slope of the line). 

Rate of decrease The price of computer technology has 
been dropping for the past ten years. If a desktop PC cost 
$5,700 ten years ago, and the same computing power cost 
$1,499 two years ago, find the rate of decrease per year. 
(Assume a straight-line model.) 


WRITING ABOUT MATH 


88. 
89. 


Explain why a vertical line has no defined slope. 


Explain how to determine from their slopes whether two 
lines are parallel, perpendicular, or neither. 


SOMETHING TO THINK ABOUT 


90. 


91. 
92. 
93. 


Find the slope of the line Ax + By = C. Follow the proce- 
dure of Example 2. 

Follow Example 2 to find the slope of the line y = mx + b. 
The points (3, a), (5, 7), and (7, 10) lie on a line. Find a. 
The line passing through points (1, 3) and (—2, 7) is perpen- 
dicular to the line passing through points (4, 5) and (8, —1). 
Find 5. 


oC 
554 CHAPTER 8 Writing Equations of Lines, Functions, and Variation 


Writing Equations of Lines 


@ Find the point-slope equation of a line with a given slope that passes 
through a given point. 


® write the equation in slope-intercept form of a line that has a given slope 
and passes through a given point. 


&} Graph a linear equation using the slope and y-intercept. 


@3 Determine whether two linear equations define lines that are parallel, 
perpendicular, or neither. 


Objectives 


© write an equation of the line passing through a given point and parallel or 
perpendicular to a given line. 


© Use the general form of an equation of a line to determine whether two 
equations are parallel, perpendicular, or neither. 


Write an equation of a line representing real-world data. 


a a 


Vocabulary 


Solve each equation. 


x= 2 
1.3= 250 2 = 364 1) 


3. Solve y — 2 = 3(x — 2) for y. 


4. Solve Ax + By + 3 = 0 for x. 


Getting Ready 


We now apply the concept of slope to write the equation of a line passing through two 
fixed points. We also will use slope as an aid in graphing lines. 


Find the point-slope equation of a line with a given slope that passes 
through a given point. 


Suppose that the line shown in Figure 8-18 has a slope of m and passes through the point 
(x1, 1). If (x, y) is a second point on the line, we have 


eV 
xX — X41 


m 


or if we multiply both sides by x — x,, we have 


(1) yyy = me — x) 


Point-Slope Form 


EXAMPLE 1 


Solution 


SELF CHECK 1 
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Figure 8-18 


Because Equation | displays the coordinates of the point (x;, y;) on the line and the 
slope m of the line, it is called the point-slope form of the equation of a line. 


The point-slope equation of the line passing through P(x,, y,) and with slope m is 
De Ce =) 


Write the point-slope equation of the line with a slope of 3 and passing through 
(—4, 5). 


We substitute “5 for m, —4 for x;, and 5 for y,; into the point-slope form and simplify. 
y— Yi = mx — x4) 
y= ~FIx — (-4)] — Substitute | for m, —4 for x;, and 5 for y. 
yo5= F(x 4) ~(-4)=4 


The point-slope equation of the line is y — 5 = —F(x + 4). 


Write the point-slope equation of the line with slope of 3 and passing through (0, 5). 


EXAMPLE 2 


Solution 


Write the point-slope equation of the line passing through (—5, 4) and (8, —6). Then 
solve the equation for y. 


First we find the slope of the line. 
ve PA 
ge! 
Xz — xX, 


4 
= Substitute —6 for y2, 4 for y,, 8 for x2, and —5 for x. 
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Because the line passes through both points, we can choose either one and substi- 
tute its coordinates into the point-slope form. If we choose (—5, 4), we substitute —5 


for x, 4 for y;, and = for m and proceed as follows. 
y— Y= mx — x) 
10 10 
y-4= “Be —(—5)] Substitute -7 for m, —S for x), and 4 for y;. 
10 
yee eS) —(-5) =5 


To solve the equation for y, we proceed as follows: 


4 = = R th 
= xX ren 5 
y B B emove parentheses. 
10 2 . _ 
y= “13 + B Add 4 to both sides and simplify. 
The equation of the line is y = —ix + = 


EJ SELF CHECK 2 Write the equation of the line passing through the points (—2, 5) and (4, —3) in point- 
slope form and then solve for y. 


(74) Write the equation in slope-intercept form of a line that has a given 
slope and passes through a given point. 


Since the y-intercept of the line shown in Figure 8-19 is the point (0, 5), we can write the 
equation of the line by substituting 0 for x, and 5 for y, in the point-slope form and then 
1 simplifying. 


y— yy = m(x — x1) _ This is the point-slope form of the equation of a line. 


Slope =H (0, b) y—b=m(x—0) — Substitute b for y; and 0 for x). 
7 y—b=mx Remove parentheses. 
(2) y=mxt+b Add 6 to both sides. 
Because Equation 2 displays the slope m and the y-coordinate b of the y-intercept, it 
Figure 8-19 is called the slope-intercept form of the equation of a line. 
Slope-Intercept Form The slope-intercept equation of a line with slope m and y-intercept (0, 5) is 
y=mx +b 


EXAMPLE 3 Use the slope-intercept form to write an equation of the line with slope 4 that passes 
through the point (5, 9). 


Solution — Since we are given that m = 4 and that the ordered pair (5, 9) satisfies the equation, we 
can substitute 5 for x, 9 for y, and 4 for m in the equation y = mx + band solve for b. 
y=mxt+b 
9 =4(5) + b Substitute 9 for y, 4 for m, and 5 for x. 
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9=20+ 5b Simplify. 
-ll=5) Subtract 20 from both sides. 


Because m = 4and b = —11, the equation is y = 4x — 11. 


SELF CHECK 3 Write the slope-intercept equation of the line with slope —2 that passes through the 
point (—2, 8). 


3 | Graph a linear equation using the slope and y-intercept. 


It is easy to graph a linear equation when it is written Y 
in slope-intercept form. For example, to graph 
y= ax — 2, we note that b = —2so the y-intercept 1s ; s=2 
(0, b) = (0, —2). (See Figure 8-20.) 
Because the slope of the line is at = 5, we can Peo 


locate another point on the line by starting at the 
point (0, —2) and counting 3 units to the right and 4 (0, -2) 
units up. The line joining the two points is the graph 
of the equation. 


Ax =3 units 


Figure 8-20 


EXAMPLE 4 Find the slope and the y-intercept of the line with the equation 2(x — 3) = —3(y + 5). 
Then graph the line. 


Solution We write the equation in the form y = mx + b to find the slope m and the y-intercept 


(0, D). 
2(x — 3) = —3(y + 5) 
2x —6=-—3y-—15 Use the distributive property to remove parentheses. 
i 2x + 3y-6=—-15 Add 3y to both sides. 
3y —6 = —2x —15 — Subtract 2x from both sides. 
a” 3y = —2x -— 9 Add 6 to both sides. 


2 
y= ~3° =.3 Divide both sides by 3 and simplify. 


The slope is =, and the y-intercept is (0, —3). To draw the graph, we plot the 


y-intercept (0, —3) and then locate a second point on the line by moving 3 units to the 
right and 2 units down. We draw a line through the two points to obtain the graph 
Figure 8-21 shown in Figure 8-21. 


A(x = 3) = —B(y + 5) 


SELF CHECK 4 Find the slope and the y-intercept of the line with the equation 2(y — 1) = 3x + 2and 
graph the line. 
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EXAMPLE 5 


Solution 


Fy SELF CHECK 5 


EXAMPLE 6 


Solution 


Ey SELF CHECK 6 


EXAMPLE 7 


Solution 


Determine whether two linear equations define lines that are parallel, 
perpendicular, or neither. 


Show that the lines represented by 4x + 8y = 10 and 2x = 12 — 4yare parallel. 


In the previous section, we saw that distinct lines are parallel when their slopes are 
equal. To see whether this is true in this case, we can solve each equation for y. 


4x + 8y = 10 2x = 12 — 4y 
8y = —4x + 10 4y = —2x + 12 

1 5 1 
ae me oe ie 


Because the values of b (3 and 3) are different, the lines are distinct. Since the lines are 


distinct and have the same slope (-3), they are parallel. 


Are lines represented by 3x — 2y = 4and 6x = 4(y + 1) parallel? 


Show that the lines represented by 4x + 8y = 10 and 4x — 2y = 21 are perpendicular. 


Since two lines are perpendicular when their slopes are negative reciprocals, we can solve 
each equation for y to see whether the slopes of their graphs are negative reciprocals. 


4x + 8y = 10 4x — 2y = 21 
8y = —4x + 10 —2y = —4x + 21 
1 5 21 
pS ae Pee 


Since the slopes are =} and 2 (which are negative reciprocals), the lines are perpendicular. 


Are lines represented by 3x + 2y = 6 and 2x — 3y = 6 perpendicular? 


Write an equation of the line passing through a given point and parallel 
or perpendicular to a given line. 


We will now use the slope properties of parallel and perpendicular lines to write equa- 
tions of lines. 


Write the equation of the line passing through (—2,5) and parallel to the line 
y = 8x — 3. 


Since the equation is solved for y, the slope of the line given by y = 8x — 3 is the coef- 
ficient of x, which is 8. Since the desired equation is to have a graph that is parallel to 
the graph of y = 8x — 3, its slope also must be 8. 

We substitute —2 for x,, 5 for y;, and 8 for m in the point-slope form and simplify. 
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y= mx — x) 
y — 5 = 8[x — (-2)] Substitute 5 for y,, 8 for m, and —2 for x. 


y — 5 = &(x + 2) = ae 
y-—5=8x+ 16 Use the distributive property to remove parentheses. 
y = 8x + 21 Add 5 to both sides. 


The equation is y = 8x + 21. 


SELF CHECK 7 Write the equation of the line that is parallel to the line y = 8x — 3 and passes through 
the origin. 


EXAMPLE 8 _ Write the equation of the line passing through (—2, 5) and perpendicular to the line 
y = 8x — 3. 


Solution The slope of the given line is 8. Thus, the slope of the desired line must be —4, which is 
the negative reciprocal of 8. 
We substitute —2 for x,, 5 for y,, and a for m into the point-slope form and 
simplify: 


y— Vi = mx — x4) 


1 
y-5= —y — (-—2)] Substitute 5 for y,, - for m, and —2 for x;. 


1 
y-5=—9( +2) ~(-2) =2 
1 1 
y-5= “ee 4 Remove parentheses. 


1 
y= —3* ——+5 _ Add 5 to both sides. 


= —--x + — i peak a. 20 
y= Xe Combine terms: —4 + G = 7. 


SELF CHECK 8 Write the equation of the line that is perpendicular to the line y = 8x — 3 and passes 
through (2, 4). 


6] Use the general form of an equation of a line to determine whether two 
equations are parallel, perpendicular, or neither. 


Recall that any linear equation that is written in the form Ax + By = C, where A, B, and 
C are constants, is said to be written in general form. 


COMMENT When writing equations in general form, we usually clear the equation of 
fractions and make A positive. We also will make A, B, and C as small as possible. For 
example, the equation 6x + 12y = 24 can be written as x + 2y = 4 by dividing both 
sides by 6. 
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Finding the Slope and If A, B, and C are real numbers and B # 0, the graph of the equation 

y-Intercept from the Tes ts ipa 

General Form y e 
is a nonvertical line with slope of —% and a y-intercept of (0, £), 


You will be asked to justify the previous results in the exercises. You also will be 
asked to show that if B = 0, the equation 4x + By = C represents a vertical line with 


x-intercept of (S, 0). 


EXAMPLE 9 Show that the lines represented by 4x + 3y = 7 and 3x — 4y = 12 are perpendicular. 


Solution To show that the lines are perpendicular, we will show that their slopes are negative 
reciprocals. The first equation, 4x + 3y = 7, is written in general form, with A = 4, 
B = 3, and C = 7. By the previous result, the slope of the line is 

A 4 4 

B 3 3 


m, 
The second equation, 3x — 4y = 12, also is written in general form, with A = 3, 
B= —4, and C = 12. The slope of this line is 


3 3 
B --4 4 


my 


Since the slopes are negative reciprocals, the lines are perpendicular. 


FY SELF CHECK9 Are the lines 4x + 3y = 7and y = —4x + 2 parallel? 


We summarize the various forms for the equation of a line in Table 8-1. 


Point-slope form of a linear equation yr yy = mx — xX) 
The slope is m, and the line passes through (x, y;). 


Slope-intercept form of a linear equation y = mx + b 
The slope is m, and the y-intercept is (0, b). 


General form of a linear equation Ax + By=C 
A and B cannot both be 0. 


A horizontal line y=b 
The slope is 0, and the y-intercept is (0, 5). 


A vertical line x=a 
There is no defined slope, and the x-intercept is (a, 0). 


Table 8-1 


Write an equation of a line representing real-world data. 


For tax purposes, many businesses use straight-line depreciation to find the declining 
value of aging equipment. 
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EXAMPLE 10 VALUEOFALATHE The owner of a machine shop buys a lathe for $1,970 and expects 
it to last for ten years. It can then be sold as scrap for an estimated salvage value of 
$270. If y represents the value of the lathe after x years of use, and y and x are related 
by the equation of a line, 

a. Find the equation of the line. 

b. Find the value of the lathe after 2 years. 

c. Find the economic meaning of the y-intercept of the line. 
d. Find the economic meaning of the slope of the line. 


Solution a. To find the equation of the line, we find its slope and use point-slope form to find its 


equation. 
When the lathe is new, its age x is 0, and its y 
value y is $1,970. When the lathe is 10 years old, 
COMMENT When the size of x = 10 and its value is y = $270. Since the line 1,970 ¢ (0, 1,970) 
data is large, we can insert a passes through the points (0, 1,970) and (10, 270), 
# (break) symbol on the x- or as shown in Figure 8-22, the slope of the line is e 
y-axis to indicate that the 3 
scale does not begin until the ss = (10, 270) 
first value is listed. a ema 270 , 
_ 270 — 1,970 i 7 
~ 10-0 9 oe 
~1.700 Age (years) 
eT Figure 8-22 
= —170 


To find the equation of the line, we substitute —170 for m, 0 for x;, and 1,970 
for y; into the point-slope form and solve for y. 
y —y1 = m(x — x1) 
y — 1,970 = —170(x — 0) 
(3) y = —170x + 1,970 
The current value y of the lathe is related to its age x by the equation 
y = —170x + 1,970. 
b. To find the value of the lathe after 2 years, we substitute 2.5 for x in Equation 3 
and solve for y. 
y = —170x + 1,970 
= —170(2.5) + 1,970 
= —425 + 1,970 
= 1,545 
After 25 years, the lathe will be worth $1,545. 
c. The y-intercept of the graph is (0, 5), where b is the value of y when x = 0. 
y = —170x + 1,970 
y = —170(0) + 1,970 
y = 1,970 
Thus, b is the value of a 0-year-old lathe, which is the lathe’s original cost, $1,970. 


d. Each year, the value of the lathe decreases by $170, because the slope of the line is 
—170. The slope of the line is the annual depreciation rate. 
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In statistics, the process of using one variable to predict another is called regression. 
For example, if we know a man’s height, we can make a good prediction about his 
weight, because taller men usually weigh more than shorter men. 

Figure 8-23 shows the result of sampling ten men at random and finding their 
heights and weights. The graph of the ordered pairs (A, w) is called a scattergram. 


Ww 


220 
e 
210 Q(75, 210) 
Height Weight 
Man in inches in pounds at 
1 66 140 
190 
2 68 150 ? 
3 68 165 s 
4 70 180 zg 180 
5 70 165 3 
6 71 175 img 
i 12 200 
8 74 190 160 
9 75 210 
10 5 216 150 
140 
>h 
65 70 75 80 
Height (in.) 
(a) (b) 
Figure 8-23 


To write a prediction equation (sometimes called a regression equation), we must find 
the equation of the line that comes closer to all of the points in the scattergram than any 
other possible line. There are exact methods to find this equation, but we can only 
approximate it here. 

To write an approximation of the regression equation, we place a straightedge on the 
scattergram shown in Figure 8-23 and draw the line joining two points that seems to best 
fit all the points. In the figure, line PQ is drawn, where point P has coordinates of 
(66, 140) and point Q has coordinates of (75, 210). 

Our approximation of the regression equation will be the equation of the line 
passing through points P and Q. To find the equation of this line, we first find its slope. 


we 
LS 
X2— X 
_ 210 — 140 
75 — 66 
_ 70 
9 


We can then use point-slope form to find its equation. 
y —y1 = m(x — x1) 


70 
y — 140 = oe — 66) Choose (66, 140) for (x;, y;). 


SELF CHECK ANSWERS 
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70 4,620 
y= 9° = +140 Remove parentheses and add 140 to both sides. 
70 1,120 
(4) nr ar re 4.620 + 149 = —120 


Our approximation of the regression equation is y = Dx - fae 


To predict the weight of a man who 1s 73 inches tall, for example, we substitute 73 for 
x in Equation 4 and simplify. 


70 ~—«*'1,120 
=F = 
y~'9 3 
70 1,120 
oar (73) 3 
y = 194.4 


We would predict that a 73-inch-tall man chosen at random will weigh about 194 pounds. 


1. y —5 = 3x 2y=-xt+h 3. y= -2x+4 
4. m =3 (0, 2) y 5. yes 6. yes 7y=8x 8 y= -yx+q 9. yes 


> X 


2(y -|l) = 3x4 2 


1. Which of the following graphs could be the graph of y = —px — q? 
a. E b. E 


2. Write an equation of a line in slope-intercept form (if possible) with the given information. 
a. parallel to y = —3 through (4, 6) 
b. perpendicular to x = 4 through (0, 0) 
c. parallel to 3x = 2y + 8 through (—4, —6) 
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8.3 EXERCISES 


WARM-UPS 


Write the point-slope form of the equation of a line with m = 2, 
passing through the given point. 


1. (2, 3) 2..(=3,:8) 
Write the equation of aline withm = —3 and the given 
y-intercept. 

3. (0, 5) 4. (0, —7) 


Determine whether the lines are parallel, perpendicular, or 
neither. 


5.y=3x-4,y =3x4+5 6. y 3x + 7,x = 3y 
REVIEW EXERCISES Solve each equation. 
7. 3(x + 2) + x = 5x 8. 125+ 633 —-b)=b+3 


52— x) i p> 1 PED 


9 
3 3 6 


11. Mixing alloys In 60 ounces of alloy for watch cases, there 
are 20 ounces of gold. How much copper must be added to 
the alloy so that a watch case weighing 4 ounces, made from 
the new alloy, will contain exactly 1 ounce of gold? 

12. Mixing coffee To make a mixture of 80 pounds of coffee 
worth $272, a grocer mixes coffee worth $3.25 a pound with 
coffee worth $3.85 a pound. How many pounds of the 
cheaper coffee should the grocer use? 


VOCABULARY AND CONCEPTS fill inthe blanks. 
13. The point-slope form of the equation of a line is 


14. The slope-intercept form of the equation of a line is 


15. The general form of the equation of a line is 


16. Two nonvertical lines are parallel when they have the 
slope. 


17. If the slopes of two lines are negative reciprocals, the lines 
are 


18. The process that recognizes that equipment loses value with 
age is called 


GUIDED PRACTICE 


Use point-slope form to write the equation of the line with the 
given properties. See Example 1. (Objective 1) 


19. m = 5, passing through (0, 7) 


20. m = —8, passing through (0, —2) 
21. m = —3, passing through (2, 0) 
22. m = 4, passing through (—S, 0) 


Use point-slope form to write the equation of the line passing 
through the two given points and solve for y. See Example 2. 
(Objective 1) 

23. P(0, 0), O(4, 4) 

24. P(—5, —5), Q(0, 0) 

25. P(3, 4), Q(0, —3) 

26. P(4, 0), O(6, —8) 

Use slope-intercept form to write the equation of the line with the 
given properties. See Example 3. (Objective 2) 


27. m=3,b=17 

28. m= —-2,b= 11 

29. m = —7, passing through (7, 5) 
30. m = 3, passing through (—2, —5) 
31. m = 0, passing through (2, —4) 


32. m = —7, passing through the origin 

33. Passing through (6, 8) and (2, 10) 

34. Passing through (—4, 5) and (2, —6) 

Find the slope and the y-intercept of the line determined by the 
given equation. See Example 4. (Objective 3) 

35. 3x — 2y = 8 36. —2x + 4y = 12 


37. —2(x + 3y) =5 38. 5(2x — 3y) = 4 


Write each equation in slope-intercept form to find the slope and 
the y-intercept. Then use the slope and y-intercept to graph the 
line. See Example 4. (Objective 3) 
39. y+ 1l=x 40.x+y=2 

y y 


> xX xX 


4 
42. x = 57 aD 
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Find whether the graphs determined by each pair of equations are 
parallel, perpendicular, or neither parallel nor perpendicular. 
See Example 9. (Objective 6) 


Determine whether the graphs of each pair of equations are 
parallel, perpendicular, or neither parallel nor perpendicular. See 
Examples 5-6. (Objective 4) 

43. y=3x+4,y =3x-7 

44, y = 4x — 13, y =4x4+ 13 

45.x+y=2,y=xt+5 

46.x=yt2y=xt+3 

47. y = 3x +7,2y = 6x — 9 

48. 2x + 3y = 9,3x — 2y =5 

49.x=3y+4,y=-3x+7 

50. 3x + 6v=1,y= 5x 

51. y=3,x =4 

52. y=-3,y=-7 

y 


—2 
3 »3(y -3)+x=0 


54. 2y = 8,324 


53. x = 


x) = 2(x + 2) 


Write the equation of the line that passes through the given point 
and is parallel or perpendicular to the given line. Write the answer 
in slope-intercept form. See Examples 7-8. (Objective 5) 


55. (0, 0), parallel to y = 4x — 7 

56. (0, 0), parallel tox = —3y — 12 

57. (2, 5), parallel to 4x — y=7 

58. (—6, 3), parallel to y + 3x = —12 

59. (0, 0), perpendicular to y = 4x — 7 
60. (0, 0), perpendicular to x = —3y — 12 
61. (2, 5), perpendicular to 4x — y = 7 


62. (—6, 3), perpendicular to y + 3x = —12 


5 
63. (4, —2), parallel to x = yy 2 
3 
64. (1, —5), parallel to x = =4r °F 5 
; 5 
65. (4, —2), perpendicular to x = ra 2 


3 
66. (1, —5), perpendicular to x = “7 +5 


67. 4x + 5y = 20, 5x — 4y = 20 
68. 9x — 12y = 17,3x —4y = 17 
69. 2x + 3y = 12, 6x + Dy = 32 
70. 5x + 6y = 30, 6x + Sy = 24 
ADDITIONAL PRACTICE 
Find the slope and y-intercept and then graph the line. 
ee 7 eeu 
7 5 
y ¥ 
A A 
TTT 
> X 
73. 3(v — 4) = —2(x — 3) 74, —4(2x + 3) = 3(3y + 8) 
y y 
A 


x 
> xX 


Use point-slope form to write the equation of each line and then 
write each answer in slope-intercept form. 


75. y 
A 


77. y 


P(2,15) 


76. y 


y 
A 
x 
> X 
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79. Find the equation of the line perpendicular to the line 
y = 3 and passing through the midpoint of the segment 
joining (2, 4) and (—6, 10). 

80. Find the equation of the line parallel to the line y = —8 
and passing through the midpoint of the segment joining 
(—4, 2) and (—2, 8). 

81. Find the equation of the line parallel to the line x = 3 and 
passing through the midpoint of the segment joining 
(2, —4) and (8, 12). 

82. Find the equation of the line perpendicular to the line 
x = 3 and passing through the midpoint of the segment 
joining (—2, 2) and (4, —8). 

83. Solve Ax + By = C for y and thereby show that the slope 
of its graph is =, and its y-intercept is (0, £), 


84. Show that the x-intercept of the graph of Ax + By = Cis 
c 
({. 0). 
APPLICATIONS For problems involving depreciation or 


appreciation, assume straight-line depreciation or straight-line 
appreciation. See Example 10. (Objective 7) 


85. Depreciation equations A truck was purchased for 
$19,984. Its salvage value at the end of 8 years is expected 
to be $1,600. Find the depreciation equation. 


86. Depreciation equations A business purchased the com- 
puter shown. It will be depreciated over a 5-year period, 
when it will probably be worth $200. Find the depreciation 
equation. 


87. Art In 1987, the painting 
Rising Sunflowers by Vincent 
van Gogh sold for 
$36,225,000. Suppose that an 
appraiser expected the paint- 
ing to double in value in 
20 years. Let x represent the 
time in years after 1987. Find 
the straight-line appreciation 
equation. 


88. Real estate listings Use the information given in the fol- 
lowing description of the property to write a straight-line 
appreciation equation for the house. 


Vacation Home 


$122,000 
Only 2 years old 


| ¢ Great investment property! 
¢ Expected to appreciate $4,000/yr 


Firepl: yes Kit: built-ins 


89. Appreciation equations A famous oil painting was pur- 
chased for $250,000 and is expected to double in value in 
5 years. Find the appreciation equation. 


90. Appreciation equations A house purchased for $142,000 is 
expected to double in value in 8 years. Find its appreciation 
equation. 


91. Depreciation equations Find the depreciation equation for 
the TV in the want ad in the illustration. 


h 


For Sale: 3-year-old 65-inch TV, 
| $1,750 new. Asking $800. 
| Call 715-5588. Ask for Joe. } 


{ 


92. Depreciating a lawn mower A lawn mower cost $450 when 
new and is expected to last 10 years. What will it be worth 
in 65 years? 

93. Salvage value A copy machine that cost $1,750 when new 
will be depreciated at the rate of $180 per year. If the useful 
life of the copier is 7 years, find its salvage value. 

94. Annual rate of depreciation A machine that cost $47,600 
when new will have a salvage value of $500 after its useful life 
of 15 years. Find its annual rate of depreciation. 

95. Realestate A vacation home is expected to appreciate 
about $4,000 a year. If the home will be worth $122,000 in 
2 years, what will it be worth in 10 years? 


96. 


97. 


98. 


Car repair A garage charges a fixed amount, plus an 
hourly rate, to service a car. Use the information in the table 
to find the hourly rate. 


A-1 Car Repair 
Typical charges 
$143 
$320 


2 hours 
5 hours 


Printer charges A printer charges a fixed setup cost, plus 
$15 for every 100 copies. If 300 copies cost $75, how much 
will 1,000 copies cost? 

Predicting burglaries A police department knows that city 
growth and the number of burglaries are related by a linear 
equation. City records show that 575 burglaries were 
reported in a year when the local population was 77,000, 
and 675 were reported in a year when the population was 
87,000. How many burglaries can be expected when the 
population reaches 110,000? 


WRITING ABOUT MATH 


99. 


Explain how to find the equation of a line passing through 
two given points. 


100. 


SOMETHING TO THINK ABOUT 
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In straight-line depreciation, explain why the slope of the 
line is called the rate of depreciation. 


Investigate the 


properties of the slope and the y-intercept by experimenting with 
the following problems. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


Graph y = mx + 2 for several positive values of m. What 
do you notice? 


Graph y = mx + 2 for several negative values of m. What 
do you notice? 


Graph y = 2x + b for several increasing positive values of 
b. What do you notice? 


Graph y = 2x + b for several decreasing negative values 
of b. What do you notice? 


How will the graph of y = 5x + 5 compare to the graph 
of y=5x — 5? 

How will the graph of y = 5x — 5 compare to the graph 
of y= 5x? 


If the graph of y = ax + b passes through quadrants I, II, 
and IV, what can be known about the constants a and b? 


The graph of Ax + By = C passes only through quad- 
rants I and IV. What is known about the constants A, B, 
and C? 


A Review of Functions 


Objectives 


> 
— 
& 
> 
2 
© 
1S] 
S) 
=> 


GD Find the domain and range of a relation and determine whether the 
relation is a function. 


@) Find the domain and range from a graph and determine whether the 
graph represents a function. 


&} Use function notation to evaluate a function at a given value. 
@3 Find the domain of a function given its equation. 
© Graph a linear function. 
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Functions 


EXAMPLE 1 


Solution 


Getting Ready 


ify = 3x — 2, find the value of y for each value of x. 
lx=2 2.x =6 3.x =-12 4.x = -=5 


In this section, we will discuss relations and review functions. We include these concepts 
in this chapter because they involve ordered pairs. 


Find the domain and range of a relation and determine whether the 
relation is a function. 


Table 8-2 shows the number of women serving in the U.S. House of Representatives for 
several recent sessions of Congress. 


Women in the U.S. House of Representatives 


Session of Congress 106th 107th 108th 109th 110th 
Number of Female Representatives 56 5) 39) 68 71 
Table 8-2 


We can display the data in the table as a set of ordered pairs, where the first compo- 
nent (or input) represents the session of Congress and the second component (or output) 
represents the number of women serving in that session. 


(106, 56) (107, 59) (108, 59) (109, 68) (110, 71) 


Sets of ordered pairs like this are called relations. The set of all first components 
{106, 107, 108, 109, 110} is called the domain of the relation, and the set of all second 
components {56, 59, 68, 71} is called the range of the relation. Although 59 occurs twice 
as an output value, we list it only once in the range. 

When each first component in a relation determines exactly one second component, 
the relation is called a function. 


A function is any set of ordered pairs (a relation) in which each first component (or 
input value) determines exactly one second component (or output value). 


Find the domain and range of the relation {(3, 2), (5, —7), (—8, 2), (-—9, —12)} and 
determine whether the relation represents a function. 


Because the set of first components is the domain, the domain is {3, 5, —8, —9}. 
Because the set of second components is the range, the range is {2, —7, —12}. In this 
relation 

the first component of 3 determines a second component of 2 

the first component of 5 determines a second component of —7 

the first component of —8 determines a second component of 2 

the first component of —9 determines a second component of —12 
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Since each component in the domain determines exactly one component in the range, 
this relation is a function. 


SELF CHECK 1 Find the domain and range of the relation {(5, 6), (—12, 4), (8, 6), (5, 4)} and deter- 
mine whether it defines a function. 


2] Find the domain and range from a graph and determine whether the 
graph represents a function. 


A vertical line test can be used to determine whether the graph of an equation represents 
a function. If every vertical line that intersects a graph does so exactly once, the graph 
represents a function, because every number x determines a single value of y. If any ver- 
tical line that intersects a graph does so more than once, the graph cannot represent a 
function, because to one number x there would correspond more than one value of y. 

The graph in Figure 8-24(a) represents a function, because every vertical line that 
intersects the graph does so exactly once. The graph in Figure 8-24(b) does not represent 
a function, because some vertical lines intersect the graph more than once. 


y y 
A A 


Three y's 


> X mo X 


Figure 8-24 


EXAMPLE 2 Find the domain and range of the relation determined by each graph and then tell 
whether the graph defines a function. 
a. y b. y 


> xX x 


a. To find the domain, we look at the left-most point on the graph and identify —3 as 
its x-coordinate. Since the graph continues forever to the right, there is no right- 
most point. Therefore, the domain is [—3, ~). 

To find the range, we look for the lowest point on the graph and identify —4 as 
its y-coordinate. Since the graph continues upward forever, there is no highest point. 
Therefore, the range is [—4, ~). 

Since every vertical line that intersects the graph will do so exactly once, the ver- 
tical line test indicates that the graph is a function. 
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b. To find the domain, we note that the x-coordinate of the left-most point is —4 and 
that there is no right-most point. Therefore, the domain is [—4, ~). 
To find the range, we note that there is no lowest point or highest point. There- 
fore, the range is (—™, ©), 
Since many vertical lines that intersect the graph will do so more than once, the 
vertical line test indicates that the graph is not a function. 


FY SELF CHECK 2 Find the domain and range of the relation determined by y 
the graph and then tell whether the graph defines a function. 


> X 


3 | Use function notation to evaluate a function at a given value. 


In Chapter 4, we introduced the following special notation, which is used to denote 


functions. 
(] Function Notation The notation y = f(x) denotes that the variable y is a function of x. 
COMMENT The notation The notation y = f(x) is read as “y equals f of x.” Note that y and f(x) are two nota- 
f(x) does not mean “f times tions for the same quantity. Thus, the equations y = 4x + 3 and f(x) = 4x + 3 are 
5 ie equivalent. 


The notation y = f(x) provides a way of denoting the value of y (the dependent vari- 
able) that corresponds to some number x (the independent variable). 


EXAMPLE 3 Let f(x) = 4x + 3. Find: a. f(3) b. f(-1) « f(0) 
d. the value of x for which f(x) = 7. 


Solution a. We replace x with 3: b. We replace x with —1: 
F(x) = 4x + 3 f(x) = 4x +3 
F(3) = 4(3) + 3 Ie) =4-) + 3 
=124+3 =-4+3 
= 15 =-] 
c. We replace x with 0: d. We replace f(x) with 7. 
F(x) = 4x + 3 f(x) = 4x 4+ 3 
f(0) = 4(0) + 3 7=4x +3 
=3 4= 4x Subtract 3 from both sides. 
x= 1 Divide each side by 4. 
FEY SELF CHECK 3 = If f(x) = 2x — I, find: a. f(2) b. f(—3) 


c. the value of x for which f(x) = —7. 
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We can think of a function as a machine that takes some input x and turns it into 
some output f(x), as shown in Figure 8-25. The machine shown in Figure 8-26 turns the 
input number 2 into the output value —3 and turns the input number 6 into the output 
value —11. The set of numbers that we can put into the machine is the domain of the 
function, and the set of numbers that comes out is the range. 


Figure 8-25 Figure 8-26 


The letter f used in the notation y = f(x) represents the word function. However, 
other letters can be used to represent functions. The notations y = g(x) and y = h(x) also 
denote functions involving the independent variable x. 


EXAMPLE 4 Let f(x) = 4x — 1. Find: a. f(3) + A2) b. f(a) — f(b). 


Solution a. We find f(3) and f(2) separately. 


f(x) = 4x - 1 f(x) = 4x -1 
f(3) = 43) - 1 f(2) = 42) - 1 
sit =4 =8-1 
= 11 =7 


We then add the results to obtain f(3) + f(2) = 11 + 7 = 18. 
b. We find f(a) and f(b) separately. 
f(x) = 4x — 1 f(x) = 4x -1 
je =4¢- 1 f(b) = 46 - 1 
We then subtract the results to obtain 
f(a) — f(b) = 4a — 1)- 46-1) 
=4a-—1-4b+1 
= 4a — 4b 


SELF CHECK4 = Let o(x) = —2x + 3. Find: a. g(—2) + 9(3) b. 25) — 9(2). 


4] Find the domain of a function given its equation. 


The domain of a function that is defined by an equation is the set of all numbers that are 
permissible replacements for its variable. 
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EXAMPLE 5 


Solution 


Ey SELF CHECK 5 


EXAMPLE 6 


Solution 


Find the domain of the functions defined by 


a. f(x) =x + 8x -3 bb. f(x) = <4. 


a. Since any real number can be substituted for x in the function f(x) = x° + 8x — 3 
to obtain a single value y, the domain is (—%, %). 


b. The number 2 cannot be substituted for x in the function f(x) = as. because that 


would make the denominator 0. However, any real number, except 2, can be substi- 
tuted for x to obtain a single value y. Therefore, the domain is the set of all real 
numbers except 2. This is the interval (—%, 2) U (2, ©). 


2 
x+3° 


Find the domain of the function defined by y = 


Graph a linear function. 


The graph of a function is the graph of the ordered pairs (x, f(x)) that define the function. 
For the graph of the function shown in Figure 8-27, the domain is shown on the 
x-axis, and the range is shown on the y-axis. For any x in the domain, there corresponds 
one value y = f(x) in the range. 


f(b) 
Range = [fia), ftb)| 9 


fa 


Domain = [a, b] 


Figure 8-27 


Graph the function f(x) = —2x + 1 and find its domain and range. 


We graph the equation as in Figure 8-28. Since , 
every real number x on the x-axis determines a 
corresponding value of y, the domain is the inter- 
val (—%, ©) shown on the x-axis. Since the values 
of y can be any real number, the range is the inter- 
val (—%, ©) shown on the y-axis. 


y=r2x}+ 1 


Domain 


Range 


Figure 8-28 


Linear Functions 


EXAMPLE 7 


Solution 


EXAMPLE 8 


Solution 
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In Section 8.1, we graphed equations whose graphs were lines. These equations 
define basic functions, called linear functions. 


A linear function is a function defined by an equation that can be written in the form 
f(x) = mx + b or y=mxtb 


where m is the slope of the line graph and (0, b) is the y-intercept. 


Solve the equation 3x + 2y = 10 for y to show that it defines a linear function. Then 
graph the function and find its domain and range. 


We solve the equation for y as follows: 
3x + 2y = 10 
2y = —3x + 10 — Subtract 3x from both sides. 


3 
y= —5* + 5 Divide both sides by 2. 


Because the given equation is written in the form y = mx + J, it defines a linear func- 
tion, f(x) = —3x + 5. The slope of its line graph is —3, and the y-intercept is (0, 5). 
The graph appears in Figure 8-29. From the graph, we can see that both the domain 
and the range are the interval (—™, ©). 

A special case of a linear function is the constant function, defined by the equation 
f(x) = 6, where bis a constant. Its graph, domain, and range are shown in Figure 8-30. 


3x +\2y = 10 


Constant function 
Domain: (—9, °°) 
Range: {b} 


Figure 8-30 


Figure 8-29 


CUTTING HAIR A barber earns $26 per day plus $6.50 for each haircut she gives that 
day. Write a linear function that describes her daily income if she gives x haircuts each 
day. 


The barber earns $6.50 per haircut, so if she serves x customers a day, her earnings for 
haircuts will be $6.50x. To find her total daily income, we must add $26 to $6.50. Thus, 
her total daily income /(x) is described by the function 


I(x) = 6.50x + 26 
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>| SELF CHECK 8 Write a linear function that describes her daily income if she gets a raise of $0.50 per 
haircut. 


SELF CHECK ANSWERS 


1. D: {5, —12, 8}; R: {6, 4}, notafunction 2. D:(—~, ~),R:(—~,0],yes 3.a.—5 b. 5 


«3 4a4 b3 5. (—~,-3)U(-3,%) 8 I(x) = 7x + 26 


Given f(x) = 3x — 4, find 


1. f(x — 2) 


2. f(x + h) 
3. f(x + h) — f(x) 


8.4 EXERCISES a 


WARM-UPS 


Determine whether each equation or inequality determines y to 
be a function of x. 


1y=2x+1 2. y = 2x 
3B y=x 
If f(x) = 2x + 1, find 
4. f(0) 5. f() 
6. f(—2) 
REVIEW Solve each equation. 
+2 
7, ~—* = ay + 2) 
2 
3z-1 3z+4 2+3 
"6 3 2 
9, 22,1. Sa=1 
. 2 «6 
2x+3 3x-1 x*-1 
 s 3 15 


VOCABULARY AND CONCEPTS 
Fill in the blanks. 
11. Any set of ordered pairs defines a 


12. A is a correspondence between a set of input 
values and a set of output values, where each value 
determines exactly one value. 

13. Ina function, the set of all inputs is called the of 
the function. 

14. Ina function, the set of all outputs is called the of 


the function. 
15. The denominator of a fraction can never be _. 
16. To decide whether a graph determines a function, use the 


If a vertical line intersects a graph more than once, the 
graph represent a function. 

18. A linear function is any function that can be written in the 
form ‘ 

In the function f(x) = mx + b, mis the 
and J is the y-coordinate of the 


17 


19 of its graph, 


Consider the function y = f(x) = 5x — 4. Fill in the blanks. 
20. Any substitution for x is called an value. 


21. The value __ is called an output value. 

22. The independent variable is __. 

23. The dependent variable is _. 

24. The notation f(3) is the value of __ when x = 3. 


GUIDED PRACTICE 


Find the domain and range of each relation and determine if it is a 
function. See Example 1. (Objective 1) 

25. {(3, —2), (5, 0), (—4, —5), (0, 0)} 

26. {(9, 2), (3, 3), (—6, —9), (2, 9)} 

27. {(—2, 3), (6, 8), (2, 5), (5, 4)} 


28. {(3, —2), (5, 2), (4, 5), (3, 0)} 


State the domain and range of the relation determined by each 
graph in interval notation and determine whether the relation 
represents a function. See Example 2. (Objective 2) 


29. 


> xX 


y 
» 
y 
A 
\/ > XxX 
y 
A 
y 
A 


30. 


31. 


a 
7X 


32. 
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Find f(3), f(—1) and all values of x for which f(x) = 0. 
See Example 3. (Objective 3) 
33. f(x) = 3x 34. f(x) = —4x 
35. f(x) = 2x — 3 36. f(x) = 3x —-5 
Find f(2) and f(3). See Example 3. (Objective 3) 
37. f(x) =x 38. f(x) =x -2 
39. f(x) =x°- 1 40. f(x) =x° 
Find f(2) and f(—2). See Example 3. (Objective 3) 
41. f(x) = |x| +2 42. f(x) = |x| —5 
43. f(x) =x - 2 44, f(x) =x? +3 
Find g(w) and g(w + 1). See Example 4. (Objective 3) 
45. g(x) = 2x 46. g(x) = —3x 
47. g(x) = 3x -—5 48. g(x) = 2x —-7 
Find each value given that f(x) = 2x + 1. See Example 4. 
(Objective 3) 
49. f(3) + f(2) 50. fl) — f(-)) 
51. f(b) — f(a) 52. f(b) + f(a) 
Find the domain of each function. See Example 5. (Objective 4) 
53. {(—2, 3), (4, 5), (6, 7)} 54. {(0, 2), (1, 2), 3, 4)} 
55. f(x) =— 56. f(x) =— 
. f(x) = —— - f(x) = 
x—4 Mote 
57. f(x) =— 58, f(x) =~ 
» 0) oases eS Sasa 
x x 
59. f(x) = 60. f(x) = 
1 -sa5 je=—, 


Sketch the graph of each linear function and give the domain and 


range. See Example 6. (Objective 5) 
61. f(x) = 2x - 1 62. f(x) = -x +2 
Ba y 


> Xx 


> Xx 
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63. 


Housing A housing contractor lists the following costs. 
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2x — 3y = 6 64. 3x + 2y = -6 84. 
y y 


Determine whether each equation defines a linear function. 
See Example 7. (Objective 5) 


7 x =3 

65. y=3x +2 66. y= 5 

8 
67. x = 3y — 4 cae 
ADDITIONAL PRACTICE 
For each function, find f(2) and f(3). 
69. f(x) = (x + 1) 70. f(x) = (x - 3) 
71. f(x) = 2x7 — x 72. f(x) = 5x* + 2x 
For each function, find f(3) and f(—1). 
73. f(x) = 7+ 5x 74. f(x) = 3 + 3x 
75. f(x) =9 — 2x 76. f(x) = 12 + 3x 


Find each value given that f(x) = 2x + 1. 


77. 
79. 


f(b) -1 
f(0) + f(-4) 


78. f(b) — f() 
80. f(a) + f(2a) 


APPLICATIONS For problems 81-84, set up a linear 
equation. See Example 8. (Objective 5) 


81. 


82. 


83. 


Selling DVD players An electronics firm manufactures 


portable DVD players, receiving $120 for each unit it makes. 


If x represents the number of units produced, the income 
received is determined by the revenue function R(x) = 120x. 
The manufacturer has fixed costs of $12,000 per month and 
variable costs of $57.50 for each unit manufactured. Thus, 
the cost function is C(x) = 57.50x + 12,000. How many 
DVD players must the company sell for revenue to equal 
cost? 
Selling tires A tire company manufactures premium tires, 
receiving $130 for each tire it makes. If the manufacturer 
has fixed costs of $15,512.50 per month and variable costs 
of $93.50 for each tire manufactured, how many tires must 
the company sell for revenue to equal cost? (Hint: See 
Exercise 81.) 
Selling hot dogs At a football game, a vendor sells hot dogs. 
He earns $50 per game plus $0.10 for each hot dog sold. 
a. Write a linear function that describes the vendor’s 
income if he sells / hot dogs. 


b. Find his income if he sells 115 hot dogs. 


85. 


86. 


87. 


88. 


89. 


$14,000 
$102 


Fees and permits 


Cost per square foot 


a. Write a linear function that describes the cost of build- 
ing a house with s square feet. 


b. Find the cost to build a house having 1,800 square feet. 


Ballistics A bullet shot straight up is s feet above the 
ground after t seconds, where s = f(t) = —1617 + 2561. 
Find the height of the bullet 3 seconds after it is shot. 


Artillery fire A mortar shell is s feet above the ground 
after ¢ seconds, where s = f(t) = —16° + 512t + 64. Find 
the height of the shell 20 seconds after it is fired. 

Dolphins See the illustration. The height / in feet reached 
by a dolphin ¢ seconds after breaking the surface of the 
water is given by 


h = —160t7 + 32t 


How far above the water will the dolphin be 1.5 seconds 
after a jump? 


i 


Forensic medicine The kinetic energy E of a moving object 


16 ft 


is given by E = imy’, where ™m is the mass of the object (in 
kilograms) and v is the object’s velocity (in meters per 
second). Kinetic energy is measured in joules. Examining 
the damage done to a victim, a police pathologist estimates 
that the velocity of a club with a 3-kilogram mass was 

6 meters per second. Find the kinetic energy of the club. 


Conversion from degrees Celsius to degrees Fahrenheit The 
temperature in degrees Fahrenheit that is equivalent to a 
temperature in degrees Celsius is given by the function 
F(C) = 2c + 32. Find the Fahrenheit temperature that is 
equivalent to 25°C. 
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90. Conversion from degrees Fahrenheit to degrees Celsius The 92. Explain why the constant function is a special case of a 
temperature in degrees Celsius that is equivalent to a tem- linear function. 


ture in degrees Fahrenheit is given by the functi 
Ce a SOMETHING TO THINK ABOUT Let f(x) = 2x + 1and 
(PF) = 5 a g(x) = x”. Assume that f(x) # 0 and g(x) # 0. 


Sara 93. Is f(x) + g(x) equal to g(x) + f(x)? 
WRITING ABOUT MATH 94. Is f(x) — g(x) equal to g(x) — f(x)? 


91. Explain the concepts of function, domain, and range. 


Graphs of Nonlinear Functions 


GD Graph the squaring, cubing, and absolute value functions. 


®) Graph a vertical and horizontal translation of the squaring, cubing, 
and absolute value functions. 


€} Graph a reflection of the squaring, cubing, and absolute value functions 
about the x-axis. 


@3 Graph a rational function. 
© Find the domain and range of a rational function. 


Objectives 


Vocabulary 


Give the slope and the y-intercept of each linear function. 


efOyH24—3 
Find the value of f(x) when x = 2 andx = —1. 
3. f(x) = 5x —4 4. f(x) =x +3 


2. f(x) = —3x + 4 


Getting Ready 


In the previous section, we discussed linear functions, functions whose graphs are 
straight lines. We now extend the discussion to include nonlinear functions, functions 
whose graphs are not straight lines. 


@ Graph the squaring, cubing, and absolute value functions. 


If f is a function whose domain and range are sets of real numbers, its graph is the set of 
all points (x, f(x)) in the xy-plane. In other words, the graph of f is the graph of the 
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EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


equation y = f(x). In this section, we will draw the graphs of many basic functions. The 
first is f(x) = x? (or y = x’), often called the squaring function. 
Graph the function: f(x) = x’. 


We substitute values for x in the equation and compute the corresponding values of 
f(x). For example, if x = —3, we have 


f(x) =x 
f(—3) = (3)? _— Substitute —3 for x. 
=9 


The ordered pair (—3, 9) satisfies the equation and will lie on the graph. We list this 
pair and the others that satisfy the equation in the table shown in Figure 8-31. We plot 
the points and draw a smooth curve through them to get the graph, called a parabola. 


f@) =x , 
x | f(x) | &, f@)) 
-3| 9 | (-3,9) 
—2| 4 | (-2,4) 
-1/ 1 | (-1,1) 
0| 0 | (0,0) 2 
1] 1 )@,1) Ap ax 
2) 4 | 2,4) x 
3} 9 | GB,9) 
Figure 8-31 


From the graph, we see that x can be any real number. This indicates that the 
domain of the squaring function is the set of real numbers, which is the interval 
(—, ©). We can also see that y is always positive or zero. This indicates that the range 
is the set of nonnegative real numbers, which is the interval [0, °). 


Graph f(x) = x° — 2 and compare the graph to the graph of f(x) = x°. 


EXAMPLE 2 


Solution 


The second basic function is f(x) = x° (or y = x°), often called the cubing function. 


Graph the function: f(x) = x°. 


We substitute values for x in the equation and compute the corresponding values of 
f(x). For example, if x = —2, we have 
f@ax 
f(—2) = (—2)?_— Substitute —2 for x. 
= —8 


The ordered pair (—2, —8) satisfies the equation and will lie on the graph. We list this 
pair and others that satisfy the equation in the table shown in Figure 8-32. We plot the 
points and draw a smooth curve through them to get the graph. 
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y 
A 
fx) =x 
x | f(x) | &, f@) : 
A a oe) Aa 
1) =. | ei z 
0} 0/ (0,0) 
1) 1/a0,1 
2) 8 | (2,8) 


Figure 8-32 


From the graph, we can see that x can be any real number. This indicates that the 
domain of the cubing function is the set of real numbers, which is the interval (—, ©). 
We can also see that y can be any real number. This indicates that the range is the set of 
real numbers, which is the interval (—~, ©). 


SELF CHECK 2 Graph f(x) = x* + 1 and compare the graph to the graph of f(x) = x°. 


The third basic function is f(x) = |x| (or y = |x|), often called the absolute value 
function. 


EXAMPLE 3 Graph the function: f(x) = 


X|. 


Solution We substitute values for x in the equation and compute the corresponding values of y. 


For example, if x = —3, we have 
f(x) = |x| 
f(—3) = |-3] — Substitute —3 for x. 
=3 


The ordered pair (—3, 3) satisfies the equation and will lie on the graph. We list this 
pair and others that satisfy the equation in the table shown in Figure 8-33 on the next 
page. We plot the points and draw a V-shaped graph through them. 

From the graph, we see that x can be any real number. This indicates that the 
domain of the absolute value function is the set of real numbers, which is the interval 
(—, ©). We can also see that y is always positive or zero. This indicates that the range 
is the set of nonnegative real numbers, which is the interval [0, ~). 
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f(x) = |x| t 
x | f(x) | @ f@)) 
—3/ 3 | (-3,3) 
—2| 2 | (-2,2) 
-1) 1 | (-1,) - 
0; 0 | (0,0) x) = Le 
1) 1 |} day aah 
2) 2129) 
3} 3 | (3,3) 

Figure 8-33 


>| SELF CHECK 3 = Graph f(x) = |x — 2| and compare the graph to the graph of f(x) = |x|. 


rYdd 3 bm) waxe|\()kiyq@ We can graph nonlinear functions with a graphing calculator. For example, to graph 
f(x) = x? in a standard window of [—10, 10] for x and [—10, 10] for y, we enter the 
function by using the y = key and typing x “ 2 and pressing the GRAPH key. We will 
obtain the graph shown in Figure 8-34(a). 

To graph f(x) = x°, we enter the function by typing x ’ 3 and press the GRAPH 
key to obtain the graph in Figure 8-34(b). To graph f(x) = |x|, we enter the function 
by selecting “abs” from the MATH menu, typing x, and pressing the GRAPH key to 
obtain the graph in Figure 8-34(c). 


Graphing Functions 


as a 


fay=tl 
The squaring function The cubing function The absolute value function 
(a) (b) (c) 
Figure 8-34 


When using a graphing calculator, we must be 
sure that the viewing window does not show a mis- 
leading graph. For example, if we graph f(x) = |x| 
in the window [0, 10] for x and [0, 10] for y, we will 
obtain a misleading graph that looks like a line. (See 
Figure 8-35.) This is not true. The proper graph is 
the V-shaped graph shown in Figure 8-34(c). 


Figure 8-35 
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2] Graph a vertical and horizontal translation of the squaring, cubing, 
and absolute value functions. 


Examples 1-3 and their Self Checks suggest that the 
graphs of different functions may be identical except 
for their positions in the xy-plane. For example, 
Figure 8-36 shows the graph of f(x) = x° + k for 
three different values of k. If k = 0, we get the graph 
of f(x) =x. If k=3, we get the graph of 
f(x) = x? + 3, which is identical to the graph of 
f(x) = x’, except that it is shifted 3 units upward. If 
k = —4, we get the graph of f(x) = x* — 4, which is 
identical to the graph of f(x) = x*, except that it is 
shifted 4 units downward. These shifts are called 
vertical translations. 


Figure 8-36 
In general, we can make these observations. 
Vertical Translations If f is a function and k is a positive number, then 
y + The graph of y = f(x) + kis identical to the graph of 


y=fa)+k 


y = f(x), except that it is translated & units upward. 
- The graph of y = f(x) — kis identical to the graph of 
We fox) y = f(x), except that it is translated k units downward. 


y=fix)—-k 


EXAMPLE 4 Graph: f(x) = |x| + 2. 


Solution The graph of f(x) = |x| + 2 will be the same V-shaped graph as f(x) = |x|, except 
that it is shifted 2 units up. The graph appears in Figure 8-37. 


y 
A 


y= Isle 


Figure 8-37 


FY SELF CHECK4 Graph: f(x) = |x| — 3. 
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Figure 8-38 shows the graph of f(x) = (x + A) for three different values of h. If 
h = 0, we get the graph of f(x) = x°. The graph of f(x) = (x — 3)° is identical to the 
graph of f(x) = x°, except that it is shifted 3 units to the right. The graph of 
f(x) = (x + 2) is identical to the graph of f(x) = x*, except that it is shifted 2 units to 
the left. These shifts are called horizontal translations. 


fx) S27 


fix) = (x +2) fla) = (x= 3) 


Figure 8-38 


In general, we can make these observations. 


Horizontal Translations If f is a function and k is a positive number, then 
The graph of y = f(x — k) is identical to the 
y graph of y = f(x), except that it is translated 
k units to the right. 


y=fxt+k) |y=fe) _y=fx-h) 


> X 


+ The graph of y = f(x + k) is identical to the 
graph of y = f(x), except that it is translated 
k units to the left. 


EXAMPLE5 Graph: f(x) = (x — 2). 


Solution The graph of f(x) = (x — 2) will be the same 
shape as the graph of f(x) = x7, except that it is 
shifted 2 units to the right. The graph appears in 
Figure 8-39. 


Figure 8-39 


FEY SELF CHECK5 Graph: f(x) = (x + 3). 
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EXAMPLE6 Graph: f(x) = (x — 3) + 2. 


Solution We can graph this function by translating the 
graph of f(x) = x to the right 3 units and then 
up 2 units, as shown in Figure 8-40. 


Figure 8-40 


SELF CHECK6 Graph: f(x) = |x + 2| — 3. 


3 | Graph a reflection of the squaring, cubing, and absolute value functions 
about the x-axis. 


We now consider the graph of y = f(x) = —|x|. To graph this function, we can make a 
table of values, plot each point, and draw the graph, as in Figure 8-41. 


y 
A 


y=f@)= —|z| 
x | f(x) | &, f(x) 
3 3 | (—3,:=3) 
2 De | \(=2 = 2) noes 
1 1 |(-1, -1) ae ie 
0 0 | (0, 0) 
1; -1/d,-1) 
2} —2 | (2, -3) 
3) 33.353) 
Figure 8-41 


As we can see from the graph, its shape is the same as the graph of y = f(x) = |x|, 
except that it has been flipped upside down. We say that the graph of y = f(x) = |x| has 
been reflected about the x-axis. In general, we can make the following statement. 


Reflections about the The graph of y = —f(x) is identical to the graph of y = f(x), except that it is reflected 
x-Axis about the x-axis. 


EXAMPLE 7 Graph the absolute value function: y = f(x) = —|x — 1| + 3. 


Solution We graph this function by translating the graph of y = f(x) = —|x| to the right 1 unit 
and up 3 units, as shown in Figure 8-42 on the next page. 
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PERSPECTIVE Graphs in Space 


In an xy-coordinate system, graphs of equations contain- 
ing the two variables x and y are lines or curves. Other 
equations have more than two variables, and graphing 
them often requires some ingenuity and perhaps the aid 
of a computer. Graphs of equations with the three vari- 
ables x, y, and z are viewed in a three-dimensional coordi- 
nate system with three axes. The coordinates of points in 
a three-dimensional coordinate system are ordered triples 
(x, y, z). For example, the points P(2, 3, 4) and 

O(—1, 2, 3) are plotted in Illustration 1. 


QC1, 2; 3) 


WA 
AY) 
QQ 


Illustration 1 
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y 
A 


> xX 


FY SELF CHECK7 Graph: y = f(x) = —|x + 2| - 3. 


> y ws \) 
NY 
0/7 
WKS LY 


Illustration 2 


fx) =x - 1143 


Figure 8-42 


Graphs of equations in three variables are not lines 
or curves, but flat planes or curved surfaces. Only the 
simplest of these equations can be conveniently graphed 
by hand; a computer provides the best images of others. 
The graph in Illustration 2 is called a paraboloid; it is the 
three-dimensional version of a parabola. Illustration 3 
models a portion of the vibrating surface of a drum 
head. 


WN 


Illustration 3 


4 Graph a rational function. 


Rational expressions often define functions. For example, if the cost of subscribing to an 
online information network is $6 per month plus $1.50 per hour of access time, the 
average (mean) hourly cost of the service is the total monthly cost, divided by the number 
of hours of access time: 


EXAMPLE 8 


Solution 
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Cc _ 1.50n + 6  Zis the mean hourly cost, C is the total monthly cost, and n is the 
n n number of hours the service is used. 


The function 


1.50n + 6 


i) =f (n > 0) 


gives the mean hourly cost of using the information network for 7 hours per month. 


; + 
a 6 (n> 0). 


Figure 8-43 shows the graph of the rational function ¢ = f(n) = 


Since n > 0, the domain of this function is the interval (0, ~). 

From the graph, we can see that the mean hourly cost decreases as the number of 
hours of access time increases. Since the cost of each extra hour of access time is $1.50, 
the mean hourly cost can approach $1.50 but never drop below it. Thus, the graph of the 
function approaches the line y = 1.5 as 7 increases without bound. 


10 
9 
8 
a. of 
S 6 
6 5 
4 
3 
2 
1 al Wt 


>n 
12 3 4 56 7 8 9 10 11 12 13 14 


Number of hours of use 


Figure 8-43 


When a graph approaches a line as the dependent variable gets large, we call the line 
an asymptote. The line y = 1.5 is a horizontal asymptote of the graph. 

As n gets smaller and approaches 0, the graph approaches the y-axis but never 
touches it. The y-axis is a vertical asymptote of the graph. 


Find the mean hourly cost when the network described above is used for a. 3 hours 
b. 70.4 hours. 


a. To find the mean hourly cost for 3 hours of access time, we substitute 3 for n in 
Equation | and simplify: 
1.50(3) + 6 
3 


c= fQ3)= 335 


The mean hourly cost for 3 hours of access time is $3.50. 
b. To find the mean hourly cost for 70.4 hours of access time, we substitute 70.4 for n 
in Equation | and simplify: 
1.50(70.4) + 6 
70.4 


c = f(70.4) = = 1.585227273 


The mean hourly cost for 70.4 hours of access time is approximately $1.59. 
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EY SELF CHECK 8 _ Find the mean hourly cost when the network is used for 5 hours. 


5 Find the domain and range of a rational function. 


Since division by 0 is undefined, any values that make the denominator 0 in a rational 
function must be excluded from the domain of the function. 


3x + 2 
xr+x-6 


EXAMPLE9 Find thedomain: f(x) = 


Solution From the set of real numbers, we must exclude any values of x that make the denomi- 
nator 0. To find these values, we set x7 + x — 6 equal to 0 and solve for x. 


x+x-6=0 


(x + 3)\(x — 2) =0 Factor. 
x+3=0 or x —2=0 © Set each factor equal to 0. 
x= -3 | x =2 — Solve each linear equation. 


Thus, the domain of the function is the set of all real numbers except —3 and 2. In 
interval notation, the domain is (~~, —3) U (—3, 2) U Q, ~). 


FRY seLFCHECK9 Find the domain: f(x) =~}. 


rYdd3\ hme) maze ei\()niya@ Wecan find the domain and range of the function in Example 9 by looking at its graph. 
If we use window settings of [—10, 10] for x and [—10, 10] for y and graph the function 


Finding the Domain and 
Range of a Function j@= 3x + 2 


7 Le = & 


we will obtain the graph in Figure 8-44(a). 


Figure 8-44 


From the figure, we can see that 


As x approaches —3 from the left, the values of y decrease, and the graph 
approaches the vertical line x = —3. 

As x approaches —3 from the right, the values of y increase, and the graph 
approaches the vertical line x = —3. 


From the figure, we also can see that 


SELF CHECK ANSWERS 


1. same shape, but 
2 units lower 


y 


SX) = (& + 3)] 
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+ As x approaches 2 from the left, the values of y decrease, and the graph 
approaches the vertical line x = 2. 
As x approaches 2 from the right, the values of y increase, and the graph 
approaches the vertical line x = 2. 


The lines x = —3 and x = 2 are vertical asymptotes. Although the vertical lines in the 
graph appear to be the graphs of x = —3 and x = 2, they are not. Graphing calculators 
draw graphs by connecting dots whose x-coordinates are close together. Often, when 
two such points straddle a vertical asymptote and their y-coordinates are far apart, the 
calculator draws a line between them anyway, producing what appears to be a vertical 
asymptote. If you set your calculator to dot mode instead of connected mode, the ver- 
tical lines will not appear. 
From Figure 8-44(a), we also can see that 


+ As x increases to the right of 2, the values of y decrease and approach the 
value y = 0. 
As x decreases to the left of —3, the values of y increase and approach the 
value y = 0. 


The line y = 0 (the x-axis) is a horizontal asymptote. Graphing calculators do not 
draw lines that appear to be horizontal asymptotes. From the graph, we can see that all 
real numbers x, except —3 and 2, give a value of y. This confirms that the domain of the 
function is (—%, —3) U (—3, 2) U (2, ©). We also can see that y can be any value. Thus, 
the range is (—™, ~). 

To find the domain and range of the function f(x) = at 4, we use a calculator to 
draw the graph shown in Figure 8-44(b). From this graph, we can see that the line x = 1 
is a vertical asymptote and that the line y = 2 is a horizontal asymptote. Since x can be 
any real number except 1, the domain is the interval (—%, 1) U (1, ~). Since y can be 
any value except 2, the range is (—%, 2) U (2, ~). 


2. same shape, but 3. same shape, but y 


1 unit higher 2 units to the right 


fx) = x21 


8. $2.70 
9. (—~, 2) U (2, ~) 


ifs) = x +21/- 3 
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1. Given the graph of f(x) below, sketch a graph of each translation or reflection. 


a. f(x) + 2 


>< 


8.5 EXERCISES 


WARM-UPS 
1. Describe a parabola. 
2. Describe the graph of f(x) = |x| + 3. 
3. Describe the graph of f(x) = x7 — 4. 
4. Explain why the choice of a viewing window is important 
when using a graphing calculator. 


REVIEW 
5. List the prime numbers between 40 and 50. 
6. State the associative property of addition. 


7. State the commutative property of multiplication. 


8. What is the additive identity element? 
9. What is the multiplicative identity element? 
10. Find the multiplicative inverse of 3. 


VOCABULARY AND CONCEPTS fill in the blanks. 


11. The function f(x) = x° is called the function. 


b. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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y=fo) 


—f(x) c. f(x — 1) 


function. 


The function f(x) = x° is called the 


The function f(x) = |x| is called the 
function. 


Shifting the graph of an equation up or down is called a 
translation. 

Shifting the graph of an equation to the left or to the right 

is called a translation. 

The graph of f(x) = x* + 5 is the same as the graph of 

f(x) = x°, except that it is shifted __ units __. 

The graph of f(x) = x* — 2 is the same as the graph of 

f(x) = x°, except that it is shifted __ units 

The graph of f(x) = (x — 5)° is the same as the graph of 

f(x) = x°, except that it is shifted __ units . 

The graph of f(x) = (x + 4)° is the same as the graph o 

f(x) = x°, except that it is shifted __ units . 

The graph of y = —f(x) is identical to the graph of 

y = f(x), except that it is reflected about the 


If a fraction is the quotient of two polynomials, it is called a 
expression. 

If a graph approaches a vertical line but never touches it, 

the line is called an 


GUIDED PRACTICE 

Graph each function by plotting points. Check your work with a 
graphing calculator. See Examples 1-3. (Objective 1) 

23. f(x) =x - 3 24. f(x) =x° +2 


y y 
A 


25. f(x) = (x — 1) 26. f(x) = (x + 1)° 


y y 
ry 


27. f(x) = 28. f(x) = i +1 
29. f(x) = |x - 1| 30. f(x) = |x +2 
¥ y 

A 


Sketch each graph using a translation of the graph of f(x) = x’, 
F(x) = x¢, orf(x) = |x|. See Examples 4-6. (Objective 2) 
31. f(x) =x» —5 32. f(x) =x +4 
y y 
A 
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33. f(x) = (x — IF 34. f(x) = (x + 4) 
y x 


> xX 


35. f(x) = |x —2| -1 36. f(x) = (x +2) -1 
y Bi 


37. f(x) = (x + 1-2 38. f(x) = |x + 4] +3 


, y 
A A 


Graph each function. See Example 7. (Objective 3) 


39. f(x) = —x° 40. f(x) = —x* +2 
x x 
A A 
> X 


41. f(x) = -(x — 2) - 3 42. f(x) = —|x — 2| —3 
y y 
A ; 


The time t it takes to travel 600 miles is a function of the mean 
rate of speedr:t = f(r) = $00, Find t for each value of r. See 
Example 8. (Objective 4) 
43. 30 mph 

45. 50 mph 


44. 40 mph 
46. 60 mph 
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W) Find the domain of each rational function and write it in 
interval notation. Use a graphing calculator to graph each 

rational function to verify the domain and find the range. 

See Example 9. (Objective 5) 


47. f(x) =~ = : 

48. f(x) => : z 

49. f(x) = — 

50. f(x) = —— ~- : 
ADDITIONAL PRACTICE 


ray Use a graphing calculator to graph each function, using 
values of [—4, 4] for x and [—4, 4] for y. The graph is not what 
it appears to be. Pick a better viewing window and find the true 
graph. 


51. f(x) =x + 8 52. f(x) = x° - 8 


53. f(x) = 


x + 5} 54. f(x) = |x — 5| 


55. f(x) = (x — 6)° 56. f(x) = (x + 9) 
57. f(x) =x° +8 


58. f(x) =2x° - 12 


Suppose the cost (in dollars) of removing p% of the pollution ina 
river is given by the function c = f(p) = JOOP (ge p< 100). 


100 — p 
Find the cost of removing each percent of pollution. 
59. 10% 60. 30% 
61. 50% 62. 80% 
APPLICATIONS 


A service club wants to publish a directory of its members. Some 
investigation shows that the cost of typesetting and photography 
will be $700, and the cost of printing each directory will be $1.25. 


63. Find a function that gives the total cost c of printing x 
directories. 


64. Find a function that gives the mean cost per directory c of 
printing x directories. 
65. Find the total cost of printing 500 directories. 


66. Find the mean cost per directory if 500 directories are 
printed. 


67. Find the mean cost per directory if 1,000 directories are 
printed. 


68. Find the mean cost per directory if 2,000 directories are 
printed. 


An electric company charges $7.50 per month plus 9¢ for each 

kilowatt hour (kwh) of electricity used. 

69. Find a function that gives the total cost c of n kwh of 
electricity. 


70. Find a function that gives the mean cost per kwh ¢ when 
using n kwh. 


71. Find the total cost for using 775 kwh. 
72. Find the mean cost per kwh when 775 kwh are used. 
73. Find the mean cost per kwh when 1,000 kwh are used. 


74. Find the mean cost per kwh when 1,200 kwh are used. 


Assume that a person buys a horse for $5,000 and plans to pay 

$350 per month to board the horse. 

75. Find a function that will give the total cost of owning the 
horse for x months. 


76. Find a function that will give the mean cost per month ¢ 
after owning the horse for x months. 


77. Find the total cost of owning the horse for 10 years. 


78. Find the mean cost per month if the horse is owned for 
10 years. 


WRITING ABOUT MATH 

79. Explain how to graph an equation by plotting points. 

80. Explain how the graphs of y = (x — 4)° — 3 and y = x* are 
related. 


SOMETHING TO THINK ABOUT 


81. Can a rational function have two horizontal asymptotes? 
Explain. 
82. [Aw] Use a graphing calculator to investigate the positioning 
of the vertical asymptotes of a rational function by 
graphing y = =~ for several values of k. What do you 


observe? 


Objectives 


Vocabulary 


> 
mo} 
(y°} 
(9) 
c 
(=) 
‘= 
s 
~ 
() 
Oo 
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Variation 


GD Solve a proportion. 
9 Solve a direct variation problem. 

&} Solve an inverse variation problem. 
@3 Solve a joint variation problem. 

©} Solve a combined variation problem. 


Solve a proportion. 
Recall that the quotient of two numbers is often called a ratio. For example, the fraction 
i can be read as “the ratio of 2 to 3.” An equation indicating that two ratios are equal is 
called a proportion. Two examples of proportions are 

2 4 12 
== and sar 

8 7 21 
In the proportion ; = - the terms a and / are called the extremes of the proportion, and 


the terms 6 and c are called the means. 
To develop a fundamental property of proportions, we suppose that 


is a proportion and multiply both sides by bd to obtain 
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EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


Direct Variation 


a Cc 
na(2) = na( 5) 
Bia _ bde P= land$=1. 


b d 
ad = bc 


Thus, if i = then ad = bc. In a proportion, the product of the extremes equals the 


product of the means. 


Solve th ti ed a 
olve the proportion: = : 
_ x x+2 
x+1l x 
x x+2 
(x + 1)(x + 2) =x+x The product of the extremes equals the product of the means. 
x +3x4+2=x Multiply. 
3x +2=0 Subtract x from both sides. 
2 
x= 3 Subtract 2 from both sides and divide both sides by 3. 
MD 
Solve: — oS eee 


Solve a direct variation problem. 


To introduce direct variation, we consider the formula 
C=7D 


for the circumference of a circle, where C is the circumference, D is the diameter, and 
a ~ 3.14159. If we double the diameter of a circle, we determine another circle with a 
larger circumference C, such that 


C, = a(2D) = 27D = 2C 


Thus, doubling the diameter results in doubling the circumference. Likewise, if we triple 
the diameter, we triple the circumference. 

In this formula, we say that the variables C and D vary directly, or that they are 
directly proportional. This is because as one variable gets larger, so does the other, in a 
predictable way. In this example, the constant 7 is called the constant of variation or the 
constant of proportionality. 


The words “y varies directly with x” or “y is directly proportional to x” mean that 
y = kx for some nonzero constant k. The constant k is called the constant of variation 
or the constant of proportionality. 


Since the formula for direct variation (vy = kx) defines a linear function, its graph is 
always a line with a y-intercept at the origin. The graph of y = kx appears in Figure 8-45 
for three positive values of k. 
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One example of direct variation is Hooke’s law from physics. Hooke’s law states that 
the distance a spring will stretch varies directly with the force that is applied to it. 

If d represents a distance and f represents a force, Hooke’s law is expressed mathe- 
matically as 

d=kf 
where k is the constant of variation. If the spring stretches 10 inches when a weight of 
6 pounds is attached, & can be found as follows: 

d=kf 
10 = k(6) — Substitute 10 for dand 6 for f. 


Figure 8-45 3 aw 


3 Divide both sides by 6 and simplify. 


To find the force required to stretch the spring a distance of 35 inches, we can solve 
the equation d = kf for f, with d = 35 and k = 3. 


d=kf 
3 ; 5 
35 = 3 f Substitute 35 for dand § for k. 
105 = 5f Multiply both sides by 3. 
21=f Divide both sides by 5. 


The force required to stretch the spring a distance of 35 inches is 21 pounds. 


EXAMPLE 2 DIRECTVARIATION The distance traveled in a given time is directly proportional to 
the speed. If a car travels 70 miles at 30 mph, how far will it travel in the same time at 
45 mph? 


Solution The words distance is directly proportional to speed can be expressed by the equation 
(1) d=ks 


where d is distance, A is the constant of variation, and s is the speed. To find k, we sub- 
stitute 70 for d and 30 for s, and solve for k. 


d= ks 
70 = k(30) 
7 
ee 
3 


To find the distance traveled at 45 mph, we substitute i for k and 45 for s in Equa- 
tion | and simplify. 


d=ks 
7 

= =(45 

d= 3(45) 
= 105 


In the time it took to go 70 miles at 30 mph, the car could travel 105 miles at 45 mph. 


SELF CHECK 2 How far will the car travel in the same time at 60 mph? 
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Inverse Variation 


Figure 8-46 


EXAMPLE 3 


Solution 


Solve an inverse variation problem. 


In the formula w = w gets smaller as / gets larger, and w gets larger as / gets smaller. 
Since these variables vary in opposite directions in a predictable way, we say that the vari- 
ables vary inversely, or that they are inversely proportional. The constant 12 is the constant 
of variation. 


The words “y varies inversely with x” or “y is inversely proportional to x” mean that 
y= ‘ for some nonzero constant k. The constant k is called the constant of variation. 


The formula for inverse variation (y ‘) defines a rational function. The graph of 


y= ‘ appears in Figure 8-46 for three positive values of k. 


Because of gravity, an object in space is attracted to Earth. The force of this attrac- 
tion varies inversely with the square of the distance from the object to the center of the 
Earth. If f represents the force and d represents the distance, this information can be 
expressed by the equation 


k 
i= p 


If we know that an object 4,000 miles from the center of the Earth is attracted to 
Earth with a force of 90 pounds, we can find k. 


k 
f= & 
k 
: aR Substitute 90 for f and 4,000 for d. 
4,000 
k = 90(4,0007) 
= 1.44 x 10° 


To find the force of attraction when the object is 5,000 miles from the center of the 
Earth, we proceed as follows: 


k 
i: 
_ 1.44 x 10° 


5,0007 
= 57.6 


The object will be attracted to the Earth with a force of 57.6 pounds when it is 5,000 
miles from Earth’s center. 


Substitute 1.44 x 10° for k and 5,000 for d. 


LIGHTINTENSITY ‘The intensity / of light received from a light source varies inversely 
with the square of the distance d from the light source. If the intensity of a light source 
4 feet from an object is 8 candelas, find the intensity at a distance of 2 feet. 


The words intensity varies inversely with the square of the distance d can be expressed by 
the equation 


k 


7 


SELF CHECK 3 


Joint Variation 


EXAMPLE 4 


Solution 
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To find k, we substitute 8 for J and 4 for d and solve for k. 


k 
J[=— 
& 
k 
a: 
128 =k 


To find the intensity when the object is 2 feet from the light source, we substitute 2 for 
dand 128 for & and simplify. 


The intensity at 2 feet is 32 candelas. 


Find the intensity at a distance of 8 feet. 


Solve a joint variation problem. 


There are times when one variable varies with the product of several variables. For 
example, the area of a triangle varies directly with the product of its base and height: 


1 
A=-<bh 
50 


Such variation 1s called joint variation. 


If one variable varies directly with the product of two or more variables, the relation- 
ship is called joint variation. If y varies jointly with x and z, then y = kxz. The 
nonzero constant x is called the constant of variation. 


The volume V of a cone varies jointly with its height / and the area of its base B. If 
V = 6cm? when h = 3 cmand B = 6 cm’, find V when h = 2 and B = 8 cm’. 
The words V varies jointly with h and B can be expressed by the equation 


V=khB The relationship can also be read as “V is directly proportional to the 
product of / and B.” 


We can find & by substituting 6 for V, 3 for h, and 6 for B. 


V =khB 
6 = k(3)(6) 
6 = k(18) 


1 
3 =k Divide both sides by 18; & = i. 
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To find V when h = 2 and b = 8, we substitute these values into the formula V = TAB. 


1 
V= Fea 
y= (Za 
3 
_ 1 
~ 3. 


When / = 2 and B = 8, the volume is 55 cm?. 


5 Solve a combined variation problem. 


Many applied problems involve a combination of direct and inverse variation. Such vari- 
ation is called combined variation. 


EXAMPLE 5_ BUILDING HIGHWAYS The time it takes to build a highway varies directly with the 
length of the road, but inversely with the number of workers. If it takes 100 workers 
4 weeks to build 2 miles of highway, how long will it take 80 workers to build 10 miles 
of highway? 


Solution Wecan let ¢ represent the time in weeks, / represent the length in miles, and w represent 
the number of workers. The relationship among these variables can be expressed by the 
equation 

_ fl 


w 
We substitute 4 for ¢, 100 for w, and 2 for / to find k: 
k(2) 
~ 100 
400 = 2k Multiply both sides by 100. 
200 = k Divide both sides by 2. 


t 


We now substitute 80 for w, 10 for /, and 200 for & in the equation ¢ = Mt and simplify: 


kl 
t= - Substitute the values for the variables. 
ry 
es 200(10) 
80 
= 25 


It will take 25 weeks for 80 workers to build 10 miles of highway. 


[3 SELF CHECK 5 = How long will it take 60 workers to build 6 miles of highway? 


FB) SELF CHECK ANSWERS = 1.§ 2, 140mi_ 3, 2candelas 5. 20 weeks 
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The time t, in hours, required for a satellite to orbit the Earth varies directly as the radius r of the 

orbit, measured from the center of the Earth, and inversely as the velocity v, in mph. The radius 

of the Earth is approximately 4,000 miles. 

1. The space shuttle makes one orbit around the Earth in 1.5 hours at a rate of 17,000 mph. 
Its altitude above the Earth’s surface is about 200 miles. Find the constant of variation 
rounded to 8 decimal places. 


2. The Pentagon’s Defense Satellite Communications System (DSCS) orbits at 23,500 miles 
above the Earth’s surface at a speed of approximately 6,955 mph. Using the same constant 
of variation, how often does it complete an orbit to the nearest hour? What can you con- 
clude about the satellite? 


8.6 EXERCISES —— } 


WARM-UPS 18. The equation y = * indicates variation. 
Solve each proportion. 19. Inverse variation is represented by a function. 

F x 3 : 3 = 4 20. Direct variation is represented bya function whose 

PO. 4G “y 6 «12 graph passes through the origin. 
: 21. The equation y = kxz indicates variation. 

Express each sentence with a formula. : Fishes oh ot 

a, a varies diacdly wide b: 22. The equation y = ~ indicates variation. 

4. a varies inversely with b. Determine whether the graph represents direct variation, inverse 

5. a varies jointly with b and c. variation, or neither. 

6. a varies directly with } and inversely with c. 23. y 24. y 
REVIEW Simplify each expression. 

3 5\3 
7. 0°?) 8. ({ “) 
da x 
9 b° — 25° 10 (A) 
, b° , 45 
x 
11. Write 35,000 in scientific notation. 
12. Write 0.00035 in scientific notation. 
13. Write 2.5 X 10 * in standard notation. 
14. Write 2.5 < 104 in standard notation. =. y zo 4 
VOCABULARY AND CONCEPTS 
Fill in the blanks. 
15. An equation stating that two ratios are equal is called a 
16. Ina proportion, the product of the ____ is equal to % (ime ear oe mal rene nue cd 
the product of the 


variation. 


17. The equation y = kx indicates 
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GUIDED PRACTICE 
Solve each proportion, if possible. See Example 1. (Objective 1) 
ee ae ae” 
S525 y 27 
9 ee 6 
3 5 x-1 4 
31. 2 = ss 32. a = 2 
nont+til xo: 5 
5 2z ot +6 7 
a a eer +3) +3 


Express each sentence as a formula. See Examples 2-5. 
(Objectives 2-5) 


35. 
36. 
37. 
38. 
39. 
40. 
41. 


42. 


A varies directly with the square of p. 

z varies inversely with the cube of ¢. 

v varies inversely with the cube of r. 

r varies directly with the square of s. 

B varies jointly with m and n. 

C varies jointly with x, y, and z. 

P varies directly with the square of a, and inversely with the 
cube of j. 


M varies inversely with the cube of n, and jointly with x and 
the square of z. 


Express each formula in words. In each formula, k is the constant 
of variation. See Examples 2-5. (Objectives 2-5) 


43. 


44. 


45. 
46. 


47. 


48. 


49. 


L=kmn 
_ km 
n 
E = kab? 
U = krs*t 
= kx 
rr 
kw 
Fe 
xy 
_ kL 
=e 
kKPL 
a= 
A 


ee 52,2 -4 

Cc 2 4 y 

2 6x 2 —2x 
3x 36 a eee SS 
2x+ 3) 4x - 4) 56, X24 36-4 
3 5 5 3 
es et ae 
M3 RS xo 3x 


CHAPTER 8 Writing Equations of Lines, Functions, and Variation 


APPLICATIONS Solve each variation problem. 
See Examples 2-5. (Objectives 2-5) 


59. Area of acircle The area of a circle varies directly with the 
square of its radius. The constant of variation is 7. Find the 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


area of a circle with a radius of 6 inches. 

Falling objects An object in free fall travels a distance s 
that is directly proportional to the square of the time ¢. If 
an object falls 1,024 feet in 8 seconds, how far will it fall in 
10 seconds? 

Finding distance The distance that a car can go is directly 
proportional to the number of gallons of gasoline it con- 
sumes. If a car can go 288 miles on 12 gallons of gasoline, 
how far can it go on a full tank of 18 gallons? 

Farming A farmer’s harvest in bushels varies directly with 
the number of acres planted. If 8 acres can produce 

144 bushels, how many acres are required to produce 

1,152 bushels? 

Farming The length of time that a given number of bushels 
of corn will last when feeding cattle varies inversely with the 
number of animals. If x bushels will feed 25 cows for 

10 days, how long will the feed last for 10 cows? 

Geometry For a fixed area, the length of a rectangle is 
inversely proportional to its width. A rectangle has a width 
of 18 feet and a length of 12 feet. If the length is increased 
to 16 feet, find the width. 

Gas pressure Under constant temperature, the volume 
occupied by a gas is inversely proportional to the pressure 
applied. If the gas occupies a volume of 20 cubic inches 
under a pressure of 6 pounds per square inch, find the 
volume when the gas is subjected to a pressure of 10 pounds 
per square inch. 

Value of acar The value of a car usually varies inversely 
with its age. If a car is worth $7,000 when it is 3 years old, 
how much will it be worth when it is 7 years old? 

Organ pipes The frequency of vibration of air in an organ 
pipe is inversely proportional to the length of the pipe. If a 
pipe 2 feet long vibrates 256 times per second, how many 
times per second will a 6-foot pipe vibrate? 


I | 


Geometry The area of a rectangle varies jointly with its 
length and width. If both the length and the width are 
tripled, by what factor is the area multiplied? 

Geometry The volume of a rectangular solid varies jointly 
with its length, width, and height. If the length is doubled, 
the width is tripled, and the height is doubled, by what 
factor is the volume multiplied? 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


Costs of a trucking company The costs incurred by a truck- 
ing company vary jointly with the number of trucks in 
service and the number of hours they are used. When 

4 trucks are used for 6 hours each, the costs are $1,800. Find 
the costs of using 10 trucks, each for 12 hours. 

Storing oil The number of gallons of oil that can be stored 
in a cylindrical tank varies jointly with the height of the 
tank and the square of the radius of its base. The constant 
of proportionality is 23.5. Find the number of gallons that 
can be stored in the cylindrical tank in the illustration. 


Finding the constant of variation A quantity / varies jointly 
with x and y and inversely with z. If the value of /is 30 
when x = 15, y = 5, and z = 10, find k. 

Electronics The voltage (in volts) measured across a resistor 
is directly proportional to the current (in amperes) flowing 
through the resistor. The constant of variation is the resist- 
ance (in ohms). If 6 volts is measured across a resistor carry- 
ing a current of 2 amperes, find the resistance. 

Electronics The power (in watts) lost in a resistor (in the 
form of heat) is directly proportional to the square of the 
current (in amperes) passing through it. The constant of pro- 
portionality is the resistance (in ohms). What power is lost in 
a 5-ohm resistor carrying a 3-ampere current? 

Building construction 

The deflection of a beam 
is inversely proportional 
to its width and the cube 
of its depth. If the deflec- 
tion of a 4-inch-by-4-inch 
beam is 1.1 inches, find 
the deflection of a 2-inch- 
by-8-inch beam posi- 
tioned as in the 
illustration. 

Building construction 
Find the deflection of 

the beam in Exercise 

75 when the beam is 
positioned as shown. 


77. 


78. 
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Gas pressure The pressure of a certain amount of gas is 
directly proportional to the temperature (measured in 
Kelvin) and inversely proportional to the volume. A sample 
of gas at a pressure of 1 atmosphere occupies a volume of 

1 cubic meter at a temperature of 273 Kelvin. When heated, 
the gas expands to twice its volume, but the pressure 
remains constant. To what temperature is it heated? 


Tension A ball, twirled at the end of a string, is kept in its 
circular path by the tension of the string. The tension T is 
directly proportional to the square of the speed s and 
inversely proportional to the radius r of the circle. If the 
tension is 32 pounds when the speed is 8 ft/sec and the 
radius is 6 feet, find the tension when the speed is 4 ft/sec 
and the radius is 3 feet. 


WRITING ABOUT MATH 


79. 
80. 
81. 
82. 


Explain the terms means and extremes. 
Distinguish between a ratio and a proportion. 
Explain the term joint variation. 


Explain why the equation 2 = k indicates that y varies 
directly with x. 


SOMETHING TO THINK ABOUT 


83. 


84. 


85. 


86. 


As temperature increases on the Fahrenheit scale, it also 
increases on the Celsius scale. Is this direct variation? 
Explain. 

As the cost of a purchase (less than $5) increases, the 
amount of change received from a five-dollar bill decreases. 
Is this inverse variation? Explain. 


Is a proportion useful for solving this problem? 
A water bill for 1,000 gallons was $15, and a bill for 
2,000 gallons was $25. Find the bill for 3,000 gallons. 
Explain. 
How would you solve the problem in Exercise 85? 
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PROJECTS 


Project 1 


The graph of a line is determined by two pieces of infor- 
mation. If we know the line’s slope and its y-intercept, we 
would use the s/ope-intercept form to find the equation of 
the line. If we know the slope of the line and the coordi- 
nates of some point on that line, we would use the point- 
slope form. We have studied several standard forms of the 
equation of a line. Here is one more standard form that is 
useful when we know a line’s x- and y-intercepts. 


The Intercept Form of the Equation of a Line 


The equation of a line with x-intercept (a, 0) and 
y-intercept (0, 5) is 


m Derive the intercept form of the equation of a line. 
(Hint: You know two points on the line.) 


m= Find the x- and y-intercepts of the line | + 5 = 1. 
m™ Find the equation of the line with x-intercept (3, 0) 
and y-intercept (0, 7). 


m Find the x- and y-intercepts of the line 4x + 5y = 20 
by writing the equation in intercept form. 


m Graph the line; + 7 = | for five different values of k 
(your choice). What do these lines have in common? 


= Graph the line} + ; = | for five different values of k. 
What do these lines have in common? 


= Can the equation of every line be written in intercept 
form? If not, discuss which lines can and which ones 
can’t. 


Project 2 


You are representing your branch of the large Buy-from- 
Us Corporation at the company’s regional meeting, and 
you are looking forward to presenting your revenue and 
cost reports to the other branch representatives. But now 
disaster strikes! The graphs you had planned to present, 
containing cost and revenue information for this year and 
last year, are unlabeled! You cannot immediately recognize 
which graphs represent costs, which represent revenues, 


and which represent which year. Without these graphs, 
your presentation will not be effective. 

The only other information you have with you is in the 
notes you made for your talk. From these you are able to 
glean the following financial data about your branch. 


1. All cost and revenue figures on the graphs are rounded 
to the nearest $50,000. 


2. Costs for the fourth quarter of last year were $400,000. 


3. Revenue was not above $400,000 for any quarter last 
year. 


4. Last year, your branch lost money during the first 
quarter. 


5. This year, your branch made money during three of the 
four quarters. 


6. Profit during the second quarter of this year was 
$150,000. 


And, of course, you know that profit = revenue — cost. 
With this information, you must match each of the 

graphs (Illustrations 1-4) with one of the following titles: 
Costs, This Year 
Revenues, This Year 


Costs, Last Year 
Revenues, Last Year 


You should be sure to have sound reasons for your 
choices—reasons ensuring that no other arrangement of 
the titles will fit the data. The /ast thing you want to do is 
present incorrect information to the company bigwigs! 


$100,000s 


PNW FUAD 


FSS Sct 


| | | | 
Last Ist 2nd 3rd 4th 
quarter = qtr. qtr. qtr. qtr. 
of 
previous 
year 


ILLUSTRATION 1 
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$100,000s 

He NwW RUD 
$100,000s 

= } Wa 
$100,000s 

= \ na 


L L L L >! x L L L L x L L L L Xx 
Last Ist 2nd 3rd = 4th Last Ist 2nd 3rd = 4th Last Ist 2nd 3rd = 4th 
quarter qtr. qtr. qtr. qtr. quarter qtr. qtr. qtr. qtr. quarter qtr. qtr. qtr. qtr. 
of of of 
previous previous previous 
year year year 
ILLUSTRATION 2 ILLUSTRATION 3 ILLUSTRATION 4 
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DEFINITIONS AND CONCEPTS EXAMPLES 
Any ordered pair of real numbers represents a On the coordinate axis, plot (0, —2), (2, —4), and e y 
point on the rectangular coordinate system. (3, 5). (3,5) 
>X 
(0,2) 
e (2,-4) 
The point where the axes cross is called the origin. | The origin is represented by the ordered pair (0, 0). 
The four regions of a coordinate plane are called The point with coordinates (5, 3) is in quadrant I. 
quadrants. The point with coordinates (—5, 3) is in quadrant II. 
The point with coordinates (—5, —3) is in quadrant III. 
The point with coordinates (5, —3) is in quadrant IV. 
An ordered pair of real numbers is a solution of The ordered pair (—1, 5) is a solution of the equation x — 2y = —11 because 
an equation in two variables if it satisfies the it satisfies the equation. 
equation. 
x—2y=-11 
(-1) — 2(5) 2-11 — Substitute —1 for x and 5 for y. 
-1-104-11 
—-l11=-11_ True. 
Since the results are equal, (—1, 5) is a solution. 
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General form of an equation of a line: 

Ax + By=C_ (Aand Bare not both 0.) 
To graph a linear equation, 
1. Find three ordered pairs (x, y) that satisfy the 


equation. 


2. Plot each pair on the rectangular coordinate 
system. 


3. Draw a line passing through the three points. 


The y-intercept of a line is the point where the line 
intersects the y-axis. 


The x-intercept of a line is the point where the line 
intersects the x-axis. 
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The equation x + y = —2 is written in general form. 


To graph it, find three ordered pairs that satisfy the equation. 


> X 


x+y=-2 


Then plot the points and draw a line passing through them. 
The y-intercept of the graph above is the point with coordinates (0, —2). 


The x-intercept of the graph above is the point with coordinates (—2, 0). 


Graph of a horizontal line: 
y=b y-intercept at (0, 5) 
Graph of a vertical line: 


x=a x-intercept at (a, 0) 


The graph of y = —3 is a horizontal line passing 
through (0, —3). 


The graph of x = 2 isa vertical line passing 
through (2, 0). 


Midpoint formula: 
If P(x;, y,) and Q(x, v2), the midpoint of 
segment PQ is 


xX, t+ X2 Wit 22) 
MI pai A ok Se = 
( Dp * 2 


To find the midpoint of the line segment joining P(3, —2) and Q(2, —5), find 
the mean of the x-coordinates and the mean of the y-coordinates: 


pr xz S+2 5 
2 2 2 
vity2_ -2+(-5)_ 7 
2 2 2 


The midpoint of segment PQ is the point M3, —f), 


REVIEW EXERCISES 

Graph each equation. 

lxty=4 2. 2x -—y=8 
y y 


3. y=3x+4 4.x =4-2y 
y y 
A A 


> xX 


xX 
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7. 2(x+3)=x+2 
yy. 


8. 3y = 20 - 1) 


y 
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> xX > xX 


> xX 


9. Find the midpoint of the line segment joining (—3, 5) and 


(6, 11). 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


SECTION 8.2 


Slope of a nonvertical line: 
If xX2 # X15 


poet =a 
AX (Xo Xj 


Horizontal lines have a slope of 0. 
Vertical lines have no defined slope. 
Parallel lines have the same slope. 


The slopes of two nonvertical perpendicular lines 
are negative reciprocals. 


The slope of a line passing through (—1, 4) and (5, —3) is given by 


pen 3-4 7 
X.—- xX, %5-(-1 6 


y = Sisa horizontal line with slope 0. 


x = Sisa vertical line with no defined slope. 


Two lines with slopes i and 5 are parallel if they have different y-intercepts. 


Two lines with slopes 5 and -i are perpendicular. 


REVIEW EXERCISES 


possible. 
10. P(2, 5) and Q(5, 8) 


12. P(—3, 4) and O(—5, —6) 


14. P(—2, 4) and O(8, 4) 


16. 2x — 3y = 18 17. 2x +y=8 


11. P(—3, —2) and O(6, 12) 


18, —2(x — 3) = 10 


Find the slope of the line passing through points P and Q, if 


perpendicular, or neither. 


20. m, = 4, My = =| 


13. P(5, —4) and O(—6, —9) 


22. m, = 0.5, m, = —4 


15. P(—S5, —4) and Q(—S, 8) 


of growth in sales per year. 


19. 3y+1=7 
Determine whether the lines with the given slopes are parallel, 


21. mM, = 0.5, My = 


23. mM, = 5, > = —0.2 


Find the slope of the graph of each equation, if one exists. 24. Sales growth If the sales of a new business were $65,000 
in its first year and $130,000 in its fourth year, find the rate 


2 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


SECTION 8.3 


Equations of a line: 


Point-slope form: 


YY = mx — x1) 


Write the point-slope form of a line passing through (—3, 5) with slope 5. 


y— yy = m(x — x4) This is point-slope form. 


1 
y-5= gh — (-3)] Substitute. 


1 
posses 9) 
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Slope-intercept form: Write the slope-intercept form of a line with slope 5 and y-intercept (0, —4). 
y=mx+b y=mx+hb This is slope-intercept form. 
1 F 
yg 4 Substitute. 
1 
y= al —4 
REVIEW EXERCISES 30. Are the lines represented by 2x + 3y = 8 and 
Write the equation of the line with the given properties. Write the 3x — 2y = 10 parallel or perpendicular? 
equation in general form. 
25. Slope of 3; passing through P(—8, 5) 31. Depreciation A business purchased a copy machine for 
26. Passing through (—2, 4) and (6, —9) $8,700 and will depreciate it on a straight-line basis over 
: : ° the next 5 years. At the end of its useful life, it will be sold 
27. Passing through (—3, —5); parallel to the graph of f tae’ aor : 
yop 4 as scrap for $100. Find its depreciation equation. 
28. Passing through (—3, —5); perpendicular to the graph of 
3x —2y=7 
29. Use the slope of a line to help y 
graph the function y = dx = ee 
> x 


SECTION 8.4 


DEFINITIONS AND CONCEPTS EXAMPLES 


A relation is any set of ordered pairs. Find the domain and range of the relation {(2, —1), (6, 3), (2, 5)} and deter- 


A function is any set of ordered pairs (a relation) mine whether it defines a function. 


in which each first component (input value) deter- 
mines exactly one second component (output 


value). 

The domain of a function is the set of input Domain: {2, 6} because 2 and 6 are the first components in the ordered pairs. 

values. 

The range is the set of output values. Range: {—1, 3, 5} because —1, 3, and 5 are the second components in the 
ordered pairs. 
The relation does not define a function because the first component 2 deter- 
mines two different second components. 

The vertical line test can be used to determine Find the domain and range of the function repre- A 

whether a graph represents a function. sented by the graph and determine whether it is a 


function. 
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Since the graph extends forever to the left, and stops at x = 3 on the right, the 
domain is (—%, 3]. 


Since the graph extends forever downward and ends at y = 4, the domain is 
(—%, 4] 


Since every vertical line that intersects the graph will do so exactly once, the 
vertical line test indicates that the graph is a function. 


f(k) represents the value of f(x) when x = k. 


If f(x) = —7x + 4, find f(2). 


f(x) = -7x + 4 

f(2) = -72) +4 Substitute 2 for x. 
=-144+4 
=—-10 


In ordered pair form, we can write (2, —10). 


The domain of a function of x that is defined by 
an equation is the set of all numbers that are per- 
missible replacements for x. 


Find the domain of f(x) = —. 

The number —7 cannot be substituted for x in the function, because that 
would make the denominator 0. However, any real number, except —7, can be 
substituted for x to obtain a single value y. Therefore, the domain is the set of 
all real numbers except —7. This is the union of two intervals 

(—%, —7) U (-7, ~). 


A linear function is a function defined by an equa- 


tion that can be written in the form 
f(x) = mx + b or y=mxt+b 


where 77 is the slope of the line graph and (0, 5) is 
the y-intercept. 


The graph of f(x) = 4x — 1 isa line with slope 4 and y-intercept (0, —1). 
The domain is the set of real numbers R, and the range is the set of real 
numbers R. 


REVIEW EXERCISES 


Determine whether each equation determines y to be a function 


of x. 

32. y= 6x — 4 33. y=4-x 

34. =x 35. |y| = x° 

Assume that f(x) = 3x + 2 and g(x) = x” — 4 and find each 
value. 

36. f(-3) 37. 2(8) 

38. g(—2) 39. f(5) 


Find the domain of each function and graph the function to find 


its range. 

40. f(x) =4x- 1 
41. f(x) = 3x — 10 
42. f(x) =x +1 


4 
43. f(x) = oe 


7 
44. f(x) = x3 


45. y=7 


Use the vertical line test to determine whether each graph repre- 
sents a function. 


46. 


x 


y 47. y 
48. y 49. y 
a4 Mv 3 
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SECTION 8.5 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Graphs of nonlinear equations are not lines. 


Vertical translations: 
If f is a function and k is a positive number, then 


e The graph of f(x) + k is identical to the graph 
of f(x), except that it is translated & units 
upward. 


e The graph of f(x) — k is identical to the graph 
of f(x), except that it is translated k units down- 
ward. 


Horizontal translations: 
If f is a function and & is a positive number, then 


e The graph of f(x — k) is identical to the graph 
of f(x), except that it is translated k units to the 
right. 

e The graph of f(x + k) is identical to the graph 


of f(x), except that it is translated k units to the 
left. 


Reflections: 
The graph of y = —f(x) is the graph of f(x) 
reflected about the x-axis. 


The graph of f(x) = |x| + 4 will be the same shape as the graph of 
f(x) = |x|, but shifted up 4 units. 


The graph of f(x) = |x| — 3 will be the same shape as the graph of 
f(x) = |x|, but shifted down 3 units. 


The graph of f(x) = (x — 3)° will be the same shape as the graph of 
f(x) = x’, but shifted 3 units to the right. 


The graph of f(x) = (x + 4)? will be the same shape as the graph of 
f(x) = x’, but shifted 4 units to the left. 


The graph of f(x) = —x? is the graph of f(x) = x reflected about the x-axis. 


Finding the domain of a rational function: 
The domain of a rational function is all values for 
which the function is defined. 


Since the denominator of the fraction in f(x) = oa cannot be 0, the 
domain of f(x) is all real numbers except 2. In interval notation, this is 
(—, 2) U (2, ©). 


Vertical asymptotes occur where a rational func- 
tion is not defined. 


We obtain the range from the graph. 


A horizontal asymptote occurs when a value is 
excluded from the range. 


c 7 y 
X+1 there will be a i 


In the graph of f(x) = =>, 
vertical asymptote at x = 2 because the func- 


tion is not defined when x is 2. 


From the graph, we see that the range is (—~, 1) U (1, ~). 


There will be a horizontal asymptote at y = 1. 


REVIEW EXERCISES 
Graph each function. 
50. f(x) =x - 3 


y y 
A A 


51. f(x) = |x| — 4 


52. f(x) = (x — 2) 53. f(x) =(x + 4" -3 
¥ J 
A 


> xX 


> X rT a 
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54. f(x) = —x* - 2 55. f(x) = —|x—1| +2 60. f(x) = —x* — 2 61. f(x) = -|x-1| +2 
2 x 
A 

> xX 
Use a graphing calculator to graph each rational function 
mx and find its domain and range. 
2 x 
62. f(x) = —— . - 
f@=—> 63. f(x) = 5 


Use a graphing calculator to graph each function. Compare 
HE] the results in Problems 50-55. 


56. f(x) = x7 —3 57. f(x) = |x| — 4 


58. f(x) = (x — 2) 59. f(x) =(x + 4" -3 


SECTION 8.6 


DEFINITIONS AND CONCEPTS EXAMPLES 
Solving a proportion: To solve * = ; = 2, proceed as follows: 
In a proportion, the product of the extremes is . 
equal to the product of the means. 3x(x — 1) = 2(x + 1) The product of the extremes is equal 
to the product of the means. 
3x° — 3x = 2x +2 Remove parentheses. 
3x? — 5x -2=0 Subtract 2x and 2 from both sides. 
(3x + 1)(x — 2) =0 Factor. 
3x+1=0 or x—2=0 _— Use the zero factor property. 
| 
oor x =2 Solve each linear equation. 


The solutions are 5, 2. 


Solving variation problems Express each sentence as a formula: 


Direct variation: 


y=kx (kisaconstant) The distance, d, a car travels is directly proportional to the time, ¢, it has been 
traveling. d= kt 


Inverse variation: 


k : : book ‘ ; 
y=— (kisaconstant) The temperature, T, of the coffee in the mug varies inversely to the time, ¢, it 
has been sitting on the counter. 


Joint variation: 


y=kxz (kisaconstant) The interest, 7, on the money is jointly proportional to the principle, p, and 
the interest rate,r. I= kpr 
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Combined variation: 
kp : 
y= = (k is a constant) The pressure, P, of the gas varies directly as the temperature, ¢, and inversely 
) as the volume, V. 
kt 
P =_— 
V 
REVIEW EXERCISES 67. Assume that y varies inversely with x. If x = 24 when 
Solve each proportion. y = 3, find the value of y when x = 12. 
64. ~ +1 _ 4x — 2 65 1 _xt 10 68. Assume that y varies jointly with x and z. Find the con- 
8 23 x +6 12 stant of variation if x = 24 when y = 3 andz = 
69. Assume that y varies directly with ¢ and inversely with x. 
Find the constant of variation if x = 2 when ¢ = 8 and 
66. Assume that y varies directly with x. If x = 12 when y = 2, y= 64. 
find the value of y when x = 12. 


Chapters TEST 


1. Graph the equation 2x — Sy = 10. 9. Write the equation of the line with slope of $ that passes 
y through (4, —5). Give the answer in slope-intercept form. 
A 


10. Write the equation of the line that passes through (—2, 6) 
———>————— * and (—4, —10). Give the answer in general form. 


11. Find the slope and the y-intercept of the graph of 
2(x — 3) = 3(2y + 5). 
12. Determine whether the graphs of 4x — y = 12 and 


2. Find the coordinates of the midpoint of the line segment 1 : : 

chown nite ilictagan: y = qx + 3are parallel, perpendicular, or neither. 
y 
A 13. Determine whether the graphs of y = —3x + 4and 


2y = 3x — 3 are parallel, perpendicular, or neither. 


a” 14. Write the equation of the line that passes through the origin 
and is parallel to the graph of y = 3x = 7, 
15. Write the equation of the line that passes through (—3, 6) 


; ; 2 
As and is perpendicular to the graph of y = —3x — 7. 
3. Find the x- and y-intercepts of the graph of y = ~4 2 Bree eed : 


=x i 9 
4. Is the graph of x — 7 = 0a horizontal or a vertical line? Us Diaes py] = a Cletua yuo bee MuineN ONG 


17. Find the domain and range of the function f(x) = |x| by 


graphing. 
Find the slope of each line, if possible. 18. Find the domain and range of the function f(x) = x° by 
5. The line through (—2, 4) and (6, 8) graphing. 


. The graph of 2x — 3y = 8 
. The graph of x = 12 
. The graph of y = 12 


Let f(x) = 3x + 1andg(x) = x? — 2. Find each value. 
19. f(3) 20. 2(0) 
21. f(a) 2 dy (k( = 35) 


on a 


Determine whether each graph represents a function. 
23. y 24. y 


25. Graph: f(x) = x? - 1. 


26. Graph: f(x) = —|x + 2]. 
y y 
A 


> X 
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sears) 
250 
28. Assume that y varies directly with x. If x = 30 when y = 4, 
find y when x = 9. 


27. Solve the proportion: —— = 


29. Assume that V varies inversely with ¢. If V = 55 when 
t = 20, find t when V = 75. 


30. Does the graph define a function? 


y 
A 


Determine which numbers in the set { =2,0) 42h 8 6,7, V5, a} 
are in each category. 


1. Natural numbers 
2. Whole numbers 
3. Rational numbers 


a 


Irrational numbers 
5. Negative numbers 
6. Real numbers 
7. Prime numbers 
8. Composite numbers 
9. Even numbers 

10. Odd numbers 


Graph each interval on the number line. 
Wh =2 << xs 5 


Ws [= 30) WI 3, 6 


Simplify each expression. 


Eee eel 14, 
=| 


[esate alse 


Perform the operations. 

8-4 
Ws Pap Gio) 16. ei 

6+ 3(6+4 
ds B= (=) = 2) 18. So 
Let x = 2andy = —3 and evaluate each expression. 
19. —x — 2y 20. wae 


Determine which property of real numbers justifies each statement. 
21. (a+ b)+c=at+(bt+c) 

Py, Xoo ae I) = she ae Shp 

23. (a+ b)+c=ct+(at+b) 

24. (ab)c = a(bc) 


Simplify each expression. Assume that all variables are positive 
numbers and write all answers without negative exponents. 


25. (x2y*4 26. a 
SON Il SiON (0) 
ab —3a-b 
27. | - 26 
( ab ) ( 6a 7b? ) 
29. Change 0.00000497 to scientific notation. 
30. Change 9.32 x 10° to standard notation. 


CHAPTER 9 


Radicals and 
Rational Exponents 


Radical Expressions 


2 Applications of the Pythagorean Theorem 
and the Distance Formula 


3 Rational Exponents 

Simplifying and Combining Radical Expressions 
Multiplying and Dividing Radical Expressions 
Radical Equations 
Complex Numbers 


©Shutterstock.com/phdpsx 


Photographers produce and preserve images that paint 
a picture, tell a story, or record an event. They use either 
a traditional camera that records images on silver halide 
film that is developed into prints or a digital camera 
that electronically records images. 


Photographers held about In this chapter > 


129,000 jobs in ee xed tO 


In this chapter, we will reverse the squaring process 
and learn how to find square roots of numbers. We 
also will learn how to find other roots of numbers, 
solve radical equations, and discuss complex 


numbers. 


eo 
2004. More than roar ane’® erage fora 


‘al as Cx 
half were self- Socata 


employed. 

Employers usually 

seek applicants with a 
“good eye,’ 

imagination, and 

creativity. Entry-level 
positions in 
photojournalism generally 
require a college degree in 
journalism or photography. 
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Radical Expressions 


GD Simplify a perfect-square root. 
© Simplify a perfect-square root expression. 

&} Simplify a perfect-cube root. 

@3 simplify a perfect nth root. 

© Find the domain of a square-root function and a cube-root function. 
@3 Use a square root to find the standard deviation of a set of data. 


Objectives 


Vocabulary 


(Ixy)? 


Getting Ready 


In this section, we will discuss square roots and other roots of algebraic expressions. We 
also will consider their related functions. 


@ Simplify a perfect-square root. 
When solving problems, we often must find what number must be squared to obtain a 
second number a. If such a number can be found, it is called a square root of a. For 
example, 
- (Qisa square root of 0, because 07 = 0. 
- 4isasquare root of 16, because 47 = 16. 
- —4isa square root of 16, because (—4)* = 16. 
- 7xy is a square root of 49x*y*, because (7x)? = 49x7y". 
» —T7xy is a square root of 49x7y?, because (—7xy)* = 49x7y. 


All positive numbers have two real-number square roots: one that is positive and one 
that is negative. 
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EXAMPLE 1 Find the two square roots of 121. 


Solution The two square roots of 121 are 11 and —11, because 
1?=121 and = (-11 =121 


EY SELF CHECK 1 Find the square roots of 144. 


To express square roots, we use the symbol Vv, called a radical sign. For example, 


V121 = 11 Read as “The positive square root of 121 is 11.” 
—V121 =—-11_ Readas “The negative square root of 121 is —-11.” 


The number under the radical sign is called a radicand. 


Square Root of a If a > 0, Va is the positive number whose square is a. In symbols, 
(va) = a 
The positive number Va is called the principal square root of a. 
If a = 0, Va = V0 = O. The principal square root of 0 is 0. 


If a < 0, Vais not a real number. 


COMMENT The principal square root of a positive number is always positive. Although 
5 and —5 are both square roots of 25, only 5 is the principal square root. The radical 


ComMENT These examples expression 25 represents 5. The radical expression — V25 represents —5. 


suggest that if any number a 
can be factored into two equal 
factors, either of those factors 
is a square root of a. 


Because of the previous definition, the square root of any number squared is that 
number. For example, 


(V10) = V10-V10 = 10 (Va) = Va- Va=a 


EXAMPLE 2 Simplify each radical. 


a V1 =1 b. V81 =9 
c. —V81 = -9 d. —\/225 = -15 
Ae 1 | 16 4 
e,/-= = fe 
4 2 21 
g. V0.04 = 0.2 h. —V0.0009 = —0.03 
FEY SELF CHECK 2 = Simplify: a. —/49 b. \/ 3. 


Numbers such as 1, 4, 9, 16, 49, and 1,600 are called integer squares, because each 
one is the square of an integer. The square root of every integer square is an integer. 


Vi=l V4=2 V9=3 V16=4 V49=7 ~~ V1,600 = 40 


PERSPECTIVE Calculating Square Roots 


The Bakhshali manuscript is an early mathematical man- 
uscript that was discovered in India in the late 19th 
century. Mathematical historians estimate that the manu- 
script was written sometime around 400 A.D. One section 
of the manuscript presents a procedure for calculating 
square roots using basic arithmetic. Specifically, we can 
use the formula 


VQ=A+ 


b ( b ) 

2A \4A(2A? + b) 
where A? = a perfect square close to the number Q, and 
b=Q- A’. 
Source: http://www.gap-system.org/~history/HistTopics/Bakhshali_ 
manuscript.html 

For example, if we want to compute an approxima- 
tion of 7 Ol we can choose A? = 16. Thus, A = 4 and 
b = 21 — 16 = 5. So we get 
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ae a ) 
VN Sa) (2)(4) wer 45) 


ari _( 25 ) 
- 8 \(16)(37) 


525 
=4+=—— ~ 45827702 
Org 


Using the square root key on a calculator, we see 
that, to nine decimal places, V/21 = 4.582575695. There- 
fore, the formula gives an answer that is correct to three 
decimal places. 


1. Use the formula to approximate V 105. How accurate 
is your answer? 


2. Use the formula to approximate V 627. How accurate 
is your answer? 


The square roots of many positive integers are not rational numbers. For example, 


V/11 is an irrational number. To find an approximate value of V/11 with a calculator, we 
enter these numbers and press these keys. 


11 2ND VW 


2ND \V 11 ENTER 


Either way, we will see that 


V11 ~ 3.31662479 


Using a scientific calculator 


Using a graphing calculator 


Square roots of negative numbers are not real numbers. For example, V —9 is not a 
real number, because no real number squared equals —9. Square roots of negative 
numbers come from a set called imaginary numbers, which we will discuss later in this 


chapter. 


Simplify a perfect-square root expression. 


If x # 0, the positive number x* has x and —x for its two square roots. To denote the 


positive square root of x7, we must know whether x is positive or negative. 


If x > 0, we can write 


Wir = % 


ee 1 i‘ 7 
Vx? represents the positive square root of x~, which is x. 


If x is negative, then —x > 0, and we can write 


Via 2 


es 2 : . 
Vx? represents the positive square root of x~, which is —x. 


If we don’t know whether x is positive or negative, we must use absolute value symbols to 
guarantee that Vx is positive. 
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Definition of \x2 


EXAMPLE 3 


Ey SELF CHECK 3 


Cube Root of a 


EXAMPLE 4 


CHAPTER9 Radicals and Rational Exponents 


If x can be any real number, then 


Vx = |x| 


Simplify each expression. Assume that x can be any real number. 


a. V16x7 = V(4x)? 


Write 16x? as (4x). 


= |4x| Because (|4x|)” = 16x7. Since x could be negative, absolute value 
symbols are needed. 
= 4|x| Since 4 is a positive constant in the product 4x, we can write it 


outside the absolute value symbols. 


b. Vx? + 2x41 


=V(x+1)?  Factorx? + 2x +1. 
=|x+4+1|] Because (x + 1)* = x* + 2x + 1. Since x + 1 can be negative (for 
example, when x = —5), absolute value symbols are needed. 
c. V4 ee Because (x*)? = x*. Since x* = 0, no absolute value symbols are 
needed. 
Simplify: a. V25a° b. Vx°+4x+4 c V 16a". 


Simplify a perfect-cube root. 


The cube root of x is any number whose cube is x. For example, 


A is a cube root of 64, because 4° = 64. 
3x7y is a cube root of 27x°y*, because (3xy)? = 27x°y?. 
—2y is a cube root of —8y*, because (—2y)* = —8y". 


The cube root of a is denoted as V/a and is the number whose cube is a. In symbols, 
(Wa) =a 
If ais any real number, then 


3 
@ =a 


We note that 64 has two real-number square roots, 8 and —8. However, 64 has only 
one real-number cube root, 4, because 4 is the only real number whose cube is 64. Since 
every real number has exactly one real cube root, it is unnecessary to use absolute value 
symbols when simplifying cube roots. 


Simplify each radical. 

as W125 = 5 Because 5° = 5-5-5 = 125 
: 13 111-41 

b. ‘a Because (5) = 99° 9 = | 


c W-27x° = -3x 


27x? 


Because (—3x)* = (—3x)(—3x)(—3x) = 


SELF CHECK4 Simplify: a. V/1,000 


EXAMPLE 5 


SELF CHECK 5 
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8a° 2 we a\(_2a\f_ 2 3 
d. 3 a = — Because ( za) ( a all =) a5 


e. VW/0.216x*y° = 0.6xy* Because (0.6xy’)? = (0.6xy7)(0.6xy?)(0.6xy") = 0.216x7y9 


bE W250". 


COMMENT The previous examples suggest that if a can be factored into three equal 
factors, any one of those factors is a cube root of a. 


Simplify a perfect nth root. 


Just as there are square roots and cube roots, there are fourth roots, fifth roots, sixth 
roots, and so on. 

When n is an odd natural number greater than 1, x represents an odd root. Since 
every real number has only one real nth root when 7 is odd, we don’t need to use absolute 
value symbols when finding odd roots. For example, 


W/243 =3 because 3° = 243 

W—-128x’ = —2x because (—2x)’ = —128x’ 

When n is an even natural number greater than 1, x represents an even root. In this 
case, there will be one positive and one negative real nth root. For example, the two real 
sixth roots of 729 are 3 and —3, because 3° = 729 and (—3)° = 729. When finding even 
roots, we use absolute value symbols to guarantee that the principal mth root is positive. 

W(-3)* = |-3] =3 Because 3* = (—3)*. We also could simplify this as follows: 

WBF = al = 3. 
W/729x° = |3x| = 3|x| Because (3|x|)° = 729x°. The absolute value symbols 


guarantee that the sixth root is positive. 


In the radical Vx, n is called the index (or order) of the radical. When the index is 2, 
the radical is a square root, and we usually do not write the index. 

Va = Vx 
COMMENT When 7» is an even number greater than 1 and x < 0, Wx is not a real 


number. For example, V/—81 is not a real number, because no real number raised to the 
4th power is —81. However, when x is odd, \/x is a real number. 


Simplify each radical. 
a. 1/625 = 5, because 54 = 625 Read /625 as “the fourth root of 625.” 
b. \/—32 = —2, because (—2)? = —32 Read V/—32 as “the fifth root of —32.” 
c of — (5) : Read \°/2 “the sixth tof 4.” 

. 44—— = —, because | =] = — al rat 

a use | 5 6A ead \/z as “the sixth root of 

d. V/10’ = 10, because 10’ = 10’ Read V/10’ as “the seventh root of 107.” 
Simplify: a. \/ b. V/10°. 
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When finding the nth root of an nth power, we can use the following rules. 


Definition of a” If nis an odd natural number greater than 1, then Wa" = a. 


. n 
If nis an even natural number, then Va" = |a|. 


EXAMPLE 6 Simplify each radical. Assume that x can be any real number. 


Solution a. \/x° = x Since 7 is odd, absolute value symbols aren’t 
needed. 
b. W/16x* = |2x| = 2|x| Since n is even and x can be negative, absolute 


value symbols are needed to guarantee that the 
result is positive. 


c W(x + 4)° = |x + 4| Absolute value symbols are needed to guarantee 
that the result is positive. 
d. W (x+1p=x+1 Since n is odd, absolute value symbols aren’t 
needed. 
e. V(x? + 6x + 9 = Vi[(x + 3°? Factor x7 + 6x + 9. 
= V(x + 3) 
= (x + 3y Since (x + 3)* is always positive, absolute value 
symbols aren’t needed. 
EJ SELF CHECK6 Simplify: a. W/16a* b. Wa + 5). 


We summarize the possibilities for Wx as follows: 


Definition for V”x If nis a natural number greater than | and x is a real number, then 


If x > 0, then Vx is the positive number such that (Wx)" = 
li; = 0) then \/% = 0. 
and n is odd, then V/x is the real number such that (vee = 


If oes 0 ‘ n . 
nis even, then Vx is not a real number. 


5] Find the domain of a square-root function and a cube-root function. 


Since there is one principal square root for every nonnegative real number x, the equa- 
tion f(x) = Vx determines a function, called the square-root function. 


EXAMPLE 7 Consider the function f(x) = Vx. 


a. Find its domain. b. Graph the function. c. Find its range. 


Solution a. To find the domain, we note that x = 0 in the function because the radicand must 
be nonnegative. Thus, the domain is the set of nonnegative real numbers. In interval 
notation, the domain is the interval [0, ~). 
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b. We can make a table of values and plot points to get the graph shown in Figure 9-1 (a). 
If we use a graphing calculator, we can choose window settings of [—1, 9] for x and 
[—2, 5] for y to get the graph shown in Figure 9-1(b). Since the equation defines a 
function, its graph passes the vertical line test. 


y 
A 


f(x) = 
x| ue | ae 700) 
0 (0, 0) 
1 ; (1, 1) 
4) 2 (4, 2) 
9} 3 (9, 3) 


(a) (b) 
Figure 9-1 


c. From either graph, we can see that the range of the function is the set of nonnega- 
tive real numbers, which is the interval [0, ©). The graph also confirms that the 
domain is the interval [0, ~). 


SELF CHECK 7 Graph f(x) = Vx + 2 and compare it to the graph of f(x) = Vx. Find the domain 
and the range. 


The graphs of many functions are translations or reflections of the square-root func- 
tion. For example, if k > 0, 


The graph of f(x) = Vx + kis the graph of f(x) = Vx translated k units up. 
The graph of f(x) = Vx — kis the graph of f(x) = Vx translated k units down. 
+ The graph of f(x) = Vx + kis the graph of f(x) = Vx translated k units to the left. 
The graph of f(x) = Vx — kis the graph of f(x) = Vx translated k units to the right. 
+ The graph of f(x) = — Vx is the graph of f(x) = Vx reflected about the x-axis. 


EXAMPLE 8 _ Consider the function f(x) = —Vx + 4 — 2. 


a. Find itsdomain. b. Graph the function. c. Find its range. 


Solution a. To find the domain, we note that the radicand must be nonnegative and solve the 
following inequality: 
x+420 


x=Z-—4 


In interval notation, the domain is the interval [—4, °). 


b. This graph will be the reflection of f(x) = Vx about the x-axis, translated 4 units to 
the left and 2 units down. (See Figure 9-2(a).) We can confirm this graph by using a 
graphing calculator. If we choose window settings of [—5, 6] for x and [—6, 2] for y 
, we will get the graph shown in Figure 9-2(b). 


618 CHAPTER9 Radicals and Rational Exponents 


y 
A 
4 
x 
—2 
PSSSPeer Z = ; 
fa) =| 4+4-2 ea 
(a) (b) 


Figure 9-2 


c. From either graph, we can see that the range is the interval (—%, —2]. The graph 
also confirms that the domain is the interval [—4, »). 


ES SELF CHECK 8 = Graph f(x) = Vx — 2 — 4 and find the domain and range. 


EXAMPLE 9 PERIODOFAPENDULUM The period of a pendulum is the time 
required for the pendulum to swing back and forth to complete 
one cycle. (See Figure 9-3.) The period ¢ (in seconds) is a func- 
tion of the pendulum’s length /, which is defined by the formula 


l 


Find the period of a pendulum that is 5 feet long. 


Solution We substitute 5 for / in the formula and simplify. 


| 1 
=? — 
t TT. 32 
on Substitut 
T. 32 ubstitute. 


= 2.483647066 Use a calculator. 


Figure 9-3 


To the nearest tenth, the period is 2.5 seconds. 


FJ SELF CHECK9 To the nearest hundredth, find the period of a pendulum that is 3 feet long. 


Ve@a\ hm) Mazes nia To solve Example 9 with a graphing calculator with window settings of [—2, 10] for x 
and [—2, 10] for y, we graph the function f(x) = 27 a as in Figure 9-4(a) on the 


Finding the Period 
of a Pendulum next page. We then trace and move the cursor toward an x-value of 5 until we see the 


coordinates shown in Figure 9-4(b). The period is given by the y-value shown on the 
screen. By zooming in, we can get better results. 


(continued ) 
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Yi = 20 V(X/32) 


X =5.0212766 Y =2.4889258 
(a) (b) 
Figure 9-4 


The equation f(x) = Vx defines the cube-root function. From the graph shown in 
Figure 9-5(a), we can see that the domain and range of the function f(x) = /x are the 
set of real numbers. Note that the graph of f(x) = Wx passes the vertical line test. 
Figures 9-5(b) and 9-5(c) show several translations of the cube-root function. 


flys ie 


Figure 9-5 


6] Use a square root to find the standard deviation of a set of data. 


In statistics, the standard deviation of a data set is a measure of how tightly the data 
points are grouped around the mean (average) of the data set. 

To see how to compute the standard deviation of a distribution, we consider the dis- 
tribution 4, 5, 5, 8, 13 and construct the following table. 


Squares of the 
Original Mean of the Differences (original differences 
terms distribution term minus mean) from the mean 
4 7 =3} 9 
5 7 =2 4 
5 7 =2 4 
8 7 1 1 
13 7 6 36 


The population standard deviation of the distribution is the positive square root of the 
mean of the numbers shown in column 4 of the table. 


sum of the squares of the differences from the mean 


Senden dewanon = ‘ number of differences 


~ Ptitar itis 
5 
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EXAMPLE 10 


Solution 


SELF CHECK ANSWERS 
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= 3.286335345 Use acalculator. 


To the nearest hundredth, the standard deviation of the given distribution is 3.29. 
The symbol for the population standard deviation is a, the lowercase Greek letter sigma. 


Which of the following distributions has the most variability? 
a. 3,5,7,8,12 b. 1,4, 6,11 
We compute the standard deviation of each distribution. 


a. Squares of the 
Original Mean of the Differences (original differences 


terms distribution term minus mean) from the mean 
3 7 —4 16 
5 7 =? 
7 7 0 0 
8 7 
12 7 5 235 
g = [PAF O14 _ M6 3095 
5 5 
b. Squares of the 
Original Mean of the Differences (original differences 
terms distribution term minus mean) from the mean 
1 es) —4.5 IXY) YS 
+ 5.5) = les D5) 
6 51.5) 0.5 0.25 
itl 3.5) Oy) 30.25 
20.25 + 2.25 + 0.25 + 30.25 53 
o= ri 4 = “ 4 = 3.64 


Since the standard deviation for the second distribution is greater than the standard 
deviation for the first distribution, the second distribution has the greater variability. 


c. 4a? 
b.a+5 


to H2=12 FL Eb = th EL Eb Sle] 
4.a.10 bo} « 5a 
7. It is 2 units higher. 


ey [xe ae 2] 
6. a. 2/a| 


9. 1.92'sec 


V100x1, 


1. Simplify: 


2. Without using a calculator, between which two integers will the value of each expression be 


b. V/54 


found? 


a. V8 
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3. Given that 27! 5, 2° 


you expect the value of each expression to be found? 


a. 21/2 b. 27 


9.1 EXERCISES 


WARM-UPS _ Simplify each radical, if possible. 


1. V9 2. -V16 
3. V/-8 4. V/32 
5. V 64x" 6. W—-27x° 
7. V-3 8. V(x + 18 
REVIEW 

Simplify each rational expression. Assume no division by zero. 

pe aie Pie 

* 2 - 10. - 2 

x — 16 b—a 


Perform the operations. Assume no division by zero. 


rx -6 x-1 
11. = : 

x Ix = 3) Xo + R= 2 

x -3x-4 x -2x-3 
12. 5 

Kee 6: Re SD 

+ = 

13. 3 3m 14. 2x + 3 _ x 4 

m+1 m-—1 3x — 1 2x +1 
VOCABULARY AND CONCEPTS 
Fill in the blanks. 
15. 5x7 is the square root of 25x*, because = 25x* and 6 


is a square root of 36 because 


16. The numbers 1, 4, 9, 16, 25,... are called 


c. W54 
1, 2' = 2,2? = 4, and 2? = 8, between which two integers would 
«. 2°? 
—_ 
’ 


17. The principal square root of x (x > 0) is the 
square root of x. 

18. The graph of f(x) = Vx + 3 is the graph of f(x) = Vx 
translated __ units __. 

19. The graph of f(x) = Vx + Sis the graph of f(x) = Vx 


translated __ units to the ____ 
20. When n is an odd number greater than 1, Wx represents an 
root. 
21. Given the radical Wo, b, the symbol V isthe sign, 
ais the , and b is the 
22. The square-root function has the —- , while the 


cube-root function has the domain 


23. Vie = __ 28. (x) a 

25. We = __ 26. V0= _ 

27. When nis a positive number, Wx represents an even 
root. 

28. The deviation of a set of numbers is the positive 


square root of the mean of the squares of the differences of 
the numbers from the mean. 


Identify the radicand in each expression. 
29. V3x" 30. 5Vx 


1 
31. ab’Va + 32. af 
GUIDED PRACTICE 
Find each square root, if possible. See Examples 1-2. (Objective 1) 


33. V121 34. \/144 
35. —V/64 36. —V1 


37 Ji 38 em aS 
“V9 . 25 
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39. — = 40. as 
49 81 

41. V—25 42 0.25 

43 0.16 44 —49 


Find each square root. Assume that all variables are unrestricted, 


and use absolute value symbols when necessary. See Example 3. 
(Objective 2) 


45. V/4x° 46. V/16)7 
47. V9a* 48. \/16b" 
49. V(t + 5) 50. V(a + 6) 
51. Va + 6a +9 52. Vx? + 10x + 25 
Simplify each cube root. See Example 4. (Objective 3) 
53. V1 54. \/-8 
55. V/—125 56. W/512 
57. {-£ 58. oe 

27 216 
59. \/0.064 60. V/0.001 
61. V/8a° 62. W/—27x° 


63. W/—1,000p°¢° 64. \/343a°b° 


Simplify each radical, if possible. See Example 5. (Objective 4) 


65. W/81 66. \/64 

67. —\/243 68. — \/625 

69. \/—32 70. W/729 

n. 4/16 72. 73 
625 ° 32 

1 

73. —) rs 74. “/—729 
r 4/81 

75. W—256 76. =A) 5e5 


Simplify each radical. Assume that all variables are unrestricted, 
and use absolute value symbols where necessary. See Example 6. 
(Objective 4) 


77. W/16x* 78. \/32a° 

79. V/8a° 80. \/64x° 
1 1 

81. 176% 82. ,4 a” 

83. W/x!? 84. V/x74 

85. Wx 86. \/—x° 

87. W/—27a° 88. \/—32x° 


Find each value given that f(x) = \x — 4. (Objective 5) 
89. f(4) 90. /(8) 
91. f(20) 92. f(29) 


Find each value given that g(x) = \x — 8. (Objective 5) 
93. 2(9) 94. g(17) 
95. 2(8.25) 96. 2(8.64) 


Graph each function and find its domain and range. 


See Examples 7-8. (Objective 5) 
97. f(xy) =Vxt+4 98. f(x) = -Vx-2 


99. f(x) = Wx —-1 100. f(x) = —Vx — 3 


ADDITIONAL PRACTICE 


Simplify each radical. Assume that all variables are unrestricted, 
and use absolute value symbols where necessary. 


101. V(—4)° 102. V(—9) 

103. \/—36 104. —\/—-4 

105. V/(—5b) 106. V(—8c)" 

107. Vt? + 24t + 144 108. Vim? + 30m + 225 

109. 3 — smn 110. ,7/ coo’? 

111. V/0.0082? 112. V/0.064s°r° 

113. Vix +2) 114. V(x + 44 

115. \/0.00000001x!°y* 116. \/0.00032x!°)° 

MW) Use a calculator to find each square root. Give the answer to 
four decimal places. 

117. V2 118. \/340 

119. 679.25 120. 0.0063 


Find each value given that f(x) = \/x* + 1. Give each answer to 
four decimal places. 


121. (4) 
123. f(2.35) 


122. f(6) 
124, f(21.57) 


125. 


126. 


127. 


128. 


129. 


130. 


APPLICATIONS Use acalculator to solve each problem. 
See Examples 9-10. (Objectives 2 and 6) 


Find the standard deviation of the following distribution 
to the nearest hundredth: 2, 5, 5, 6, 7. 

Find the standard deviation of the following distribution 
to the nearest hundredth: 3, 6, 7,9, 11, 12. 


Statistics In statistics, the formula 
Ss 
sx = 
VN 


gives an estimate of the standard error of the mean. Find 
5x to four decimal places when s = 65 and N = 30. 


Statistics In statistics, the formula 
o 
SS 
VN 


gives the standard deviation of means of samples of size N 
. Find o; to four decimal places when 0 = 12.7 and 

N = 32. 

Radius of a circle 
ves where A is its area. Find the radius of a 


The radius r of a circle is given by the 
formula r = 
circle whose area is 97 square units. 

Diagonal of a baseball diamond The diagonal d of a 


square is given by the formula d = V2s", where s is the 
length of each side. Find the diagonal of the baseball 
diamond. 
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131. Falling objects The time ¢ (in seconds) that it will take for 
an object to fall a distance of s feet is given by the formula 


If a stone is dropped down a 256-foot well, how long will 


it take it to hit bottom? 
132. Law enforcement Police sometimes use the formula 


s = kV/Ito estimate the speed s (in mph) of a car involved 
in an accident. In this formula, / is the length of the skid in 
feet, and k is a constant depending on the condition of the 


pavement. For wet pavement, k ~ 3.24. How fast was a 
car going if its skid was 400 feet on wet pavement? 


133. Electronics When the resistance in a circuit is 18 ohms, 
the current J (measured in amperes) and the power P 
(measured in watts) are related by the formula 


18 


Find the current used by an electrical appliance that is 
rated at 980 watts. 


134. Medicine The approximate pulse rate p (in beats per 
minute) of an adult who is ¢ inches tall is given by the 
formula 

_ 590 
PS 
Find the approximate pulse rate of an adult who is 71 
inches tall. 

WRITING ABOUT MATH 

135. If x is any real number, then Vx? = x is not correct. 
Explain. 

136. If x is any real number, then Wx = |x| is not correct. 
Explain. 


SOMETHING TO THINK ABOUT 
137. Is Vx — 4x + 4 = x — 2? What are the exceptions? 
138. When is Vx" # x? 
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Applications of the Pythagorean Theorem 
and the Distance Formula 


GD Apply the Pythagorean theorem to find the missing length of one side of 
a right triangle. 


® Find the distance between two points on the coordinate plane. 


Objectives 


ae use 


Vocabulary 


Evaluate each expression. 


1 34+ 4 2. 5° + 12? 
3 (5-27 +(2+19 4. (111 — 21)? + (60 — 4) 


Getting Ready 


In this section, we will discuss the Pythagorean theorem, a theorem that shows the rela- 
tionship of the sides of a right triangle. We will then use this theorem to develop a 
formula that gives the distance between two points on the coordinate plane. 


1] Apply the Pythagorean theorem to find the missing length 
of one side of a right triangle. 


If we know the lengths of two legs of a right triangle, we can find the length of the 
hypotenuse (the side opposite the 90° angle) by using the Pythagorean theorem. In fact, if 
we know the lengths of any two sides of a right triangle, we can find the length of the 
third side. 


Pythagorean Theorem If a and b are the lengths of two legs of a right triangle and c is the length of the 
hypotenuse, then 


i i ee 


In words, the Pythagorean theorem says, 


In any right triangle, the square of the length of the hypotenuse is equal to the sum of 
the squares of the lengths of the two legs. 


EXAMPLE 1 


Solution 


Pythagoras of Samos 
(569?-475? B.c.) 

Pythagoras is thought to be the 
world's first pure mathemati- 
cian. Although he is famous for 
the theorem that bears his 
name, he is often called “the 
father of music,” because a 
society he led discovered some 
of the fundamentals of musical 
harmony. This secret society had 
numerology as its religion. The 
society is also credited with the 
discovery of irrational numbers. 


SELF CHECK 1 


9.2 Applications of the Pythagorean Theorem and the Distance Formula 625 


Suppose the right triangle shown in Figure 9-6 has legs of length 3 and 4 units. To 
find the length of the hypotenuse, we can use the Pythagorean theorem. 


at+hP=ac 


3+ 44=c’ Substitute. 
9+ 16=c’ Simplify. 
25=c? Add. 


To find c, we ask “what number, when squared is equal to 25?” There are two such 
numbers: the positive square root of 25 and the negative square root of 25. Since c repre- 
sents the length of the hypotenuse and cannot be negative, it follows that c is the positive 
square root of 25. 


V25 =c Recall that the radical symbol “ represents the positive, or principal, 
square root of a number. 
5=c 


The length of the hypotenuse is 5 units. 


FIGHTING FIRES To fight a forest fire, the forestry department plans to clear a rectan- 
gular fire break around the fire, as shown in Figure 9-7. Crews are equipped with 
mobile communications with a 3,000-yard range. Can crews at points A and B remain 
in radio contact? 


Points A, B, and C form a right triangle. The lengths of its sides are represented as a, 

b, and c where a is opposite point A, 5 is opposite point B, and c is opposite point C. 

To find the distance c, we can use the Pythagorean theorem, substituting 2,400 for a 
and 1,000 for b and solving for c. 

a@t+P=ac 

2,400? + 1,000? = c? 

5,760,000 + 1,000,000 = c? 


Substitute. 


Square each value. 


6,760,000 = c? Add. 
V 6,760,000 = c Since c represents a length, it must be the positive 
square root of 6,760,000. 
2,600 =c — Useacalculator to find the square root. 


Figure 9-7 


The two crews are 2,600 yards apart. Because this distance is less than the range of the 
radios, they can communicate. 


Can the crews communicate if b = 1,500 yards? 
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PERSPECTIVE 


Pythagoras was a teacher. Although it was unusual at 
that time, his classes were coeducational. He and his fol- 
lowers formed a secret society with two rules: Member- 
ship was for life, and members could not reveal the 
secrets they knew. 

Much of their teaching was good mathematics, but 
some ideas were strange. To them, numbers were sacred. 
Because beans were used as counters to represent 
numbers, Pythagoreans refused to eat beans. They also 
believed that the on/y numbers were the whole numbers. 
To them, fractions were not numbers; F was just a way of 
comparing the whole numbers 2 and 
3. They believed that whole numbers 
were the building blocks of the uni- 
verse. The basic Pythagorean doc- 
trine was, “All things are numbers,” 
and they meant whole numbers. 


The Pythagorean theorem was an important discov- 
ery of the Pythagorean school, yet it caused some con- 
troversy. The right triangle in the illustration has two legs 
of length 1. By the Pythagorean theorem, the length of 
the hypotenuse is V2. One of their own group, Hippasus 
of Metapontum, discovered that \V/2 is an irrational 
number: There are no whole numbers a and 6 that make 
the fraction ; exactly equal to V2. This discovery was 
not appreciated by the other Pythagoreans. How could 
everything in the universe be described with whole 
numbers, when the side of this simple triangle couldn't? 
The Pythagoreans had a choice. Either expand their 
beliefs, or cling to the old. According to legend, the 
group was at sea at the time of the discovery. Rather than 
upset the system, they threw Hippasus overboard. 


Find the distance between two points on the coordinate plane. 


We can use the Pythagorean theorem to develop a formula to find the distance between 
any two points that are graphed on a rectangular coordinate system. 

To find the distance d between points P and Q shown in Figure 9-8, we construct the 
right triangle PRQ. Because line segment RQ is vertical, point R will have the same x- 
coordinate as point Q. Because line segment PR is horizontal, point R will have same y- 
coordinate as point P. The distance between P and R is |x — x,|, and the distance 
between R and Q is |y2 — y,|. We apply the Pythagorean theorem to the right triangle 


PROQ to get 


(Poy = 
kg 


(PR) + (ROY 
[x2 — x4|7 + |y2 — 1/7 
d? = (x). — m1)’ + G2 - 1)? 


Read PQ as “the length of segment PQ.” 
Substitute the value of each expression. 
Because | x2 — a he = (x2 — x)? and 
lyo-V le =(ya'= yy 


(1) d= V(x. — x) + 02 — 1) 


Since d represents a length, it must be the positive 
square root of (x. — x1)” + (v2 — yi)’. 


Equation | is called the distance formula. 


Q(x, Yo) 


lyo- yal 


PO, yy) 
Ry y1) 
x2 — | 
> x 


Figure 9-8 
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Distance Formula The distance d between two points (xj, y;) and (%2,)2) is given by the formula 


d= V(x. — x) + G2 — i’ 


EXAMPLE 2 Find the distance between the points (—2, 3) and (4, —5). 


Solution To find the distance, we can use the distance formula by substituting 4 for x5, —2 for 
X,, —5 for y, and 3 for y,. 


COMMENT Recall that d= V(x2 — m1) + 2 — a 
Va +h # Vat Vo. = V[4 — (—DP + (—5 — 3) Substitute. 
= V(4 + 2)? + (-5 — 37 Simplify. 
= Ve + (-8" Simplify. 
= \/36 + 64 Square each value. 
= V/100 Add. 
= 10 Take the square root. 


The distance between the two points is 10 units. 


SELF CHECK2 Find the distance between P(—2, —2) and Q(3, 10). 


EXAMPLE 3_ BUILDINGAFREEWAY In acity, streets run north and south, and avenues run east and 
west. Streets are 850 feet apart and avenues are 850 feet apart. The city plans to con- 
struct a straight freeway from the intersection of 25th Street and 8th Avenue to the 
intersection of 115th Street and 64th Avenue. How long will the freeway be? 


Solution We can represent the roads by the coordinate system in Figure 9-9, where the units on 
each axis represent 850 feet. We represent the end of the freeway at 25th Street and 8th 
Avenue by the point (x1, y;) = (25, 8). The other end is (x2, yx) = (115, 64). 


y 


(115, 64) 


64th Avenue 


115th Street 


25th Street 


8th Avenue 


> xX 


Figure 9-9 


We can use the distance formula to find the number of units between the two des- 
ignated points. 
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Ey SELF CHECK 3 


d= V(x2. — 11) + (2 — Wu)” 
d= V(115 — 25)? + (64 — 8° Substitute. 


= V/90? + 56° Remove parentheses. 

= V8,100 + 3,136 Square each value. 

= V11,236 Add. 

= 106 Use a calculator to find the square root. 


There are 106 units between the two designated points, and because each unit is 
850 feet, the length of the freeway is 106(850) = 90,100 feet. Since 5,280 feet = 1 mile, 
we can divide 90,100 by 5,280 to convert 90,100 feet to 17.064394 miles. Thus, the 
freeway will be about 17 miles long. 


Find the diagonal distance in feet from the intersection of 25th Street and 8th Avenue 
to the intersection of 28th Street and 12th Avenue. 


EXAMPLE 4 


Solution 


Fy SELF CHECK 4 


BOWLING The velocity, v, of an object after it has fallen d feet is given by the equation 
v’ = 64d. If an inexperienced bowler lofts the ball 4 feet, with what velocity does it 
strike the alley? 


We find the velocity by substituting 4 for din the equation v’ = 64d and solving for v. 
v = 64d 
y= 64(4) Substitute. 
y’ = 256 Multiply. 
v= V256 Since v represents a velocity, it must be the positive square root of 256. 
= 16 Simplify. 
The ball strikes the alley with a velocity of 16 feet per second. 


Find the velocity if the bowler lofts the ball 3 feet. Round to the nearest tenth. 


SELF CHECK ANSWERS 


1. yes 2. I3 units 3. 4,250ft 4. 13.9 ft/sec 


. Determine whether the points (4, —2), (—2, —4), and (—4, 2) are the vertices of an isosceles 
triangle (two equal sides), an equilateral triangle (three equal sides), or neither. Is the trian- 
gle a right triangle? 


. Find the distance between points with coordinates of (2x + 1, x + 1) and (2x — 3, x — 2). 
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Ts — 
9.2 EXERCISES . 


WARM-UPS _ Evaluate each expression. 


1, 335 2. V169 
3. V3 +4 4. V57 + 127 
5. V5? — 37 6. VS - 4 


REVIEW Find each product. 
7. (4x + 2)(x — 5) 8. (3y — 5)(2y + 3) 


9. (5t + 45)(3t — 2s) 10. (4r — 3)(2r° + 3r — 4) 

VOCABULARY AND CONCEPTS fill in the blanks. 

11. Ina right triangle, the side opposite the 90° angle is called 
the : 

12. Ina right triangle, the two shorter sides are called__. 

13. If aand bare the lengths of two legs of a right triangle and 
cis the length of the hypotenuse, then : 


14. In any right triangle, the square of the length of the 
hypotenuse is equal to the of the squares of the 
lengths of the two . This fact is known as the 


15. If x7 = 25 and xis positive, we can conclude that x is the 
square root of 25. Thus, x = 5. 
16. The formula for finding the distance between two points on 
a rectangular coordinate system is 


a= 


GUIDED PRACTICE 

The lengths of two sides of the right triangle ABC shown in the 
illustration are given. Find the length of the missing side. 

See Example 1. (Objective 1) 


17. a= 6ftandb = 8 ft B 
18. a = 10cmandc = 26cm 

19. b = 18mandc = 82m y P 
20. b = 7 ft and c = 25 ft 

21. a = 14in. andc = 50 in. A b CG 
22. a = 8cmandb = 15cm 


23. a = V6miandb = V3 mi 
24. a = V15 ft and b = V21 ft 


Find the distance between the given points. If an answer is not 
exact, use a calculator and give an approximation to the nearest 
tenth. See Example 2. (Objective 2) 
25. (0, 0), (3, —4) 

27. (2, 4), (5, 8) 

29. (—2, —8), (3, 4) 


26. (0, 0), (—6, 8) 
28. (5, 9), (8, 13) 
30. (—5, —2), (7, 3) 


a ? 


— 


31. (6, 8), (12, 16) 
33. (—3, 5), (—5, —5) 
35. (—9, 3), (4, 7) 


32. (10, 4), (2, -2) 
34. (2, —3), (4, —8) 
36. (—1, —3), (—5, 8) 


ADDITIONAL PRACTICE 


In Exercises 37-40, use a calculator to approximate each 
value to the nearest foot. The baseball diamond is a square, 
90 feet on a side. 


37. Baseball How far must a catcher throw the ball to throw 
out a runner stealing second base? 

38. Baseball In baseball, the pitcher’s mound is 60 feet, 

6 inches from home plate. How far from the mound is 
second base? 

39. Baseball If the third baseman fields a ground ball 10 feet 
directly behind third base, how far must he throw the ball to 
throw a runner out at first base? 

40. Baseball The shortstop fields a grounder at a point one- 
third of the way from second base to third base. How far 
will he have to throw the ball to make an out at first base? 


For Exercises 41-42, approximate each answer to the nearest 
tenth. 


41. Geometry Find the length of the diagonal of one of the 
faces of the cube. 


= | 


7com 
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42. Geometry Find the length of the diagonal of the cube 
shown in the illustration in Exercise 41. 

43. Geometry Show that the point (5, 1) is equidistant from 
points (7, 0) and (3, 0). 

44. Geometry Show that a triangle with vertices at (2, 3), 
(—3, 4), and (1, —2) isa right triangle. (Hint: If the 
Pythagorean theorem holds, the triangle is a right triangle.) 

45. Geometry Show that a triangle with vertices at (—2, 4), 

(2, 8), and (6, 4) is isosceles. 

Geometry Show that a triangle with vertices at (—2, 13), 

(—8, 9), and (—2, 5) is isosceles. 


46 


APPLICATIONS 
See Examples 1, 3, and 4. (Objectives 1-2) 


47. Sailing Refer to the 
sailboat in the illustra- 
tion. How long must a 
rope be to fasten the top 
of the mast to the bow? 


48. Carpentry The gable end of the roof shown is divided in 
half by a vertical brace. Find the distance from an eave to 
the peak. 


49. Reach of a ladder 
The base of the 
37-foot ladder in the 
illustration is 9 feet Te 
from the wall. Will the c 
top reach a window — 
ledge that is 35 feet 


) fa [i 
above the ground? 37 ft 


h ft 


9 ft 


50. Telephone service The telephone cable in the illustration 
currently runs from A to B to C to D. How much cable is 
required to run from A to D directly? 


51. Electric service The power company routes its lines as 
shown in the illustration. How much wire could be saved by 
going directly from A to E? 


My, 
Ati ‘i : 


52. Geometry The side, s, of a square with area A square feet 


is given by the formula s = VA. Find the perimeter of a 
square with an area of 49 square feet. 


53. Surface area of acube The total surface area, A, of a cube 
is related to its volume, V, by the formula A = 6 WV. Find 
the surface area of a cube with a volume of 8 cubic cen- 


timeters. 


54. Area of many cubes A grain of table salt is a cube with a 
volume of approximately 6 X 10~° cubic in., and there are 
about 1.5 million grains of salt in one cup. Find the total 


surface area of the salt in one cup. (See Exercise 53.) 


4) Use acalculator to help answer each question. 


55. Packing a tennis racket The diagonal d of a rectangular 
box with dimensions a X b X c is given by 


d=Va@et+ete 


Will the racket shown on the next page fit in the shipping 
carton? 


56. 


57. 


17 in. 


24 in. 


Packing a tennis racket Will the racket in Exercise 55 fit ina 
carton with dimensions that are 15 in. + 15 in. + 17 in.? 
Shipping packages A delivery service won’t accept a 
package for shipping if any dimension exceeds 21 inches. 
An archaeologist wants to ship a 36-inch femur bone. Will it 
fit in a 3-inch-tall box that has a 21-inch-square base? 
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60. Supporting a weight If the weight in Exercise 59 pulls the 


center down 2 feet, by how much would the wire stretch? 
Round the answer to the nearest tenth of a foot. 


WRITING ABOUT MATH 


61. 
62. 


State the Pythagorean theorem. 
Explain the distance formula. 


SOMETHING TO THINK ABOUT 
63. Body mass_ The formula 


_ 103w 


I 2 


(where w is weight in pounds and / is height in inches) can 
be used to estimate body mass index, J. The scale shown in 
the table can be used to judge a person’s risk of heart 

attack. A girl weighing 104 pounds is 54.1 inches tall. Find 


58. Shipping packages Can the archaeologist in Exercise 57 her estimated body mass index. 


ship the femur bone in a cubical box 21 inches on an edge? 


: , ; 20-26 normal 
59. Supporting a weight A weight placed on the tight wire 27-29 ene 
pulls the center down | foot. By how much is the wire = meee 
stretched? Round the answer to the nearest hundredth of a 30 and above very high risk 


foot. 


64. What is the risk of a heart attack for a man who is 6 feet tall 
and weighs 220 pounds? 


Rational Exponents 


GD Simplify an expression that contains a positive rational exponent with a 
numerator of 1. 


®) simplify an expression that contains a positive rational exponent with a 
numerator other than 1. 


3} Simplify an expression that contains a negative rational exponent. 


@3 Simplify an expression that contains rational exponents by applying the 
properties of exponents. 


© simplify a radical expression by first writing it as an expression with a 
rational exponent. 


Objectives 
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Rules of Exponents 


Rational Exponents 


Getting Ready 


Simplify each expression. Assume no variable is zero. 


8 
3.2 
Po Tad, 


(i) Simplify an expression that contains a positive rational exponent 


with a numerator of 1. 


We have seen that positive integer exponents indicate the number of times that a base is 
to be used as a factor in a product. For example, x° means that x is to be used as a factor 
five times. 


5 factors of x 
oO 


WH XK KKK 


Furthermore, we recall the following properties of exponents. 


If there are no divisions by 0, then for all integers m and n, 


a a Ze ax 3. (xy)” = x"y” 
1 
4. (2) - ome See ee 0) hb ae == 
yi y x 
id n il 
p= s. (*) - (2) Ch, SS = 
BG y BG oG 


To show how to raise bases to rational powers, we consider the expression 101”. 
Since rational exponents must obey the same rules as integer exponents, the square of 
10’? is equal to 10. 


(10! =e = 100/ Keep the base and multiply the exponents. 
1 1 
= 10 2 -2=1 
= 10 10' = 10 


However, we have seen that 


Since (10'””)? and (V10)° both equal 10, we define 10'”” to be V10. Likewise, we define 
10? to be W/10 and 10'”4 to be W/10 


If nis a natural number greater than 1, and Wx is a real number, then 
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EXAMPLE 1 | Simplify each expression. Assume all variables represent nonnegative values. 
16 16 4 
a, OH 9/0 =3 b. (*) aia ake 
c. (—64)'3 = W/—64 = -4 d. 164 = W16 = 2 
(4) -Je-3 f. Oo == 0 
32 32. 2 
g. —(32x°)'5 = —W/32x° = —2x h. (xyz)!4 = Wayz 


SELF CHECK1 Assume that x > 0. Simplify: 
a 16/2 ob (27g, —(1 6x4) 4, 


EXAMPLE 2. Write each radical using a rational exponent: a. W5xyz_ b. 3/——. 


2 2\ 1/5 
Solution a. W/5xyz = (Sxyz)'4_b. fe = (=) 


SELF CHECK 2 Write the radical using a rational exponent: W/4ab. 


As with radicals, when 7 is even in the expression xl" (n > 1), there are two real 
nth roots and we must use absolute value symbols to guarantee that the simplified result 
is positive. 

When n is odd, there is only one real nth root, and we don’t need to use absolute 
value symbols. 

When n is even and x is negative, the expression x'/” is not a real number. 


EXAMPLE 3 Assume that all variables can be any real number, and simplify each expression using 
absolute value symbols when necessary. 


a. (—27x°)'? = —3x Because (—3x)* = —27x*. Since n is odd, no 
absolute value symbols are needed. 

b. (49x7)'? = |Ix| = 71x! Because (|7x|)” = 49x°. Since 7x can be negative, 
absolute value symbols are needed. 

c. (256a°)!/® = 2\a| Because (2|a|)* = 256a®. Since a can be any real 


number, 2a can be negative. Thus, absolute value 
symbols are needed. 

d. [(y + IY? = Jy + 1 Because |y + 1|7 = (y + 1)*. Since y can be any 
real number, y + 1 can be negative, and the 
absolute value symbols are needed. 

e, (256°)? = 507 Because (5b”)? = 25b*. Since b* = 0, no absolute 
value symbols are needed. 

f. (—256x*)'/* is not a real number. Because no real number raised to the 4th power is 
2565" 
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Ey SELF CHECK 3 


Summary of the 
Definitions of x” 


Changing from Rational 
Exponents to Radicals 


EXAMPLE 4 


Simplify each expression using absolute value symbols when necessary. 
a. (625a*)!/4 b. (b*)!/? 


We summarize the cases as follows. 


If nis a natural number greater than | and x is a real number, then 
If x > 0, then x!” is the positive number such that (x!/”)" = x. 
if — 0. thenx = 0: 


ho haa nis odd, then x'/” is the real number such that (x!/")" = x. 
BG ; 3 
and nis even, then x’/” is not a real number. 


Simplify an expression that contains a positive rational exponent 
with a numerator other than 1. 


We can extend the definition of x'/” to include rational exponents with numerators other 
than 1. For example, since 4°? can be written as (4'/”)*, we have 


43/2 = (413 = (v4) —2=8 


Thus, we can simplify 4°”? by cubing the square root of 4. We can also simplify 4°/? by 
taking the square root of 4 cubed. 


47/2 = (43)? = 64'? = V/64 = 8 


In general, we have the following rule. 


If mand n are positive integers, x = 0, and 2 is in simplified form, then 


n m n 
a = Vx" 


n/n 


Because of the previous definition, we can interpret x””” in two ways: 


1. x””" means the mth power of the nth root of x. 
2. x” means the nth root of the mth power of x. 


Simplify each expression. 

Aral) a IPP aaa 
=2 = 9 
-9 = 
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COMMENT To avoid large c. (—8x°)4 = (Ww 8x")! or (-8x°)43 = W(—8x3)* 


numbers, it is usually better to 


— (94 - «3/4 nord? 
find the root of the base first, = (2x) = V4,096x 
as shown in Example 4. = 16x* = 16x" 

SELF CHECK 4 Simplify: a. 16° b. (=27x°), 


| ACCENT ON TECHNOLOGY | Wy \Max@ci (mile We can evaluate expressions containing rational exponents using the exponential key 
y” or x ona scientific calculator. For example, to evaluate 107°, we enter 


Rational Exponents 


10 foal IG 2 Bea 3 DI 4.641588834 


Note that parentheses were used when entering the power. Without them, the cal- 
culator would interpret the entry as 10? + 3. 


To evaluate the exponential expression using a graphing calculator, we use the /\ 
key, which raises a base to a power. Again, we use parentheses when entering the power. 


10 A \( 2'= 3') ENTER 10 /\ (2/3) 
4641588834 


To the nearest hundredth, 1077 ~ 4.64. 


3 | Simplify an expression that contains a negative rational exponent. 


—m/n 


To be consistent with the definition of negative integer exponents, we define x as 
follows. 
Definition of x7” If m and n are positive integers, ” is in simplified form, and x'/” is a real number 
(x # 0), then 
1 1 
aoe a m/n and —m/n as uae 
a x 
EXAMPLE 5 _ Write each expression without negative exponents, if possible. 
1 
-12 _ -3/2 _ 
a. 64 6a b. 16 163/2 
i a 
8 (16"/23 
es (ig) = 4 = 64 
64 
1 
c. (—32x°) 75 = aos GD) d. (—16) *4 is not a real number, 
(— 32x") because (— 16)!“ is not a real 
1 number. 
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Fy SELF CHECK 5 


EXAMPLE 6 


Ey SELF CHECK 6 
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ay? 


Write each expression without negative exponents. 
a5" b. (—27a*) 7 


COMMENT By definition, 0° is undefined. A base of 0 raised to a negative power is also 
undefined, because 0° would equal ats which is undefined since we cannot divide by 0. 


Simplify an expression that contains rational exponents by applying the 
properties of exponents. 


We can use the properties of exponents to simplify many expressions with rational 
exponents. 


Write all answers without negative exponents. Assume that all variables represent pos- 
itive numbers. Thus, no absolute value symbols are necessary. 


a. 52/753/7 = 52/7+3/7 
= 55/7 


nn 


Use the rule xx" = x 
oo Fi 8 
Add:5 +5 ==. 


m+n 


b. ay = 52/D) Use the rule yr = ae 


cer ee 2/3) _ 6 
= 59/7 Multiply: 5(3) = +(3) =a. 
«. (a7/75/7)® = (a7/7)°(bY)® Use the rule (xy)” = x”y”. 
=a re Use the rule (x””)” = x’”” twice. 
= ah? Simplify the exponents. 
Page 7 
= pot Use the rules xx" = x"*" and = = xm-n, 
2 j 
= 98/3+1/3-6/3 = 3 
_ 3/3 Sq 0 6. 3 
=o ae a fee: 
=a 5 = 1 
5/3,2/3 
ee xox 
Simplify: a. (x'/y*/*)° b. —e 
as 


EXAMPLE 7 


COMMENT Note that 
ata? ¢q't The 
expression a + a” cannot be 
simplified, because a and ae 
are not like terms. 


Assume that all variables represent positive numbers and perform the operations. 


a. aa" 54 gi ‘| =a a? ta ar Use the distributive property. 


= QirtMs 4 gietae Use the rule "x" = x". 
=a? +a Simplify the exponents. 
=ata 
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 % 


b. Sia 6 i 24 xV = xy V2 4 yl? 1/? Use the distributive property. 
= x12 4 Apaety2 


mln Jn+n 


Use the rule xx” = x 
x° + x! Simplify. 
l+x x= 1 


Carl Friedrich Gauss ce. (x73 + 1)? — 1) = x47 — x? + x7 — 1 Use the FOIL method. 


(1777-1855) Wis 


Many people consider Gauss to 

be the greatest mathematician 

of all time. He made contribu- 

tions in the areas of number 

theory, solutions of equations, 

geometry of curved surfaces, d. (x? 4s yy = (x? fe yl\(xM/? a yl?) Use the FOIL method. 
and statistics. For his efforts, he aoe. 

earned the title “Prince of the 

Mathematicians.” =x+ 2x/?yV/2 +y 


a = Combine like terms. 


SELF CHECK 7 Assume that all variables represent positive numbers and perform the operations. 
a. p'/5(p/5 + p?/5) b. (p23 + g'3yp?3 = 3) 


B Simplify a radical expression by first writing it as an expression 
with a rational exponent. 


We can simplify many radical expressions by using the following steps. 


Using Fractional 1. Change the radical expression into an exponential expression with rational 
Exponents to Simplify exponents. 
Radicals 2. Simplify the rational exponents. 


3. Change the exponential expression back into a radical. 


EXAMPLE 8 Simplify. Assume variables represent positive values. 


a. W/3? b. W/x° c. W/27x®y3 


Solution a. W/3? = 37/4 Use the rule W/x" = x", 
— 21/2 oe | 
=3 4~ 2 
= V3 Change back to radical notation. 
b. Wx° = x98 Use the rule W/x” = x". 
3/4 6 _ 3 
oF B74 
= 3) 1/4 i 1 
a) ‘on 
4/3 


= Vx Change back to radical notation. 
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a V 27x®y? = (33x®y*)!”? ~~ Write 27 as 3° and change the radical to an exponential 
expression. 


= 357 943/ ° Raise each factor to the i power by multiplying the fractional 
exponents. 

= 3h 3y1/ 3 Simplify each fractional exponent. 

= (3x7y)!/ 3 Use the rule (xy)” = x”y”. 


= 3x7y Change back to radical notation. 


>| SELF CHECK 8 Simplify. Assume variables represent positive values. 


a. W/3° b. W/49x77 


SELF CHECK ANSWERS) 1.4.4 bd c.-2x 2. (ab) 3a. 5|a| bo 4064 box Sap. bao 
6Baxry bx Zaptp? bpe-_? 8a. V3 Ob. V 7xy 


1. Evaluate each exponential expression, if possible. 
a. —64°73 b. —64°3 c. (-64) 73 
d. (—64) 7/7 
2. Simplify each expression and then write the answer using radical notation. Assume all vari- 


ables represent positive numbers. 


a/4 a/2 xnim 


as, EX I 


3. Simplify ie and write the answer using radical notation. 


9.3 EXERCISES } 


4 2 

Assume no division by zero. 13. mG —3)> 3 + 2) 14. -4<2x—-4=8 
WARM-UPS | Simplify each expression. 

1.4" 5 A 

3. 27/3 4. 11/4 15. Mixing solutions How much water must be added to 

‘ we? see 5 pints of a 20% alcohol solution to dilute it to a 
ane iueer 15% solution? 
7. (3) 8. (3) 16. Selling apples A grocer bought some boxes of apples for 
4 4 $70. However, 4 boxes were spoiled. The grocer sold the 

9. (8x7)! 10. (16x°)'/4 remaining boxes at a profit of $2 each. How many boxes did 
REVIEW Solve each inequality the grocer sell if she managed to break even? 
11. 5x -4< 11 12. 2(3¢ — 5)=8 VOCABULARY AND CONCEPTS fFFillin the blanks. 


Wa = 18. d"a" = _ 
19. (ay = 20. (aby" = 


21. (2) = 22. a = _, provided a # _. 
23.a "= , provided a # _. 
a” a . 
24. — = , provided a # 0. 
a 
25. <) = 26. x!/" = 
27. (x")/" = ___, provided n is even. 
28. Pr a A = 
GUIDED PRACTICE 
Change each expression into radical notation. (Objective 1) 
29. 71° 30. 26'/? 
31. gi 32. 131/” 
33. (3x)'/4 34. (4ab)'/° 


1, \/4 3.,.,\"5 
35. (Sr) 36. (300?) 


37. (4a°b*)° 38. (Spq°)'? 


39. (x? + yy? 40. (x° + pyle 

Simplify each expression, if possible. See Example 1. (Objective 1) 
41, 41? 42. 641/? 

43. 2719 44, 1251/7 


1\'? 1\!2 

as. (7) as. (=) 
4 16 
1\'8 1\'/4 

47. | — 48. | — 
(i) (i) 


49. —161/4 50. —125!/3 
51. (—64)!/? 52. (—216)!/” 


Change each radical to an exponential expression. See Example 2. 
(Objective 1) 


53. VII 54. W/12 
55. W/3a 56. V 12xy 
57. 3Wa 58. 4\/p 


1 
59. Nita 
61. 5 i 62 32 2 
jain qh 4 


63. Va — 64. Vx +3" 


Simplify each expression. Assume that all variables can be any 
real number, and use absolute value symbols if necessary. 
See Example 3. (Objective 1) 


[3 
60. 4’ gh 4 


65. (257)? 
67. (243x°)!/ 


69. [(x + 1)*q/4 


66. (16x*)!/4 
68. (—27x°)3 
70. [(x + 5) 
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71. (—64x°)!/4 72. (—16x*)!? 


Simplify each expression, if possible. Assume that all variables are 
unrestricted, and use absolute value symbols when necessary. 
See Example 4. (Objective 2) 


73. 36°77 74, 27/3 
75. 81°/4 76. 100°/7 
77. 1447/2 78. 1,0007° 


79 (z\" 80 (3\" 
“\8 “\9 


Write each expression without using negative exponents. Assume 
that all variables represent positive numbers. See Example 5. 
(Objective 3) 


81. 41 82. 31/3 
83. (4) 7 84, 25°°/? 
85. (16x°) >” 86. (81c*) 3” 
87. (=a? 88. (—82°) 723 


1\73/2 4 \—3/2 
es. (") so (1) 
27\ 43 25\~3/? 
91. | — 92. | — 
8 49 
Perform the operations. Write answers without negative 


exponents. Assume that all variables represent positive numbers. 
See Example 6. (Objective 4) 


93. 54/9549 94. 47/54?/5 
95. (41/93 96. (31/3) 
97. 6 736-43 98. 51/35—%73 
94/5 Pi 
99. 38 100. 7 
101 ie 102 ee 
“70 . 32/3 
75/69 1/3 51/35 1/2 
103. aA 104. aA 
105. aa 106. 5°/°p!/> 
107. (a7)! 108. (¢*/>)'° 


Perform the operations. Write answers without negative 
exponents. Assume that all variables represent positive numbers. 
See Example 7. (Objective 4) 


109. yar + yl) 110. p(y + yy 


Ni, eG =x +h 112. (x!/? + 2)(x!/? — 2) 


113. (x? + p00? — pl?) 114. 00? = xQ?? + x) 


115. (x73 + 3) 116. (a? — bv? 
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Use rational exponents to simplify each radical. Assume that all 
variables represent positive numbers. See Example 8. (Objective 5) 


117. W/p 118, W/¢° 
119. W/25b7 120. V/—8x° 
ADDITIONAL PRACTICE 


Simplify each expression, if possible. Assume all variables 
represent positive numbers. Write answers without negative 
exponents. 


121. 16'/4 122. 6251/4 
123. 32'/° 124. 0! 
125. 0/7 126. (—243)!/° 


127. (—27)3 128. (—125)'? 
129. (25x*)/? 130. (27a°b*)* 


3\ 2/3 97 \2/3 
131. (=) 132. ( i ) 
27 64° 


134. (16q°) 7 


133. (—32p) 7° 


135, ( xy" 136 (=° )o 
, 27 81y4 


137. (al/?p'/3)3/ 138. (PD? 


139. (mn 7/?)~¥/ 140. (r7s°)!/9 
(27x°y)'" 
(8xy273 


144. (16a *) 1/7 


(4xy)'? 
* Oxy)? 
143. (27x 3) V3 


141 142 


145. x*7(x7/3 + 3x°/3 — 4) 
146. (x!/3 + x°\(xl? — x’) 


147, (x 1/7? — xl?) 
148. (a? — py 


Use a calculator to evaluate each expression. Round to the 
nearest hundredth. 
149, 151 
151. 1.045'/° 


150. 50.5'/4 
152. (—1,000)7° 
Use a calculator to evaluate each expression. Round to the 
nearest hundredth. 
153, 17°" 
155. (—0.25) 1/9 


154. 2.45°7/3 
156. (-17.1) 7” 


WRITING ABOUT MATH 
157. Explain how you would decide whether a” is a real 
number. 


158. The expression (a'/? + b'/?)’ is not equal to a + b. 
Explain. 


SOMETHING TO THINK ABOUT 


159. The fraction ; is equal to 5. Is 167/* equal to 16/72 
Explain. 

160. How would you evaluate an expression with a mixed- 
number exponent? For example, what is gh What is 522 ? 
Explain. 


Simplifying and Combining Radical Expressions 


Objectives 


Pot 
—_ 
mJ 
= 
2 
© 
1S] 
fo) 
=> 


@ Simplify a radical expression by applying the properties of radicals. 
® Add and subtract two or more radical expressions. 


&} Find the length of a side of a 30°-60°—90° triangle anda 
45°—45°—90° triangle. 


Multiplication Property 
of Radicals 


> 
xo} 
Co 
CD) 
ce 
(©) 
= 
_ 
P=) 
(J) 
Oo 
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Simplify each radical. Assume that all variables represent positive numbers. 
Ws 25 2. V576 a, 125 4. V/343 
7. V27a°b? 8. V-8a" 


5. 


In this section, we will introduce several properties of radicals and use them to simplify 
radical expressions. Then we will add and subtract radical expressions. 


Simplify a radical expression by applying the properties of radicals. 


Many properties of exponents have counterparts in radical notation. For example, 
because al/"b!/" = (ab)'/", we have 


(1) WaWb = Wab 


For example, 
VEV5HSV55aV9=5 
WV IxW 49x = WIx + Pox? = WP +3 = Tx 
W2xbBW 8x = W229 Bx = W2*-x4 = 2x (x > 0) 


If we rewrite Equation 1, we have the following rule. 


If Waand Wb are real numbers, then 
Uh = Uae 


As long as all radicals represent real numbers, the nth root of the product of two 
numbers is equal to the product of their nth roots. 


COMMENT The multiplication property of radicals applies to the nth root of the 
product of two numbers. There is no such property for sums or differences. For example, 


V9+44V94+V4 V9-44V9-V4 
V13 #342 V5#3-2 
V13 #5 Wea 

Thus, Va + b # Va + Vband Va — b # Va— Vb. 


A second property of radicals involves quotients. Because 


qi” 7 a 1/n 
pin ~ bh 


it follows that 


Va _,a 
2 —==WV7 #0 
Q Eat; GF 
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For example, 
3 3 
V 8: 
7 =\/5. = V4 =2x (x >0) 
2x x 


3 5 5 
W543 4: 
2 = eS = W218 =3x (x #0) 
2 


If we rewrite Equation 2, we have the following rule. 


Division Property If Wa and Wb are real numbers, then 
of Radicals Wa 
e- Vi (b # 0) 


As long as all radicals represent real numbers, the nth root of the quotient of two 
numbers is equal to the quotient of their nth roots. 


A radical expression is said to be in simplified form when each of the following state- 
ments is true. 


Simplified Form of a A radical expression is in simplified form when 

Radical Expression 1. Each prime and variable factor in the radicand appears to a power that is less than 
the index of the radical. 

2. The radicand contains no fractions or negative numbers. 


3. No radicals appear in the denominator of a fraction. 


EXAMPLE 1 Simplify; a. V12. ob. 98. W584. 


Solution a. Recall that squares of integers, such as 1, 4, 9, 16, 25, and 36, are perfect squares. To 


simplify \/12, we factor 12 so that one factor is the largest perfect square that 
divides 12. Since 4 is the largest perfect-square factor of 12, we write 12 as 4+ 3, use 
the multiplication property of radicals, and simplify. 


V12= V4-3 Write 12 as 4-3. 
=VIV3 Ve - Vivi 
=2V3 V4=2 
b. Since the largest perfect-square factor of 98 is 49, we have 
V98 = V'49+2 — Write 98 as 49 2. 
=V49V2_ V49-2 = V490vV2 
=7V2 V49 = 7 


c. Numbers that are cubes of integers, such as 1, 8, 27, 64, 125, and 216, are called 
perfect cubes. Since the largest perfect-cube factor of 54 is 27, we have 
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W54 = W/27-2 ~~ Write 54.as 27-2. 
=Wow2 wWa7-2= W272 


32 W27 = 3 
EJ SELF CHECK 1 Simplify: a. 20 b. V/24. 


—_— 15 10x 
EXAMPLE 2 Simplify: a. ee (x>0) b? (vy # 0). 
ag 


27° 


Solution a. We can write the square root of the quotient as the quotient of the square roots and 
simplify the denominator. Since x > 0, we have 


fis _ V15 
49x*-\/49x? 
VI15 


1% 
b. We can write the cube root of the quotient as the quotient of two cube roots. Since 
y # 0, we have 
,[LOx* _ W107 
27° w/27y* 
— W10x" 
3y" 
11 8a” 
FJ SELF CHECK2 Simplify: a. ,/—; (a>0) b. yJ— (vy #0). 
36a 125)" 


EXAMPLE 3 Simplify each expression. Assume that all variables represent positive numbers. 


V45xy" V—432x° 
a Vinge ob Wg og, VOR 
V5x 8x 


Solution a. We can write 128a° as 64a‘ - 2a and use the multiplication property of radicals. 


V128a® = V64a*+2a 64a‘ is the largest perfect square that divides 128a°. 
= V64a*V/2a Use the multiplication property of radicals. 
= 8a°V2a V 64a* = 8a? 


b. We can write 24x° as 8x° + 3x? and use the multiplication property of radicals. 


W24x° = W8x3+3x7 8x3 is the largest perfect cube that divides 24x°. 
= W8x°W/3x" Use the multiplication property of radicals. 
= 2xW/3x? W/8x° = 2x 
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c. We can write the quotient of the square roots as the square root of a quotient. 


V45xy" _ 45xy" 


Use the quotient property of radicals. 


VW5x 5x 
=V Oy" Simplify the fraction. 


d. We can write the quotient of the cube roots as the cube root of a quotient. 


W—-432x° _ ,/—432x° 


Use the quotient property of radicals. 


\V8x 8x 
= W544 Simplify the fraction. 


= W-27x+2x —27x3 is the largest perfect cube that divides —54.*. 
V 27 W/2x Use the multiplication property of radicals. 


= -3xW2x 


> | SELF CHECK 3 Simplify each expression. Assume that all variables represent positive numbers. 


a. V98b° b. \/54y° as 
V 2a 


To simplify more complicated radicals, we can use the prime factorization of the 


radicand to find its perfect-square factors. For example, to simplify V3,168x°y’, we first 
find the prime factorization of 3,168x° ce 


3,168x°y’ = 2°-37-11-x°+y’ 


Then we have 


V3,168x° py’ = V24+ 37+ x46 2- 11s xey 


SA 9 Fog yrV2 *1ll+x+y Write each perfect square under the 
left radical and each nonperfect 
square under the right radical. 


2 + 3x°*yV22xy 
12x7°y3-V22xy 


2 | Add and subtract two or more radical expressions. 
Radical expressions with the same index and the same radicand are called like or similar 
radicals. For example, 3\/2 and 5V2 are like radicals. However, 
3V5 and 5V2 are not like radicals, because the radicands are different. 
3V/5 and 25 are not like radicals, because the indexes are different. 


We often can combine like terms. For example, to simplify the expression 
3V2 + 2V2, we use the distributive property to factor out V2 and simplify. 


3V2 + 2V2 =(3 + 2)V2 
=5V2 
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Radicals with the same index but different radicands can often be written as like 


radicals. For example, to simplify the expression V27 — V'12, we simplify both radicals 
and combine the resulting like radicals. 


V27 = 4/12 = VV 993 = 43 
= V9V3- V4V3 Vab = VaVb 
= 3V3 -2V3 V9 = 3and V4 =2. 


=@G- 2V3 Factor out V3. 
=V3 
As the previous examples suggest, we can use the following rule to add or subtract 
radicals. 
Adding and To add or subtract radicals, simplify each radical and combine all like radicals. To 
Subtracting Radicals combine like radicals, add the coefficients and keep the common radical. 


EXAMPLE 4 Simplify: 2/12 — 3V/48 + 3V3. 


Solution We simplify each radical separately and combine like radicals. 


2V/12 — 3V/48 + 33V3 = 2V4-3 -— 3V16-3 4+ 3V3 
= 2V4V3 -— 3V16V3 + 3V3 
= 2(2)V3 — 3(4)V3 + 3V3 
= 4V3 — 123 + 3V3 
= (4-12 + 3)V3 
= -5V3 


SELF CHECK4 Simplify: 3/75 — 2V/12 + 2V/48. 


EXAMPLE 5 Simplify: W/16 — W/54 + W/24. 


Solution We simplify each radical separately and combine like radicals. 


COMMENT We cannot W16 — W54 + W/24 = W8-2 — W27-24+ W8-3 
combine — W/2 and 2/3, = W3w/2 -— W782 + W303 
because the radicals have = 22 — 372 4.23 


different radicands. 


= -W2+ 23 


SELF CHECK5 Simplify: V/24 — W/16 + W/54. 


EXAMPLE6 Simplify: W/16x* + W/54x* — W/—128x". 


Solution We simplify each radical separately, factor out W/2x, and combine like radicals. 
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W16x* + W54x* — W—128x4 
= W8x3 + 2x + W27x3 + 2x — W—64x3 + 2x 
= WBA W2x + W27EW2x — W647 W/2x 


= xW2x + 3xW2x + 4xW/2x 
= (2x + 3x + 4x)W/2x 
= 9xW2x 


FEY SELF CHECK 6 Simplify: 32x? + V50x° — VI18x* (x > 0). 


3 | Find the length of a side of a 30°—60°—90° triangle 
and a 45°—45°—90° triangle. 


An isosceles right triangle is a right triangle with two legs of equal length. If we know the 
length of one leg of an isosceles right triangle, we can use the Pythagorean theorem to 


a find the length of the hypotenuse. Since the triangle shown in Figure 9-10 is a right trian- 
“8 gle, we have 
a 
C=a +a Usethe Pythagorean theorem. 
c= 2a Combine like terms. 
45° 90° 5 : os 
3 = V2a Since c represents a length, take the positive square root. 
Figure 9-10 c=aV2 V2a = V2V a = V2a = aV2. No absolute value symbols are needed, 


because a is positive. 


Thus, in an isosceles right triangle, the length of the hypotenuse is the length of one leg 


times \/2. 


EXAMPLE 7 GEOMETRY If one leg of the isosceles right triangle shown in Figure 9-10 is 10 feet 
long, find the length of the hypotenuse. 


Solution — Since the length of the hypotenuse is the length of a leg times V2, we have 


c= 10V2 
The length of the hypotenuse is 10/2 feet. To two decimal places, the length is 
14.14 feet. 


>| SELF CHECK 7 _ Find the length of the hypotenuse of an isosceles right triangle if one leg is 12 meters 
long. 


If the length of the hypotenuse of an isosceles right triangle is known, we can use the 
Pythagorean theorem to find the length of each leg. 


EXAMPLE 8 GEOMETRY Find the length of each leg of the isosceles right triangle shown in 
Figure 9-11 on the next page. 


Solution We use the Pythagorean theorem. 
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3 2 
C=a+a 


45° 25° = 2a° Substitute 25 for c and combine like terms. 
625 2 oe : 
25 a a =a Square 25 and divide both sides by 2. 
625 . sas 
des a =a Since a represents a length, take the positive square root. 
LI 
. a =~ 17.67766953 — Use a calculator. 
Figure 9-11 


To two decimal places, the length is 17.68 units. 


From geometry, we know that an equilateral triangle is a triangle with three sides of 
equal length and three 60° angles. If an altitude is drawn upon the base of an equilateral 
triangle, as shown in Figure 9-12, it bisects the base and divides the triangle into two 
30°—60°—90° triangles. We can see that the shortest leg of each 30°—60°—90° triangle is 
a units long. Thus, 


The shorter leg of a 30°—60°—90° triangle is half as long as its hypotenuse. 


We can find the length of the altitude, /, by using the Pythagorean theorem. 
a + IP = (2a) 


Figure 9-12 a+h =40 (2a)” = (2a)(2a) = 4a” 
9g 
I? = 3a Subtract a? from both sides. 
h = V3a"_— Sinceh represents a length, take the positive square root. 


h= aV3 V3a = V3V a2 = aV3. No absolute value symbols are needed, 
because a is positive. 


Thus, 
The length of the longer leg is the length of the shorter side times V3. 


EXAMPLE9 GEOMETRY Find the length of the hypotenuse and the 


longer leg of the right triangle shown in Figure 9-13. x 
60°, 
Solution — Since the shorter leg of a 30°-60°—90° triangle is half as 
long as its hypotenuse, the hypotenuse is 12 centimeters S 6cm 
long. 
Since the length of the longer leg is the length of the Figure 9-13 


shorter leg times V3, the longer leg is 6V3 (about 10.39) 
centimeters long. 


SELF CHECK9 Find the length of the hypotenuse and the longer leg of a 30°-60°—90° right triangle if 
the shorter leg is 8 centimeters long. 


EXAMPLE 10 GEOMETRY Find the length of each leg of the triangle shown in Figure 9-14. 


Solution — Since the shorter leg of a 30°—60°—90° triangle is half as long as its hypotenuse, the 
shorter leg is 3 centimeters long. 
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Since the length of the longer leg is the length of the 
shorter leg times V3, the longer leg is 2/3 (or about 30° 
7.79) centimeters long. 60° 


Oo 
Figure 9-14 


EY SELF CHECK 10 Find the length of the longer leg of the right triangle shown in Figure 9-14 if its 
hypotenuse is 10 cm long. 


SELF CHECK ANSWERS na2Vs bw 20M pV 3 a vm ob 3yW2y? Sh. «193. 


6a i Sy 


5.2134 V2 6. 6xV2x 7.12V2m_ 9. l6cm,8V3cm_ 10. 5V3cm 


Simplify. 
1. W8x —-8+ Wx-1 


2. [75x/y 
3xy 


5/32 
3. 
2 
— ——_—————— _ 
9.4 EXERCISES — ’ 
WARM-UPS REVIEW Perform each operation. 
Simplify. 11. 3x°y7(-Sx3y 4) 
1. VIV7 2. Wa 12. —2a?b~?(4a~?b* — 2a?b + 3a3b?) 
54 13. (3¢ + 2)° 
3. \/2 14. (Sr — 3s)(S5r + 2s) 
Simplify each expression. Assume that b # 0. 15. 2p — 5)6p? — 7p — 25 
4. V/18 5. \16 16. 3m + n)6m> — m?n + 2mn? + 1? 
6 3/ at VOCABULARY AND CONCEPTS fill inthe blanks. 
64b° 17. Wab = 
Combine like terms. ia - 
7. 3V3+4V3 8. 5V7 -2V7 "Vb 
9. 2\/9 + 3\%9 10. 10\/4 — 2.4 19. If two radicals have the same index and the same radicand, 
they are called radicals. 


20. The perpendicular distance from a vertex of a triangle to 
the opposite side is called an 


GUIDED PRACTICE 


Simplify each expression. Assume that all variables represent 
positive numbers. (Objective 1) 


21. V6V6 23. 47107 1 
23. Vivi 24. —VivVz 
25. W5x°W/25x 26. W25aW/25a° 
500 V/128 
27. ——— 28, ——— 
V5 yo 
98x* 75y° 
29. 30. 
V 2x V3y 
#4 180ab* 55 112ab? 
| 3 
4 64 
33. _ 34, — 
W6 W8 
55 W/189a" ae W243" 
: y Ta , /9x 


Simplify each radical. See Example 1. (Objective 1) 


37. V20 38. V8 
39. —\/200 40. —\/250 
41. \/80 42. \/270 
43. \/-81 44, \/—72 
45. W/32 46. \/48 
47. \/96 48. \/256 


Simplify each radical. Assume no divisions by 0. See Example 2. 
(Objective 1) 


PS 

© 
ea] 
Aol et. | 

N 

vi 

oO 

|] 
w]e | w 

Ne 


51 3 Ta 52 3 4b* 
64 “V 125 
3p* 4° 
53. | —-— 54, | —— 
10,000q 2435 
5: 6 
55. 5 3m 56. 6 Sa : 
32n!° 64)" 


Simplify each radical. Assume that all variables represent positive 
numbers. See Example 3. (Objective 1) 


57. V50x7 58. V75a- 
59. 32b 60. V80c 
61. —V112a° 62. V147a° 
63. V175a°b° 64. V128a7b° 
65. —V 300xy 66. V200x"y 
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67. \/—54x° 68. —\W/-8la° 
69. W/16x!7)° 70. W/40a*b° 
ee) bt 

Weal 3 72. 

16x 64a® 

Simplify and combine like radicals. See Example 4. (Objective 2) 

73, VS ee V0 74. V8 + V’32 
75, V2= V8 76. 20 — V/125 
77. V98 — 50 78. \/72 — V/200 


79. 3V/24 + V'54 


81. V18 + V300 — V243 


80. V/18 + 2/50 
82. 80 — V128 + V288 


Simplify and combine like radicals. See Example 5. (Objective 2) 


83. \/24 + W3 
85. \/32 — W/108 


87. 20/125 — 5/64 


89. 2W/16 — W54 — 3V/128 


90. V/250 — 4\/5 + W16 


84. ¥/16 + V/128 
86. \/80 — W/10,000 


ss. \/81 — \/24 


Simplify and combine like radicals. All variables represent positive 
numbers. See Example 6. (Objective 2) 


91. Vis — Wias 
93. V25yz* + V9yz" 


95. Vy — Voy? — V25y° 


96. V8)’ + V32y7 — V2y7 


97. 3V/2x — W54x 


92. \/16x* — W54x4 
94. V36xy + 


49xy7 


98. 2\/64a + 2\/8a 


For Exercises 99-106, find the lengths of 


the remaining sides of the triangle. 


See Examples 7-8. (Objective 3) 


99. a= 3 

2 
101. b=—= 

3 
103. a=5V2 
105. c=7V2 


45° 
i 
a 
a 45° 
b 
100. a=8 
3 
102. b = — 
6 
104. a = 12/2 
106. c = 16/2 
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For Exercises 107-114, find the lengths of the remaining sides of 139. 140. 
the triangle. See Examples 9-10. (Objective 3) h 60° 60° i 
107. a= 5 5 x 
108. a= 8 30° a 7 30° 
109. b = 9V3 30°\ _ . 
= b 
110. b = 18V3 vai aie 
111. c = 24 60° 
Do" h 
112. c= 8 a x 
113. c= 15 30° O 
114. c = 25 12.26 
ADDITIONAL PRACTICE 144. h 
Simplify. Assume that all variables represent positive numbers. 
115. 4V/2x + 6V/2x 116. V/25y*z — V/16y7z 
117. V ey 118. V 64x? 17212 
2 
119. ae 120. ,/ al 
16z 125b APPLICATIONS | Find the exact answer and then give an 
121. V98 — V50 — 1/72 122. 20 + V/125 — V/80 approximation to the nearest hundredth. 
145. Hardware The sides of a regular hexagonal nut are 
123. 3\/27 + 12/216 124. 14732 — 15/162 10 millimeters long. Find the height / of the nut. 
125. 231/768 + W/48 126. 3/512 + 2/32 
127. 4/243 — V/48 128. V/48 — V/243 — W/768 
129. 6W/S5y + 3W/5y 130. 8W7a — 7W/1a° 


131. 10V 12xyz — W 12xyz 

132. 3W x4) — 2Wo4y 

133. WxSy? + W32x°y? + Wb y? 
134. Vxy* + V8xy* — W27xy" 146. Ironing boards Find the height / of the ironing board 
135. Vx7 + 2x+14+ Vx 4+ 2x41 shown in the illustration. 

136. V4x" + 12x +9 + V9x? + 6x + 1 


AW] Find the missing lengths in each triangle. Give each answer to 


two decimal places. 
137. 138. I 
45° 45° 
3 
h > : 
1 
45° O 7 45° 
F 3 ¥ 
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WRITING ABOUT MATH SOMETHING TO THINK ABOUT 
147. Explain how to recognize like radicals. 149. Can you find any numbers a and b such that 
148. Explain how to combine like radicals. Ayah = Agee aye 


150. Find the sum. 
V3 + V32 4+ V33 4+ V374+ V3? 


Multiplying and Dividing Radical Expressions 


GD Multiply two radical expressions. 


©} Rationalize the denominator of a fraction that contains a radical 
expression. 


€} Rationalize the numerator of a fraction that contains a radical expression. 
@3 Solve an application problem containing a radical expression. 


Objectives 


Vocabulary 


Perform each operation and simplify, if possible. 
b> 
P 


1. aa’ 2. 3. a(a— 2) 4. 3b°(2b + 3) 


5. Gt D@—5) 6. (2a + 3b)(2a — 3b) 


Getting Ready 


We now learn how to multiply and divide radical expressions. Then we will use these 
skills to solve application problems. 


@ Multiply two radical expressions. 


Radical expressions with the same index can be multiplied and divided. 


EXAMPLE1 Multiply: a. (3V6)(2V3) —b. (W3a)(W/9a"). 


Solution We use the commutative and associative properties of multiplication to multiply the 


coefficients and the radicals separately. Then we simplify any radicals in the product, if 
possible. 
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a. 3V6-2V3 = 3(2) V6V3 Multiply the coefficients and multiply the radicals. 
= 6V'18 3(2) = 6and V6V3 = VIB. 
= 6V9V2 V18 = V9-2 = Vov2 


= 6(3)V2 V9 =3 
= 18V2 
b. (W3a)( V 9a") =W7a Multiply the radicals. 


=W27a*+a’ ‘Factor 27a’. 
=VAEVE Va =Vavh 
= 3a a2 W/27a = 3a 


FS) SELF CHECK 1 = Multiply -2V7 by 5V2. 


To multiply a radical expression with two or more terms by a radical expression, we 
use the distributive property to remove parentheses and then simplify each resulting 


term, if possible. 


EXAMPLE 2 Multiply: 3V3(4V8 - 5V10). 


Solution 3V3(4V8 — 5V10) 
= 3V3-4V8 —3V3-5V10 — Use the distributive property. 


= 12V/24 — 1530 Multiply the coefficients and multiply the 
radicals. 


= 12V/4V6 — 15/30 
= 12(2)V6 — 1530 
= 24/6 — 15/30 


FEY SELF CHECK 2 Multiply: 4V/2(3V/5 — 2V8). 


To multiply two radical expressions, each with two or more terms, we use the distrib- 
utive property as we did when we multiplied two polynomials. Then we simplify each 
resulting term, if possible. 


EXAMPLE3 Multiply: (V7 + V2)(V7 - 3V2). 


fe. ™% 
Solution (V7 + V2\(V7 - 3V2) 
Ba eer 


=(V7) - 3V7V2 + V2V7 - 3V2V2 
=7-3V14+ V14 - 3(2) 


SELF CHECK 3 
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=7-2V14- 6 
=1-2V14 


Multiply: (V5 + 2V3)(V5 -— V3). 


EXAMPLE 4 


Solution 


COMMENT Note that x is 
not under the radical in the 
first term, but it is under the 
radical in the second and 
third terms. 


SELF CHECK 4 


Multiply: (3x — V5)(V2x + V/10). 


ee 
(V3x — V5)(V2x + V‘10) 
ile et 


= V3xV2x + V3xV10 — V5V2x -— V5V‘10 
= V6x? + V30x — V10x — V50 

= V6V x? + V30x — V10x — V25V/2 

= Vox + V30x — V10x — 5V2 


Multiply: (Vx + 1)(Vx - 3). 


COMMENT It is important to draw radical signs so they completely cover the radicand, 
but no more than the radicand. To avoid confusion, we can use the commutative prop- 


erty of multiplication and write an expression such as 6x in the form x V6. 


Rationalize the denominator of a fraction that contains 
a radical expression. 


To divide radical expressions, we rationalize the denominator of a fraction to replace the 


denominator with a rational number. For example, to divide V70 by \/3 we write the 
division as the fraction 


V70 


V3 


To eliminate the radical in the denominator, we multiply the numerator and the denomi- 
nator by a number that will give a perfect square under the radical in the denominator. 


Because 3 - 3 = 9 and 9 is a perfect square, \/3 is such a number. 


V0 V10-V3 . 
= Multiply numerator and denominator by V3. 
V3 «V3-V3 
210 . . 
= — 5 Multiply the radicals. 


Since there is no radical in the denominator and V 210 cannot be simplified, the expres- 


sion Y 2" ig in simplest form, and the division is complete. 
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EXAMPLE 5 Rationalize the denominator. 
20 4 
a. ,/— b. —— 


TW, 

Solution a. We first write the square root of the quotient as the quotient of two square roots. 
[20 _ V/20 
7 V7 


Because the denominator is a square root, we must then multiply the numerator and 
the denominator by a number that will give a rational number in the denominator. 


Such a number is V7. 


20 20: V7 
Ms = we bs Multiply numerator and denominator by V7. 
VT. VIA 
V140 
= 7 Multiply the radicals. 
2V35 
ar ae Simplify V140: V140 = V4-35 = V4V35 = 2V35. 


b. Since the denominator is a cube root, we multiply the numerator and the denomina- 
tor by a number that will give a perfect cube under the radical sign. Since 2 - 4 = 8 


is a perfect cube, W/4 is such a number. 


ae SO Sete tor and denominator by W/4 
= ultiply numerator and denominator by V4. 
AN/4 . . 
= Multiply the radicals in the denominator. 
V8 
4w/4 
= W8 = 2 
2 
= 2W4 Simplify. 
5 


FS) SELF CHECK 5} Rationalize the denominator: —=. 
3 


3 
EXAMPLE 6 Rationalize the denominator: — 
VW18 


Solution We multiply the numerator and the denominator by a number that will result in a 
perfect cube under the radical sign in the denominator. 
Since 216 is the smallest perfect cube that is divisible by 18 (216 + 18 = 12) multi- 


plying the numerator and the denominator by W12 will give the smallest possible 
perfect cube under the radical in the denominator. 


Wis Wi8- 12 
60 
V/216 


Multiply numerator and denominator by wd, 


Multiply the radicals. 
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N /'5) 2: 
EXAMPLE 7  Rationalize the denominator of ———— (x and y are positive numbers). 


Vxy? 
Solution Method 1 Method 2 
V5xy" 7 5xy" V5xy? _ Se 
Vxy3 xy? xy? xy? 
_ fs : ce 
Vy Vy 
NS _ [Sey 
Vy ~Vyry 
_V3v5 _Vvy 
Vyvy Vy 
_ My _ V5y 
oy oy 
SELF CHECK7  Rationalize the denominator: = (a>0,b > 0). 


To rationalize the denominator of a fraction with square roots in a binomial denom- 
inator, we can multiply the numerator and denominator by the conjugate of the denomi- 
nator. Conjugate binomials are binomials with the same terms but with opposite signs 
between their terms. 


i Conjugate Binomials The conjugate of a + bisa — b, and the conjugate of a — bisa + b. 


If we multiply an expression such as 5 + Ao by its conjugate 5 — V2, we will 
obtain an expression without any radical terms. 


(5+ V2\(5 — V2) = 25 —5V2+5V2-2 
= 23 


EXAMPLE 8 Rationalize the denominator: — 
oe 


Solution We multiply the numerator and denominator of the fraction by V2 1, which is the 
conjugate of the denominator. 
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1 = (V2 - 1) VW2eT 4 
Vati (v2+i1)(v2—-1) VY?! 
V2 = 2 
= V2 + 1)(V2-1)=(v2) -1 
ape (Wet) 
on (viy=2 
=V2-1 eka SteAg=i 
FEY SELF CHECK 8 Rationalize the denominator: = 
SF 1 


Vx + V2 
Vx —- V2 


EXAMPLE9 Rationalize the denominator: (x > 0,x # 2). 


Solution We multiply the numerator and denominator by Vx + 3. which is the conjugate of 
the denominator, and simplify. 


Ve + V2 _ (vx t+ V2)(Vx + V2) 
Vx —- V2 (Vx — V2)(Vx + V2) 
x+ V2x + V2x +2 


= Use the FOIL method. 
x= 2 
x+2V2x +2 
x—-2 
: . . , Vx- V2 
EJ SELF CHECK 9 = Rationalize the denominator: Y*—V> (x > 0). 


iB) Rationalize the numerator of a fraction that contains 
a radical expression. 


In calculus, we sometimes have to rationalize a numerator by multiplying the numerator 
and denominator of the fraction by the conjugate of the numerator. 


=3 


Vx 


EXAMPLE 10 Rationalize the numerator: 


Solution We multiply the numerator and denominator by Vx + 3, which is the conjugate of the 


numerator. 
Vx-3  (vx-3)(Vx +3) 
Vx Vx( Vx + 3) 
x + 3Vx -3Vx-9 
7 x + 3Vx 
x—-—9 


x + 3Vx 


< 
6 
3 
2 
oa 
SS 
= 
S 
2 
~ 
oO 
Ss 
2 
2 
G 
£ 
S 
= 
rc) 


SELF CHECK 10 


EXAMPLE 11 


Figure 9-15 


Solution 


9.5 Multiplying and Dividing Radical Expressions 657 


The final expression is not in simplified form. However, this nonsimplified form is 
sometimes desirable in calculus. 


Rationalize the numerator: vats (x > 0). 


Solve an application problem containing a radical expression. 


PHOTOGRAPHY Many camera lenses (see Figure 9-15) have an adjustable opening 
called the aperture, which controls the amount of light passing through the lens. The 
f-number of a lens is its focal length divided by the diameter of its circular aperture. 


f-number = E f is the focal length, and d is the diameter of the aperture. 


A lens with a focal length of 12 centimeters and an aperture with a diameter of 6 centime- 
ters has an f-number of 2 and is an f/2 lens. If the area of the aperture is reduced to 
admit half as much light, the f-number of the lens will change. Find the new f-number. 


We first find the area of the aperture when its diameter is 6 centimeters. 


A=ar The formula for the area of a circle. 

A = 7(3)’ — Since a radius is half the diameter, substitute 3 for r. 

A= 9 

When the size of the aperture is reduced to admit half as much light, the area of 
the aperture will be 7E square centimeters. To find the diameter of a circle with this 
area, we proceed as follows: 


A= ar This is the formula for the area of a circle. 
on d . : on d 
= = 7 2 Substitute =~ for 4 and 5 for r. 
Sar _ ad d\2 — a2 
2 a 4 ey ~ 4 
to i Multiply both sides by 4, and divide both sides by z. 


d=3V2) Vi8 = V9v2 =3V2 


Since the focal length of the lens is still 12 centimeters and the diameter is now 
34/2 centimeters, the new f-number of the lens is 


1 ed 
f-number = ze Substitute 12 for f and 3/2 for d. 
d 3/2 

4 = 

=— Simplify. 
2 
4/2 _ . 

ca a Rationalize the denominator. 
=2V2 Simplify. 


= 2.828427125 Use acalculator. 


The lens is now an f/2.8 lens. 
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EVERYDAY CONNECTIONS Traveling Through Water 


@©Shutterstock.com/Steven Lee 


The Froude number, named after William Froude, mea- 1. Use the formula to compute the Froude number for a 
sures the resistance of an object moving through water. ship that is 100 feet long, traveling with a velocity of 


For a ship, the Froude number is calculated by the 74 feet per second. Note that the acceleration due to 
gravity is 32 ft/s”. 


formula: 
V 2. Use the formula to compute the Froude number for a 
Fr = —= ship that is 25 meters long, traveling with a velocity of 
VeL 22 meters per second. Note that the acceleration due 


where V is the ship’s velocity, L is the ship’s length, and g to gravity is 9.8 m/s”. 


is the acceleration due to gravity. 


Source: 
http://www.solarnavigator.net/froude_number_speed_length_ratio.htm 


EIB SNES SOWIE ONO) Qala VE fee nveod & ee ae 


Sa SON ORS 7) =) 
8 V3-1 9, 2-44 10, “= 


Find the domain of each of the following. Give your answer in interval notation. 


3x2, 3x —2 
1. f(x) = aad 2. are area 
Vx —-2 
? Wo) = 


St a a 


9.5 EXERCISES a . 


WARM-UPS | Simplify. 
1. V3V3 2. NOV 22 3. V3V9 4. VaebVab (a>0,b>0) 


5. 3V2(V2 +1) 6. (V2 + 1)(V2 -1) 


1 1 
7. — 8. —— 
Va V3-1 
REVIEW Solve each equation. 
2 
9. =1 10. S(s — 4) = —S(s — 4) 
3-a 
a ee 1 
“b-2°2-b b 
2 | 1 
12. + 


x-2 > xt1 (e+)D0-2) 
VOCABULARY AND CONCEPTS ill in the blanks. 
13. To multiply 2V7 by 3V/5, we multiply __ by 3 and then 
multiply by 3 


14. To multiply 2V5(3V8 + V3), we use the 
property to remove parentheses and simplify each resulting 
term. 


15. The conjugate of Vx + 1 is 


16. To multiply (V3 +V2 \( V3 -2V2 ih we can use the 
method. 


17. To rationalize the denominator of , multiply both 


1 
V3-1 
the numerator and denominator by the of the 
denominator. 

V5 +2 
V5-2 


18. To rationalize the numerator of , multiply both the 


numerator and denominator by 


GUIDED PRACTICE 


Simplify. All variables represent positive values. See Example 1. 
(Objective 1) 


19. V2V8 20. V3V/27 
21. V5V/10 2 V7 35 
23. 2V3V6 24. 3V/11V/33 
25. W5W/25 26. \/7\/49 
a7. N/ 3/19 28. V/3V/18 
29. Vab°Vab 30. V8xV2x7y 
31. W5rsW/2r 32. W/3xy’W9x* 


33. V(x + 3)V x(x + 3) 
34, V(x + V(x Fy)? 


Simplify. See Example 2. (Objective 1) 


35. 3V/5(4 — V5) 36. 2V7(3V7 — 1) 
37. 3V2(4V3 + 2V7) 38. —V3(V7 - V5) 
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Simplify. All variables represent positive values. See Examples 3-4. 
(Objective 1) 


39. (V2 + 1)(V2 - 3) 
40. 1) 

41. 
42. 


( 
( 
( 
43. (V/5z + V3\(V5z + V3) 
44. (3p — V2)(V3p + V2) 

( 

( 

( 

( 


( 
45. (2V3a — Vb )(V3a + 3Vb) 
46. (5Vp — V3q)(Vp + 2V3q) 
47. 
48. 
a9, -2(V3x + V3) 
50. 3(V/5x — V3)? 


Rationalize each denominator. See Examples 5-6. (Objective 2) 


51. ./4 52 — 
“V7 "V3 
53 2 54 3 
“Na "V2 

5 3 

ss, V5 se, ¥3. 

V8 50 

V8 Ao 

Cy eee 58. —— 

V2 ass 

59, 662 
WS " W6 
3 3 

2 9 

61. Y2 a8 

9 154 


Rationalize each denominator. All variables represent positive 
values. See Example 7. (Objective 2) 


63, V 8X? 64, YOY 
vxy V3x7p 
10xy* 5ab°c 
65. ——— 66. ——— 
V2xy" V 10abc 
Rationalize each denominator. See Example 8. (Objective 2) 
67 a 68 =— 
Aa “AJ ied 
2 3 
69. v2 70. V3 
V5 +3 V3-2 
3 ll 21 
71. v3 72. v2 
V3-1 V2+1 
- VI- V2 - V34V2 
V2+V7 V3- V2 
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Rationalize each denominator. All variables represent positive 
values. See Example 9. (Objective 2) 


2 3 
75. —— 76. ———— 
Vx +1 Vx —2 
a 78, —* 
“Vx -—4 "Vxt1 
by Vam= Vy a6 Vx + Vy 
Vx + Vy "Vx — Vy 


Rationalize each numerator. All variables represent positive 
values. See Example 10. (Objective 3) 


Pre eu eve 
2 ) 
ay, Vurs ga, 2 Vx 
x 5X 
ADDITIONAL PRACTICE 


Simplify each radical expression. All variables represent positive 
values. 


85. (3\/9)(2V/3) 
87. VSabV/5a 
89. WabW/16ab> 


86. (2V/16 )(—\/4) 
88. V/15rs°V/10r 
90. V 3x4 yW18x 


91. W6x7°(y + 2 W18x(y + 2) 
92. W9x2y(z + 1° W6xy7(z + 1) 
93. —2V/5x(4V2x — 3V3) 
94. 3V71(2V71 + 3V30) 


Rationalize each denominator. All variables represent positive 
values. 


3 2 
95. —— 96. —— 
v9 Va 
97 a 98 : 
"Wa " W732 
1 1 
99. — 100. —- 
16 2 
oi 102, 2 
” \/2ab ; W 3xy 
(63. 104, 21 
V2z-1 V3t+ 1 
Rationalize each numerator. All variables represent positive values. 
x + x— Vy 
105, V2 ioe. = 2 
Vx Vx + Vy 


APPLICATIONS Solve each application problem. 
See Example 11. (Objective 4) 


107. Photography We have seen that a lens with a focal length 
of 12 centimeters and an aperture 3/2 centimeters in 
diameter is an f/2.8 lens. Find the f-number if the area of 
the aperture is again cut in half. 

108. Photography A lens with a focal length of 12 centimeters 
and an aperture 3 centimeters in diameter is an f/4 lens. 
Find the f-number if the area of the aperture is cut in half. 


109. Targets The radius r of the 
target is given by the formula 


where A is the area. Write 
the formula in a form in 
which the denominator is 
not part of the radicand. 


110. Pulse rates The approximate pulse rate (in beats per 
minute) of an adult who is ¢ inches tall is given by the 
function 


_ 590 
P(t) = Vi 


Write the formula in a form in which the denominator is a 
rational expression. 


111. If the hypotenuse of an isosceles right triangle is 8 cm, find 
the length of each leg. 


112. The hypotenuse of a 45°—45°—90° triangle is 14 m. Find 
the length of each leg. 


113. The longer leg of a 30°—60°—90° triangle is 6 ft. Find the 
length of remaining sides. 


114. The altitude of an equilateral triangle is 24 mm. Find the 
lengths of the sides of the triangle. 


WRITING ABOUT MATH 


115. Explain how to simplify a fraction with the monomial 
denominator V3. 

116. Explain how to simplify a fraction with the monomial 
denominator \/9. 


SOMETHING TO THINK ABOUT Assume that x isa 
rational number. 


Vx -3 
117. Change the numerator of —7- to a rational number. 


2V3x +4 
A/ 3x = 1° 


118. Rationalize the numerator: 


The Power Rule 
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Radical Equations 


GD Solve a radical equation containing one radical. 
®9 Solve a radical equation containing two radicals. 

&} Solve a radical equation containing three radicals. 

@3 Solve a formula containing a radical for a specified variable. 


Objectives 


Vocabulary 


a 
xo} 
se} 
WV 
ce 
[>)) 
= 
~ 
po 
wu 
Oo 


In this section, we will solve equations that contain radicals. To do so, we will use the 
power rule. 


@ Solve a radical equation containing one radical. 


If x, y, and 7 are real numbers and x = y, then 


x = 


If we raise both sides of an equation to the same power, the resulting equation might 
not be equivalent to the original equation. For example, if we square both sides of the 
equation 


GQ) %*=3  Witha solution set of {3} 
we obtain the equation 
(2) x? =9  Witha solution set of {3, —3} 


Equations | and 2 are not equivalent, because they have different solution sets, and 
the solution —3 of Equation 2 does not satisfy Equation |. Since raising both sides of an 
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EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


Solving an Equation 
Containing Radicals 


EXAMPLE 2 


Solution 


equation to the same power can produce an equation with roots that don’t satisfy the 
original equation, we must check each suspected solution in the original equation. 


Solve: Vx+3=4. 


To eliminate the radical, we apply the power rule by squaring both sides of the equa- 
tion, and proceed as follows: 


Vx+3=4 
( Vx + 3) = (4)" Square both sides. 
x+3= 16 


x = 13 Subtract 3 from both sides. 


To check the apparent solution of 13, we can substitute 13 for x and see whether it 
satisfies the original equation. 


Vx+3=4 
V13+3=44 — Substitute 13 for x. 
Vice4 


4=4 


Since 13 satisfies the original equation, it is a solution. 


Solve: Va-— 2 =3. 


To solve an equation with radicals, we follow these steps. 


1. Isolate one radical expression on one side of the equation. 


2. Raise both sides of the equation to the power that is the same as the index of the 
radical. 


3. Solve the resulting equation. If it still contains a radical, go back to Step 1. 


4. Check the possible solutions to eliminate the ones that do not satisfy the original 
equation. 


HEIGHT OF ABRIDGE The distance d (in feet) that 
an object will fall in ¢ seconds is given by the 
formula 


_ fd 
iG 
To find the height of a bridge, a man drops a stone 
into the water. (See Figure 9-16.) If it takes the 
stone 3 seconds to hit the water, how far above the 
river is the bridge? 


I 
T 
I 
id 
L 
I 
I 
at 
I 


‘ 


We substitute 3 for ¢ in the formula and solve for d. 
Figure 9-16 
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[a 
16 
d 
5 V6 
9= i Square both sides. 
16 
144=d Multiply both sides by 16. 


The bridge is 144 feet above the river. 


SELF CHECK 2 How high is the bridge if it takes 4 seconds for the stone to hit the water? 


EXAMPLE3 Solve: V3x+1+1=-x. 


Solution We first subtract 1 from both sides to isolate the radical. Then, to eliminate the radical, 
we square both sides of the equation and proceed as follows: 


V3x+t1+1=x 
V3x+1l=x-1 Subtract | from both sides. 
( V3x + iy = (x — 1)’ Square both sides to eliminate the square root. 
3x t1l=x7-2x4+1 w-1IY=(-DE-D 
erox-xtl=x-2xt41 

0 =x* — 5x Subtract 3x and 1 from both sides. 
0 = x(x — 5) Factor x° — 5x. 

x=0O or x—5=0 _ Seteach factor equal to 0. 

x=0 | x=5 


We must check each apparent solution to see whether it satisfies the original equation. 


Check: V3x+1+1=x V3x+141 


= =X 
V3(0) +1+120 V3(5)+1+125 
V1i+140 Vi6+125 
2#0 5=5 


Since 0 does not check, it is extraneous and must be discarded. The only solution of 
the original equation is 5. 


SELF CHECK3 Solve: V4x +1 +1 =x. 


| ACCENT ON TECHNOLOGY | USE CRM §= To find approximate solutions for V3x + 1 + 1 = x with a graphing calculator, we 
graph the functions f(x) = V3x + 1 + 1 and g(x) = x, and then adjust the window 
settings to [—5, 10] for x and [—2, 8] for y as in Figure 9-17(a). We then trace to find the 
approximate x-coordinate of their intersection point, as in Figure 9-17(b). After 
repeated zooms, we will see that x = 5. 


Solving Equations 
Containing Radicals 
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We can also find the exact x-coordinate of the intersection point by using the 
INTERSECT command found in the CALC menu. 


Y1 = V(3X +1) +14 


fx) =vV3x+1+4+1 


X=5.0531915 Y =5.0198973 


(a) (b) 
Figure 9-17 


EXAMPLE 4 Solve: Wx+7=x+1. 


Solution — To eliminate the radical, we cube both sides of the equation and proceed as follows: 


We+7=x41 
( Wx + 7)" =(x + 1) Cube both sides to eliminate the cube root. 
+7 Hx 4+ 3x7 + 3x41 
0 = 3x? + 3x — 6 Subtract x* and 7 from both sides. 
O=x+x-2 Divide both sides by 3. 
0 = (x + 2)(x — 1) Factor the trinomial. 


x+2=0 or x—1=0 __ Seteach factor equal to 0. 


x= -2 | x = 1 Solve each linear equation. 


We check each apparent solution to see whether it satisfies the original equation. 


Check: Wet+7=xt1 We+t+7=xt1 
W(-28.+ 74-241 W1i+7414+1 
W=8 +721 W322 
Y—1 2-1 2=9 
-l1=-1 


Both solutions satisfy the original equation. 


FEY SELF CHECK4 Solve: Wx? +8=x42. 


(72) Solve a radical equation containing two radicals. 


When more than one radical appears in an equation, it is often necessary to apply the 
power rule more than once. 


EXAMPLES Solve: Vx + Vx+2=2. 


Solution To remove the radicals, we square both sides of the equation. Since this is easier to do 
if one radical is on each side of the equation, we subtract Vx from both sides to isolate 
one radical on one side of the equation. 


VEE VG et St 
Veri=2=Vz 


(Vx4+2) =(2- vx) 
x+2=4-4Vx+x 


2=4-4Vx 
—2 = —4Vx 
1 
a ve 
ae 
a. 
Check: Vxt+ Vx+2=2 
oe bees 
4 4 
1 9 
—~+4+,/-292 
aa 
1 3.4 
~4+=29) 
2° 2 
2=2 


The solution checks. 


SELF CHECK5 Solve: Va + Va +3 = 3. 


ACCENT ON TECHNOLOGY 


Solving Equations 
Containing Radicals 
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Subtract Vx from both sides. 

Square both sides to eliminate the square root. 
(2 — vx)(2 - vx) = 

4-—2Vx -2Vx+x=4-4Vx4+x 


Subtract x from both sides. 


Subtract 4 from both sides. 


Divide both sides by —4. 


Square both sides. 


To find approximate solutions for Vx + Vx + 2 = 5 with a graphing calculator, we 
graph the functions f(x) = Vx + Vx + 2 and g(x) = 5, and adjust the window set- 
tings to [2, 10] for x and [—2, 8] for y as in Figure 9-18(a). We then trace to find an 
approximation of the x-coordinate of their intersection point, as in Figure 9-18(b). 
From the figure, we can see that x ~ 5.15. We can zoom to get better results. 

We also can find the exact x-coordinate of the intersection point by using the 
INTERSECT command found in the CALC menu. 


\ 


Y1 = V(X) + V(X + 2) 


X = 5.1489362 Y = 4.9428762 


(b) 


Figure 9-18 
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3 | Solve a radical equation containing three radicals. 


EXAMPLE6 Solve: Vx +2+ V2x = V18 — x. 


Solution — In this case, it is impossible to isolate one radical on each side of the equation, so we 
begin by squaring both sides. Then we proceed as follows. 


Vx+2+ V2x = V18—x 
( Vx +t24+ V2x y ( V 18 — x) Square both sides to eliminate 


one square root. 


xt+2+2Vx + 2V2x + 2x = 18 - x 
2Vx + 2V2x = 16 — 4x Subtract 3x and 2 from both 
sides. 
Vx + 2V2x = 8 — 2x Divide both sides by 2. 
( Vx + 2V2x)" = (8 — 2x)’ Square both sides to eliminate 


the other square roots. 
(x + 2)2x = 64 — 32x + 4x° 
2x? + 4x = 64 — 32x + 4x° 


0 = 2x* — 36x + 64. = Write the equation in quadratic 
form. 


0 = x* — 18x + 32 Divide both sides by 2. 
0 = (x — 16)(x — 2) Factor the trinomial. 
x-16=0 or x-2=0 Set each factor equal to 0. 
x=16 | x=2 


Verify that 2 satisfies the equation, but 16 does not. Thus, the only solution is 2. 


FEY SELF CHECK6 Solve: V3x+4+ Vx4+9= Vx +25. 


4 Solve a formula containing a radical for a specified variable. 


To solve a formula for a variable means to isolate that variable on one side of the equa- 
tion, with all other quantities on the other side. 


EXAMPLE 7 DEPRECIATION RATES Some office equipment that is now worth V dollars originally 
cost C dollars 3 years ago. The rate r at which it has depreciated is given by 


rai 
G 


Solve the formula for C. 


Solution We begin by isolating the cube root on the right side of the equation. 


=] —- 3/— 
r fv 


V 
r-l= -¢ Subtract 1 from both sides. 
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v\3 
(r- 1p = (-I%) To eliminate the radical, cube both sides. 


V 
(r—-1p = 7; Simplify the right side. 
Cr -lp=-V Multiply both sides by C. 
V a ; 4 
C= eae Divide both sides by (r — 1)”. 
_ 


SELF CHECK 7 _ A formula used in statistics to determine the size of a sample to obtain a desired degree 
of accuracy is 


Solve the formula for n. 


SELF CHECK ANSWERS 1.11 2. 256ft 3. 6;Qisextraneous 4.0,-—2 5.1 6.0 7.n= Z0'Pd 


9.6 EXERCISES 


WARM-UPS | Solve each equation. VOCABULARY AND CONCEPTS fill in the blanks. 
1.6Vx+2=3 2, Vx-2=1 11. If x, y, and n are real numbers and x = y, then ‘ 
Saree ie fo called the : 
se ae - ; asia 12. When solving equations containing radicals, try to 
5. VWx-1=2 6. Vx+1=2 one radical expression on one side of the equation. 
REVIEW if f(x) = 3x2 — 4x + 2, find each quantity. 13. To solve the equation V x + 4 = 5, we first both 
sides. 
7 0) el ae 14. To solve the equation Wx + 4 = 2, we first both 
9. f(2) 10. (3) sides. 
15. Squaring both sides of an equation can introduce 


solutions. 


16. Always remember to the solutions of an equation 
containing radicals to eliminate any_______ solutions. 
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GUIDED PRACTICE 

Solve each equation. See Example 1. (Objective 1) 

17. V5x —6=2 18. V7x — 10 = 12 
19. Vox +14+2=7 20. V6x + 13-2=5 
21. Win —1=3 22. W12m+4=4 


Solve each equation. Identify any extraneous solution. 
See Examples 3-4. (Objective 1) 


25.r—9=V2r—- 3 26. -s—3=2V5- 5s 
27. V—-5x + 24=6-~x 28. V-x+2=x-2 


29. Vy +2=4-y 30. V22y + 86=y+9 
31. We -7=x-1 32. Wx + 56-2=x 


Solve each equation. Identify any extraneous solution. 
See Example 5. (Objective 2) 


33. 2V4x+1=Vx4+4 
34, V3(x + 4) = V5x — 12 
35. Vx+2=V4—-x 
36. V6—x = V2x +3 
37. 2Vx = V5x — 16 

38. 3Vx = V3x4 12 

39. V2y +1 =1-2Vy 


40. Vu + 3 = Vu - 3 
41.14+ Vz=Vz4+3 
42. Vx+2=Vx+4 


43. V4s + 1— Vos = —-1 
44. V/y +74+3=Vy 44 
45. V2x+ 54+ Vxt+2=5 
46. V2x+ 54+ V2x+14+4=0 


Solve each equation. Identify any extraneous solution. 
See Example 6. (Objective 3) 


a7. Vv + V3 = Vv $3 

4s. Vx t+ 14+ V3x= V5x 41 
49, V3x -Vx+1=Vx-2 

50. Vx +2+ V2x—-3=VI11l—-x 


Solve each formula for the indicated variable. See Example 7. 
(Objective 4) 


51. v = V2gh for h 


52. d= 14Vhforh 


{1 /12V 
53. T = 27,/-~forl 54. d= 3/— for V 
32 7 
A A 
55.1 = 4/4 — 1 for 56. = 3/4 — 1 forP 
P P 
v A 
57. Ly =Ly,/1— >for’ 58. R; =,/— — Ry for A 
Cc 7 


ADDITIONAL PRACTICE Solve each equation. 
59. 5r+ 4 = V5r + 20 + 4r 
60. VxVx + 16 = 15 
6 
61. VxVx+6=4 62. ——— = Vx 
Vx+5 


64. W/8x —-8+2=0 


63. Wx4 + 40° -4 = -x 


65.24+ Vu= V2ut+7 
66. W/127+44+2=0 
67. u = Wit — 6? + 24 

68. V6r + 1 — 3Vi= -1 
69. Vx -—5- Vx+3=4 
70. W/10p + 1 = W11p — 7 
71. Vx+8-Vx—-4=-2 
72. W10y + 2 = 2/2 
73. Vz-14+ Vz+2=3 
74. Vl6vt+ 1+ V8vt+1=12 
75. VVa+ Vat8=2 
76. VV2y-Vy-1=1 


77. =Vx-1 


V2x 
Vx+2 
78. V8 —x- V3x-8=Vx-4 


APPLICATIONS 
Solve each application problem. See Example 2. (Objective 1) 


79. Highway design A curve banked at 8° will accommodate 
traffic traveling s mph if the radius of the curve is r feet, 
according to the formula s = 1.45V*r. If engineers expect 
65-mph traffic, what radius should they specify? See the 
illustration on the next page. 


s mph = 65 mph » 


r ft 


: — i Le 


80. Horizon distance The higher a lookout tower is built, the 
farther an observer can see. That distance d (called the 
horizon distance, measured in miles) is related to the height h 
of the observer (measured in feet) by the formula 
d= 1.4Vh. How tall must a lookout tower be to see the 
edge of the forest, 25 miles away? 


sia 


444 


81. Generating power The power generated by a windmill is 
related to the velocity of the wind by the formula 


v=) i 
0.02 


where P is the power (in watts) and v is the velocity of the 
wind (in mph). Find the speed of the wind when the wind- 
mill is generating 500 watts of power. 


82. Carpentry During construction, carpenters often brace 
walls as shown in the illustration, where the length of the 
brace is given by the formula 


l= VP eR 


If a carpenter nails a 10-ft brace to the wall 
6 feet above the floor, how far from the 
base of the wall should he nail 
the brace to the floor? 
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Nv) 
ey Use a graphing calculator. 
83. Depreciation The formula 


T 
rai? 
GC 


gives the annual depreciation rate r of a car that had an 
original cost of C dollars, a useful life of years, and a 
trade-in value of T dollars. Find the annual depreciation 
rate of a car that cost $22,000 and was sold 5 years later for 
$9,000. Give the result to the nearest percent. 

84. Savings accounts The interest rate r earned by a savings 
account after n compoundings is given by the formula 


V 


toa =1l=r 
P 
where Vis the current value and P is the original principal. 
What interest rate r was paid on an account in which a depos- 
it of $1,000 grew to $1,338.23 after 5 compoundings? 

85. Marketing The number of wrenches that will be produced 
at a given price can be predicted by the formula s = V5x, 
where s is the supply (in thousands) and x is the price (in dol- 
lars). If the demand, d, for wrenches can be predicted by the 
formula d = V/100 — 3x”, find the equilibrium price. 

86. Marketing The number of footballs that will be produced 
at a given price can be predicted by the formula s = V 23x, 
where s is the supply (in thousands) and x is the price (in dol- 
lars). If the demand, d, for footballs can be predicted by the 
formula d = 312 — 2x°, find the equilibrium price. 

87. Medicine The resistance R to blood flow through an 
artery can be found using the formula 


= «fk 
TR 


where r is the radius of the artery, k is the viscosity of 
blood, and /is the length of the artery. Solve the formula 
for R. 


88. Generating power The power P generated by a windmill is 
given by the formula 


a eo 
0.02 


where s is the speed of the wind. Solve the formula for P. 


WRITING ABOUT MATH 


89. If both sides of an equation are raised to the same power, 
the resulting equation might not be equivalent to the origi- 
nal equation. Explain. 

90. Explain why you must check each apparent solution of a 
radical equation. 


SOMETHING TO THINK ABOUT 
W2x = Vx. 92. Solve: Wx = re 


91. Solve: 


> 
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Vocabulary Objectives 


Getting Ready 


Complex Numbers 


GD Simplify an imaginary number. 
® Simplify an expression containing complex numbers. 


&} Rationalize the denominator of a fraction that contains 
a complex number. 


@3 Finda specified power of i. 
@ Find the absolute value of a complex number. 


Perform the following operations. 


1. Gx 4 5) 44x = 5) 2. (3x + 5) — (4x — 5) 
3. (3x + 5)(4x — 5) 4. (3x + 5)(3x — 5) 


We have seen that square roots of negative numbers are not real numbers. However, there 
is a broader set of numbers, called the complex numbers, in which negative numbers do 
have square roots. In this section, we will discuss this broader set of numbers. 


Simplify an imaginary number. 


Consider the number V —3. Since no real number squared is —3, V —3 is not a real 
number. For years, people believed that numbers such as 


wae V/=3, Alaa. and V9 


were nonsense. In the 17th century, René Descartes (1596-1650) called them imaginary 
numbers. Today, imaginary numbers have many important uses, such as describing the 
behavior of alternating current in electronics. 

The imaginary number \V—1 often is denoted by the letter i: 


i=V-1 
Because i represents the square root of —1, it follows that 


?P=-l 
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PERSPECTIVE 

The Pythagoreans (ca. 500 B.c.) understood the universe René Descartes (1596-1650) thought these numbers 
as a harmony of whole numbers. They did not classify to be nothing more than figments of his imagination, so 
fractions as numbers, and were upset that \/2 was not he called them imaginary numbers. Leonhard Euler 
the ratio of whole numbers. For 2,000 years, little (1707-1783) used the letter 7 for Sie Augustin Cauchy 
progress was made in the understanding of the various (1789-1857) used the term conjugate; and Carl Gauss 
kinds of numbers. (1777-1855) first used the word complex. 

The father of algebra, Francois Vieta (1540-1603), Today, we accept complex numbers without ques- 
understood the whole numbers, fractions, and certain tion, but it took many centuries and the work of many 


irrational numbers. But he was unable to accept negative mathematicians to make them respectable. 
numbers, and certainly not imaginary numbers. 


Properties of Radicals 


If we assume that multiplication of imaginary numbers is commutative and associa- 
tive, then 


Ci =27 
=4-1) ?=-1 
= —-4 
Since (2i)” = —4, 2iis a square root of —4, and we can write 
V—-4=2i 


This result also can be obtained by using the multiplication property of radicals: 
V-4 = V4(-1) = V4V-1 = 23 


We can use the multiplication property of radicals to simplify any imaginary 
number. For example, 


V=-25 = V25(-1) = V25V-1 = 5i 


ae - men I= = 10, 
V49 7 


These examples illustrate the following rule. 


If at least one of a and b is a nonnegative real number, then 


VES VEE aa = (b + 0) 


ComMMENT If aand bare negative, then Vab # VaVb. For example, if a = —16 and 
b = —4, we have 


V(-16)V (—4) = (4121) = 87? = 8(-1) = -8 
Note that V (—16)V (—4) does not simplify as \V/(-16)(=4) =1/64 = 8. 


Simplify an expression containing complex numbers. 


The imaginary numbers are a subset of a set of numbers called the complex numbers. 
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Complex Numbers A complex number is any number that can be written in the standard form a + bi, 
where a and b are real numbers and i = V—1. 
In the complex number a + bi, ais called the real part, and 6 1s called the imagi- 
nary part. 


If b = 0, the complex number a + bi is a real number. If 6 # 0 and a = 0, the 
complex number 0 + bi (or just bi) is an imaginary number. 
Any imaginary number can be expressed in bi form. For example, 


COMMENT The expression V-l=i 


/3i is often written as 73 V9 = Va i= Vor -1 = 3i 


to make it clear that 7 is not 


part of the radicand. Don’t aa V3( 1) = Jaf = WV 
confuse V3i with V3i. 


The relationship between the real numbers, the imaginary numbers, and the complex 
numbers is shown in Figure 9-19. 


Complex numbers 


Real numbers a + 0i Imaginary numbers 0 + bi (b # 0) 


3, z, m, 125.345 Me pe 


15S 


al 
= 3 


4+7i, 5 


Figure 9-19 


Equality of Complex The complex numbers a + bi and c + di are equal if and only if 
Nua a=c and b=d 


Because of the previous definition, complex numbers are equal when their real parts 
are equal and their imaginary parts are equal. 


EXAMPLE1 a.2+3/= V4+ Si beak B= 4a = S 


12 12 
a 251 because 4= 3 and 5=-V25. 


«axt+yi=44 Ti if and only if x =4andy = 7. 


FJ SELF CHECK1 §Is2 + 31= V4 - $7? 
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Addition and Complex numbers are added and subtracted as if they were binomials: 
Subtraction of Complex (at bi) +t (ct d)=(at0+(b+0i 
Numbers 


(a + bi) — (c + di) = (a + bi) + (-c - d) = (4-0 + (6-Oi 


The previous definition suggests that when adding or subtracting two complex 
numbers, we add or subtract the real parts and then add or subtract the imaginary parts. 


EXAMPLE 2 Perform the operations. 
a. (8 + 4i) + (12 + 8) =8 + 4i+ 12 + 8: 


= 20 + 12i 

b. (7 - 4) + (9+ 2) =7- 41+ 9 +23 
= 16 -2i 

« (-6+i)-3-4) =-6+i-344i 
= -94 5 

d. (2 — 41) — (-4 + 3) = 2-49 + 4-33 
=6-Ti 


SELF CHECK 2 Perform the operations. 


40-47 b. (3 — 5i) — (-2 + 7’) 


To multiply a complex number by an imaginary number, we use the distributive 
property to remove parentheses and simplify. For example, 


—5i(4 — 8i) = —5i(4) — (—51)8i — Use the distributive property. 


= —20i + 407 Simplify. 
= —20i + 40(-1) Remember that i? = —1. 
= —40 — 20i 


To multiply two complex numbers, we use the following definition. 


Multiplying Complex Complex numbers are multiplied as if they were binomials, with i? = —1: 


Numbers (a + bi)(c + di) = ac + adi + bei + bai? 


= ac + adi + bci + bd(—1) 
= (ac — bd) + (ad + be)i 


EXAMPLE3 Multiply the complex numbers. 


a. (2 + 31)(3 — 2i) = 6 — 41 + 91 — 67 Use the FOIL method. 

we a ; 
6+ S5i+ 6 i> = —1, combine —4i and 9i. 
= 12+ 5i 
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b. (3 + aC + 2i)=3+6i+i+ 2i? Use the FOIL method. 
=34+7i-2 i? = —1, combine 6i and i. 
=1+7i 


—8 — 47+ 4i + 2i7 Use the FOIL method. 


=-8-2 i? = —1, combine —4i and 4i. 


= -10 


« (-4 + 212 + i) 
Si 


EY SELF CHECK 3 =Multiply: (—2 + 393 — 21). 


The next two examples show how to write complex numbers in a + bi form. It is 


common to use a — bias a substitute for a + (—b)i. 


EXAMPLE 4 Write each number in a + bi form. 


a. 7=7+ 0i b. 3i = 0 + 3! 

& = A/=16 Sh S/S) dS + V-11=5+V=10) 
Sa 4/16s/-1 =54+ V11V-1 
=4-4j =54+ Vili 


FEY SELF CHECK 4 = Write 3 - V—25 ina + bi form. 


(] Complex Conjugates The complex numbers a + bi and a — bi are called complex conjugates. 


For example, 


3 + 4i and 3 — 47 are complex conjugates. 
5 — Jiand 5 + 7i are complex conjugates. 


EXAMPLE 5 Find the product of 3 + iand its complex conjugate. 


Solution The complex conjugate of 3 + iis 3 — i. We can find the product as follows: 


(3+ i)(3-i1) =9- 31+ 3i—i* Use the FOIL method. 
tas =9-7 Combine like terms. 

9 —-(-1) Ps=!) 

= 10 


FEY SELF CHECK5 «Multiply: (2 + 32 — 30. 
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The product of the complex number a + bi and its complex conjugate a — bi is the 
real number a” + b°, as the following work shows: 


a — abi + abi — b°i? Use the FOIL method. 
=a — b°(-1) ?P=-1 
=a +b 


(a + bij(a — bi) 
Le 


&)} Rationalize the denominator of a fraction that contains 
a complex number. 


If b # 0, the complex number a + bi contains the square root i = V —1. Since a square 
root cannot remain in the denominator of a fraction, we often have to rationalize a 
denominator when dividing complex numbers. 


EXAMPLE 6 Divide and write the result in a + bi form: 


347 


Solution We can rationalize the denominator by multiplying the numerator and the denomina- 
tor by the complex conjugate of the denominator. 


1 1 3-1 qo 7 
= ‘ = 
34+i 3+i7 3-i ia 
31 / 
= ulti e numerators and multi e denominators. 
9_-y+3-P Multiply th t d multiply the d t 
— 31 i-T 
i Qu] 
9=(=—1) 
_ sd 
10 
3 Le 
= 10 = To! Write the result in a + bi form. 


1 
SELF CHECK 6 Rationalize the denominator: ——. 


EXAMPLE7  wiite= 
2+ 


Ls : 
-ina + biform. 
i 


Solution We multiply the numerator and the denominator of the fraction by the complex conju- 
gate of the denominator. 
3-1. 3=1 25 i 
.o7, 247 Bas 
6-—3i-2+i7 
— 4=%+ 2-2 
5 — Si 


= ——_ 6+i77=6-1=5 
4=(-1) 


Multiply the numerators and multiply the denominators. 
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— 5d — i) 
5 
=l]-i Simplify. 


Factor out 5 in the numerator. 


2+ i 


EB) SELF CHECK 7 — Rationalize the denominator: 


a 


4+V-16 


2+ V-4 


4+V-16 444i 
2+vV-4 2+ 2i 


_ 22429) 
211 


EXAMPLE 8 Write 


ina + bi form. 


Solution Write each number in a + bi form. 


Factor out 2 in the numerator and simplify. 


FS) SELF CHECK 8 Divide: 


COMMENT To avoid mistakes, always put complex numbers in a + bi form before 
doing any operations with complex numbers. 


4 Find a specified power of i. 


The powers of i produce an interesting pattern: 


i= V-1=i ee es 

i? =(V-1)=-1 ® =? =\(-l=-1 
P=Pi=-li=-i Uv =P = 1(-) =-i 
i* = 771? = (-1)(-l) = 1 =i == 1 


The pattern continues: 7, —-1,-i7,1,.... 


EXAMPLE9 Simplify: 7’. 


Solution We note that 29 divided by 4 gives a quotient of 7 and a remainder of 1. Thus, 
29 =4-7+ l,and 


P= w=4+7 41 
= (4) af Gn To = (i*)’ or 
afer gsi 


=i] 


FJ SELF CHECK9 = Simplify: 7°" 
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The results of Example 9 illustrate the following fact. 


Powers of i If 1 is a natural number that has a remainder of r when divided by 4, then 


When n is divisible by 4, the remainder r is 0 and i° = 1. 


EXAMPLE 10 Simplify: i>. 


Solution We divide 55 by 4 and get a remainder of 3. Therefore, 
“55 -3 
p> = 


SELF CHECK 10 


EXAMPLE 11 _ Simplify each expression. If a denominator has a factor of i, multiply the expression by i 


a. 27 + 47° = 2(-1) + 4(-d ee a 
I 
=-2-4i 


SELF CHECK 11 Simplify. 


5] Find the absolute value of a complex number. 


Absolute Value of a The absolute value of the complex number a + biis Va~ + b*. In symbols, 
Complex Number 
P la+ bil = Var +b’ 
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EXAMPLE 12 Find each absolute value. 
a. |3 + 4i] = V3° + 4 b. |3 — 4i| = V3? + (-47 
= V9 + 16 = V9 + 16 
= V25 = 5 
= =5 
c. | — 5 — 123] = V(—5) + (127 d. ja + Oi) = Var + 0? 
= V25 + 144 Ser 
= V169 = |a| 
=13 
FY SELF CHECK 12 Evaluate: |5 + 12i]. 


FRY SELF CHECKANSWERS) = 1.0 a. 1 +2 
a +ti 9 -i 10. -1 


1. Simplify: 


[by = Ia 
Wile Eh B= 3 


—-V-8V-2. 


313i 43-5) 5.13 O2+4i 7224 Hi 


b.0-3i 12.13 


4 for x 


2:°— 3h 


. Evaluate 3x7 — 2x 


9.7 EXERCISES 
WARM-UPS 
Write each imaginary number in bi form. 
1. V—49 2. V —64 
3. V —100 4. V-81 
Simplify each power of i. 
5. 7° 6. i 
ai id 
Find each absolute value. 
9. |—-3 + 4i| 10. |5 — 12i| 


REVIEW Perform each operation. 


3x +4 
xD 


x—-4 
xD 


2 2 
MH HH Xe =O 


12. 


+ 


13. Wind speed A plane that can fly 200 mph in still air makes 
a 330-mile flight with a tail wind and returns, flying into the 
same wind. Find the speed of the wind if the total flying 
time is 35 hours. 

14. Finding rates A student drove a distance of 135 miles at an 
average speed of 50 mph. How much faster would he have 
to drive on the return trip to save 30 minutes of driving 
time? 


VOCABULARY AND CONCEPTS Fill in the blanks. 


15. V-1=_ 16. 7° >. 

ie Se 18.0 =.— 

19. A 4, af = 3. V—-4 are examples of numbers. 

20. Vab = , provided a and 4 are not both negative. 

21. = (b # 0), provided a and b are not both 
negative. 


22. 3 + 5i,2 — 7i, and 5 — siare examples of 
numbers. 


23. The real part of 5 + 7iis__. The imaginary part is _. 
24. a+ bi=c + diif and onlyifa = _andb= _ 


25. a + bianda — biare called complex 


26. ja + bi| = 

GUIDED PRACTICE 

Write each imaginary number in simplified form. (Objective 1) 
27. V-9 28. V-16 

29. V—36 30. V-81 

31. V-7 32. V-11 

33. V-8 34. V—24 


Determine whether the complex numbers are equal. 
See Example 1. (Objective 1) 


35.3 + 71, V9 4+ (5+ 2) 36. V4 + V/25i,2 — (-5)i 
37. V4 + V—4,2 — 2i 38. V—9 — i, 4i 


Simplify each expression. Write all answers in standard form. 
See Example 2. (Objective 2) 


39. (3 + 4i) + (5 — 6i) 40. (5 + 3/) — (6 — 9i) 


41. (7 — 3/) — (4+ 21 42. (8 + 3i) + (-7 — 2i) 


43. (8 + 5i) + (7 + 2i) 44, (—7 + 91) — (—2 - 81) 


45. (1 + i) — 21+ (5 — Ti) 46. (-9 + i) — 5i+ (2 + Ti) 


Simplify each expression. Write all answers in standard form. 
(Objective 2) 

47. 3i(2 — i) 48. —4i(3 + 4i) 

49. —5i(5 — Si) 50. 2i(7 + 2i) 

Simplify each expression. Write all answers in standard form. 
See Example 3. (Objective 2) 
51. (2+ 3 — i) 

53. (2 — 4i)(3 + 2i) 


52. (4 — )(2 + i) 
54. (3 — 2i)(4 — 3i) 


55 


57 
59 


61. 
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. (2 + V2i)(3 — V2i) 


.2+iP 
. (2 + 3i 
i(5 + i)(3 — 2i) 


679 


56. (5 + V3i)(2 — V3i) 


58 
60 


62. i(—3 — 2i)(1 — 2i) 


. 3-2 
. (1 - 31 


Simplify each expression. Write in standard form. 
See Examples 4-5. (Objective 2) 


63. 
64. 


65 
66 


(8 - v=iy(-2 


V-16) 


(-1 + V—4)(2 
. (6 — 5i(6 + 5i) 
0 + 27 — BH 


Divide and write each expression in standard form. See Example 6. 
(Objective 3) 


71 


73 


"2-4 
13i 

“5S 4+i 
—12 

"7 -V=1 
Si 

"642i 


74 


—4j 
“2-6: 


Divide and write each expression in standard form. 
See Examples 7-8. (Objective 3) 


75. 


77. 


3° 21 


79. 


83. 
85. 
87. 
89. 


91. 


93. 


95. 


97. 


I 84. i 
7! 86. i? 
ie 88. i” 
i" 90. j200 
Simplify each expression. See Example 11. (Objectives 3-4) 
37° + i? 92. 47° — 3i° 
A 94, + 
i ee 
— 96. = 
sa 2i 
3i 5i° 
98. 
8V-9 2V-4 


«21 


76. 


78. 


80. 
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99. > 100. —- 
“3p ” 677 
Find each value. See Example 12. (Objective 5) 
101. |6 + 8i| 102. |12 + 5i| 
103. |12 — 5i| 104. |3 — 4i| 
105. |5 + 7i| 106. |6 — 5i| 
3 4 5 12 
107.| =-—i 108. | — + <i 
. | 5 5. 8.) 33 7 73! 
ADDITIONAL PRACTICE 


Are the two numbers equal? 

109. 8 + 5i,2° + V/25i° 

110. 4 — 7i, —47° + 77° 

Simplify each expression. Write the answer in standard form. 
111. G6 +3) - 6-5) + V-l1 

112. (8 + 7i) — (-7 
113, (-8 — V3i) - (7 - 3V3i) 
114, (2 + 2V2i) + (-3 — V2i) 
115. (2+ i(2-D)A +1 

116. (3 + 2i)(3 — 2i)(i + 1) 

117. (3+ )[3 — 21) + 2+ i) 
118. (2 — 3i[(5 — 21) — Qi + LJ 


i(3 — i) 5+ 3i 
ee ee, 120. 7G = 5i 
1, 2) S =a — ol : 
SH (5 + 21) + (2 + i) 
PROJECTS 
Project 1 


The size of a television screen is measured along the diag- 
onal of its screen, as shown in the illustrations. The screen 
of a traditional TV has an aspect ratio of 4:3. This means 


that the ratio of the width of the screen to its height is ;. 


The screen of a wide-screen set has an aspect ratio of 16:9. 
This means that the ratio of the width of the screen to its 


1+ 16 
height is >. 


123. Show that 1 — Siis a solution of x” — 2x + 26 = 0. 
124. Show that 3 — 2iis a solution of x7 — 6x + 13 = 0. 
125. Show that /is a solution of x* — 3x7 — 4 = 0. 

126. Show that 2 + jis nota solution of x7 + x +1=0. 


APPLICATIONS 


In electronics, the formula V = IR is called Ohm’s Law. It gives the 
relationship in a circuit between the voltage V (in volts), the 
current I (in amperes), and the resistance R (in ohms). 


127. Electronics Find V when J = 2 — 3i amperes and 
R=2+ iohms. 


128. Electronics Find R when J = 3 — 2i amperes and 
V = 18 + ivolts. 


In electronics, the formula Z = Vis used to find the impedance Z 
of a circuit, where V is the voltage and | is the current. 


129. Electronics Find the impedance of a circuit when the 
voltage is 1.7 + 0.5 and the current is 0.5/. 


130. Electronics Find the impedance of a circuit when the 
voltage is 1.6 — 0.47 and the current is —0.2i. 


WRITING ABOUT MATH 


131. Determine how to decide whether two complex numbers 
are equal. 
132. Define the complex conjugate of a complex number. 


SOMETHING TO THINK ABOUT 


. . 3-1 
133. Rationalize the numerator: ———. 


134. Rationalize the numerator: 
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across country for the first part of his trip, averaging 
15 mph. When Tom reaches the highway at point A, he 
turns right and follows the highway, averaging 21 mph. 


~< = 
24 mi 7 


Ge Brian’s house 


a. Find the width and height of the traditional-screen set om Tom’s house 


shown in the illustration on the previous page. | Hint: 


4 _ 4x 
3 3x ) Tom and Brian never meet during the race and, amaz- 
b. Find the viewing area of the traditional-screen set in ingly, the race is a tie. Each of them calls the other at 
square inches. exactly the same moment! 
c. Find the width and height of the wide-screen set a. How long (to the nearest second) did it take each 
shown in the illustration above. person to complete the race? 
d. Find the viewing area of the wide-screen set in square b. How far from the intersection of the two highways is 
inches. point A? (Hint: Set the travel times for Brian and 


Tom equal to each other. You may find two answers, 


. oe aigaee 
e. Which set has the larger viewing area? Give the answer but Only one OF them malchesall of tie informalion) 


as a percent. 

c. Show that if Tom had started straight across country 
Project 2 for Brian’s house (in order to minimize the distance he 
had to travel), he would have lost the race. By how 
much time (to the nearest second) would he have lost? 
Then show that if Tom had biked across country to a 
point 9 miles from the intersection of the two high- 
ways, he would have won the race. By how much time 
(to the nearest second) would he have won? 


Tom and Brian arrange to have a bicycle race. Each leaves 
his own house at the same time and rides to the other’s 
house, whereupon the winner of the race calls his own 
house and leaves a message for the loser. A map of the race 
is shown in the illustration. Brian stays on the highway, 
averaging 21 mph. Tom knows that he and Brian are 
evenly matched when biking on the highway, so he cuts 
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SECTION 9.1 


DEFINITIONS AND CONCEPTS EXAMPLES 


Simplifying radicals: 

If nis a natural number greater than 1 and x isa 

real number, then 
If x > 0, then Vx is the positive number V/25 = 5 because 5? = 25. 
such that (Wx , =x, 
If x = 0, then Vx = 0. W0 = 0 because 04 = 0. 
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If x < 0, and nis odd, Vx is the real number \/—64 = —4 because (-4)* = —64. 
such that (Wx " =x. 

If x < 0, and nis even, Vx is not a real \/—8 = is not a real number. 
number. 


If nis an even natural number, 


Va = |a| 64x" = 8|x| Absolute value bars are necessary because x could be a 
negative number. 

If 1 is an odd natural number, greater than 1, \/—8 = —2 because (—2)? = —8. 

Vii =a 
Finding the domain of a radical function: To find the domain of f(x) = Vx + 4, set the radicand to be greater than or 
If f(x) = Wx, then the domain of f(x) will be equal to 0, and solve for x. 

[0, °°) if n is even x+4=0 The radicand must be = 0. 

(—%, ) if nis odd x 2-4 — Subtract 4 from each side. 


The domain is [—4, ~). 


To find the domain of g(x) = \/x — 9, we note that in a cube root the radi- 
cand can be any real number. Therefore, x can be any real number, and the 
domain is (—%, ©), 


Standard deviation of a data set: Find the standard deviation of the data set 1, 3, 4, 8. 
Standard deviation 
J sum of the squares of the differences from the mean Original Square of the 
number of differences terms Mean Difference differences 

1 4 =3 9 
3 4 = 1 
4 4 0 0 
8 4 4 16 


The sum of the squares of the differences is 26 and there are 4 values in the 
data set. 


26 
The standard deviation is , a = 2.549509757. 


To the nearest hundredth, the standard deviation is 2.55. 


REVIEW EXERCISES Graph each function. 

Simplify each radical. Assume that x can be any number. 13. f(x) = Vx +2 14. f(x) = -Vx—1 

1. V/49 2. -V121 y y 

3. -V36 4, 225 f f 

5. W-27 6. —W/216 

7. W625 8. W/—-32 »x wl x 
9. 25x" 10. Vx? + 4x +4 

11. \/27a°b? 12. W/256x5y4 
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15. f(x) = -Vx +2 16. f(x) = —-Wx+3 Consider the distribution 4, 8, 12, 16, 20. 
y y 17. Find the mean of the distribution. 
A 


18. Find the standard deviation. 


> xX 
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DEFINITIONS AND CONCEPTS EXAMPLES 


The Pythagorean theorem: To find the length of the hypotenuse of a right triangle with legs of length 9 ft 
If aand bare the lengths of the legs of a right tri- | and 12 ft, proceed as follows: 


angle and c is the length of the hypotenuse, then 
. *P a +b? =c* The Pythagorean theorem. 


at hae (9)* + (12)? = c? —_ Substitute the values. 
81 + 144=c? Square each value. 
225=c? Add. 
V225 =c Since c is a length, take the positive square root. 
ise A715 
The hypotenuse is 15 ft. 
The distance formula: To find the distance between (6, —1) and (3, 3), use the distance formula: 
The distance between two points, (x;, y,) and 
(x2, y2), on a coordinate plane is d= V(x_ — x1)? + (2 — yy)? The distance formula. 
(2G =e = V3-—6)+[3—(-DP Substitute values. 
= Ver + Remove parentheses 
= V9 +16 Square each value. 
= 4705 Add. 
=5 Simplify. 


The distance between the points is 5 units. 


REVIEW EXERCISES 

In Exercises 19-20, the horizon distance d (measured in miles) is 

related to the height 4 (measured in feet) of the observer by the 

formula d = 1.4V/h. 

19. View from a submarine A submarine’s periscope extends 
4.7 feet above the surface. How far away is the horizon? 


Wind 


20. View from a submarine How far out of the water must a 
submarine periscope extend to provide a 4-mile horizon? 


21. Sailing A technique called tacking allows a sailboat to 
make progress into the wind. A sailboat follows the course 
in the illustration. Find d, the distance the boat advances 
into the wind. 
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22. Communications Some campers 3,900 yards from a 23. Find the distance between points (0, 0) and (5, —12). 
highway are talking to truckers on a citizen’s band radio 24. Find the distance between points (—4, 6) and (—2, 8). 
with an 8,900-yard range. Over what length of highway can Ry Give the result to the nearest hundredth. 


these conversations take place? 


Range = 8,900 yd 


SECTION 9.3 


DEFINITIONS AND CONCEPTS EXAMPLES 

Rational exponents with numerator of 1: 

If n(n > 1) isa natural number and Vx is a real ie = 4/16 = 4 

number, then x!" = ~/x. 

If nis even, (x")'/” = |x|. (25x7)'? = V/25x" = 5|x| 


If mis a natural number greater than | and x isa 
real number, then 


If x > 0, then x'/” is the positive number 641? = V/64 = 8 

such that (x!/")" = x. 

If x = 0, then x” = 0, r= Ag =i 

If x < 0 and nis odd, then x’” is the real (-27)13 = W-27 3 

number such that (x!/")" = x. 

If x < 0 and nis even, then x” is not a real (—64)'? = \/—64 is not a real number. 
number. 


Rational exponents with numerator other than 1: 


If mand n are positive integers and x > 0, 642/3 = W647 = \V4,096 = 16 
ieee ea i 643 = (W/64)” = 4 = 16 
Negative rational exponents: 
1 = 1 1 1 
—m/n _ 25 1/2 = = 
x 
xin 252/255 
1 1 3 
— ym/n = 3/2: PAs a 
sae =" (x #0) rae =(V16) = 4 = 64 


x 


Simplifying expressions with rational exponents: 
Apply the properties of exponents. 
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x/4 “Xx m 
7 UAB Use the rules x” « x” = x"*" and = x". 
x 
= x!/4 26 2 7 oD 
= heal ee eae 
= Wx Change to radical notation. 


Simplifying radical expressions: 

1. Change the radical expression into an expo- 
nential expression with rational exponents. 

2. Simplify the rational exponents. 


3. Change the exponential expression back into a 
radical. 


W81x7 = (812)'4 


Use the rule Wx = x!””. 


= 34x7)'4 81 = 34 
= 3x)? Use the rule (xy)” = x" + y'”. 
= 3Vx Change to radical notation. 


REVIEW EXERCISES 
Simplify each expression, if possible. Assume that all variables 
represent positive numbers. 


Perform the multiplications. Assume that all variables represent 
positive numbers and write all answers without negative 
exponents. 

41, Svs" 

43. u!/?(u'/? — y'/?) 


42. a!" 
44, Py"? + 4) 


45. (x!/? ie yl? 
46. (a3 as ea Ce Za b7/3) 
Simplify each expression. Assume that all variables are positive. 


25. 25!/ 26. —361/? 
27. 93/7 28. 16°? 
29. (-8)'7 30. —87/7 
31. 8°73 32. 81/3 

1 

_495/2 
33. —49 34. 55 
1\732 4\ 3? 

35. (7 36. (1 
37. (27x°y)/3 38. (81x4)7)4 
39. (25x°y*)>/? 40. (80° Vv?) 


47. V/3? 


49. W/27a*b° 


48, \/x* 


50. W/25arb* 


SECTION 9.4 


combined. 


DEFINITIONS AND CONCEPTS EXAMPLES 
Properties of radicals: 
Vab = Var/b Vid = Va-6 Wh = 83 
= Viv = Wav 
=2V6 = 2V3 
(t= oxo 2 (V2 f2l _ V21 
b Wb 64x°  V/64x° 64x \/64x° 
_ Vai _ Wat 
8x7 4x? 
Adding and subtracting radical expressions: 
Like radicals can be combined by addition and 9V2 + 4V2 (9 4 4yV2 13V/2 
subtraction. 
Radicals that are not similar often can be V24+ V1I8 = V2+ V9V2 
simplified to radicals that are similar and then = 2 +3V2 


=4V2 
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Special right triangles: 
In a 45°—45°—90° triangle, the length of the 


hypotenuse is the length of one leg times \/9 
The shorter leg of a 30°—60°—90° triangle is half 
as long as the hypotenuse. The longer leg is the 
length of the shorter leg times V3. 
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If each leg of an isosceles triangle is 17 cm, the hypotenuse measures 


17/2 cm. 


If the shorter leg of a 30°—60°—90° triangle is 12 units, the hypotenuse is 24 
cm and the longer leg is 123 units. 


REVIEW EXERCISES 


positive numbers. 


Simplify each expression. Assume that all variables represent 


68. 3V/ 27a — 2aV3a + SV 75a° 
69. \/54 — 3/16 + 4V/128 


51. 240 52. \/54 70. 21/32x° + 4W/162x° — 5xW512x 
53. W/32 54. V/96 71. Geometry Find the length of the hypotenuse of an isosce- 
55. V8x° 56. V18x les right triangle whose legs measure 7 meters. 
3/775A 3/zquIad 72. Geometry The hypotenuse of a 30°—60°—90° triangle 
Pie: Vine sci louiiae | measures 12\/3 centimeters. Find the length of each leg. 
és 32x° &6 16x" 
* \/ox * AW 52 Find x to two decimal places. 
2a°b 17xy 73. 74. 
61. JJ 62. 
27x" 64a* 45° 
Simplify and combine like radicals. Assume that all variables rep- ein 
resent positive numbers. 
63. V2 + V8 64. 20 — V5 
65. 2\/3 — \/24 66. W/32 + 2/162 = cau 
5 in. 
67. 2xV8 + 2V/200x? + V'50x" 
SECTION 9.5 
DEFINITIONS AND CONCEPTS EXAMPLES 
Multiplying radical expressions: V3xV 6x = V18x" (x > 0) 
If two nadwals have the same index, they can be = Woe 
multiplied: 
= 3xV2 
(5 — 2V3)(7 + 6V3) 
35 + 30V3 — 14V3 — 12V9 __ Distribute. 
= 35 + 16/3 — 12(3) Combine like terms. 
= 35 + 16/3 — 36 Multiply. 
=-1+ 16V3 Simplify. 
Rationalizing the denominator: 5 WS MG 
To eliminate a single radical in the denominator, = age o- a/b 
we multiply the numerator and the denominator 8 b 
by a number that will give a perfect square (or _ V5 2 v2 Mutant oa 1 
cube, or 4th power, etc.) under the radical in the 7 V8 2 Me eRe a fay Oe 
denominator. 
10 ‘ : 
= v0 Multiply radicals. 
16 
10 


=—_ Simplify. 
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Multiply the numerator and the denominator 
by the conjugate of the denominator. 


Multiply the numerators and denominators. 


Simplify. 


To rationalize a fraction whose denominator has 5 44/2 
two terms with one or both containing square : 
roots, we multiply its numerator and denominator 4—-V2 4+ V2 
by the conjugate of its denominator. _ 20+ 5V2 
16-2 
_ 204+ 5V2 
14 
REVIEW EXERCISES Rationalize each d 
Simplify each expression. Assume that all variables represent l 
positive numbers. 89. er 
75. (2V5)(3V2) 76. 2V6V216 : 
x 
77. V9xVx 78. \/3W/9 91. Sp 
79. —W2x°W4x 80. — W/256x°y' W625 7 > 
93. —— 
V2-1 
81. V/2(V8 - 3) 82. V2(V/2 + 3) ay, 
95. 
Vx +4 
83. V/5(V2 - 1) 84. V3(V3 + V2) 


Rationalize each numerator. All variables represent positive numbers. 


8s. (V2 + 1)(V2- 1) 7 3 
86. (V3 + V2\(V3 + V2) “2 
87. (Vx + V9 (Vx - vy) 99. “ 
88. (2Vu + 3)(3Vu — 4) 


enominator. 


3 
98. v9 

3 

va- Vi 
100. ae 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


The power rule: 
If x, y, and n are real numbers, 


If x = y, then x” = y”. 


Raising both sides of an equation to the same 
power can lead to extraneous solutions. Be sure to 
check all suspected solutions. 


To solve Vx + 4 = x — 2, proceed as follows: 
( Vx + 4) = 


(x 2)" 


x+4=x°-4x4+4 
0 = x — 5x 


Square both sides to eliminate the square 
root. 


Square the binomial. 
Subtract x and 4 from both sides. 


0 = x(x — 5) Factor x7 — 5x. 
x=0 or x—5=0 _ Seteach factor equal to 0. 
x=0 | x=5 

Check: 

Vx+4=x-2 Vx+4=x-2 
V0+420-2 V54+425-2 

V4 -2 V9 23 

2#-2 3 =3 


Since 0 does not check, it is extraneous and must be discarded. The only solu- 
tion of the original equation is 5. 
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REVIEW EXERCISES 
Solve each equation. 


101. Vy +3 = V2y - 19 102. u = V25u — 144 105. V2x +5 —- V2x=1 106. W407 + 8 =x+2 


103. r = V12r — 27 104. Vz +1+ Vz=2 
SECTION 9.7 
DEFINITIONS AND CONCEPTS EXAMPLES 


Simplifying imaginary numbers: 


\V —1 is defined as the imaginary number /. V-12 = V-4V3 Write —12 as —4(3). 
= V-1V4V3 Write —4 as the product of —1 and 4. 
= i(2)V3 V-1=i 
= 2V3i 
Operations with complex numbers: 
If a, b, c, and dare real numbers and i* = —1, 
at bi=c + diif and only if a = cand 34+ 51= VO+ i because V9 = 3 and =5. 
b=d 
(a+ bi) + (c+ di)=(ato+(b+d)i (6+ 5) + (2+ 91) =(6+2)+ (549% =8 + 14: 
(a + bi) —(c + di) =(a—o) + (b- a) (6 + 5i) —(2 + 91) = (6-2) + (5-9 = 4-43 
(a + bil(c + di) = (ac — bd) + (ad + be)i (6 — 5i)(2 + 9i) = 12 + 54i — 107 — 4577 
12 + 447 — 45(-1) 
= 12+ 447 + 45 
= 57 + 44; 
Dividing complex numbers: 3 ae Multiply the numerator and the 
6 J2=<¢ 18> 6: d : ite : f th 
To divide complex numbers, write the division as a 34+i : e3 9 — 72 anniaeeeatael yt eee - aa 
fraction, and rationalize the denominator. denominator. Multiply the fractions. 
18 — 67 e 
ii =-l 
9+1 
18 — 67 
= Add. 
10 
1 
= a = ai Write in a + bi form. 
9 3. roe ‘ 
=5 75! Simplify each fraction. 
Absolute value of a complex number: 
la + bi] = Va + BP |4+ 8) = V474+ 8? lat bi) = Va +b 
= V16+ 64 Square each value. 
= V80 Add. 


= V16-5 Factor: 80 = 16(5). 
=4V/5 Simplify: V16 «5 = V16V'5 = 4V5. 


REVIEW EXERCISES 
Perform the operations and give all answers in a + bi form. 


107. (5 + 4) + (7 — 12% 
108. (—6 — 40/) — (—8 + 28%) 
109. (—32 + V-144) — (64 + V-81) 
110. (-8 + V=8) + (6 - V=32) 
111, = 7(—3 +45 
112. (-5 + 6/)(2 + i) 
113. (5 — V—27)(-6 + V-12) 

( 


2+ V=128)(3 — V—98) 


114. 
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115. eA 116. me 
4i sR 
117. id : 118. d : 
Dey -—1 
119, 4+! 120, >—! 
4-i 384i 
121 a 122 a 
"54 V4 "3-V=9 
Simplify. 
123. |9 + 12i| 124, |24 — 10i| 
125. i'? 126. 7°? 
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Find each root. 
1. V49 2. V/64 
3. V4x7 4, \/8x3 


Graph each function and find its domain and range. 
5. f(x) = Vx —2 6. f(x) = Wx +3 


y Y 
A 


> XxX 


> xX 


Cv 
a Use a calculator. 


7. Shipping crates The diagonal brace on the shipping crate 
shown in the illustration is 53 inches. Find the height, h, of 
the crate. 


“ a 


45 in. 


8. Pendulums The 2-meter pendulum rises 0.1 meter at the 
extremes of its swing. Find the width w of the swing. 


X 
\ 
\ 
\ 
| be 
\ | \ / 
iN | \ if 
2 | % 2 
\ 2m = ul / 
\ \ tf 
Ke NN ve 
“ MA a 
\ \ e 
= \ va 
Ss Ww Ww \ 7 
~ 5 > ‘ae 
epapeees se Jn eee, 
~ al ex A 
Ae 0.1m 
~~ b= 
—_ 
|x >| 
Ww 


Find the distance between the points. 
9. (6, 8), (0, 0) Us (HD) CO, 2) 
Simplify each expression. Assume that all variables represent 


positive numbers, and write answers without using negative 
exponents. 


11. 16!/4 ph ee 
g \-2/3 
13. 367? 14. (-%) 
Me 95/391/6 * (8x3y)/2(8xy9)!/? 
1/2 Z (x33 


Simplify each expression. Assume that all variables represent 
positive numbers. 


17. V'48 18. V/250x°y° 
ae W24xh 4 She 
/ Wy “V 48a7 


Simplify each expression. Assume that the variables are 
unrestricted. 


hl, Wie 22. V8x° 
23. W81x° 24, 18x" 
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Simplify and combine like radicals. Assume that all variables 
represent positive numbers. 


25. 1 V7 

26. 2/40 — W/5,000 + 4/625 
27. 2V48y° = 3yV12)3 

28. W/768z> + 2W/48z 


Perform each operation and simplify, if possible. All variables 
represent positive numbers. 


29. -2Vxy(3Vx + Vxy") 
30. (3/2 + V3)(2V2 - 3V3) 


Rationalize each denominator. 


1 a = Ih 
Se 32. 


V5 VE | 


Rationalize each numerator. 


V3 Vat Vb 


ce ——S 34 


Vi ENE 


Solve and check each equation. 

35. Von +4-4=0 

36. 1 — Vu = Vu -3 

Perform the operations. Give all answers in standard form. 
Bi /y (2 ae Ah) ae (= 2. ar 7) 


38. (3 - V—9) -(-1+ V-16) 


39. 2i(3 — 4i) 40. (3 + 2i)(—4 — i) 


1 Wee fi 
42. 


iV2 leet 


41. 


a | _©Shutterstock.com/Andrew Olscher 
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chapter 10 


Quadratic Functions, 
Inequalities, and 
Algebra of Functions 


10.1 Solving Quadratic Equations Using the Square- 
Root Property and by Completing the Square 


10.2 Solving Quadratic Equations by the Quadratic 
Formula 

10.3 The Discriminant and Equations That Can Be 
Written in Quadratic Form 


10.4 Graphs of Quadratic Functions 
10.5 Quadratic and Other Nonlinear Inequalities 
10.6 Algebra and Composition of Functions 
10.7 Inverses of Functions 
@ Projects 
CHAPTER REVIEW 
Careers and Mathematics CHAPTER TEST 
CUMULATIVE REVIEW EXERCISES 


POLICE OFFICERS AND DETECTIVES 


People depend on police officers and detectives to 
protect their lives and property. Law enforcement 
officers, some of whom are state or federal special 
agents, perform these duties in a variety of ways. 
Uniformed police officers maintain 
regular patrols and 
respond to calls 
for service. They 
may direct traffic, 
investigate a 
burglary, or give first 
aid to an accident 
victim. Police work can 
be very dangerous and 
stressful. 

Police officers and 
detectives held about 
861,000 jobs in 2006. 


In this chapter > 


We have discussed how to solve linear equations and 
certain quadratic equations in which the quadratic 
expression is factorable. In this chapter, we will 
discuss more general methods for solving quadratic 
equations and quadratic inequalities, and we will 
consider the graphs of quadratic functions. Finally, 
we will discuss operations on fuctions. 
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Solving Quadratic Equations Using the Square-Root 
Property and by Completing the Square 


@ Solve a quadratic equation by factoring. 
®2 Solve a quadratic equation by applying the square-root property. 
&} Solve a quadratic equation by completing the square. 

@3 Solve an application problem requiring the use of the square-root 
property. 


Objectives 


Vocabulary 


> 
8 Factor each expression. 

cam 1. x” — 25 2 £81 

= 3. 6x7 +x-2 4. 4x° — 4x —3 
=] 

~~ 

7) 

UO 


We begin this section by reviewing how to solve quadratic equations by factoring. We will 
then discuss how to solve these equations by applying the square-root property and com- 
pleting the square and use these skills to solve application problems. 


@ Solve a quadratic equation by factoring. 


Recall that a quadratic equation is an equation of the form ax* + bx +c =0 (a #0), 
where a, 6, and c are real numbers. We will solve the first two examples by factoring. 


EXAMPLE1 Solve: x = 9. 


Solution — To solve this quadratic equation by factoring, we proceed as follows: 


xr =o 
x7-9=0 Subtract 9 from both sides. 
(x + 3)(x — 3) =0 Factor the binomial. 


x+3=0 or x—3=0 __ Set each factor equal to 0. 


x= —-3 | x = 3 Solve each linear equation. 
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Check: For x = —3 For x = 3 
g=9 e=9 

(ay = 9 (3) =9 

9 = 9 9=9 


Since both results check, the solutions are 3 and —3. 


SELF CHECK1 Solve: p? = 64. 


EXAMPLE 2 Solve: 6x? — 7x —3=0. 


Solution — To solve this quadratic equation by factoring, we proceed as follows: 


6x" — 7x -3 =0 


(2x — 3)(3x + 1)=0 Factor. 
2x-3=0 or 3x+1=0 Set each factor equal to 0. 
3 1 
x= > x= 3 Solve each linear equation. 
3 1 
Check: For x = 35 Forx=—-3 
6x* — 7x -—3=0 6x* — 7x -—3=0 


Since both results check, the solutions are 3 and i. 


SELF CHECK 2 Solve: 6m — 5m+1=0. 


Unfortunately, many quadratic expressions do not factor easily. For example, it 
would be difficult to solve 2x” + 4x + 1 = 0 by factoring, because 2x* + 4x + 1 cannot 
be factored by using only integers. 


2] Solve a quadratic equation by applying the square-root property. 


To develop general methods for solving all quadratic equations, we first solve x* = c bya 
method similar to the one used in Example 1. 


c 
x 0 Subtract c from both sides. 
r- (vey = 0. .eS (vey 
0 


Factor the difference of two squares. 
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x+Vc=0 or x-Vc=0 Set each factor equal to 0. 
x=-Ve | x = Ve _— Solve each linear equation. 
The two solutions of x* = care x = Vcand x = —Vée. 
The Square-Root The equation x* = c has two solutions. They are 
Propert 
pe = ie or x=-Ve 


We often use the symbol + Vc to represent the two solutions Vc and — Vc. The 
symbol + Vc is read as “the positive or negative square root of c.” 


EXAMPLE 3 Use the square-root property to solve x* — 12 = 0. 


Solution We can write the equation as x° = 12 and use the square-root property. 
x*-12=0 
x= 2 Add 12 to both sides. 
x= Aa or x= =A/12 Use the square-root property. 
x=2V3 | x= -2V3 Vid=Viv3=2V3 


The solutions can be written as +2V3. Verify that each one satisfies the equation. 


>| SELF CHECK 3 Use the square-root property to solve x* — 18 = 0. 


EXAMPLE 4 Use the square-root property to solve (x — 3)” = 16. 


Solution We can use the square-root property. 


(x — 3) = 16 
x-3=V16 or x-3=-VI16 Usethe square-root property. 
x-3=4 x-3=-4 V16 = 4and —-V/16 4, 
x=3+4 x=3-4 Add 3 to both sides. 
x=7 x=-l Simplify. 


Verify that each solution satisfies the equation. 


EY SELF CHECK 4 Use the square-root property to solve (x + 2)? = 9. 


In the following example, the solutions are imaginary numbers. 


EXAMPLE 5 Use the square-root property to solve 9x7 + 25 = 0. 


Solution We can write the equation as x* = 3 and use the square-root property. 
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SELF CHECK 5 


EXAMPLE 6 


Solution 


9x7 + 25 =0 
7 25 Subtract 25 from both sides and divide 
, 9 both sides by 9. 
25 25 
x= “9 or x= — “9 Use the square-root property. 


x= 23.77 x= a1 iy = = Tey 1)= oy =i 


9 9 
ay shes VB =8V-1 =i 
a, x= 3! s 3 =i 
Check: 9x? + 25=0 9x? + 25=0 
a 5\7 
=i} +2540 —~i} +2540 
0(3;) 5 o( =i) 5 
(2 Je +2520 (2 Je +25 20 
9 9 
25(-1) + 2520 25(-1) + 2540 
c= 0 C=0 


Since both results check, the solutions are + i. 


Use the square-root property to solve 4x7 + 36 = 0. 


Solve a quadratic equation by completing the square. 


All quadratic equations can be solved by a method called completing the square. This 
method is based on the special products 


x? + 2ax + a? = (x + a? and x? — 2ax + a? = (x — ay’ 


Recall that the trinomials x* + 2ax + a* and x* — 2ax + a” are both perfect-square tri- 
nomials, because both factor as the square of a binomial. In each case, the coefficient of 
the first term is | and if we take one-half of the coefficient of x in the middle term and 
square it, we obtain the third term. 


> 


1 é 1 2 2 P 
ea) = a ea) =@) =a 
1 ? e) ip) 1 2 2 > 
5(-2a)| = (ar =a [3(-20)) = (-a? = a? 
Find the number that when added to each binomial results in a perfect-square trino- 
mial: a. x7 + 10x b. x7 -— 6x « x7 — IIx. 


a. To make x” + 10x a perfect-square trinomial, we first find one-half of 10 to get 5 
and square 5 to get 25. 


1 Pe 2 
a0) (5)? = 25 


Then we add 25 to x7 + 10x and obtain x* + 10x + 25. This is a perfect-square tri- 
nomial because x* + 10x + 25 = (x + 5)’. 
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b. To make x? — 6x a perfect-square trinomial, we first find one-half of —6 to get —3 
and square —3 to get 9. 


io] =Car =9 
ye =e 


Then we add 9 to x? — 6x and obtain x7 — 6x + 9. This is a perfect-square trino- 
mial because x7 — 6x + 9 = (x — 3). 


c. To make x? — 11x a perfect-square trinomial, we first find one-half of —11 to get 


ul ul 121 
—z and square —-5 to get 7. 


1 é iy. 131 
10] ( 5) 4 


Then we add a to x” — 11x and obtain x* — 11x + ue This is a perfect-square 


Fi : 2 
trinomial because x7 — 11x + it = (x 7 i) . 


EJ SELF CHECK 6 Find the number that when added to a? — 5a results in a perfect-square trinomial. 


To see geometrically why completing the square works on x* + 10x, we refer to 
Figure 10-1(a), which shows a polygon with an area of x? + 10x. To turn the polygon 
into a square, we can divide the area of 10x into two areas of 5x and then reassemble the 
polygon as shown in Figure 10-1(b). To fill in the missing corner, we must add a square 
with an area of 5* = 25. Thus, we complete the square. 


x 5 
c 10 
x i 5x 
x ae 10x 
5 5x 
(a) (b) 
Figure 10-1 


To solve an equation of the form ax? + bx +c =0 (a #0) by completing the 
square, we use the following steps. 


Completing the Square 1. Make sure that the coefficient of x7 is 1. If it isn’t, make it 1 by dividing both sides 
of the equation by the coefficient of x. 


2. If necessary, add a number to both sides of the equation to place the constant term 
on the right side of the equal sign. 


3. Complete the square: 
a. Find one-half of the coefficient of x and square it. 
b. Add the square to both sides of the equation. 


4. Factor the trinomial square on one side of the equation and combine like terms on 
the other side. 


5. Solve the resulting equation by using the square-root property. 
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EXAMPLE 7 Solve x* + 8x + 7 = 0 by completing the square. 


Solution Step1 In this example, the coefficient of x7 is already 1. 


Step 2 We add —7 to both sides to place the constant on the right side of the equal 
sign: 


x +8x+7=0 
x? +8x=-7 


Step 3. The coefficient of x is 8, one-half of 8 is 4, and 4° = 16. To complete the 
square, we add 16 to both sides. 


x + 8x + 16 = —7 + 16 


Step 4 Since the left side of the above equation is a perfect-square trinomial, we can 
factor it to get (x + 4)° and simplify on the right side to obtain 


(x + 4 =9 


Step5 Wecan then solve the resulting equation by using the square-root property. 


(x + 4 =9 
x+4=V9 or x+4=-V9 
x+4=3 x+4=—-3 
x=-l x=-7 


After checking both results, we see that the solutions are —1 and —7. Note that this 
equation could be solved by factoring. 


SELF CHECK 7 Solve a* + 5a + 4 = 0 by completing the square. 


EXAMPLE 8 Solve 6x” + 5x — 6 = 0 by completing the square. 


Solution Step1 To make the coefficient of x* equal to 1, we divide both sides by 6. 
6x" + 5x -6=0 
Ge. 3. SG 


0 
6 + a = ‘6 = ‘ Divide both sides by 6. 


5 
x? + ar 1=0 — Simplify. 
Step2 We add | to both sides to place the constant on the right side. 


5 
x + ex] 


Step3 The coefficient of x is a one-half of ; is 2 and (3) — ay To complete the 
square, we add an to both sides. 


yo 25 25 
De A A aa 
6 144 144 


Step 4 Since the left side of the above equation is a perfect-square trinomial, we can 
2 ar ; : : 
factor it to get (x + 3) and simplify the right side to obtain 
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169 


25 144 
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Zo 169 


I4 


144 ~ 144 


144 ~ 144 


Step5 Wecan solve this equation by using the square-root property. 


5 2 5 
x Dp 144 Or x DR 
5 13 5 
(Caer ie 
._ %, 1B 

ae D 12 x 

8 
eo. x 

2 
eS e x 


169 
= -4/—~ Apply the square-root property. 
144 
__}3 1® _ 13 
12 144 ~ 12 
2" -Bubieaee® rombuunala 
SS = ract 75 from ides. 
D Dp ubtract 75 from both sides 
12 : 
3 Beis : 
= “5 Simplify each fraction. 


After checking both results, we see that the solutions are 5 and 3. Note that this equa- 


tion could be solved by factoring. 


Ey SELF CHECK 8 


EXAMPLE 9 


Solution In? + 4x+1=0 


1 0 
x +2x+2=5 
x X 5) 2 


a 1 
fe aN 
toes S41 
> 1 
ee 
x+1= : or x+1= 
2 
COMMENT Note that s/f 
—1 + ¥? can be written as aaa a ea 
-1+¥2-2+” mae? oo 
-2+ V2 


These solutions can be written as —1 + 


Fy SELF CHECK 9 


Solve 6p” — 5p — 6 = 0 by completing the square. 


Solve 2x? + 4x + 1 = 0 by completing the square. 


Divide both sides by 2 to make the coefficient of 
x equal to 1. 


Subtract 5 from both sides. 


Square half the coefficient of x and add it to both 
sides. 


Factor on one side and combine like terms on the 
other. 


1 
a 7 Use the square-root property. 
_v2 Jiet-ivi v2 
2 2° Na Waa 2 
ng V2 
2 
v2 


Solve 3x° + 6x + 1 = 0 by completing the square. 
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Vdd \hml)\ Masel kiya We can use a graphing calculator to check the solutions of the equation 
2x? + 4x + 1 = 0 found in Example 9. Using a TI-84 Plus calculator, we first find the 


Checking Solutions of 
Quadratic Equations 


decimal value of —1 + “S by pressing these keys: 
( -1|4 2ND) V7" 2)) |= 2))/| /ENTER 
We will obtain the screen shown in Figure 10-2(a). We can now store this decimal value 
in the calculator by pressing these keys: 
STO X, 7,0,n ENTER X, T, 0, n is one key. 
Finally, we enter 2x7 + 4x + 1 by pressing 
ACOA A EDS Leelee 
After pressing ENTER one more time, we will obtain ie screen shown in Fig- 


ure 10-2(b). The 0 on the screen confirms that —1 + “Se satisfies the equation 


2x* + 4x + 1 = Oand isa solution. 
We can check the other solution in a similar way. 


(-1 + V(2)/2) 2xN2+4x+1 
—.2928932188 0 
| | 
(a) (b) 
Figure 10-2 


In the next example, the solutions are complex numbers. 


EXAMPLE 10 Solve 3x* + 2x + 2 = 0 by completing the square. 


Solution 3x7 + 2x +2=0 
Pe tee ae Divide both sides by 3 to make 
3 3. 3 the coefficient of x“ equal to 1. 
2 2 2 
x + =x = “3 Subtract 3 from both sides. 
2 1 2 1 ' 
gd ek + Square ad the coeficiont of x 
9 3 9 and add it to both sides. 
2 Factor on one side and 
1 5 ; 
x+2-) =-— combine terms on the other: 
3 9 ee ae ee ees 
9°37 9° 9 9° 
40 = i : Use th t t 
XbSH4peS or xX +==-,/-= re-r roperty. 
3 9 3 9 se the square-root property. 
1 5 1 5 5 5 5 
#455 4/5V-1 La ale a. V2 = ViCD = V3V-1 
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LLNS, oe Mice 3-ME- MS 
x 3 = 3 Ll x 3 1 o 7 V9 3 
t . We. 1 2, 1 : 
x=-~-+—i xX=—Z-—-—,# Subtract 3 from both sides. 
3 3 3 
These solutions can be written as x = =} a _ 


>| SELF CHECK 10 Solve x7 + 4x + 6 = 0 by completing the square. 


4 Solve an application problem requiring the use 
of the square-root property. 


Many application problems involving equations containing squared terms can be solved 
using the square-root property. 


EXAMPLE 11 DVDs A DVD used for recording movies has a surface area of 17.72 square inches on 
one side. Find the radius of a disc. 


Solution The formula for the area of a circular disc is A = mr’. We can find the radius of a disc 
by substituting 17.72 for A and solving for r. 


A= ar’ 
17.72 = ar’ Substitute 17.72 for A. 
17.72 2 a : 
—— i Divide both sides by 7. 
17.72 17.72 
r= ons OF, f= — Use the square-root property. 


Since the radius of a disc cannot be negative, we will discard the negative result. Thus, 
the radius of a disc is \/ Las inches or, to the nearest hundredth, 2.37 inches. 


When you deposit money in a bank account, it earns interest. If you leave the money 
in the account, the earned interest is deposited back into the account and also earns 
interest. When this is the case, the account is earning compound interest. There is a 
formula we can use to compute the amount in an account at any time ¢. 


Formula for Compound If P dollars is deposited in an account and interest is paid once a year at an annual 
Interest rate r, the amount A in the account after ¢ years is given by the formula 
Al = JA + Ay 


EXAMPLE 12 SAVINGMONEY A woman invests $10,000 in an account. Find the annual interest rate 
if the account will be worth $11,025 in 2 years. 


Solution We substitute 11,025 for A, 10,000 for P, and 2 for ¢ in the compound interest formula 
and solve for r. 
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A=P(1+ nr) 
11,025 = 10,000(1 + r)” Substitute. 
MeN eD (+r) Divide both sides by 10,000. 
10,000 
1.1025 = (1 +r? ore = 10025 
1+r=1.05 or 1+r=-—1.05 Use the square-root property: V1.1025 = 1.05. 
r = 0.05 | r = —2.05 Subtract 1 from both sides. 


Since an interest rate cannot be negative, we must discard the result of —2.05. Thus, 
the annual interest rate is 0.05, or 5%. 

We can check this result by substituting 0.05 for r, 10,000 for P, and 2 for fin the 
formula and confirming that the deposit of $10,000 will grow to $11,025 in 2 years. 


A= P(L +r) = 10,000(1 + 0.05)? = 10,000(1.1025) = 11,025 


FY SELF CHECK ANSWERS = 3.8,-8 241! 323V2 41-5 5.23 6% 7-1-4 @ -33 


—_ 


. Solve using the square-root property. 
a. (3x + 5) = 18 


b. (x + 6) =0 
2. Solve x7 — 2V2x +1=0 by completing the square. 


tt _ — 
10.1 EXERCISES — ’ 
WARM-UPS 9. 3(¢- 3) + 3t52¢4+1)+74+1 
Solve each equation. 10. —2(y + 4) — 3y + 8 = 3Q2y — 3) -— yp 
1, x? = 49 2. x° = 10 VOCABULARY AND CONCEPTS Fill in the blanks. 
Find the number that when added to the binomial will make it a 11. The square-root property states that the solutions of x° = c 
perfect-square trinomial. are and . 
3B. x + 4x 4. x° — 6x 12. To complete the square on x in x* + 6x = 17, find one-half 
5. x2 — 3x 6. x7 + 5x of __, square it to get __, and add __ to both sides of the 
equation. 
REVIEW Solve each equation or inequality. 13. The symbol + is read as 


tho. te? ona Pee e323 14 


. The formula for annual compound interest is 
2 5 5 2% x 
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GUIDED PRACTICE 


Use factoring to solve each equation. See Examples 1-2. 
(Objective 1) 


15. 2y — 50 =0 16. 4° — 64=0 
17. 6x? + 12x =0 18. 5x° + llx =0 
19. °4+6r+8=0 20. x7 + 9x + 20=0 
21. 6s? + lly — 10 =0 22. 3x7 + 10x —8 =0 


Use the square-root property to solve each equation. 
See Example 3. (Objective 2) 
23. x* = 36 

25.2 =5 


24, x° = 144 
26. u° = 24 
Use the square-root property to solve each equation. 
See Example 4. (Objective 2) 
27.(v+1Pp=1 

29. (x — 2 -5=0 


28. (y— 1) =4 
30. (x — 5) - 11 =0 


Use the square-root property to solve each equation. 
See Example 5. (Objective 2) 
31. p? + 16 =0 

33. 4m + 81 = 0 


32. ¢ + 25=0 
34. 9n? + 121 =0 


Use completing the square to solve each equation. 
See Examples 6-7. (Objective 3) 


35. x° + 2x -8=0 36.x° + 6x +5=0 
37. x —6x+8=0 38. x° + 8x + 15=0 
39.x°+5x+4=0 40. x* — 11x + 30=0 
41. x> — 9x -10=0 42. x — 3x +2=0 


Use completing the square to solve each equation. See Example 8. 
(Objective 3) 


43. 6x7 + lIx+3=0 44. 6° +x-2=0 
45. 6x7 — 7x -5=0 46. 4x7 -x-3=0 
47.9 — 6r =8r 48. 11m — 10 = 3nr 
49.x+1=2x 50. —2 = 2x — 5x 


Use completing the square to solve each equation. 
See Examples 9-10. (Objective 3) 
(a cS ae! 


51. =% 52. —— = = = xX 
5 7 . ee 


53. p + 2p +2=0 54. x7 — 6x + 10=0 


55. + 8y + 18 =0 56.¢° +1+3=0 
57. 3m’ — 2m+3=0 58. 4p° + 2p +3 =0 
ADDITIONAL PRACTICE 

Solve using any method. 

59. 7x -6=x° 60. 5¢-6=2 

61. 3x° — 16 =0 62. 5x° — 49 = 0 
63. (s — 7) -9 =0 64. (t + 4) = 16 

65. (x + 5 —3=0 66. (x + 3? —-7=0 
67. 22 — 52 +2=0 68. 2x7 -x-1=0 
69. 3x7 — 6x +1=0 70. 3x° + 9x +5=0 
71, 2x7 -x+8=0 72. 4x7 + 2x +5=0 


Solve for the indicated variable. Assume that all variables 
represent positive numbers. Express all radicals in simplified form. 
See Example 11. 


73. 2d* = 3h ford 74, 2x° = d? ford 


1 
75. E = mc forc 76. S= zt for ¢ 


Find all values of x that will make f(x) = 0. 
77. f(x) = 2x +x -5 78. f(x) = 3x° — 2x -4 


79. f(x)= x t+x-3 80. f(x) =x + 2x -4 


APPLICATIONS Solve each application problem. 

See Examples 11-12. (Objective 4) 

81. Falling objects The distance s (in feet) that an object will 
fall in ¢ seconds is given by the formula s = 161°. How long 
will it take an object to fall 256 feet? 

82. Pendulums The time (in seconds) it takes a pendulum to 
swing back and forth to complete one cycle is related to its 
length / (in feet) by the formula: 


ee 


Aq 


i 


How long will it take a 5-foot pendulum to swing through 
one cycle? Give the result to the nearest hundredth. 


83. 


84. 


85. 


86. 


87. 


10.2 


Law enforcement To estimate the speed s (in mph) of a car 
involved in an accident, police often use the formula 

s° = 10.5/, where / is the length of any skid mark. Approxi- 
mately how fast was a car going that was involved in an 
accident and left skid marks of 495 feet? 

Medicine The approximate pulse rate (in beats per minute) 
of an adult who is ¢ inches tall is given by the formula 


> _ 348,100 
t 


Find the pulse rate of an adult who is 64 inches tall. 


Saving money A student invests $8,500 in a savings 
account drawing interest that is compounded annually. Find 
the annual rate if the money grows to $9,193.60 in 2 years. 


Saving money A woman invests $12,500 in a savings 
account drawing interest that is compounded annually. Find 
the annual rate if the money grows to $14,045 in 2 years. 


Flags In 1912, an order by President Taft fixed the width 
and length of the U.S. flag in the ratio 1 to 1.9. If 
100 square feet of cloth are to be used to make a U.S. flag, 


estimate its dimensions to the nearest 4 foot. 
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88. Accidents The height / (in feet) of an object that is 
dropped from a height of s feet is given by the formula 
h = s — 160°, where f is the time the object has been falling. 
A 5-foot-tall woman on a sidewalk looks directly overhead 
and sees a window washer drop a bottle from 4 stories up. 
How long does she have to get out of the way? Round to the 
nearest tenth. (A story is 10 feet.) 


WRITING ABOUT MATH 


89. Explain how to complete the square. 
90. Explain why a cannot be 0 in the quadratic equation 
2 
ax + bx +c=0. 


SOMETHING TO THINK ABOUT 


91. What number must be added to x? + V/3x to make it a 
perfect-square trinomial? 


92. Solve x7 + V3x — ; = 0 by completing the square. 


Solving Quadratic Equations 
by the Quadratic Formula 


Objectives 


> 
— 
& 
> 
2 
© 
1S) 
S) 
=> 


GD Solve a quadratic equation using the quadratic formula. 
@9 Solve a formula for a specified variable using the quadratic formula. 
&} Solve an application problem involving a quadratic equation. 
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The Quadratic Formula 


Getting Ready 


Add a number to each binomial to complete the square. Then write the resulting 
trinomial as the square of a binomial. 


1. x7 + 12x 2. x7 — 7x 
Evaluate Vb" — 4ac for the following values. 
3. a=6,b=1,c=—2 4. a=4,b=—4,c = -3 


Solving quadratic equations by completing the square is often tedious. Fortunately, there 
is an easier way. In this section, we will develop a formula, called the quadratic formula, 
that we can use to solve quadratic equations with a minimum of effort. To develop this 
formula, we will use the skills we learned in the last section and complete the square. 


Solve a quadratic equation using the quadratic formula. 


To develop a formula to solve quadratic equations, we will solve the general quadratic 
equation ax* + bx +c =0 (a # 0) by completing the square. 


ep) 


ax’ + bx +c =0 
ax” oa bx 4 az 0 To make the coefficient of x” equal to 1, we divide 
a a aia both sides by a. 
2 bx c 0 ¢ i 
oe _ — 9; subtract © from both sides. 
a a 
2 ag bx i (2 P _ (2) _ € Complete the square on x by adding (2) to both 
a 2a 2a a __ sides. 
b? b> 4ac 
reece ahh _ Remove parentheses and get a common 


4a  4a2 4aa denominator on the right side. 


(« de b ) s b? — 4ac Factor the left side and add the fractions on the right 
2a 


Aa side. 


We can solve Equation | using the square-root property. 


2 b* — 4ac ae oe b b? — 4ac 

x = x =- 

2a 4ae 2a 4a? 

Pee Vb* — 4ac eae! _ Vb = 4ac 

2a 2a ~ Qa 2a 
2 b Vb? — 4ac : b Vb? — 4ac 
2a 2a , 2a 2a 
_ -b + Vb? - 4ac _ -b-— Vb? - 4ac 

2a 2a 


=) = 


These two solutions give the quadratic formula. 


The solutions of ax* + bx +c =0 (a # 0)are given by the formula 


Vb? — 4ac 


x 


2a 
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COMMENT Be sure to draw the fraction bar under both parts of the numerator, and be 
sure to draw the radical sign exactly over b* — 4ac. Don’t write the quadratic formula as 


Vb? = 4ac b? = 4ac 
—— or as ——— 
2a 2a 


EXAMPLE 1 Use the quadratic formula to solve 2x* — 3x — 5 = 0. 


Solution In this equation a = 2, b = —3, andc = —5. 
—h + VB? = 4ac 
x= 
2a 
_ —(—3) + V(—3)? = 42)(—5) Substitute 2 for a, —3 for b, and 
2(2) —S5 forc. 
3+ V9+ 40 ee: 
= Simplify. 
4 
3+ V4 
= vag Add. 
4 
347 ore : 
= 4 Simplify the radical. 
‘ 3+7 a ee 3] 
: 4 4 
10 —4 
x =— x=— 
4 4 
5 
x= 5 x=-l 


After checking the results, we see that the solutions are 3 and —1. Note that this equa- 
tion can be solved by factoring. 


SELF CHECK 1 Use the quadratic formula to solve 3x7 — 5x — 2 = 0. 


EXAMPLE 2 Use the quadratic formula to solve 2x* + 1 = —4x. 


Solution We begin by writing the equation in ax* + bx + c = 0 form (called standard form) 
before identifying a, b, and c. 


2x? +4x+1=0 
In this equation, a = 2,b = 4, andc = 1. 
—b+ VB — 4ac 
2a 
-4+ V4# — 4(2)(1) 
= Substitute 2 for a, 4 for b, and 1 for c. 
2(2) 
_ =42V16=—8 
4 


Simplify. 
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4+ V8 
4 

-44+2V/2 
4 

2+ V2 
9 


Note that these solutions can be written as —1 + 


FE SELF CHECK 2 Use the quadratic formula to solve 3x7 — 2x — 3 = 0. 


Subtract. 


V8 = V4-2 = V4V2 = 2V2 


45 3V2 _ HHP EV 2) _ 2 V2 
4 = 4 = ss 


WIS 


In the next example, the solutions are complex numbers. 


EXAMPLE 3 


Use the quadratic formula to solve x7 + x = —1. 


Solution We begin by writing the equation in standard form before identifying a, b, and c. 


r+x+1=0 


In this equation, a = 1,5 = 1, andc = 1: 


—b + VB* — 4ac 
a 


2a 


is Vi? — 4()() 


(1) 


-l+vV1-4 


2 


Substitute | for a, 1 for b, and 1 for c. 


Simplify the expression under the radical. 


PERSPECTIVE The Fibonacci Sequence and the Golden Ratio 


Perhaps one of the most intriguing examples of how a 
mathematical idea can represent natural phenomena is 
the Fibonacci Sequence, a list of whole numbers that is 
generated by a very simple rule. This sequence was first 
developed by the Italian mathematician Leonardo da 
Pisa, more commonly known as Fibonacci. The 
Fibonacci Sequence is the following list of numbers 


Ie Pe Sols ty WS alles oa 


where each successive number in 
the list is obtained by adding the 
two preceding numbers. 
Although Fibonacci originally 
developed this sequence to solve 
a mathematical puzzle, subse- 
quent study of the numbers in 
this sequence has uncovered 


many examples in the natural world in which this sequence 
emerges. For example, the arrangement of the seeds on the 
face of a sunflower, the hibernation periods of certain 
insects, and the branching patterns of many plants all give 
rise to Fibonacci numbers. 

Among the many special properties of these numbers 
is the fact that, as we generate more and more numbers 
in the list, the ratio of successive numbers approaches a 
constant value. This value is designated by the symbol ¢ 
and often is referred to as the “Golden Ratio.” One way 
to calculate the value of ¢ is to solve the quadratic equa- 
tion¢d? -¢-1=0. 


1. Using the quadratic formula, find the exact value of ¢. 


2. Using a calculator, find a decimal approximation of @, 
correct to three decimal places. 
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-1+V-3 
= Subtract. 
2 
-1+ V3i _— 
= —— aa Simplify the radical expression. 


V3. 
“2 is 


Note that these solutions can be written as 5 an 


SELF CHECK 3 Use the quadratic formula to solve a* + 2a + 3 = 0. 


2] Solve a formula for a specified variable using the quadratic formula. 


EXAMPLE 4 An object thrown straight up with an initial velocity of vo feet per second will reach a 
height of s feet in ¢ seconds according to the formula s = —1677 + vot. Solve the 
formula for ¢. 


Solution We begin by writing the equation in standard form: 
s = —16f + vot 
1617 — vot + s =0 


In this equation, a = 6, b = —vo, and c = s. Then we can use the quadratic formula to 
solve for f. 


—bh + VB’ — 4ac 
2a 
p= wha v0) # V(= ro)" = 4016)08) 
2(16) 
Vo = Vv9" — 64s 


t= 32 Simplify. 


+ Vv — 645 
32 . 


f= 


Substitute into the quadratic formula. 


3 | Solve an application problem involving a quadratic equation. 


EXAMPLE 5_ DIMENSIONS OF ARECTANGLE Find the dimensions of the rectangle shown in Fig- 
ure 10-3, given that its area is 253 cm”. 


wem 


(w + 12) cm 


Figure 10-3 
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Solution _ If we let w represent the width of the rectangle, then w + 12 represents its length. Since 
the area of the rectangle is 253 square centimeters, we can form the equation 


w(w + 12) = 253 Area of a rectangle = width - length. 
and solve it as follows: 


w(w + 12) = 253 
w? + 12w = 253 — Use the distributive property to remove parentheses. 
w? + 12w — 253 = 0 Subtract 253 from both sides. 


Solution by factoring Solution by formula 
(w — 11)Qv + 23) = 0 1d + VIP = 40253) 
w-1l=0 or w+23=0 — 2(1) 
w=ti | w = —-23 ~12 + V144 + 1,012 
7 2 
~12 + V1,156 
7 2 
—12 + 34 
a 


w=11 or w= -23 


Since the rectangle cannot have a negative width, we discard the solution of —23. 
Thus, the only solution is w = 11. Since the rectangle is 11 centimeters wide and 
(11 + 12) centimeters long, its dimensions are 11 centimeters by 23 centimeters. 


Check: 23 is 12 more than 11, and the area of a rectangle with dimensions of 23 cen- 
timeters by 11 centimeters is 253 square centimeters. 


EE SELF CHECK ANSWERS 4.5 1 91. V 3 a 


1. The length of a rectangular garden is | ft less than 3 times the width. If the area is 44 sq ft, 
find the length of the garden. 


2. The product of 2 consecutive integers is 90. Find the numbers. (Consecutive means one 
after another.) 


3. Solve x* — 8 = 0. (Hint: Recall how to factor the difference of cubes.) 


4. Graph y = x* — 8 and identify the x-intercept(s). 


10.2 EXERCISES 


WARM-UPS | Identify a, b, and cin each quadratic equation. 
1. 3x7 - 4x +7=0 2. -2x7 +x =5 


REVIEW 
Solve for the indicated variable. 
3. Ax + By = Cfory 4. R= “Ffor 
Simplify each radical. 
5. V24 6. V/288 
Be gl 
V3 = 45 


VOCABULARY AND CONCEPTS Fill in the blanks. 
9. In the quadratic equation 3x° — 2x + 6 =0,a = _, 
b= ,andc=_. 
10. The solutions of ax* + bx +c =0 (a # 0) are given by 


the quadratic formula, which is x = 


GUIDED PRACTICE 


Solve each equation using the quadratic formula. See Example 1. 


(Objective 1) 


11. x7 + 3x+2=0 12. x — 3x +2=0 


13. x — 2x - 15=0 14, x° — 2x — 35 =0 


15. x7 + 12x = —36 16. y° — 18y = -81 


17. 2x7 -x-—3=0 18. 3x° — 10x +8 =0 


Solve each equation using the quadratic formula. See Example 2. 


(Objective 1) 


19. 15x° — 14x = 8 20. 4x7 = —5x + 6 


21. 8u = —4u° — 3 22. 44+ 3 =4¢r 


23. l6y? + 8y -3 =0 24. 16x? + 16x +3=0 


25. 5x7 + 5x +1=0 26. 4? + 6w +1=0 
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Solve each equation using the quadratic formula. See Example 3. 
(Objective 1) 


27. x° +2x+2=0 28. x7 + 3x +3 =0 


29. 2x7 +x+1=0 30. 3x7 + 2x +1=0 


31. 3x7 — 4x = -2 32. 2x7 + 3x = -3 


33. 3x7 — 2x = -3 34. 5x7 = 2x - 1 


Solve each formula for the indicated variable. See Example 4. 
(Objective 2) 
N?-—N 
35. C= 8 forn 
(The formula for a selection sort in data processing) 
36. A = 2ar° + 2hr, forr 


(The formula for the surface area of a right circular- 
cylinder) 
37. x° — kx = —ay for x 


38. xy? + 3xy + 7 = O for y 


ADDITIONAL PRACTICE 
Solve each equation using any method. 
39. 6° -x -1=0 40. 2x7 + 5x —3 =0 


2 
a1 42. —3x =") +2 


43. 2x7 — 1 = 3x 44. —9x =2-—3x 


Find all x-values that will make f(x) = 0. 
45. f(x) = 4x° + 4x — 19 46. f(x) = 9x + 12x — 8 


47. f(x) = 3x + 2x +2 48, f(x) = 4° + x41 


Use the quadratic formula and a calculator to solve each 
equation. Give all answers to the nearest hundredth. 


49. 0.7x7 — 3.5x — 25 =0 
50. —4.5x7 + 0.2x + 3.75 =0 
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Note that a and bare the solutions to the equation 
(x — a)(x — b) = 0. 


51. 


52. 


53. 


54. 


Find a quadratic equation that has a solution set of {3, 5}. 
Find a quadratic equation that has a solution set of {—4, 6}. 


Find a third-degree equation that has a solution set of 
{2, 3, —4}. 

Find a fourth-degree equation that has a solution set of 
3,3, 4, di, 


APPLICATIONS 


Solve each problem. See Example 5. (Objective 3) 


55. 


56. 


57. 


58. 


Dimensions of a rectangle 
The rectangle has an area of 
96 square feet. Find its 
dimensions. 


(x + 4) ft 


x ft 


Dimensions of a window The 
area of the window is 77 square 
feet. Find its dimensions. 


(2x — 3) ft 
= 


Side of asquare The area of a square is numerically equal 
to its perimeter. Find the length of each side of the square. 


Perimeter of arectangle A rectangle is 2 inches longer 
than it is wide. Numerically, its area exceeds its perimeter by 
11. Find the perimeter. 


Solve each problem. 


59. 


60. 


61. 


62. 


63. 


64. 


Base of a triangle The height of a triangle is 5 centimeters 
longer than three times its base. Find the base of the trian- 
gle if its area is 6 square centimeters. 

Height of a triangle The height of a triangle is 4 meters 
longer than twice its base. Find the height if the area of the 
triangle is 15 square meters. 

Integer problem The product of two consecutive even inte- 
gers is 288. Find the integers. (Hint: If one even integer is 
x, the next consecutive even integer is x + 2.) 


Integer problem The product of two consecutive odd inte- 
gers is 143. Find the integers. (Hint: If one odd integer is 
x, the next consecutive odd integer is x + 2.) 


Integer problem The sum of the squares of two consecu- 
tive integers is 85. Find the integers. (Hint: If one integer 
is x, the next consecutive positive integer is x + 1.) 


Integer problem The sum of the squares of three consecu- 
tive integers is 77. Find the integers. (Hint: If one integer 
is x, the next consecutive positive integer is x + 1, and the 
third is x + 2.) 


65. 


67. 


68. 


69. 


70. 


71. 


72. 
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Finding rates A woman drives her snowmobile 150 miles 
at the rate of r mph. She could have gone the same distance 
in 2 hours less time if she had increased her speed by 

20 mph. Find r. 


. Finding rates Jeff bicycles 160 miles at the rate of r mph. 


The same trip would have taken 2 hours longer if he had 
decreased his speed by 4 mph. Find r. 

Pricing concert tickets Tickets to a concert cost $4, and 
the projected attendance is 300 people. It is further pro- 
jected that for every 10¢ increase in ticket price, the average 
attendance will decrease by 5. At what ticket price will the 
nightly receipts be $1,248? 

Setting bus fares A bus company has 3,000 passengers 
daily, paying a $1.25 fare. For each 25¢ increase in fare, the 
company estimates that it will lose 80 passengers. What is 
the smallest increase in fare that will produce a $4,970 daily 
revenue? 

Computing profit The Gazette’s profit is $20 per year for 
each of its 3,000 subscribers. Management estimates that 
the profit per subscriber will increase by 1¢ for each addi- 
tional subscriber over the current 3,000. How many sub- 
scribers will bring a total profit of $120,000? 

Finding interest rates A woman invests $1,000 in a mutual 
fund for which interest is compounded annually at a rate r. 
After one year, she deposits an additional $2,000. After two 
years, the balance A in the account is 


A = $1,000(1 + r)? + $2,000(1 + r) 


If this amount is $3,368.10, find r. 
Framing a picture The 
frame around the 
picture in the illustration 
has a constant width. To 
the nearest hundredth, 
how wide is the frame if 
its area equals the area 
of the picture? 


Metal fabrication A box with no top is to be made by 
cutting a 2-inch square from each corner of the square sheet 
of metal shown in the illustration. After bending up the 
sides, the volume of the box is to be 200 cubic inches. How 
large should the piece of metal be? 


— 
a 
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Ry Use a calculator. 


73. 


74. 


75. 


Labor force The labor force participation rate P (in 
percent) for workers ages 16 and older from 1966 to 2008 is 
approximated by the quadratic equation 


P = —0.0072x* + 0.4904x + 58.2714 


where x = 0 corresponds to the year 1966, x = 1| corre- 
sponds to 1967, and so on. (Thus, 0 = x = 42.) In what 
year in this range were 65% of the workers ages 16 and 
older part of the workforce? 

Space program The yearly budget B (in billions of dollars) 
for the National Aeronautics and Space Administration 
(NASA) is approximated by the quadratic equation 


B = 0.0518x7 — 0.2122x + 14.1112 


where x is the number of years since 1997 and0 = x = 12. 
In what year does the model indicate that NASA’s budget 
was about $17 billion? 

Chemistry A weak acid (0.1 M concentration) breaks 
down into free cations (the hydrogen ion, H*) and anions 
(A_ ). When this acid dissociates, the following equilibrium 
equation is established: 


[H*JA7] 


=4~x 107 
[HA] 4 x 10 


where [H*], the hydrogen ion concentration, is equal to 
[A], the anion concentration. [HA] is the concentration of 
the undissociated acid itself. Find [H*] at equilibrium. 
(Hint: If [H*] = x, then [HA] = 0.1 — x.) 
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76. Chemistry A saturated solution of hydrogen sulfide (0.1 M 
concentration) dissociates into cation [H*] and anion [HS] 
, where [H*] = [HS”]. When this solution dissociates, the 
following equilibrium equation is established: 


[HHS] 


=1.0x 10" 
[HHS] 


Find [H*]. (Hint: If [H*] = x, then [HHS] = 0.1 — x.) 


WRITING ABOUT MATH 
VE — dae 


77. Explain why x = —b + ~°5_—““ is not a correct statement 


of the quadratic formula. 


b+ VP? — 4a 


78. Explain why x = Fa “ is not a correct statement of 


the quadratic formula. 


SOMETHING TO THINK ABOUT All ofthe equations we 
have solved so far have had rational-number coefficients. 
However, the quadratic formula can be used to solve quadratic 
equations with irrational or even imaginary coefficients. Try 
solving each of the following equations. 


79. x7 + 2V2x -6=0 80. V2x7 + x - V2 =0 


81. x° — 3ix -2=0 82. ix? + 3x —21=0 


The Discriminant and Equations That Can Be Written 
in Quadratic Form 


quadratic equation. 


Objectives 


the solutions is —2 an 


> 
— 
& 
> 
2 
© 
1S 
S) 
=> 


GD Use the discriminant to determine the type of solutions to a given 


®) Solve an equation that can be written in quadratic form. 
€} Verify the solutions of a quadratic equation by showing that the sum of 


d the product is £. 
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The Discriminant 


EXAMPLE 1 


Solution 


Getting Ready 


Evaluate b’ — 4ac for the following values. 


1. a=2,b=3,andc=—-1 2. a= —2,b=4,andc = —3 


We can use part of the quadratic formula to predict the type of solutions, if any, that a 
quadratic equation will have. We don’t even have to solve the equation. 


Use the discriminant to determine the type of solutions 
to a given quadratic equation. 


Suppose that the coefficients a, b, and c in the equation ax* + bx +c =0 (a# 0) are 
real numbers. Then the solutions of the equation are given by the quadratic formula 
—b+ Vb? -4 
x= = (a # 0) 
2a 

If b? — 4ac = 0, the solutions are real numbers. If b* — 4ac < 0, the solutions are 
nonreal complex numbers. Thus, the value of b* — 4ac, called the discriminant, deter- 
mines the type of solutions for a particular quadratic equation. 


If ax* + bx +c =0 (a #0) andif a,b, and c are real numbers, then 
b* — 4ac > 0, there are two unequal real solutions. 
b* — 4ac = 0, there are two equal real solutions (called a double root). 
b* — 4ac < 0, the solutions are complex conjugates. 
If a, b, and c are rational numbers and the discriminant 
is a perfect square greater than 0, there are two unequal rational solutions. 
is positive but not a perfect square, the solutions are irrational and unequal. 


Determine the type of solutions for the equations. 
axrt+x+1=0 b 3x°+5x+2=0 


a. We calculate the discriminant for x7 + x + 1 = 0. 
b? —4ac=1-—40)0) a=1,b=1,andc=1. 
=-—3 
Since b” — 4ac < 0, the solutions will be complex conjugates. 
b. We calculate the discriminant for 3x” + 5x + 2 = 0. 
b* — 4ac = 5° — 4(3)(2) a =3,b =5,andc =2. 
= 25 — 24 
=1 
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Since b* — 4ac > 0 and b? — 4ac is a perfect square, there will be two unequal 
rational solutions. 


SELF CHECK1 Determine the type of solutions. 
ax+x—1=0 
b. 4x* — 10x + 25=0 


EXAMPLE 2 What value of k will make the solutions of the equation kx” — 12x + 9 = 0 equal? 


Solution We calculate the discriminant: 
b? — 4ac = (-129 — 4(K)(9) a =k, b = -12,andc = 9. 
= 144 — 36k 
= —36k + 144 


Since the solutions are to be equal, we let —36k + 144 = 0 and solve for k. 


—36k + 144=0 
—36k = —144 — Subtract 144 from both sides. 
k=4 Divide both sides by —36. 


If k = 4, the solutions will be equal. Verify this by solving 4x7 — 12x + 9 = 0 and 
showing that the solutions are equal. 


SELF CHECK 2 Find the value of k will make the solutions of kx? — 20x + 25 = 0 equal. 


2 | Solve an equation that can be written in quadratic form. 


Many equations that are not quadratic can be written in quadratic form 
(ax* + bx + c = 0) and then solved using the techniques discussed in previous sections. 
For example, an inspection of the equation x* — 5x* + 4 = 0 shows that 


The leading term x‘ is the 
square of x”, the variable xt — 5x7 44-0 
part of the middle term: 


fe 
x =) The last term 


is a constant. 


To solve the equation x* — 5x* + 4 = 0, we can write the equation in a different form 
and proceed as follows: 
xt — 5x7 +4=0 
(x7) — 5(x?) +4 = 0 
If we replace each x* with u, we will obtain a quadratic equation with the variable u that 
we can solve by factoring. 
w—S5ut+4=0 Let x? = u. 
(u— 4)(u — 1) =0 Factor u? — 5u + 4. 
u-4=0 or u-—1=0 _ Seteach factor equal to 0. 


u=4 | u= 1 
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Since u = x”, it follows that x7 = 4 or x7 = 1. Thus, 
x= 4 or x=1 
x=2 or x=-2 | x=1 or x=—-l 


This equation has four solutions: 1, —1, 2, and —2. Verify that each one satisfies the orig- 
inal equation. Note that this equation can be solved by factoring. 


EXAMPLE 3 Solve: x —7Vx+ 12=0. 


Solution We examine the leading term and middle term. 


The leading term x is the 
square of Vx, the variable x —7Vx+12=0 
part of the middle term: 


5 


xa(vay 
If we write x as (vx), the equation takes the form 
(Vx) - 7Vx + 12=0 
and it is said to be quadratic in Vx. We can solve this equation by letting Vx = u and 


factoring. 
uw —7u+12=0 Replace each Vx with u. 
(u — 3)\(u— 4) = 0 Factor uv? — Tu + 12. 
u—-3=0 or u—4=0 _ Seteach factor equal to 0. 


u=3 | u=4 


To find x, we undo the substitutions by replacing each uw with Vx. Then we solve the 
radical equations by squaring both sides. 


Vx =3 or Vx=4 
cao i sede 


The solutions are 9 and 16. Verify that both satisfy the original equation. 


EY SELF CHECK3 Solve: x + Vx —6=0. 


EXAMPLE 4 Solve: 2m? — 2 = 3m!’. 


Solution — First we subtract 3m! 


mM? — 3m? —-2=0 


from both sides to write the equation in the form 


Then we write the equation in the form 
2(m'/3)? _ 3m —-2=0 (m3 - m3 


If we substitute u for m'/*, this equation can be written in a form that can be solved by 
factoring. 


Qu? — 3u-2=0 Replace each m!’? with w. 
(2u + 1)(u — 2) = 0 Factor 2u° — 3u — 2. 
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2u+1=0 or u—2=0 __ Seteach factor equal to 0. 


u=2 


a 


2 


To find m, we undo the substitutions by replacing each u with m'/? and solve each 
resulting equation by cubing both sides. 


1 
m= 5 or m3 = 2 
1 3 
(m9 = (-5) (mV “7 a OF Cube both sides. 
1 ey 
m= “ m=8 Simplify. 


The solutions are -{ and 8. Verify that both satisfy the original equation. 


SELF CHECK4 Solve: a’? = —3a'? + 10. 


EXAMPLE 5 Solve: = + = Ti 


Solution — Since the denominator cannot be 0, x cannot be 0 or —1. If either 0 or —1 appears as a 
suspected solution, it is extraneous and must be discarded. 


24 12 
— =p =11 
x x+1 
24 12 . : 
x(x + I} — + = x(x + D1 Multiply both sides by x(x + 1). 
x x+1 
24(x + 1) + 12x = (x? + x)11 Simplify. 
24x + 244+ 12x = 11x* + 11x Use the distributive property to 
remove parentheses. 
36x + 24 = 11x? + 11x Combine like terms. 


0 = 11x? — 25x — 24 — Subtract 36x and 24 from both sides. 
0 = (11x + 8)(x — 3) Factor 11x? — 25x — 24. 
lilx+ 8 = or x-3= Set each factor equal to 0. 


x=-— x=3 


Verify that -) and 3 satisfy the original equation. 


SELF CHECK5 Solve: 12 +S, = 5. 


EXAMPLE6 Solve: 15a? - 8a '+1=0. 


Solution — First we write the equation in the form 
Is@"P-8a'+1=0 @'y=a’ 


If we substitute u for a_', this equation can be written in a form that can be solved by 
factoring. 
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15u* — 8u+1=0 
(Su — 1)3u —1)=0 
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Replace each a”! with w. 
Factor 15u? — 8u + 1. 


5u-—1=0 or 3u—1=0 _ Seteach factor equal to 0. 
1 1 
u=— u= > 
5 3 


To find a, we undo the substitutions by replacing each u with a_' and solve each result- 


ing equation. 


1 1 
ad -1_+ 
aa: _ a 
1_t At 

a 5 a 3 
5=a 3=a 
The solutions are 5 and 3. Vi 


Solve: 


Ey SELF CHECK 6 


Solve the proportions. 


erify that both satisfy the original equation. 


We? — 3c '-1=0. 


EXAMPLE 7 Solve the formula s = 1617 — 32 for t. 
Solution We proceed as follows: 
s = 1617 — 32 
s+ 32 = 162? Add 32 to both sides. 
gs + 32 oy gous P 
16 =f Divide both sides by 16. 
+ 32 
—— : 16 Write r? on the left side. 
s+ 32 
t= + 16 Apply the square-root property. 
eM OG ivy 
— VI16 pe 
S32 
eo 
4 


Solve a® + 5? = c* fora. 


Fy SELF CHECK 7 


Verify the solutions of a quadratic equation by showing that the sum of 


the solutions is —2 and the product is £. 


Solutions of a 
Quadratic Equation then 


i eae and 


If r, and r, are the solutions of the quadratic equation ax* + bx + c = 0, witha # 0, 


G 
ily => 
a 
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Proof We note that the solutions to the equation are given by the quadratic formula 
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EXAMPLE 8 


Solution 


SELF CHECK 8 


—b + Vb? = 4ac —b — Vb? = 4ac 
rp = and rn = 
2a 2a 
Thus, 
—-b+ Vb? -—4ac -b -— Vb? - 4ac 
al +r Pd + 
2a 2a 
_-b+V b? — 4ac — b b? — 4ac Keep the denominator and 
2a add the numerators. 
_ _26 
2a 
= 8 
a 
and 
—b+ Vb? —4ac —b b* — 4ac 
rrr = . 
o- 2a 2a 
b (0 = Aac) Multiply the numerators and 
4a? multiply the denominators. 
_P- 8 + 4ac 
4a’ 
4ac Z 2 
=> b —b =0 
4a 
22 
a 


It can also be shown that if 


Cc 
6s a 4 ea and hls" 
a a 


then r; and r> are solutions of ax? + bx + c = 0. We can use this fact to check the solu- 
tions of quadratic equations. 


Show that 3 and 5 are solutions of 6x7 — 7x — 3 = 0. 


Since a = 6, b = —7, and c = —3, we have 
a je 22a! 
a6 6 ~~ @ 62 
Since 3 + ( +) = ; and (3)( +) = 7 these numbers are solutions. Solve the equa- 


tion to verify that the roots are 3 and i. 


Are -} and f solutions of 6x7 + 7x — 3 = 0? 
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SELF CHECK ANSWERS 1. a. irrational and unequal b. complex conjugates 2.4 3.4 4. 8,-125 5. 3, -& 
6. -7,4 7a=+VcC-—b 8. yes 


1. Solve: x —3Vx-—4=0. 
2. Without substituting, show that 3 + 5iand 3 — Siare solutions of x7 — 6x + 34 = 0. 


3. Find the discriminant of V2x* — V/65x — 2/2 = 0. 


10.3 EXERCISES } 


WARM-UPS GUIDED PRACTICE 
Find b? — 4acwhen Use the discriminant to determine what type of solutions exist for 
1.@—whe= bee i 2,.a=2.b=1.cH=l each quadratic equation. Do not solve the equation. 
, : See Example 1. (Objective 1) 
Determine the type of solutions for 15. 4x2 —4x +1=0 16. 6 = 3 = 4 = 
3.x° — 4x +1=0 4. 8x7 —x+2=0 
17, 5x7 +x+2=0 18, 3x? + 10x -2=0 
Are the following numbers solutions of x? — 7x + 6 = 0? 7 : 
5. 1,5 6. 1,6 19. 2x° =4x-1 20. 9x" = 12x — 4 
REVIEW Solve each equation. Assume no division by 0. 21. x(2x — 3) = 20 22. x(x — 3) = —10 
1 1 1 ad 1 1 
743 ee 
4 ¢t 2t 3p 2p 4 


Find the values of k that will make the solutions of each given 


9. Find the slope of the line passing through (—2, —4) and quadratic equation equal. See Example 2. (Objective 1) 


Gs) 23. x +kx+9=0 
10. Write an equation of the line passing through (—2, —4) and 24. kx? — 12x +4=0 

(3, 5) in general form. 25. 9x7 + 4 = —kx 
VOCABULARY AND CONCEPTS | Consider the equation 26. 9x" — kx + 25=0 
ax? + bx +c=0 (a # 0),andfillin the blanks. Solve each equation. (Objective 2) 
Wty The disoriminane 1§ ———_— 27. xt — 17x7 + 16 = 0 28. x* — 10x7 +9 =0 
12. If b* — 4ac < 0, the solutions of the equation are complex 

——— 29. x* — 3x7 = -2 30. x* — 29x”? = —100 
13. If b> — 4ac is a nonzero perfect square, the solutions are 

numbers and ‘ 31. xt = 6x2 —5 32. xt = 82 —7 


14. If r,; and r, are the solutions of the equation, then 
rt andryrs =. 33. 2x* — 10.7 = -8 34. 3x4 + 12 = 152° 
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Solve each equation. See Example 3. (Objective 2) 
35. x -6Vx+8=0 36. x —S5Vx+4=0 


37. 2x — Vx = 38. 3x —4 = -4Vx 


39. 2x + x? -3=0 40. 2x — x7 -1=0 


41. 3x + 5x7 4+2= 42. 3x — 4x”7+1=0 


Solve each equation. See Example 4. (Objective 2) 
43. x7 + 5x92 +6=0 

44, °°? — 7x17 +12 =0 

45. x77 — 2x13 -3 =0 

46. x77 + 4x'7 —5 =0 


Solve each equation. See Example 5. (Objective 2) 


a7.x+54-=0 Pe eee 
x x 
20 15 
49.x+1=— 50. x + = 8 
x x 
1 3 6 12 
‘ + = . = 
= x—1 x +1 2 aA Ke=2 = 1 : 
1 24 3 4 
53. + = 13 54, —+ =2 
be eae x + 3 x oes 


Solve each equation. See Example 6. (Objective 2) 
55.x *-2x7+1=0 56. 4x 4+1=5x? 


57. 8a >— 10a '|—-3=0 58. 2) °>-S5y | =3 


Solve each equation for the indicated variable. See Example 7. 
(Objective 2) 


59. + y =P forx 


60..x° +) =P fory 
61. xy? + 3xy +: 7 = O for p 
62. kx = ay — x for x 


Solve each equation and verify that the sum of the solutions is -° 
and that the product of the solutions is o See Example 8. 


(Objective 3) 
63. 12x7 — 5x —-2=0 64. 8x* — 2x -3 =0 


65. 2x7 + 5x +1=0 66. 3x7 + 9x +1=0 


67. 3x7 — 2x +4=0 68. 2x7 -x+4=0 


69. x +2x+5=0 70. x —4x + 13=0 


ADDITIONAL PRACTICE 


71. Use the discriminant to determine whether the solutions of 
1,492x° + 1,776x — 1,984 = 0 are real numbers. 


72. Use the discriminant to determine whether the solutions of 


1,776x* — 1,492x + 1,984 = O are real numbers. 
Solve using any method. 
73. 4x —5Vx —-9 =0 74. 9x —5Vx =4 
75. 3x73 — x3 —-2=0 76. 4x77 + 4x17 +1=0 
77. 2x4 + 24 = 26x° 78. 4x4 = —9 + 13x° 
79. 4 + 327 = 28 80. +47 -5=0 


81. 4(2x — 1) — 32x - 1)-1=0 


82. 4(x° — 1)? + 13007 - 1) +9 =0 
83. x 77 -—2x 17 —-3=0 84. 4x! -— 5x 2-9 =0 
2 x+5 
85. x + =0 $6.4 =H 
x= 2 x= 3 


87. 8m + 1) 7 — 30m +: 1) '+7=0 
88. 2(p — 2) > + 3(p — 2) | -5 =0 


89. [= * fend 
d~ 


1 
90. V= yah for r 


De 
91.0 = ae — p? for p” 
rx? 2 
92.0 = — pw for N 


Find the values of k that will make the solutions of each given 
quadratic equation equal. 

93. (kK — 1x? + (kK - Ix +1=0 

94. (k + 3)x° + 2kx + 4=0 

95. (k + 4)x° + 2kx +9 =0 

96. (k + 15)x? + (k — 30)x +4=0 


97. Determine k such that the solutions of 3x7 + 4x = kare 
complex numbers. 

98. Determine k such that the solutions of kx? — 4x = 7 are 
complex numbers. 
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WRITING ABOUT MATH SOMETHING TO THINK ABOUT 
99. Describe how to predict what type of solutions the equa- 101. Can a quadratic equation with integer coefficients have 
tion 3x7 — 4x + 5 = O will have. one real and one complex solution? Why? 
100. How is the discriminant related to the quadratic formula? 102. Can a quadratic equation with complex coefficients have 


one real and one complex solution? Why? 


Graphs of Quadratic Functions 


GD Graph a quadratic function of the form f(x) = ax’. 
® Use a vertical translation of f(x) = ax to graph f(x) = ax? + ¢. 
€} Use a horizontal translation of f(x) = ax’ to graph f(x) = a(x — h)”. 


@3 Use both a vertical and horizontal translation of f(x) = ax? to graph 
f(x) = a(x — h)? + k. 
© Graph a quadratic function in standard form by writing it in the form 
F(x) = a(x — h)? + k. 
b 
@© Find the vertex of a parabola using (-2 Sai f(-2)). 


Graph a quadratic function in standard form by finding the vertex, axis 
of symmetry, and the x- and y-intercepts. 


€3} Solve an application problem using a quadratic function. 


Objectives 


Vocabulary 


If f(x) = 3x° + x — 2, find each value. 
1. f(0) 2. f(l) 3. f(-l) 4. f(-2) 


x= 
5. a=3andhb=—6 


-2 find x when a and b have the following values. 


6. a=S5andb= —40 


Getting Ready 


In this section, we consider graphs of second-degree polynomial functions, called quad- 
ratic functions. 

The graph shown in Figure 10-4 on the next page shows the height (in relation to 
time) of a toy rocket launched straight up into the air. 


COMMENT Note that the 
graph describes the height of 
the rocket, not the path of the 
rocket. The rocket goes 
straight up and comes straight 
down. 


Quadratic Functions 
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Height above the ground (ft) 


0 1 2 3 + 5 6 


Time (sec) 
Figure 10-4 


From the graph, we can see that the height of the rocket 2 seconds after it was 
launched is about 128 feet and that the height of the rocket 5 seconds after it was launched 
is 80 feet. 


The parabola shown in Figure 10-4 is the graph of a quadratic function. 


A quadratic function is a second-degree polynomial function of the form 
f(x) = ax +bxt+ec (a#0) 


where a, b, and c are real numbers. 


We begin the discussion of graphing quadratic functions by considering the graph of 
f(x) = ax* + bx + c, where b = Oandc = 0. 


Graph a quadratic function of the form f(x) = ax. 


EXAMPLE1 Graph: a. f(x) =x? b. g(x) = 3x" «. A(x) = Fx’. 

Solution We can make a table of ordered pairs that satisfy each equation, plot each point, and 
join them with a smooth curve, as in Figure 10-5. We note that the graph of A(x) = ie 
is wider than the graph of f(x) = x°, and that the graph of g(x) = 3x7 is narrower than 
the graph of f(x) = x°. In the function f(x) = ax’, the smaller the value of |a|, the 
wider the graph. 

2 _ 1 
f(x) = 9° g(x) = 3x° W(x) = 3x” 
x | f(x) | (x, f(x) x | g(x) | (x, 9x) x | A(x) | (x, W(x) 
—2| 4 | (-2,4) —2| 12 | (-2, 12) —3| 2 | (29) 
=—f) & /e=1.19 -1| 3 |(-1,3) : | 
0/0 | ©,0) 0] 0 | (0,0) ehh 5 Ag) 
1/1 ]qa,) 1.) 3° )@,3) 0 
2) 4 | (2,4) 2| 12 | (2,12) : ( a 
3 | (1.3) 
4 4 
2) 3 | (23) 


Figure 10-5 
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Fy SELF CHECK 1 


EXAMPLE 2 


Solution 


Fy SELF CHECK 2 


EXAMPLE 3 


Solution 


On the same set of coordinate axes, graph each function. 
a. f(x) = 2x? b. f(x) = 5x" 


If we consider the graph of f(x) = —3x’, we will see that it opens downward and has 


the same shape as the graph of g(x) = 32°. 


Graph: f(x) = —3x°. 


We make a table of ordered pairs that satisfy the equation, plot each point, and join 
them with a smooth curve, as in Figure 10-6. 


>< 


f(x) = —3x° ‘7 
x | f@&) | @&, f@)) fx) = 3x 
2 =10| (2-19) 
1) =3|(=1,-3) 
0} 0) (0,0) 
1 
2 


=f 1(2, —110) 


Figure 10-6 


Graph: f(x) = ix, 


The graphs of quadratic functions are called parabolas. They open upward when 
a > 0 and downward when a < 0. The lowest point (minimum) of a parabola that opens 
upward, or the highest point (maximum) of a parabola that opens downward, is called 
the vertex of the parabola. The vertex of the parabola shown in Figure 10-6 is the point 
(0, 0). 

The vertical line, called an axis of symmetry, that passes through the vertex divides 
the parabola into two congruent halves. The axis of symmetry of the parabola shown in 
Figure 10-6 is the y-axis, written as the equation x = 0. 


Use a vertical translation of f(x) = ax? to graph f(x) = ax? + c. 


Graph: a. f(x) = 2x7 b. g(x) = 2x7 +3. A(x) = 2x7 - 3. 


We make a table of ordered pairs that satisfy each equation, plot each point, and join 
them with a smooth curve, as in Figure 10-7 on the next page. We note that the graph 
of g(x) = 2x” + 3 is identical to the graph of f(x) = 2x, except that it has been trans- 
lated 3 units upward. The graph of h(x) = 2x? — 3 is identical to the graph of 
f(x) = 2x°, except that it has been translated 3 units downward. 
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y 

A 
f(x) = 2x g(x) = 2x? + 3 h(x) = 2x? — 3 fo) = 22 WV 
x | f&) | &, f@) x | g(x) | &, sg) x | h(x) | @, h(x)) a(x) = Pees 
—2| 8 | (-2,8) —2] 11 |(-2,11) —2| 5 |(-2,5) 
-1} 2 | (-1,2) -1} 5 |(-1,5) 1} -1 |(-1,-1) h(x) = 2x2 = 3—> 
0} 0 | (0,0) 0} 3 |(0,3) 0| -3 | (0, -3) - 
i) 2.) 1,2) 1} 5 /d,5) 1) -1 |d,-1) 
2) 8 |.Q,8) 2) 111,10 2| 5 |(,5) 

Figure 10-7 


SELF CHECK 3 On the same set of coordinate axes, graph each function and tell how it differs from the 
graph of f(x) = x’. 
a. f(x) =x +1 
b. f(x) =x? — 5 


The results of Example 3 confirm the following facts. 


Vertical Translations If y = f(x) is a function and k is a positive number, then 

of Graphs - The graph of y = f(x) + kis identical to the graph of y = f(x), except that it is 
translated & units upward. 
The graph of y = f(x) — kis identical to the graph of y = f(x), except that it is 
translated k units downward. 


3 | Use a horizontal translation of f(x) = ax” to graph f(x) = a(x — h)?. 


EXAMPLE 4 Graph: a. f(x) = 2x? b. g(x) = 2(x — 3)? «. A(x) = 2(x + 3)’. 


Solution We make a table of ordered pairs that satisfy each equation, plot each point, and join 
them with a smooth curve, as in Figure 10-8. We note that the graph of 
g(x) = 2(x — 3)’ is identical to the graph of f(x) = 2x’, except that it has been trans- 
lated 3 units to the right. The graph of h(x) = 2(x + 3)° is identical to the graph of 
f(x) = 2x", except that it has been translated 3 units to the left. 


Ff) = 2x7 g(x) = 2(x — 3) h(x) = 2(x + 3) 
x | f(x) | @ f@)) x | gx) | @, g@)) x | A(x) | (x, A(x)) 
—2| 8 | (-2,8) 1| 8 (1, 8) —5| 8 | (-5,8) 
—1| 2 | (-1,2) Bs" Oy —4|} 2 | (-4,2) 
0| 0 | (0,0) 3|/ 0 | @G,0) —3| 0 | (-3,0) 

1} 2 | 0,2) 4) 2 | (4,2) —2|} 2 | (-2,2) 

2) | 8) alle (5, 8) -1} 8 | (-1,8) 


ex) = 2% + 3)f 


Figure 10-8 
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>| SELF CHECK 4 On the same set of coordinate axes, graph each function and tell how it differs from the 

graph of f(x) = x’. 
a. f(x) = (x — 2° 
b. f(x) = (« + 57 


The results of Example 4 confirm the following facts. 


Horizontal Translations If y = f(x) is a function and h is a positive number, then 
of Graphs The graph of y = f(x — h) is identical to the graph of y = f(x), except that it is 
translated / units to the right. 

The graph of y = f(x + h) is identical to the graph of y = f(x), except that it is 
translated h units to the left. 


4 Use both a vertical and horizontal translation of f(x) = ax 
to graph f(x) = a(x — h)? + k. 


EXAMPLES5 Graph: f(x) = 2(x — 3)? - 4. 


Solution The graph of f(x) = 2(x — 3)° — 4 is identical to the graph of g(x) = 2(x — 3)’, 
except that it has been translated 4 units downward. The graph of g(x) = 2(x — 3)’ is 
identical to the graph of h(x) = 2x°, except that it has been translated 3 units to the 
right. Thus, to graph f(x) = 2(x — 3)? — 4, we can graph h(x) = 2x and shift it 3 
units to the right and then 4 units downward, as shown in Figure 10-9. 

The vertex of the graph is the point (3, —4), and the axis of symmetry is the line 
x = 3. 


y g(x) =2(x- 3)? 
r 


h(x) = 2x 


oy —=2Ge- 3)*—4 


(3,4) 


Figure 10-9 


FRY SELF CHECK5 Graph: f(x) = 2( + 3)? + 1. 


The results of Example 5 confirm the following facts. 
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Vertex and Axis of The graph of the function y 
Symmetry of a Parabola Ai Sar = PE GAO 


is a parabola with vertex at (h, k). (See Figure 10-10.) y=a(x— hy? +k 
The parabola opens upward when a > 0 and 
downward when a < 0. The axis of symmetry is the 


line x = A. 


> xX 


(A, k) 


Figure 10-10 


5] Graph a quadratic function in standard form by writing it 
in the form f(x) = a(x — h)? + k. 


To graph functions of the form f(x) = ax? + bx + c, we can complete the square to 
write the function in the form f(x) = a(x — hy + k. 


EXAMPLE6 Graph: f(x) = 2x? — 4x — 1. 


Solution We complete the square on x to write the function in the form f(x) = a(x — Ah)? + k. 
f(x) = 2x7 — 4x - 1 
f(x) = 20° — 2x) - 1 Factor 2 from 2x” — 4x. 


f(x) = 2(x* — 2x +1) -—1—2 Complete the square on x. Since this adds 2 to the 
right side, we also subtract 2 from the right side. 


Q) = f(x) = Ax - 1% - 3 Factor x* — 2x + 1 and combine like terms. 
From Equation 1, we can see that the vertex will be at the point (1, —3). We can plot 


the vertex and a few points on either side of the vertex and draw the graph, which 
appears in Figure 10-11. 


y 
f(x) = 2x7 - 4x - 1 

COMMENT Note that this is *_| FO) | @ f@) 

the graph of f(x) = 2x =1) 3.) C 1,5) 

translated one unit to the : - a ss 

right and three units down. a] -] on =i >x 

3 5 | (3,5) 
fol=ox an — 1 
Figure 10-11 


f= SELF CHECK6 ) =Graph: f(x) = 2x7 — 4x + 1. 
>| ph: f 
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Formula for the Vertex 
of a Parabola 


EXAMPLE 7 


Solution 


COMMENT This is the same 
as finding f(1). 


Fy SELF CHECK 7 


Find the vertex of a parabola using (-2, f( -7)). 


We can derive a formula for the vertex of the graph of f(x) = ax* + bx + c by complet- 
ing the square in the same manner as we did in Example 6. After using similar steps, the 
result is 


b\\? 4ac — B* 
f(x) = al x a (-2)| + a oe 


t t 
h k 


x ' . sas, py 
The x-coordinate of the vertex is _— The y-coordinate of the vertex is a We can 


also find the y-coordinate of the vertex by substituting the x-coordinate, -!. for x in the 
quadratic function and simplifying. 
The vertex of the graph of the quadratic function f(x) = ax” + bx + cis 
(rA-ze)) 
Das 2a 
and the axis of symmetry of the parabola is the line x = -2. 
Find the vertex of the graph of f(x) = 2x7 — 4x — 1. 
The function is written in f(x) = ax’? + bx +c form, where a = 2, b = —4, and 
c = —1. We can find the x-coordinate of the vertex by evaluating 2. 


b -4 -4 


2a 22) + «4 


= 1 


We can find the y-coordinate by evaluating f( -£), 


(-£) = f(l) = 20)’ — 40) - 1 = -3 
2a 


The vertex is the point (1, —3). This agrees with the result we obtained in Example 6 by 
completing the square. 


Find the vertex of the graph of f(x) = 3x7 — 12x + 8. 


Graph a quadratic function in standard form by finding the vertex, axis 
of symmetry, and the x- and y-intercepts. 


Much can be determined about the graph of f(x) = ax* + bx + c from the coefficients a 
, b, and c. This information is summarized as follows: 


Graphing a 
Quadratic Function 
f(x) = ax? + bx +.¢ 


EXAMPLE 8 


Solution 
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Determine whether the parabola opens upward or downward: 
If a > 0, the parabola opens upward. 


If a < 0, the parabola opens downward. 


The x-coordinate of the vertex of the parabola is x = -2. 


To find the y-coordinate of the vertex, substitute _ for x and find f(-Z). 

The axis of symmetry is the vertical line passing through the vertex. The axis of sym- 
metry is x = 2 

The y-intercept is determined by the value of f(x) when x = 0. The y-intercept is (0, c). 


The x-intercepts (if any) are determined by the values of x that make f(x) = 0. To find 
them, solve the quadratic equation ax* + bx + c = 0. 


Graph: f(x) = —2x? — 8x — 8. 


Step 1 Determine whether the parabola opens upward or downward. The function is in 
the form f(x) = ax* + bx + c, with a = —2, b = —8, and c = —8. Since a < 0, the 
parabola opens downward. 


Step 2 Find the vertex and draw the axis of symmetry. To find the coordinates of the 
vertex, we evaluate -! by substituting —2 for a and —8 for b. 

b -8 
Pees = 
2a 2(-2) 
We then find f(—2). 


=2 


x= 


(-£) = f(-2) = -2(-2) - 8(-2) - 8 = -8 + 16 - 8 =0 
2a 


The vertex of the parabola is the point (—2, 0). The axis of symmetry is the line 
x= -2, 
Step 3 Find the x- and y-intercepts. Since c = —8, the y-intercept of the parabola is 
(0, —8). The point (—4, —8), two units to the left of the axis of symmetry, must also be 
on the graph. We plot both points in black on the graph. 

To find the x-intercepts, we set f(x) equal to 0 and solve the resulting quadratic 
equation. 


f(x) = —2x? — 8x - 8 
0 = —2x* — 8x — 8 Set f(x) = 0. 


O=x+4x4+4 Divide both sides by —2. 
0 = (x + 2)(x + 2) _ Find the trinomial. 
x+2=0 or x+2=0 Set each factor equal to 0. 
x=-2 | x= -2 


Since the solutions are the same, the graph has only one x-intercept: (—2, 0). This point 
is the vertex of the parabola and has already been plotted. 
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Step4 Plot another point. Finally, we find another point on the parabola. If x = —3, 
then f(—3) = —2. We plot (—3, —2) and use symmetry to determine that (—1, —2) is 
also on the graph. Both points are in black. 


Step5 Draw a smooth curve through the points, as shown. 


ft 
Zt Ss a es} - ~ 
A) Sor = Bx +8 i 
fd = —2x7 — 8x — 8 a 
x | f(x) | @ f@) 3| 
3) -2 | (-3, -2) : 
a 
4! 
(+, -8) H (0, -8) 

\x=-2 

i 


Figure 10-12 


VG NM MEAG CRNA To use a graphing calculator to graph f(x) = 0.7x7 + 2x — 3.5, we can use window set- 
tings of [—10, 10] for x and [—10, 10] for y, enter the function, and press GRAPH to 
obtain Figure 10-13(a). 

To find approximate coordinates of the vertex of the graph, we trace to move the 
cursor near the lowest point of the graph as shown in Figure 10-13(b). By zooming in 
twice and tracing as in Figure 10-13(c), we can see that the vertex is a point whose coor- 
dinates are approximately (— 1.422872, —4.928549). 


Graphing Quadratic 
Functions 


V7 7 CEE) GaN) Yt =.7X2+2X-35 
ie Sees X = -1.276596 TY =-4.912404 X =-1.422872 Y =—4.928549 


(a) (b) (c) 
Figure 10-13 


We can find the vertex more efficiently by using the MINIMUM command found 
in the CALC menu. We first graph the function f(x) = 0.7x* + 2x — 3.5 as in Figure 
10-13(a). We then select 3 in the CALC menu, enter —3 for a left guess, and press 
ENTER . We then enter 0 for a right guess and press ENTER . After pressing ENTER 
again, we will obtain the minimum value (— 1.42857, —4.928571). 


The solutions of the quadratic equation 0.7x* + 2x — 3.5 = 0 are the numbers x 
that will make f(x) = 0 in the function f(x) = 0.7x* + 2x — 3.5. To approximate these 


numbers, we graph the function as shown in Figure 10-14(a) and find the x-intercepts 
(continued ) 
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by tracing to move the cursor near each x-intercept, as in Figures 10-14(b) and 10-14(c). 
From the graphs, we can read the approximate value of the x-coordinate of each 
x-intercept. For better results, we can zoom in. 


Y1 = .7X2 + 2X-3.5 Y1 = .7X2 + 2X—-3.5 


(x) = 242x— 
eS X = -4.042553 Ty = -.145541 X = 1.2765957 TY = 19397916 
(a) (b) (c) 
Figure 10-14 


We can also solve the equation by using the ZERO command found in the CALC 
menu. We first graph the function f(x) = 0.7x* + 2x — 3.5 as in Figure 10-15(a). We 
then select 2 in the CALC menu to get Figure 10-15(b). We enter —5 for a left guess and 
press ENTER . We then enter —2 for a right guess and press ENTER. After pressing 
ENTER again, we will obtain Figure 10-15(c). We can find the second solution in a 
similar way. 


Y1 =.7X2 + 2X-3.5 


L 


fix) = 0.72 + 2x — 3.5 Left Bound? 


Zero 
X=0 Y=-3.5 X = —4.082025 lY =0 


(a) (b) (c) 
Figure 10-15 


8 | Solve an application problem using a quadratic function. 


EXAMPLE 9 


Solution 


BALLISTICS The ball shown in Figure 10-16(a) is thrown straight up with a velocity of 
128 feet per second. The function s = h(t) = —1677 + 128+ gives the relation between t 
(the time measured in seconds) and s (the number of feet the ball is above the ground). 
How long will it take the ball to reach its maximum height, and what is that height? 


The graph of s = A(t) = —16¢7 + 1281 is a parabola. Since the coefficient of #7 is neg- 
ative, it opens downward. The time it takes the ball to reach its maximum height 
is given by the t-coordinate of its vertex, and the maximum height of the ball is given 
by the s-coordinate of the vertex. To find the vertex, we find its ¢-coordinate and 
s-coordinate. To find the ¢-coordinate, we compute 


ead b = 128 anda = —16. 
2a 2(—16) 

_ 128 

_ =32 
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EXAMPLE 10 


Solution 


To find the s-coordinate, we substitute 4 for tin A(t) = —1617 + 1282. 
h(4) = —16(4)° + 128(4) 
= —256 + 512 
= 256 


Since t = 4 and s = 256 are the coordinates of the vertex, the ball will reach a 
maximum height in 4 seconds and that maximum height will be 256 feet. 

To solve this problem with a graphing calculator with window settings of [0, 10] 
for x and [0, 300] for y, we graph the function h(t) = —161° + 128¢ to get the graph in 
Figure 10-16(b). By using the MAXIMUM command found under the CALC menu in 
the same way as the MINIMUM command, we can determine that the ball reaches a 
height of 256 feet in 4 seconds. 


AY 


h(t) = -16?? + 1281 


Figure 10-16 


MAXIMIZINGAREA A man wants to build the rectangular pen shown in Figure 10-17(a) 
on the next page to house his dog. If he uses one side of his barn, find the maximum 
area that he can enclose with 80 feet of fencing. 


If we use w to represent the width of the pen, the length is represented by 80 — 2w. 
Since the area A of the pen is the product of its length and width, we have 


A = (80 — 2w)w 


= 80w — 2w? 
= —2w? + 80w 
Since the graph of A = —2w*? + 80w is a parabola opening downward, the 

maximum area will be given by the 4-coordinate of the vertex of the graph. To find the 
vertex, we first find its w-coordinate by letting b = 80 and a = —2 and computing =). 

b 80 

= = 20 
2a 2(—2) 


We can then find the A-coordinate of the vertex by substituting 20 into the function 
A = —2w’ + 80w. 
A = —2w + 80w 
= —2(20)* + 80(20) 
= —2(400) + 1,600 
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= —800 + 1,600 
= 800 


Thus, the coordinates of the vertex of the graph of the quadratic function are 
(20, 800), and the maximum area is 800 square feet. This occurs when the width is 
20 feet. 

To solve this problem using a graphing calculator with window settings of [0, 50] 
for x and [0, 1,000] for y, we graph the function A = —2w? + 80w to get the graph in 
Figure 10-17(b). By using the MAXIMUM command, we can determine that the 
maximum area is 800 square feet when the width is 20 feet. 


A =-2w? + 80w 


Figure 10-17 


In statistics, the square of the standard deviation is called the variance. 


EXAMPLE 11 VARIANCE If pis the chance that a person selected at random has the HIV virus, then 
1 — pis the chance that the person does not have the HIV virus. If 100 people are ran- 
domly sampled, we know from statistics that the variance of this type of sample distri- 
bution will be 100p(1 — p). Find the value of p that will maximize the variance. 


Solution — The variance is given by the function 
v(p) = 100pC0 — p) or v(p) = —100p* + 100p 


In this setting, all values of p are between 0 and 1, including 0 and 1. We use window 
settings of [0, 1] for x when graphing the function v(p) = —100p* + 100p on a graph- 
ing calculator. If we also use window settings of [0, 30] for y, we will obtain the graph 
shown in Figure 10-18(a). After using the MAXIMUM command to obtain Fig- 
ure 10-18(b), we can see that a value of 0.5 will give the maximum variance. 


v(p) = —100p* + 100p 


Wi=i25= 


Figure 10-18 
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SELF CHECK ANSWERS 


3. y f)=x2+1 a. shifted 1 unit up 
i b. shifted 5 units down 


Hts 
2 
fa) =x-5 
a. shifted 2 units to the right 5. a 6. Dy 7. (2, —4) 
b. shifted 5 units to the left 
>xX > X 
I@=GRH_ WERE 
a f@l=ae 4g 
Fe) = 26 43-41 

Answer the following questions about the graph of f(x). y 

1. What is the vertex? 

2. What is the axis of symmetry? 

3. What is the domain? =* 

4. What is the range? 

5. For what values of x will f(x) = 0? f(x) =27 2-3 

6. For what values of x will y be positive? (f(x) > 0) 

7. For what values of x will y be negative? (f(x) < 0) 

ge == et 


10.4 EXERCISES } 


WARM-UPS REVIEW Find the value of x. 
Determine whether the graph of each equation opens up or down. 7. 
y= 3x +x -5 2. y = 4x° + 2x - 3 

(Qx+ 3)? (Sx= 15)° 
3. yp =Ax-3P-1 4.y = —-3(x + 2 +2 
Find the vertex of the parabola determined by each equation. 8. Lines r and s are parallel. 
5. y=2Ax-3yP-1 6. y= —3(x + 27° +2 ‘ 


(14x — 10)° 


(22x + 10)° 


9. Travel Madison and St. Louis are 385 miles apart. One 
train leaves Madison and heads toward St. Louis at the rate 
of 30 mph. Three hours later, a second train leaves 
Madison, bound for St. Louis. If the second train travels at 
the rate of 55 mph, in how many hours will the faster train 
overtake the slower train? 

10. Investing A woman invests $25,000, some at 7% annual 
interest and the rest at 8%. If the annual income from both 
investments is $1,900, how much is invested at the higher 
rate? 


VOCABULARY AND CONCEPTS fill in the blanks. 
11. A quadratic function is a second-degree polynomial func- 


tion that can be written in the form ; 
where 


12. The graphs of quadratic functions are called 


13. The highest ( 
parabola is called the 


) or lowest ( ) point ona 

14. A vertical line that divides a parabola into two halves is 
called an of symmetry. 

15. The graph of y = f(x) +k (k > 0) is identical to the 
graph of y = f(x), except that it is translated k units 


16. The graph of y = f(x) —k (k > 0)isa vertical transla- 
tion of the graph of y = f(x), & units 4 

17. The graph of y = f(x — h) (h> 0)isa horizontal transla- 
tion of the graph of y = f(x), / units 

18. The graph of y = f(x +h) (h > 0)is identical to the 
graph of y = f(x), except that it is translated / units 


19. The graph of y = f(x) = ax° + bx +c (a 
when a > 0. 


20. In statistics, the square of the standard deviation is called 
the 


0) opens 


GUIDED PRACTICE 
Graph each function. See Examples 1-3. (Objectives 1-2) 
21. f(x) = x° 22. f(x) = -x* 

y y 
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23. f(x) =x? +2 24. f(x) = x - 3 
Bi y 
A A 


Graph each function. See Examples 4-5. (Objectives 3-4) 


25. f(x) = -(x — 2) 26. f(x) = (x + 2)° 
» y 
27. f(x) = (x - 3) +2 28. f(x) = (x + 1) -2 
». y 


Find the coordinates of the vertex and the axis of symmetry of the 
graph of each equation. If necessary, complete the square on x to 
write the equation in the formy = a(x — h)? + k.Do not graph 
the equation. See Example 6. (Objective 5) 


29. y=(x- 17 +2 30. y =2(x — 2-1 
31. p= 2Ax+ 3-4 32. p= —3(x + 1° +3 
33. p= -3x° 34. y = 3x° —3 


35. y = 2x — 4x 36. y = 3x° + 6x 

Find the coordinates of the vertex and the axis of symmetry of the 

graph of each equation. Use (-2 at f(— 2)) to find the vertex and 

graph the equation. See Examples 7-8. oujcane: 6-7) 

37. f(x) = -2x7 + 4x +1 38. f(x) = —2x7 + 4x + 3 
y y 


734 


39. f(x) = 3x° — 12x + 10 40. f(x) = 3x° — 12x + 9 


y y 
A 


> xX 


ADDITIONAL PRACTICE 
Find the vertex and axis of symmetry using any method. 
Do not graph. 


Al. y = —4x7 + 16x +5 42. y = 5x + 20x + 25 


43. y — 7 = 6x" — 5x 44, y—2 = 3x7 + 4x 


Graph each function. 
45. f(x)= xr t+x-6 46. f(x) =x —x-6 


y. y 
A 


XxX 


an] Use agraphing calculator to find the coordinates of the 
vertex of the graph of each quadratic function. Give results to 
the nearest hundredth. 


47. y=2x°-x4+1 48. y=x° + 5x -6 


49. y=7+x-x 50. y = 2x7 -3x+2 


a 


51. x°+x-6=0 


Use a graphing calculator to solve each equation. If a result is 
not exact, give the result to the nearest hundredth. 


52. 2x7 — 5x -3 =0 


53. 0.517 — 0.7x — 3 = 0 54. 2x7 — 0.5x —-2=0 


55. The equation y — 2 = (x — 5) represents a quadratic func- 
tion whose graph is a parabola. Find its vertex. 
Show that y = ax’, where a # 0, represents a quadratic 


function whose vertex is at the origin. 


56. 


APPLICATIONS Solve each application problem. Use a 
graphing calculator if necessary. See Examples 9-11. (Objective 8) 


57. Ballistics If a ball is thrown straight up with an initial 
velocity of 48 feet per second, its height s after ¢ seconds is 
given by the equation s = 48¢ — 167°. Find the maximum 
height attained by the ball and the time it takes for the ball 
to reach that height. 


58. Ballistics 


59 


60. 


61. 


62 


63. 
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From the 
top of the building, a 
ball is thrown straight 
up with an initial veloc- 
ity of 32 feet per 
second. The equation 

s = —1617 + 32¢ + 48 
gives the height s of the 
ball ¢ seconds after it is 
thrown. Find the 
maximum height 
reached by the ball and the time it takes for the ball to hit 
the ground. (Hint: Let s = 0 and solve for t.) 


Maximizing area Find the dimensions of the rectangle of 
maximum area that can be constructed with 200 feet of 
fencing. Find the maximum area. 

Fencing a field A farmer wants to fence in three sides of a 
rectangular field with 1,000 feet of fencing. The other side 
of the rectangle will be a river. If the enclosed area is to be 
maximum, find the dimensions of the field. 


1,000 ft 


Finding the variance If p is the chance that a person 
sampled at random has high blood pressure, | — p is the 
chance that the person doesn’t. If 50 people are sampled at 
random, the variance of the sample will be 50p(1 — p). 
What two values of p will give a variance of 9.375? 


Finding the variance If p is the chance that a person 
sampled at random smokes, then | — p is the chance that 
the person doesn’t. If 75 people are sampled at random, the 
variance of the sample will be 75p(1 — p). What two values 
of p will give a variance of 12? 

Police investigations A police officer seals off the scene of 
a car collision using a roll of yellow police tape that is 

300 feet long. What dimensions should be used to seal off 
the maximum rectangular area around the collision? What 
is the maximum area? 
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64. Operating costs The cost C in dollars of operating a 70. Maximizing revenue The revenue received for selling 
certain concrete-cutting machine is related to the number of x stereos is given by the formula 
minutes 7 the machine is run by the function > 


x 
C(n) = 2.2n* — 66n + 655 R= — "= + 80x — 1,000 


For what number of minutes is the cost of running the How many stereos must be sold to obtain the maximum 
machine a minimum? What is the minimum cost? revenue? Find the maximum revenue. 
71. Maximizing revenue When priced at $30 each, a toy has 
65. Water usage The height (in feet) of the water level in a annual sales of 4,000 units. The manufacturer estimates that 
reservoir over a l-year period is modeled by the function each $1 increase in cost will decrease sales by 100 units. 


Find the unit price that will maximize total revenue. 


= Do 
mM Sat eae ete (Hint: Total revenue = price - the number of units sold.) 


How low did the water level get that year? 


66. School enrollment The total annual enrollment (in mil- 72. Maximizing revenue When priced at $57, one type of 
lions) in U.S. elementary and secondary schools for the camera has annual sales of 525 units. For each $1 the 
years 1975-1996 is given by the function camera is reduced in price, management expects to sell an 

additional 75 cameras. Find the unit price that will maxi- 
E(x) = 0.058x" — 1.162x + 50.604 mize total revenue. (Hint: Total revenue = price - the 


For this period, what was the lowest enrollment? number of units sold.) 


67. Maximizing revenue The revenue R received for selling WRITING ABOUT a 
x stereos is given by the equation 73. The graph of y = ax’ + bx + c (a # 0) passes the verti- 
; cal line test. Explain why this shows that the equation 
a ede is defines a function. 
1,000 74. The graph of x = y* — 2y isa parabola. Explain why its 


Find the number of stereos that must be sold to obtain the graph does not represent a function. 


maximum revenue. 
68. Maximizing revenue In Exercise 67, find the maximum SOMETHING TO THINK ABOUT 

revenue. 75. Can you use a graphing calculator to find solutions of the 
equation x* + x + 1 = 0? What is the problem? How do 


69. Maximizing revenue The revenue received for selling : 
you interpret the result? 


x radios is given by the formula 


- 76. Complete the square on x in the equation 


Re "54 Gy y = ax* + bx + cand show that the vertex of the parabolic 
728 graph is the point with coordinates of 
How many radios must be sold to obtain the maximum b 4ac— bh 
revenue? Find the maximum revenue. o7 da 


Quadratic and Other Nonlinear Inequalities 


GD Solve a quadratic inequality. 
®9 Solve a rational inequality. 
€&} Graph a nonlinear inequality in two variables. 


Objectives 
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> 
— 
6 
> 
2 
© 
Uv 
o 
=> 


Getting Ready 


Factor each trinomial. 


1 x7 +2x-—15 


We have previously solved linear inequalities. We will now discuss how to solve quadratic 
and rational inequalities. 


Solve a quadratic inequality. 


Quadratic inequalities in one variable, say x, are inequalities that can be written in one of 
the following forms, where a # 0: 


ax’ + bx +¢e<0 ax’ + bx +c>0 
ax’ + bx +ce<0 ax’ + bx +c=0 
To solve one of these inequalities, we must find its solution set. For example, to solve 
rt+x-6<0 
we must find the values of x that make the inequality true. To find these values, we can 
factor the trinomial to obtain 
(x + 3)(x — 2) <0 


Since the product of x + 3 and x — 2 is to be less than 0, the values of the factors must 
be opposite in sign. This will happen when one of the factors is positive and the other is 


negative. 
To keep track of the sign of x + 3, we can construct the following graph. 


x+3 === 0b et 


-3 
a 
x +3 is negative x + 3 is positive 
when x <-3 when x > -3 


To keep track of the sign of x — 2, we can construct the following graph. 


x-2 -- O+tt+++4+4+4+44+ 
~= | > 
2 
SSS SE 
x — 2 is negative x — 2 is positive 


when x <2 when x > 2 


—— —_—_ 


3 2 
Figure 10-20 


EXAMPLE 1 


Solution 
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We can merge these graphs as shown in Figure 10-19 and note where the signs of the 
factors are opposite. This occurs in the interval (—3,2). Therefore, the product 
(x + 3)(x — 2) will be less than 0 when 


=3.< x <2 


The graph of the solution set is shown on the number line in the figure. 


x43 O++4++4+4++++4 | 
x-2 0 
3 2 

Figure 10-19 


Another way to solve the inequality x° + x — 6 < 0 is to solve its related quadratic 
equation x* + x — 6 = 0. The solutions to this equation are sometimes called critical 
values and they establish points on the number line, called critical points. 


r+x-6=0 


(x + 3)\(x — 2) =0 <_< 4. 
x+3=0 or x-2=0 3 2 
x=-3 | x=2 


The graphs of these critical values establish the three intervals shown on the number 
line. To determine which intervals are solutions, we test a number in each interval and see 
whether it satisfies the inequality. 


Interval Test value Inequality x7 + x — 6 <0 Result 
(=e, =3) = (—6)° — (—6) — 6 <0 The numbers in this interval 
36<0 false are not solutions. 
(2D) 0 (0 — 0) -6 <0 The numbers in this interval 
=O< 0) ihe are solutions. 
(2, %) 5 6-6-6 6 The numbers in this interval 
14<0 false are not solutions. 
Table 10-1 


The solution set is the interval (—3, 2), as shown in Figure 10-20. 


Solve: x7 + 2x -—32=0. 


Method 1 = We can factor the trinomial to get (x — 1)(x + 3) and construct the sign 
chart shown in Figure 10-21. 


x+3 O+++4+4++4+4| 

x-1 0 
3 1 
Figure 10-21 


x — lis 0 when x = 1, is positive when x > 1, and is negative when x < 1. 


+ x + 3is 0 when x = —3, is positive when x > —3, and is negative when x < —3. 
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oe 


-3 1 
Figure 10-22 


Fy SELF CHECK 1 


EXAMPLE 2 


Solution 


The product of x — 1 and x + 3 will be greater than 0 when the signs of the bino- 
mial factors are the same. This occurs in the intervals (—», —3) and (1, ~). The 
numbers —3 and | are also included, because they make the product equal to 0. Thus, 
the solution set is the union of two intervals 


(—~, —3] ULL, =) 


The graph of the solution set is shown on the number line in Figure 10-21. 


Method 2. We can obtain the same result by solving the related quadratic equation 
x° + 2x — 3 = Oand establishing critical points on the number line. 


x7 +2x-3=0 


(x + 3)\(x - 1) =0 vi 
x+3=0 or x -1=0 -3 I 
x=-3 | x=1 


The graphs of these critical values establish the three intervals shown on the 
number line. To determine which intervals are solutions, we test a number in each inter- 
val and see whether it satisfies the inequality. 


Interval Test value Inequality x? + 2x - 3=0 Result 
(—x, —3) =5 (—5)? + 2(-5) — 3 £0 The numbers in this interval 
12=0 true are solutions. 
(=, Il) 0 (0)? + 2(0) — 3 20 The numbers in this interval 
=—32 0 ihike are not solutions. 
(1, %) 4 (4)? + 2(4) - 3 20 The numbers in this interval 
21=0 true are solutions. 
Table 10-2 


From the table, we see that numbers in the intervals (—%, —3) and (1, ~) satisfy 
the inequality. Because the quadratic inequality contains an = symbol, the critical 
values of x = —3 and x = 1 also satisfy the inequality. Thus, the solution set is the 
union of two intervals: (—%, —3] U [1, ©), as shown in Figure 10-22. 


Solve x7 + 2x — 15 > 0 and graph its solution set. 


Solve a rational inequality. 


Making a sign chart is useful for solving many inequalities that are neither linear nor 
quadratic. 


1 
Solve: — < 6. 
x 


We subtract 6 from both sides to make the right side equal to 0, find a common denom- 
inator, and add the fractions: 


—<6 
x 


1 
—-—6<0 | Subtract 6 from both sides. 
x 


SELF CHECK2 Solve: 2>5. 


EXAMPLE 3 Solve: 
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1 6x 
——-—< 0 _ Write each fraction with the same denominator. 
x x 

1 — 6x 


x 


<0 Subtract the numerators and keep the common denominator. 


To use Method 1, we make a sign chart, as in Figure 10-23. 


+ The denominator x is 0 when x = 0, is positive when x > 0, and is negative when 
x <0. 


+ The numerator | — 6x is 0 when x = ra is positive when x < a and is negative when 


4 


6 
l-6x+++++| (0) 
x 0 b+++4 
0 1 
6 
Figure 10-23 


1 — 6x 
x 


The fraction will be less than 0 when the numerator and denominator are oppo- 


site in sign. This occurs in the union of two intervals: 


1 
(-®, 0) U (Z =) 


The graph of this union is shown in Figure 10-23. 
To solve this inequality by Method 2, we can find the critical values by finding the 
1 = 6x 


x 


values of x that make the numerator of equal to 0 and the values of x that make 
the denominator equal to 0. The critical values are the numbers i and 0 and the solu- 
tion is (—*, 0) U (, ~), 

COMMENT _ Since we don’t know whether x is positive, 0, or negative, multiplying 
both sides of the inequality 1 < 6 by xis a three-case situation: 


If x > 0, then 1 < 6x. 
If x = 0, then the fraction 1 is undefined. 
If x < 0, then 1 > 6x. 


If you multiply both sides by x and solve 1 < 6x, you are only considering one case 
and will get only part of the answer. 


x7 -3x+2 
oS 


Solution We write the fraction with the numerator in factored form. 


Gis .., 
x —3 = 
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Ey SELF CHECK 3 


EXAMPLE 4 


Solution 


To keep track of the signs of the binomials, we construct the sign chart shown in 
Figure 10-24. The fraction will be positive in the intervals where all factors are positive, 
or where two factors are negative. The numbers | and 2 are included, because they 
make the numerator (and thus the fraction) equal to 0. The number 3 is not included, 
because it gives a 0 in the denominator. 

The solution is the union of two intervals [1, 2] U (3, ©). The graph appears in 
Figure 10-24. 


= eS 
we 
oS 
t j=) 


Figure 10-24 


To solve this inequality by Method 2, we can find the critical values by finding the 


values of x that make the numerator of wo ae) equal to 0 and the values of x that 


make the denominator equal to 0. The critical values are the numbers 1, 2, and 3 
and the solution is [1, 2] U (3, ©). 


Solve: ott, > 0 and graph the solution set. 


3 2 
<a <a 
6 = 1 x 
3 2 2 ' 
——<0 © Subtract = from both sides. 
x= 1. x as 
3x 2(x — 1) ; : : : 
<0 Write each fraction with the same denominator. 
(x-1)x xax-l 
Bx = 2% + 2 : 
————— <0 __ Keep the denominator and subtract the numerators. 
x(x — 1) 
x+2 Es 
——— <0 Combine like terms. 
x(x — 1) 


We can keep track of the signs of the three factors with the sign chart shown in Fig- 
ure 10-25. The fraction will be negative in the intervals with either one or three negative 
factors. The numbers 0 and | are not included, because they give a 0 in the denomina- 
tor, and the number —2 is not included, because it does not satisfy the inequality. 

The solution is the union of two intervals (~~, —2) U (0, 1), as shown in Fig- 
ure 10-25. 


x+2 O++++4 | 
x-1 | 0 
XK 10) 
= > 
—2 0 1 


Figure 10-25 


SELF CHECK 4 


ACCENT ON TECHNOLOGY 


Solving Inequalities 


COMMENT Graphing 
calculators cannot determine 
whether a critical value is 
included in a solution set. You 
must make that determination 
yourself. 
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To solve this inequality by Method 2, we can find the critical values by finding the 


values of x that make the numerator of eat equal to 0 and the values of x that 


make the denominator equal to 0. The critical values are the numbers —2, 0, and 1 and 
the solution is (—%, —2) U (0, 1). 


Solve — = 1 and graph the solution set. 


To approximate the solutions of x* + 2x — 3 = 0 (Example 1) by graphing, we can use 
window settings of [—10, 10] for x and [—10, 10] for y and graph the quadratic function 
y = x° + 2x — 3, as in Figure 10-26. The solutions of the inequality will be those 
numbers x for which the graph of y = x* + 2x — 3 lies above or on the x-axis. We can 
trace to find that this interval is (—%, —3] U [1], ~). 


Figure 10-26 


3 
xe = Il 


To approximate the solutions of 
ity in the form 


a Set 
x 


z 2 (Example 4), we first write the inequal- 


se || 
Then we use window settings of [—5, 5] for x and [—3, 3] for y and graph the function 
= a ce 2, as in Figure 10-27(a). The solutions of the inequality will be those 
numbers x for which the graph lies below the x-axis. 

We can trace to see that the graph is below the x-axis when x is less than —2. Since 
we cannot see the graph in the interval 0 < x < 1, we redraw the graph using window 
settings of [—1, 2] for x and [—25, 10] for y. See Figure 10-27(b). 

We can now see that the graph is below the x-axis in the interval (0, 1). Thus, the 
solution of the inequality is the union of two intervals: 


(oe 2) 071) 


Figure 10-27 
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3 | Graph a nonlinear inequality in two variables. 


We now consider the graphs of nonlinear inequalities in two variables. 


EXAMPLE5 Graph: y < —x* +4. u 
Solution The graph of y = —x* + 4is the parabolic boundary a 
3 ext ; ; 2 Mm) y<4¢4+4 
separating the region representing y < —x° + 4 and f i 
f 


the region representing y > —x* + 4. 


qt 
We graph y = —x* + 4 as a dashed parabola, i | q 
because there is no equality symbol in the original : 4 > x 
inequality. Since the coordinates of the origin satisfy i \ 
the inequality y < —x? + 4, the point (0, 0) is in the i | 4 
graph. The complete graph is shown in Figure 10- a Ly 
28. Figure 10-28 


ESJ SELF CHECKS = Graph: y= -x7 +4. 


EXAMPLE6 Graph: x < |p|. 


Solution We first graph x = || as in Figure 10-29(a), using a solid line because the symbol in 
the inequality is =. Since the origin is on the graph, we cannot use it as a test point. 
However, another point, such as (1, 0), will do. We substitute | for x and 0 for y into 
the inequality to get 


x= 


y 
1 <= |0| 
1<0 

Since | = 0 is a false statement, the point (1, 0) does not satisfy the inequality and is 


not part of the graph. Thus, the graph of x S |y| is to the left of the boundary. 
The complete graph is shown in Figure 10-29(b). 


Figure 10-29 


FJ SELF CHECK 6 = Graph: 
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SELF CHECK ANSWERS 1. (-=, 5) U3, =) qm} 2. (0,3) 
—5 3 0 3/5 
Bh (2, =I) UG, ee ee 4. (-1,0) Ud, 20) {s) 
=) =I 3 -l O 1 
Eb y 6. y 
als etd 


Find the domain of each of the following. 


1. f(x) = Vx -6 
2. y=x- 5x - 6 


3. A(x) = Vx° — 5x — 6 


10.5 EXERCISES 


WARM-UPS 10. y varies inversely with f. 
Determine where x — 2is 11. ¢ varies jointly with x and y. 
1. 0 2. positive 12. d varies directly with ¢ but inversely with uv’. 
3. negative Find the slope of the graph of each equation. 
. . 2) = 
Determine where x + 3 is i pS ss 14, ~~ =8 
4. 0 5. positive 5 
6. negative VOCABULARY AND CONCEPTS Fill in the blanks. 
Multiply both sides of the equation + < 2 byxwhenx is 15. When x > 3, the binomial x — 3 is than zero. 
7. positive 8. negative 16. When x < 3, the binomial x — 3 is than zero. 
17. The expression x7 + 9x + 18 < Ois an example of a 
REVIEW inequality. 
Write each expression as an equation. 18. The expression ~ = - > Ois an example of a 
9. y varies directly with x. inequality. 


19. If x = 0, the fraction + is 


744 


20. 


To solve x” + 2x — 3 < 0, we can find the solutions of the 
related equation x” + 2x — 3 = 0. The solutions are called 
. They establish points on a number line that 


separate the line into . 
21. To keep track of the signs of factors in a product or quo- 


tient, we can use a chart. 

22. The inequality |x + 3| < 0 will be graphed with a 
line. 

GUIDED PRACTICE 


Solve each inequality. Give each result in interval notation and 
graph the solution set. See Example 1. (Objective 1) 


23. x7 —5x+4<0 24. °° —3x-4>0 


25. x — 8x + 15>0 26. x + 2x -8 <0 
27. x° +x-12<0 28. °° + 7x + 12=0 
29. x7 + 2x = 15 30. x — 8x < -15 
31. x7 + 8x < —16 32. x + 6x = -9 
33. x =9 34. x° = 16 


Solve each inequality. Give each result in interval notation and 
graph the solution set. See Example 2. (Objective 2) 


1 1 
35. —<2 36. —>3 
x x 


6 
38. ——< 12 
x 


Solve each inequality. Give each result in interval notation and 
graph the solution set. See Example 3. (Objective 2) 
2 2 
x = = 12 x +x-6 
———— <0 40. ———_—_ = 0 
x-—1 x—-4 


39. 
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xr +x- 20 x? — 10x + 25 
~~ re 


41. 0 42. 0 
x+2 x+5 
2 2 
x —4x+4 2% = DN 2 
43 0 44. 0 
x+4 x+2 
2 2 
ie = ie x? + Ix + 
As. 6x 5x I 4h 46. 6x llx TG 
2x +1 3x =-1 


Solve each inequality. Give each result in interval notation and 
graph the solution set. See Example 4. (Objective 2) 


3 4 —6 1 
47. — 48. a 
5 a a x+1 x 
—5 4 —6 5 
49. = 50. < 
XPD D—=% x= 3° 3S x 
ee i 
“y-3 x+4 “x-4 x41 
53. (x + 2) >0 54. (x — 3) <0 


Graph each inequality. See Example 5. (Objective 3) 
55.y<xt1 56. y>x° -3 
y y 


> xX 


57. psx +5x+6 58 p=xt+5x+4 
y y 


59. p=(x —- 1) 60. y=(x + 2y 


y y 
A A 


> XxX > XxX 


61. —x°—y+6>-x 62. py > (x + 3)(x — 2) 


y y 
A A 
> xX 
> xX 
Graph each inequality. See Example 6. (Objective 3) 
63. y< |x+4| 64. y= |x — 3| 
y y 
A 
x ee 
65. y= —|x| +2 66. y > |x| — 2 
y By 
x x 
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ADDITIONAL PRACTICE 


Solve each inequality. Give each result in interval notation and 
graph the solution set. 


67. 2x7 — 50 <0 68. 3x° — 243 <0 


5 
69. —— <3 70. —-=8 
x 
1 x 1 72 x 1 
“xy+4°> x41 “xy+9 x41 
x 1 x 
73. 74 


> ls < 
x+16 x+1 RPDS KEI 


BY Use a graphing calculator to solve each inequality. Give the 
answer in interval notation. 


75. x7 — 2x -3<0 76.x°+x-6>0 


: em ae, 


2 3 
77. 


>0 78,2<2 


WRITING ABOUT MATH 


79. Explain why (x — 4)(x + 5) will be positive only when the 
signs of x — 4and x + 5 are the same. 


80. Explain how to find the graph of y = x’. 


SOMETHING TO THINK ABOUT 
81. Under what conditions will the fraction S = He 7 - be 


positive? 


82. Under what conditions will the fraction ea ea be 


negative? 


= 
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Operations 
on Functions 


Algebra and Composition of Functions 


GD Find the sum, difference, product, and quotient of two functions. 
® Find the composition of two functions. 


&} Find the difference quotient of a function. 


Objectives 


@3 Solve an application problem requiring the composition of two functions. 


Vocabulary 


= Assume that P(x) = 2x + 1 and Q(x) = x — 2. Find each expression. 
A 1. P(x) + O(x) 2. P(x) — Ox) 

= 3. P(x): O(x) pu) 

— (x) 

bar) 

wv 

UO 


Throughout the text, we have talked about functions. In this section, we will show how to 
add, subtract, multiply, and divide them. We also will show how to find the composition 
of two functions. 


1] Find the sum, difference, product, and quotient of two functions. 


We now consider how functions can be added, subtracted, multiplied, and divided. 


If the domains and ranges of functions f and g are subsets of the real numbers, 


The sum of f and g, denoted as f + g, is defined by 
Ff + g(x) = f(x) + gx) 

The difference of f and g, denoted as f — g, is defined by 
fF — g(x) = fX) — gs) 

The product of f and g, denoted as f - g, is defined by 
(Ff * g(x) = fxg) 

The quotient of f and g, denoted as f/g, is defined by 


f(x) 
G2 == = (x) 0) 
g(x) 
The domain of each of these functions is the set of real numbers x that are in the domain 
of both f and g. In the case of the quotient, there is the further restriction that g(x) # 0. 
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EXAMPLE 1 Let f(x) = 2x7 + 1 and g(x) = 5x — 3. Find each function and its domain. 
aft+g b. f-—g 


Solution =a. (f + g)(x) = f(x) + a(x) 
= (2x7 + 1) + (5x — 3) 
= 2x° + 5x -2 
The domain of f + gis the set of real numbers that are in the domain of both f and 
g. Since the domain of both f and g is the interval (—~, ©), the domain of f + gis 
also the interval (—%,©). 
b. (f — g)(x) = f(x) — gQ) 
= (2x + 1) — (5x — 3) 
=2x7+1-5x4+3 Remove parentheses. 


= 2x7 -5x+4 Combine like terms. 


Since the domain of both f and g is (—~, ~), the domain of f — g is also the interval 


(-®, 00), 


SELF CHECK 1 Let f(x) = 3x — 2 and g(x) = 2x” + 3x. Find each function and its domain. 
aft+g b. f —g 


EXAMPLE 2 Let f(x) = 2x7 + 1 and g(x) = 5x — 3. Find each function and its domain. 
af-g  b. f/g 


Solution a. (f - g)(x) = f(x)g(x) 
(2x7 + 1)(5x — 3) 
= 10x? — 6x7 + 5x —3 Multiply. 


The domain of f - gis the set of real numbers that are in the domain of both f and 
g. Since the domain of both f and g is the interval (—~, ~), the domain of f+ g is 
also the interval (—~, ©). 


f(x) 
b. = 
(f/g)(x) Pe 

_ ax +1 

~ 5x —-3 


Since the denominator of the fraction cannot be 0, x # 2 The domain of f/g is the 
union of two intervals (-~, 3) U (3, ), 


SELF CHECK 2. Let f(x) = 2x? — 3 and g(x) = x — 1. Find each function and its domain. 
a. f-g b. f/g 


(2) Find the composition of two functions. 


We have seen that a function can be represented by a machine: We put in a number from 
the domain, and a number from the range comes out. For example, if we put the number 
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Composite Functions 


2 into the machine shown in Figure 10-30(a), the number f(2) = 5(2) — 2 = 8 comes 
out. In general, if we put x into the machine shown in Figure 10-30(b), the value f(x) 
comes out. 


Figure 10-30 


Often one quantity is a function of a second quantity that depends, in turn, on a 
third quantity. For example, the cost of a car trip is a function of the gasoline consumed. 
The amount of gasoline consumed, in turn, is a function of the number of miles driven. 
Such chains of dependence can be analyzed mathematically as compositions of functions. 

The function machines shown in Figure 10-31 illustrate the composition of func- 
tions f and g. When we put a number x into the function g, g(x) comes out. The value 
g(x) goes into function f, which transforms g(x) into f(g(x)). This two-step process 
defines a new function, called a composite function. If the function machines for g and f 
were connected to make a single machine, that machine would be named f ° g, read as “f 
composition g.” 

To be in the domain of the composite function f ° g, a number x has to be in the 
domain of g. Also, the output of g must be in the domain of f. Thus, the domain of f ° g 
consists of those numbers x that are in the domain of g, and for which g(x) is in the 
domain of f. 


Figure 10-31 


The composite function f ° g is defined by 
(f° g(x) = f(g) 
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COMMENT Notethatinthis | For example, if f(x) = 4x — 5 and g(x) = 3x + 2, then 


example, (f ° g)(x) # (g° f(x). ‘ - 7 

a irc (f © g(x) = fle) (g° A(x) = gfe) 

composition of functions is = fx + 2) = g(4x — 5) 

not commutative. = 43x + 2) —5 = 3(4x — 5) +2 
=12x+8-5 =12x-15+4+2 
= 12x + 3 = 12x — 13 


EXAMPLE 3 Let f(x) = 2x + land g(x) = x — 4. Find: 
a. (f° 8)9) b. (fogi(x) & (g° f\(—2). 


Solution a. (f ° g)(9) means f(g(9)). In Figure 10-32(a), function g receives the number 9, sub- 
tracts 4, and releases the number g(9) = 5. The 5 then goes into the f function, 
which doubles 5 and adds 1. The final result, 11, is the output of the composite 
function f ° g: 


f° g)9) = f(g) = #5) = 26) + 1 = 11 


Figure 10-32 


b. (f ° g)(x) means f(g(x)). In Figure 10-32(a), function g receives the number x, sub- 
tracts 4, and releases the number x — 4. The x — 4 then goes into the f function, 
which doubles x — 4 and adds 1. The final result, 2x — 7, is the output of the com- 
posite function f ° g. 


(F ° g\(x) = f(gx)) = f(x — 4) = 2m - 4) + 1 = 2x -7 


c. (g° f)(—2) means g(f(—2)). In Figure 10-32(b), function f receives the number —2, 
doubles it and adds 1, and releases —3 into the g function. Function g subtracts 4 
from —3 and releases a final result of —7. Thus, 


(g° f)\(—2) = g(f(-2)) = e(-3) = -3 -4 = -7 


SELF CHECK 3 Let f(x) = 3x + 2and g(x) = 9x — 5. Find 


a. (f° g)(2) b. (g ° f(x) c. (g ° f)(—4). 
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EXAMPLE 4 


Solution 


Fy SELF CHECK 4 


Recall that in the real number system, 0 is called the additive identity because 
0 + x = xand 1 is called the multiplicative identity because | - x = x. There is an iden- 
tity for functions as well. The identity function is defined by the equation /(x) = x. Under 
this function, the value that corresponds to any real number x is x itself. If f is any func- 
tion, the composition of f with the identity function is the function /: 


(f° D(x) = Te fix) = f(x) 
We can show this as follows: 
(f ° D(x) means f(/(x)). Because I(x) = x, we have 
(f° D(x) = fa) = f@®) 


(T° f)(x) means J(f(x)). Because J passes any number through unchanged, we have 


I(f(x)) = f(x) and 
(Le f)(x) = Af) = Ff) 


Find the difference quotient of a function. 


An important function in calculus, called the difference quotient, represents the slope of 
a line that passes through two given points on the graph of a function. The difference 
quotient is defined as follows: 
f(x + A) — f(x) 
h 


If f(x) = x* — 4, evaluate the difference quotient. 


First, we evaluate f(x + /). 
f(xiy=x-4 
f(x +h) =(x + hy - 4 Substitute x + h for h. 
x +2xh+h-4 (xthPaxe4+2xt+K 


Then we note that f(x) = x7 — 4. We can now substitute the values of f(x + A) and 
f(x) into the difference quotient and simplify. 


f(x +h) — f@) _ @? + 2xh + WP - 4) - (xX - 4) 


h h 
+ 2xh+h-4-¢4+4 
= jh Remove parentheses. 
2xh + he oe 
= an a Combine like terms. 
- A(2x + h) Factor out / in the 
h numerator. 
=Ix+h Divide out hs? = ily 


The difference quotient for this function simplifies as 2x + h. 


If f(x) = 3x° — 4, evaluate the difference quotient. 
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4] Solve an application problem requiring the composition 
of two functions. 


EXAMPLE 5 TEMPERATURECHANGE A laboratory sample is removed from a cooler at a tempera- 
ture of 15° Fahrenheit. Technicians are warming the sample at a controlled rate of 
3° F per hour. Express the sample’s Celsius temperature as a function of the time, ¢ (in 
hours), since it was removed from refrigeration. 


Solution The temperature of the sample is 15° F when ¢ = 0. Because it warms at 3° F per hour, 
it warms 37° after t hours. The Fahrenheit temperature after ¢ hours is given by the 
function 


F(t) = 3t + 15 


The Celsius temperature is a function of the Fahrenheit temperature, given by the 
formula 


5 
CH) = oF — 32) 


To express the sample’s Celsius temperature as a function of time, we find the com- 
position function Co F. 


(Ce Fe) = CUR) 
5 
= 5(F@ - 32) 


5 
= —[(3t + 15) — 32] Substitute 3¢ + 15 for F(t). 


9 
5 ee 
= 9 — 17) Simplify. 
15 85 
= ——=f —_- — 
9 9 
5s 
3 9 


SELF CHECK ANSWERS 1. a. 2x7 + 6x — 2,(—~%, %) bb, —2x? — 2,(—2,0) 2. a. 2x7 — 2x7 — 3x + 3, (—~, ~) 


b, 2 =3 (-~,1)U(,%) 3.0.41 b.2x+13 © -95 4, 6x + 3h 


Given f(x) = 3x — 2 and g(x) = x° — 5x + 1, find: 
1. (g° f\(-1) 


2. (g° f(x) 
3. (f° A(x) 
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10.6 EXERCISES 


Assume no denominators are 0. 


WARM-UPS If f(x) = 2x, g(x) = 3x, and h(x) = 4x, find: 
1ft+eg 2.h-—g¢g 
3B. f ch 4. 9/f 
5. h/f 6. gch 
7. (fo hy(x) 8. (f° g)(x) 


REVIEW = Simplify each expression. 


9 3x7 ++x—- 14 2x37 + 14x? x? — 3x 


10. 

4— x 34+2x-—x x 

"1 Silver . 3x +4x=2 
"12+x—-3x7  3x-1 

x=] 

12. 
x 
aa D eee 

VOCABULARY AND CONCEPTS Fill in the blanks. 
13. (f + g)(x) = 
14, (f — g(x) = 
15. (f: g)(x) = ______ 
16. (f/g)(x) = (g(x) # 0) 


17. In Exercises 13-15, the domain of each function is the set of 
real numbers x that are in the of both f and g. 


18. The of functions f and g is denoted by 
(f ° g)(x) or f° g. 

19. (f° g)(x) = 

20. If Jis the identity function, then (f ° D(x) = ___. 

21. If Jis the identity function, then (J° f)(x) = 


22. The difference quotient is defined as 


GUIDED PRACTICE 


Let f(x) = 3x and g(x) = 4x. Find each function and its domain. 
See Examples 1-2. (Objective 1) 


23. f+g¢ 24. f-—¢g 
25. f-g 26. f/g 

27.¢-f 28. ¢ + f 
29. ¢/f 30. g-f 


Let f(x) = 2x + 1. and g(x) = x — 3. Find each function and its 
domain. See Examples 1-2. (Objective 1) 


31. ft+¢g 32. f-—g 


33. f-g 34. f/g 
35.¢-—f 36. g+ f 
37. ¢/f 38. ¢°f 


Let f(x) = 2x + 1 andg(x) = x* — 1. Find each value. 
See Example 3. (Objective 2) 


39. (f° 92) 40. (g° /)2) 
al. (g° 3) 42. (f° (3) 
43. (f° 9)0) 44. (g° f)0) 
45. /°0)(5) a6. (g° (4) 
47. (f° NC) a8. (g° cs) 
49. (g° f)2x) 50. (f° 2)(2x) 


Find fo + Bm fe See Example 4. (Objective 3) 


51. f(x) = 2x +3 52. f(x) =3x—5 
53. f(x) =x° 54. f(x) =x - 1 


55. f(x) = 2x° - 1 56. f(x) = 3x 

57. f(x) =x +x 58. f(x) =x — x 

59. f(x) =x +3x-4 60. f(x) =x — 4x +3 
61. f(x) = 2x7 + 3x -7 62. f(x) = 3x° - 2x +4 


ADDITIONAL PRACTICE 

Let f(x) = 3x — 2andg(x) = 2x? + 1. Find each function and its 
domain. 

63. f —g 

64.ft+¢g 

65. f/g 

66. f-¢g 

Let f(x) = x* — 1andg(x) = x? — 4. Find each function and its 
domain. 

67. f-—g 

68. f+¢g 

69. 2/f 

70. g:f 


Let f(x) = 3x — 2andg(x) = x? + x. Find each value. 
71. (f° g)(4) 72. (g° f)(4) 
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73. (g° f)\(—3) 74. (f° g)(—3) APPLICATIONS Solve each application problem. 
75. (g° f)(0) 76. (f ° g)(0) See Example 5. (Objective 4) 
77. (g° f(x) 78. (f° g)(x) 97. Alloys A molten alloy must be cooled slowly to control 


crystallization. When removed from the furnace, its tem- 
perature is 2,700° F, and it will be cooled at 200° F per 
Find £20 — fla (x # a). hour. Express the Celsius temperature as a function of the 
x—a number of hours ¢ since cooling began. 


79. f(x) = 2x + 3 80. f(x) = 3x — 5 
joe x 82. f(x) =x - 1 98. Weather forecasting A high-pressure area promises 
83. f(x) = 2x7 - 1 84. f(x) = 3x° increasingly warmer weather for the next 48 hours. 
The temperature is now 34° Celsius and will rise 1° 

_— 2 2 every 6 hours. Express the Fahrenheit temperature as a 
i ae i ad function of the number of hours from now. 
87. f(x) =x + 3x -4 88. f(x) =x? — 4x +3 
89. f(x) = 2x7 + 3x —7 90. f(x) = 3x7 — 2x +4 Wale SEOUL mars 

99. Explain how to find the domain of f/g. 
100. Explain why the difference quotient represents the slope of 
91. If f(x) = x + land g(x) = 2x — 5, show that a line passing through (x, f(x)) and (x + h, f(x + h)). 
(f° g)(x) # (g° AQ). 

92. If f(x) = x° + Land g(x) = 3x° — 2, show that SOMETHING TO THINK ABOUT 


f°) ©) ie (e° NO). 101. Is composition of functions associative? Choose functions 
93. If f(x) = x + 2x — 3, find f(a), f(A), and f(a + h). Then f, g, and h and determine whether 


show that f(a + h) # f(a) + f(A). [f° (go AMX) =[(fg) °Al(x). 


47,2 4 
94. If g(x) = 2x 10, find g(a), g(f), and g(a + h). Then 102. Choose functions f, g, and / and determine whether 
show that g(a + h) # g(a) + g(h). fe(et+h=fogt fork, 


95. If f(x) = x° — 1, find 24+ 4 — fe) 


96. If f(x) = x° + 2, find 4+ 4 — fe) 


Inverses of Functions 


GB Determine whether a function is one-to-one. 


© Apply the horizontal line test to determine if the graph of a function is 
one-to-one. 


€} Find the inverse of a function. 


Objectives 


> 
— 
& 
> 
2 
© 
1S 
S) 
=> 
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One-to-One Functions 


EXAMPLE 1 


Solution 


Getting Ready 


Solve each equation for y. 


le X= 3y +2 


We already know that real numbers have inverses. For example, the additive inverse of 3 
is —3, because 3 + (—3) = 0. The multiplicative inverse of 3 is 7 because 3(4) =1.Ina 


similar way, functions have inverses. After discussing one-to-one functions, we will learn 
how to find the inverse of a function. 


Determine whether a function is one-to-one. 


Recall that for each input into a function, there is a single output. For some functions, 
different inputs have the same output, as shown in Figure 10-33(a). For other functions, 
different inputs have different outputs, as shown in Figure 10-33(b). 


Same output y 


Different 
outputs y 


a eee 


| 
| 
| 
| 
| 
| 
! 
Xx 


1 X x3 -e * 2 
ia 
tiles x—4 ee ea x 
Not a one-to-one function A one-to-one function 
(a) (b) 
Figure 10-33 


When every output of a function corresponds to exactly one input, we say that the 
function is one-to-one. 


A function is called one-to-one if each input value of x in the domain determines a dif- 
ferent output value of y in the range. 


Determine whether a. f(x) =x* and b. f(x) = x are one-to-one. 


a. The function f(x) = x° is not one-to-one, because different input values x can 
determine the same output value y. For example, inputs of 3 and —3 produce the 
same output value of 9. 


f{3)=3?=9 and f(-3) =(-3y =9 
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b. The function f(x) = x° is one-to-one, because different input values x determine 
different output values of y for all x. This is because different numbers have differ- 
ent cubes. 


SELF CHECK 1 Determine whether f(x) = 2x + 3 is one-to-one. 


2] Apply the horizontal line test to determine if the graph 
of a function is one-to-one. 


A horizontal line test can be used to determine whether the graph of a function represents 
a one-to-one function. If every horizontal line that intersects the graph of a function 
does so only once, the function is one-to-one. Otherwise, the function is not one-to-one. 
See Figure 10-34. 


One intersection Three intersections 
ae 


One intersection 


A one-to-one function Not a one-to-one function 


Figure 10-34 


EXAMPLE 2 The graphs in Figure 10-35 represent functions. Use the horizontal line test to deter- 
mine whether the graphs represent one-to-one functions. 


Solution a. Because many horizontal lines intersect the graph shown in Figure 10-35(a) twice, 
the graph does not represent a one-to-one function. 


b. Because each horizontal line that intersects the graph in Figure 10-35(b) does so 
exactly once, the graph does represent a one-to-one function. 


y 


Figure 10-35 
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>| SELF CHECK 2 Does the following graph represent a one-to-one function? y 


COMMENT Use the vertical line test to determine whether a graph represents a func- 
tion. If it does, use the horizontal line test to determine whether the function is one- 
to-one. 


3 | Find the inverse of a function. 


The function defined by C = 2F — 32) is the formula that we use to convert degrees 
Fahrenheit to degrees Celsius. If we substitute a Fahrenheit reading into the formula, a 
Celsius reading comes out. For example, if we substitute 41° for F we obtain a Celsius 
reading of 5°: 


5 
==(F - 32 
C= 5(F - 32) 


5 
= oo — 32) Substitute 41 for F. 


5 


=50) 


=5 
If we want to find a Fahrenheit reading from a Celsius reading, we need a formula 
into which we can substitute a Celsius reading and have a Fahrenheit reading come out. 
Such a formula is F = 2C + 32, which takes the Celsius reading of 5° and turns it back 
into a Fahrenheit reading of 41°. 


F=20+32 


9 
= 50) + 32 Substitute 5 for C. 


= 41 


The functions defined by these two formulas do opposite things. The first turns 
41° F into 5° Celsius, and the second turns 5° Celsius back into 41° F. For this reason, we 
say that the functions are inverses of each other. 

If f is the function determined by the table shown in Figure 10-36(a), it turns the 
number | into 10, 2 into 20, and 3 into 30. Since the inverse of f must turn 10 back 
into 1, 20 back into 2, and 30 back into 3, it consists of the ordered pairs shown in Fig- 
ure 10-36(b) on the next page. 


ae the Inverse of a 
e-to-One Function 


EXAMPLE 3 


Solution 


SELF CHECK 3 
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Function f Inverse of f 
“| y “\y 
1/10 10/1 
2 | 20 20 | 2 Note that the inverse of f is also a function. 
3 | 30 30 | 3 
t 7 1 4 


Domain Range Domain Range 
(a) (b) 
Figure 10-36 


We note that the domain of f and the range of its inverse is {1, 2, 3}. The range of f 
and the domain of its inverse is {10, 20, 30}. 

This example suggests that to form the inverse of a function f, we simply interchange 
the coordinates of each ordered pair that determines f. When the inverse of a function is 
also a function, we call it f inverse and denote it with the symbol f_'. 


ComMMENT The symbol f  '(x) is read as “the inverse of f(x)” or just “f inverse.” The 
—1 in the notation f'(x) is not an exponent. Remember that f-'(x) # i 


If a function is one-to-one, we find its inverse as follows: 
1. Replace f(x) with y, if necessary. 

2. Interchange the variables x and y. 

3. Solve the resulting equation for y. 


4. This equation is y = f '(x). 


If f(x) = 4x + 2, find the inverse of f and determine whether it is a function. 


To find the inverse, we replace f(x) with y and interchange the positions of x and y. 


f(x) = 4x + 2 
y=4x+2 — Replace f(x) with y. 
x =4y+2 Interchange the variables x and y. 
Then we solve the equation for y. 
x=4y+2 
x—-—2=4y Subtract 2 from both sides. 
y= - ji z Divide both sides by 4 and write y on the left side. 


Because each input x that is substituted into the resulting equation gives one output y, 
the inverse of f is a function. Expressing the inverse in function notation, we have 


f@=2= 


If f(x) = —5x — 3, find the inverse of f and determine whether it is a function. 
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COMMENT If the inverse of To emphasize an important relationship between a function and its inverse, we sub- 
a function is also a function, stitute some number x, such as x = 3, into the function f(x) = 4x + 2 of Example 3. 
we usually write the inverse The corresponding value of y produced is 

function using function f@) = 48) +2=14 

notation. 


If we substitute 14 into the inverse function, f—', the corresponding value of y that 
is produced is 
14-2 


f 'd4) = <9 


Thus, the function f turns 3 into 14, and the inverse function f ~! turns 14 back into 
3. In general, the composition of a function and its inverse is the identity function. 


= -1 a SD 
To prove that f(x) = 4x + 2and f(x) = -q 
that their composition (in both directions) is the identity function: 


are inverse functions, we must show 


f° f YG) = fF '@) (f be AO) = f 'F@) 
= (2 7 *) = f "(4x + 2) 
= (2 ; *) 7) = —— 
=x-2+2 = a 
=x =x 


Thus, (f ° f ')\(x) = (f | ° f)(x) = x, which is the identity function I(x). 


EXAMPLE 4 The set of all pairs (x, y) determined by 3x + 2y = 6 is a function. Find its inverse 
function, and graph the function and its inverse on one coordinate system. 


Solution — To find the inverse function of 3x + 2y = 6, we interchange x and y to obtain 
3y + 2x = 6 
and then solve the equation for y. 
3y + 2x = 6 
3y = —2x + 6 — Subtract 2x from both sides. 


2 
y= —3* +2 Divide both sides by 3. 


Since the resulting equation represents a function, 
we can write it in inverse function notation as 


f w= — x +2 


The graphs of 3x + 2y = 6and f(x) = —3x + 2 
appear in Figure 10-37. Figure 10-37 


>| SELF CHECK 4 Find the inverse of the function defined by 2x — 3y = 6. Graph the function and its 
inverse on one coordinate system. 


EXAMPLE 5 


Solution 


SELF CHECK 5 


EXAMPLE 6 


Solution 


SELF CHECK 6 


EXAMPLE 7 


Solution 
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In Example 4, the graph of 3x + 2y = 6 and f '(x) = —3x + 2 are symmetric 


about the line y = x. In general, any function and its inverse are symmetric about the line 
y = x, because when the coordinates (a, b) satisfy an equation, the coordinates (, a) will 
satisfy its inverse. 

In each example so far, the inverse of a function has been another function. This is 
not always true, as the following example will show. 


Find the inverse of the function determined by f(x) = x’. 


N 


yrx Replace f(x) with y. 
x= y Interchange x and y. 
y= Vx Use the square-root property and 


write y on the left side. 


When the inverse y = +Vx is graphed as in 
Figure 10-38, we see that the graph does not pass 
the vertical line test. Thus, it is not a function. 3 yon 

The graph of y = x* is also shown in the : 
figure. As expected, the graphs of y = x* and 2 
y = + Vx are symmetric about the line y = x. 


Figure 10-38 


Find the inverse of the function determined by f(x) = 4x”. 


Find the inverse of f(x) = x°. 


To find the inverse, we proceed as follows: 


y= x? Replace f(x) with y. 
x= x Interchange the variables x and y. 


Wx = y Take the cube root of both sides. 


We note that to each number x there corresponds one real cube root. Thus, y = Wx 
represents a function. In function notation, we have 


f'@) = Vx 


Find the inverse of f(x) = ie: 


If a function is not one-to-one, we often can make it a one-to-one function by 
restricting its domain. 


Find the inverse of f(x) = x* (x = 0). Then determine whether the inverse is a func- 


tion. Graph the function and its inverse. 


The inverse of the function f(x) = x° with x = 0 is 


y= x with x =0 Replace f(x) with y. 


x=y withy=0 Interchange the variables x and y. 
y=+Vx withy=0 — Solve for y and write y on the left side. 
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Considering the restriction y = 0, the equation can be written more simply as 
y= Vx — This is the inverse of fora x, 


In this equation, each number ~x gives only one value of y. Thus, the inverse is a func- 
tion, which we can write as 


Paevz 


The graphs of the two functions appear in Figure 10-39. The line y = x is included 
so that we can see that the graphs are symmetric about the line y = x. 


y 
A 


y=x? andx>0 i 


mah 
7 yar 


y=xandx=0 x=yandy=0 Ih 


(x, y) 
0 | (0, 0) 
1) (1,1) 
4| (2, 4) 
9 | (3, 9) 


WNrO]# 


x= yt and y 20 


7 


Zs 
Figure 10-39 


FJ SELF CHECK 7 Find the inverse of f(x) = x7 — 8 (x = 0). Graph the function and its inverse. 


SELF CHECK ANSWERS 


Wy yes 2 NOMS eC) aes En Gy ye 6. f(x) = We 


7. f @)= Vxt8—4 


7 > X 


f(x) = 2? = 8 (x >0) 
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1. Find the inverse of f(x) = +. 


2. Given f(x) = = + * find f(x). 


10.7 EXERCISES } 


WARM-UPS GUIDED PRACTICE 
Find the inverse of each set of ordered pairs. Determine whether each function is one-to-one. See Example 1. 
1. {1, 2), @, 3), 6, 10} i palate 
2. {(1, 1), (2, 8), (4, 64)} 19. f(x) = 2x 20. f(x) = |x| 
Find the inverse function of each linear function. 21. f(x) =x! 22. f(x) =x +1 
1 
3.y= 7* 4. y= 2x 
Each graph represents a function. Use the horizontal line test to 
Determine whether each function is one-to-one. decide whether the function is one-to-one. See Example 2. 
5. y= 7-2 6. y= x (Objective 2) 
23. y 24. y 
REVIEW Write each complex number ina + bi form or find n 
each value. 
7.3-— V—64 8. (2 — 31) + (4+ 5i) i yi5—ba 
> X > xX 
6+ 7i 
9. 3 + 42 — 3i 10. ' 
3-41 
2+i 
11. |6 — 8i| 12.| : 
3% 25. y 26. y 
A A 
VOCABULARY AND CONCEPTS ill in the blanks. 
13. A function is called_____———_if each input determines a 
different output. 
14. If every line that intersects the graph of a func- 
tion does so only once, the function is one-to-one. 
15. If a one-to-one function turns an input of 2 into an output 


of 5, the inverse function will turn 5 into _. 


= : 27. 28. 
16. The symbol f  '(x) is read as or : . ba qe 
- _ ys sax 
17. ¢°f I) =F "fo =— 
18. The graphs of a function and its inverse are symmetrical 
about the line ly = 3x7 42 


> xX 


> xX 


762 CHAPTER 10 Quadratic Functions, Inequalities, and Algebra of Functions 


29. y 30. y 47. 3x -—y=5 48. 2x + 3y =9 
A A y BA 
yer 
fo x > Xx 
x x 


Find the inverse of each set of ordered pairs (x, y) and determine 

whether the inverse is a function. (Objective 3) 49. 3(x + y) 7 2x + 4 50. —4(y — 1) - x= 2 
31. {(3, 2), (2, 1), (1, 0)} a“ : 

32. {(4, 1), (5, 1), (6, 1), (7, I} 
33. {(1, 2), (2, 3), C1, 3), Cl, 5)} 
34. {(—1, —1), (0, 0), C, 1), (2, 2)} > x > x 


Find the inverse of each function and express it in the form 
y = f—'(x). Verify each result by showing that 
(fo F—")(x) = (f-' ¢ F)(x) = x. See Example 3. (Objective 3) 


Find the inverse of each function and determine whether it is a 


35. f(x) =3x+1 function. If it is a function, express it in function notation. 
es See aes 5-6. (Objective 3) , 
51.y=x+4 52. y=x+5 
37. x +4=5y 
38. x = 3y + 1 53. y= aa 54. xv = 4 
x—4 
39. f(x) => : 
ie a Graph each equation and its inverse on one set of coordinate 
40. f(x) = i ; axes. Find the axis of symmetry. See Example 7. (Objective 3) 
1 
41. 4x — 5y = 20 55.y=xt+1 56. y= ras —3 
42. 3x + Sy = 15 y y 
Find the inverse of each function. Then graph the function and its 
inverse on one coordinate system. Draw the line of symmetry on 
the graph. See Example 4. (Objective 3) 
> xX > xX 
43. y=4x + 3 44. x =3y-1 
y y 
A A 
57. y= Vx 58. y = |x 
> xX > xX y ¥ 
A 
> xX > xX 
45 y=? 46 ae3 
~x=7 ee 
3 y 4 
>» y 
A A 
ADDITIONAL PRACTICE | Find the inverse of each function. 
Do not rationalize denominators. 
| _— oo a 


59. {(1, 1), (2, 4), (3, 9), (4, 16)} 


60. {(1, 1), (2, 1), (3, 1), (4, D} 
61. y = |x| 


62. y = Wx 


63. f(x) = 2x° — 3 


3 
64. f(x) = I 


PROJECTS 


Project 1 


Ballistics is the study of how projectiles fly. The general 
formula for the height above the ground of an object 
thrown straight up or down is given by the function 


h(t) = —161? + vot + ho 


where / is the object’s height (in feet) above the ground ¢ 
seconds after it is thrown. The initial velocity vp is the 
velocity with which the object is thrown, measured in feet 
per second. The initial height io is the object’s height (in 
feet) above the ground when it is thrown. (If vo > 0, the 
object is thrown upward; if vo < 0, the object is thrown 
downward.) 

This formula takes into account the force of gravity, 
but disregards the force of air resistance. It is much more 
accurate for a smooth, dense ball than for a crumpled 
piece of paper. 

One act in the Bungling Brothers Circus is Amazing 
Glendo’s cannonball-catching act. A cannon fires a ball 
vertically into the air; Glendo, standing on a platform 
above the cannon, uses his catlike reflexes to catch the ball 
as it passes by on its way toward the roof of the big top. As 
the balls fly past, they are within Glendo’s reach only 
during a two-foot interval of their upward path. 

As an investigator for the company that insures the 
circus, you have been asked to find answers to the follow- 
ing questions. The answers will determine whether or not 
Bungling Brothers’ insurance policy will be renewed. 


a. In the first part of the act, cannonballs are fired from 
the end of a six-foot cannon with an initial velocity of 
80 feet per second. Glendo catches one ball between 40 
and 42 feet above the ground. Then he lowers his plat- 
form and catches another ball between 25 and 27 feet 
above the ground. 

i. Show that if Glendo missed a cannonball, it would 
hit the roof of the 56-foot-tall big top. How long 
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WRITING ABOUT MATH 


65. Explain the purpose of the vertical line test. 
66. Explain the purpose of the horizontal line test. 


SOMETHING TO THINK ABOUT 
x+1 
x-1 


67. Find the inverse of y = 


68. Using the functions of Exercise 67, show that 
(fof '\(x) = x. 


would it take for a ball to hit the big top? To 
prevent this from happening, a special net near the 
roof catches and holds any missed cannonballs. 

ii. Find (to the nearest thousandth of a second) how 
long the cannonballs are within Glendo’s reach for 
each of his catches. Which catch is easier? Why does 
your answer make sense? Your company is willing 
to insure against injuries to Glendo if he has at 
least 0.025 second to make each catch. Should the 
insurance be offered? 


b. For Glendo’s grand finale, the special net at the roof of 
the big top is removed, making Glendo’s catch more 
significant to the people in the audience, who worry 
that if Glendo misses, the tent will collapse around 
them. To make it even more dramatic, Glendo’s arms 
are tied to restrict his reach to a one-foot interval of 
the ball’s flight, and he stands on a platform just under 
the peak of the big top, so that his catch is made at the 
very last instant (between 54 and 55 feet above the 
ground). For this part of the act, however, Glendo has 
the cannon charged with less gunpowder, so that the 
muzzle velocity of the cannon is 56 feet per second. 
Show work to prove that Glendo’s big finale is in fact 
his easiest catch, and that even if he misses, the big top 
is never in any danger of collapsing, so insurance 
should be offered against injury to the audience. 


Project 2 


The center of Sterlington is the intersection of Main Street 
(running east-west) and Due North Road (running 
north-south). The recreation area for the townspeople is 
Robin Park, a few blocks from there. The park is bounded 
on the south by Main Street and on every other side by 
Parabolic Boulevard, named for its distinctive shape. In 
fact, if Main Street and Due North Road were used as 
the axes of a rectangular coordinate system, Parabolic 
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Boulevard would have the equation y = —(x — 4)? + 5, 
where each unit on the axes is 100 yards. 

The city council has recently begun to consider 
whether or not to put two walkways through the park. (See 
Illustration 1.) The walkways would run from two points 
on Main Street and converge at the northernmost point of 
the park, dividing the area of the park exactly into thirds. 

The city council is pleased with the esthetics of this 
arrangement but needs to know two important facts. 


Parabolic Boulevard 


Walkways 


Due North Road 


a. For planning purposes, they need to know exactly 


where on Main Street the walkways would begin. Mamisuce 


b. In order to budget for the construction, they need to Illustration 1 
know how long the walkways will be. 


Provide answers for the city council, along with explana- 
tions and work to show that your answers are correct. You 
will need to use the formula shown in Illustration 2, due to 
Archimedes (287-212 B.c.), for the area under a parabola 
but above a line perpendicular to the axis of symmetry of 


the parabola. Shaded area = 


Wildy 
i 
> 


—EEEEe—— 


Illustration 2 
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SECTION 10.1 


DEFINITIONS AND CONCEPTS EXAMPLES 
Square-root property: To solve x” — 28 = 0, proceed as follows: 
Th tion x* = c has two solutions: 
Sere eee 2 = 28 Add 28 to both sides. 
x= Ve and x= —Ve x= V28 or x= —V28 — Use the square-root property. 


woo] | x= V7 Wee SVU 27 
The solutions are 2\/7 and a7. or £2V7. 


Completing the square: To solve 2x7 — 12x + 24 = 0, we first make the coefficient of x7 equal to 1 by 
dividing both sides by 2. 
x Ix wo bat 
1. Make sure that the coefficient of x7 is 1. If not, | 1. — = = + s = 3 Divide both sides by 2. 
make it | by dividing both sides of the equa- 
tion by the coefficient of x”. x — 6x +12=0 — Simplify. 
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2. If necessary, get the constant term on the right | 2. x7 — 6x = —12 Subtract 12 from both sides. 
side of the equal sign. 
3. Complete the square: 3. Since [3¢ -6)] = (—3)° = 9, we complete the square by adding 9 to both 
a. Find one-half of the coefficient of x and sides. 
square it. ‘ 
b. Add the square to both sides of the x — 6x +9=—-124+9 
equation. 
4. Factor the trinomial square on one side of the 4. (x — 3) = —3 Factor the left side and combine terms on the right side. 
equation and combine like terms on the other 
side. 
5. Solve the resulting equation by using the 5.x—-3=V-3 or x -3=-V-3 Use the square-root 
square-root property. property. 
x-3=V3i x-3=-V3i Simplify V—3. 
x=3+ V3i x =3- V3i Add 3 to both sides. 
The solutions are 3 + V3i. 


REVIEW EXERCISES 


Solve each equation by factoring or by using the square-root Solve each equation by completing the square. 
property. 5.x° + 6x +8 =0 6. 2x7 — 9x +7=0 
1. 12x* + x-6=0 2. 6x7 + 17x +5=0 


7. 2x7 -x-5=0 


3. 15x72 + 2x -8 =0 4. (x + 2)? = 36 


SECTION 10.2 


DEFINITIONS AND CONCEPTS EXAMPLES 
Quadratic formula: To solve 2x7 — 5x + 4 = 0, note that in the equation a = 2, b = —5, and 
The solutions of c = 4, and substitute these values into the quadratic formula. 
ax’ + bx +c=0 (a¥ 0) b+ VR due 
ee 
are given by the formula 2a 
—(-5) + V(-5)? — 4(2)(4 
—bh + Vb? — 4ac (<5) : an 10) Substitute the values. 
= 
2a 
5. W225 = 32 ‘ ; 
= Simplify. 
4 
5+V-7 
= Add. 
4 
ed 
=i5 oa V-7 =iV7 
The solutions are 3 as Vip 


REVIEW EXERCISES 

Solve each equation by using the quadratic formula. 

8. x*-— 8x -9 =0 9. x° — 10x =0 12, 2x7 -x-2=0 13, x° +x+2=0 
10. 2x7 + 13x —-7=0 11. 3x? + 20x — 7 =0 
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14. Dimensions of arectangle A rectangle is 2 centimeters 16. Ballistics If a rocket is launched straight up into the air 
longer than it is wide. If both the length and width are with an initial velocity of 112 feet per second, its height 
doubled, its area is increased by 72 square centimeters. after ¢ seconds is given by the formula h = 112 — 1627, 
Find the dimensions of the original rectangle. where / represents the height of the rocket in feet. After 


launch, how long will it be before it hits the ground? 
15. Dimensions of a rectangle A rectangle is 1 foot longer 
than it is wide. If the length is tripled and the width is 17. Ballistics What is the maximum height of the rocket dis- 
doubled, its area is increased by 30 square feet. Find the cussed in Exercise 16? 
dimensions of the original rectangle. 


SECTION 10.3 


DEFINITIONS AND CONCEPTS EXAMPLES 
The discriminant: If a, b, and c are real numbers To determine the type of solutions for the equation x” — x + 9 = 0, we cal- 
and a is not 0, culate the discriminant. 


If b? — 4ac > 0, the equation ax? + bx + c =0 ‘ 7 _ _ - 
has two unequal solutions. b — 4ac = (-1y — 49) a = 1,6 = —l,ande = 9. 
If b” — 4ac = 0, the equation ax* + bx + c=0 1 — 36 

has two equal solutions (called a double root). = —35 

If b° — 4ac < 0, the equation ax* + bx + c= 0 
has two solutions that are complex conjugates. 


ll 


Since b* — 4ac < 0, the solutions are complex conjugates. 


To determine the type of solutions for the equation 2x* + 4x — 5 = 0, we 


If a, b, and c are rational numbers and the dis- calculate the discriminant. 


criminant: 
b? — 4ac = 4 — 42)(-5) a =2,b =4,andc = —5. 


16 + 40 


is a perfect square greater than 0, there are two 
unequal rational solutions. 


ll 


is positive but not a perfect square, the solu- = 56 


tions are irrational and unequal. : : ere 
4 Since b” — 4ac > 0, the solutions are unequal and irrational. 


Solving equations quadratic in form: To solve the equation x* — 3x? — 4 = 0, we can proceed as follows: 


Use u substitution when necessary. 5 a 
x — 3x -4=0 


x’? — 3x7) -4=0 
w —3u—4=0 — Substitute u for x’. 
(u-4)(u+1)=0 Factorw? — 5u + 4. 
u-4=0 or u+1=0 Set each factor equal to 0. 
u=4 | u=—l 


Since x* = u, it follows that x7 = 4 or x* = —1. Thus, 
xr=4 or xv=-l 
x=2 or x=-2 x=i or x=-i 

Verifying solutions: To verify that 3 and 2 are the solutions of 3x” — 11x + 10 = 0, make the fol- 
If r; andr, are solutions of ax* + bx +c =0 lowing calculations: 
(a # 0), then 

; 6 -M_ ue 10 

retry =—— and rr = 2 a 3 3 a 3 
a a 


Since 3 +2= 3 + g = u and 3(2) = 3.2 = 2 3 and 2 are the solutions of 
0=0 


REVIEW EXERCISES 
Use the discriminant to determine what types of solutions exist 
for each equation. 
18. 3x7 + 4x —3 =0 
19, 4x? — 5x +7=0 
20. Find the values of & that will make the solutions of 
(k — 8)x? + (k + 16)x 49 equal. 
21. Find the values of & such that the solutions of 


Solve each equation. 
22. x — 13x'/2 + 12 =0 


1 1 1 
x+1 x x+1 


24. 
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23. 7? +a? —-6=0 


26. Find the sum of the solutions of the equation 


3x° + 4x = k + 1 will be real numbers. 


SECTION 10.4 


DEFINITIONS AND CONCEPTS 


3x° — 14x 4 


b3=0. 


27. Find the product of the solutions of the equation 
3x7 — 14x +3 =0. 


EXAMPLES 


767 


Graphing quadratic functions: 
If f is a function and & and h positive numbers, 
then: 


The graph of f(x) + k is identical to the graph 
of f(x), except that it is translated & units 
upward. 


The graph of f(x) — k is identical to the graph 
of f(x), except that it is translated k units 
downward. 

The graph of f(x — h) is identical to the graph 
of f(x), except that it is translated h units to the 
right. 

The graph of f(x + h) is identical to the graph 
of f(x), except that it is translated / units to the 
left. 


Graph each of the following: 
a. f(x) = 4x° b. f(x) = 4° - 3 


y y y 
A 


c. f(x) = 4(x - 3) 


Finding the vertex of a parabola: 

If a # 0, the graph of y = a(x — h)? + kisa 
parabola with vertex at (h, k). It opens upward 
when a > 0 and downward when a < 0. 


The vertex of the graph of y = 2(x — 3)? — 5 is (3, —5). Since 2 > 0, the 
graph will open upward. 


The coordinates of the vertex of the graph of 


f(x) = ax t+bet+ec (a#0) 


are (—3%, f(—32)). 


' Ste oO 
The axis of symmetry is x = —37. 


Find the axis of symmetry and the vertex of the graph of 
f(x) = 2x? — 4x — 5. 
-4 


oordinate 2 il 
-C 
* 2a —«2(2) 4. 4 


The axis of symmetry is x = 1. 
To find the y-coordinate of the vertex, substitute 1 for x in 
f(x) = 2x7 — 4x — 5. 
f(x) = 2x? — 4x — 5 
f(l) = 20)y — 40) — 5 
2-4-5 
=—-7 


The vertex is (1, —7). 
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REVIEW EXERCISES 


resulting parabola. 


y y 
A A 


28. y = 2x° — 3 29. y= -2x° - 1 


Graph each function and give the coordinates of the vertex of the 


30. y = —4(x — 2 +1 31. p= 5x7 + 10x - 1 
x ¥ 


ee x 


> xX 


32. Find the vertex of the graph of f(x) = 3x7 — 12x — 5. 


SECTION 10.5 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Solving quadratic inequalities: 

To solve a quadratic inequality in one variable, 
make a sign chart and determine which intervals 
are solutions. 


To solve x” — 2x — 8 > 0, factor the trinomial to get (x — 4)(x + 2) and 
construct the chart shown below. The critical values will occur at 4 and —2. 


x — 4is positive when x > 4, and is negative when x < 4. 
x + 2 is positive when x > —2, and is negative when x < —2. 


The product of x — 4and x + 2 will be greater than 0 when the signs of the 
binomial factors are the same. This occurs in the intervals (—%, —2) and 

(4, ©). The numbers —2 and 4 are not included, because equality is not indi- 
cated in the original inequality. Thus, the solution set in interval notation is 


(-%, —2) U (4, 2) 


The graph of the solution set is shown on the number line below. 


————S$jV 


—2 4 


Graphing rational inequalities: 

To solve inequalities with rational expressions, get 
0 on the right side, add the fractions, and then 
factor the numerator and denominator. Use a sign 
chart to determine the solution. 


To solve * = —4, add 4 to both sides to make the right side equal to 0 and 


proceed as follows: 


1 
—+4=0 
1 4x . : : ‘ 
—+—20 _ Write each fraction with a common denominator. 
x 
1+ 4x 
% =0 Add. 1+ 4x O++++4+ [+++ 
x O+++ 
Finally, make a sign chart, as shown. 1 5 
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The denominator x is undefined when x = 0, positive when x > 0, and nega- 
tive when x < 0. The numerator | + 4x is 0 when x = i. positive when 
x> i, and negative when x < -}. The critical values occur when the 
numerator or denominator is 0: 0 and i. 

1+ 


x 
and denominator are the same sign and when the numerator is 0. This occurs 
in the interval 


1 
(=Hoan 


The graph of this interval is shown. 


4x Will be greater than or equal to 0 when the numerator 


The fraction 


l 
4 


Graphing nonlinear inequalities in two variables: 
To graph a nonlinear inequality, first graph the 
equation. Then determine which region represents 
the graph of the inequality. 


To graph x > |y|, first graph x = || as in the illustration below using a 
dashed line, because equality is not indicated in the original inequality. 

Since the origin is on the graph, we cannot use it as a test point. We 
select another point, such as (1, 0). We substitute 1 for x and 0 for y into the 
inequality to get 


x> |y| 
1> |0| 1 A 
1>0 ail 
Since 1 > 0 is a true statement, the point (1, 0) ri 12 
satisfies the inequality and is part of the graph. re | : 
Thus, the graph of x > |y| is to the right of the = 
boundary. MS : 
The complete graph is shown. X 
REVIEW EXERCISES 2x* — x — 28 
Solve each inequality. Give each result in interval notation and 39. Pon 5 40. er >0 
graph the solution set. . ° 
33. x7 + 2x -— 35>0 34, x7 + 7x — 18 <0 
35 a 2g ne 2x7 7 e - 28 ei Graph _ inequality. 
e . 41. y <5" — 1 42. y= —|x| 
~ y 
a) Use a graphing calculator to solve each inequality. Compare 
the results with Review Exercises 33-36. > x 


37. x + 2x — 35>0 38. x7 + 7x — 18 <0 
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SECTION 10.6 


DEFINITIONS AND CONCEPTS EXAMPLES 
Operations with functions: Given f(x) = 6x — 2 and g(x) = x° + 4, find 
(fF + gx) = f(x) + g(x) el Mae Maes a a 
(f — g)(x) = f(x) — g(x) a. f + g = f(x) + g(x) 
(f + s(x) = fxg) = (6x — 2) +7 + 4) 
a te : 
Ge = ~ (g(x) ¥ 0) =x +6x+2 Combine like terms. 
evs b. f—g=(6x-2)-(? +4) 
=6x-2-x-4 Remove parentheses. 


=-x? + 6x-—6 Combine like terms. 
c. fg = (6x — 2)(x? + 4) 
= 6x7 + 24x — 2x7 -8 Multiply. 


6x? — 2x? + 24x — 8 Write exponents in descending order. 


6x — 2 
a. f/g = +4 
Composition of functions: Let f(x) = 5x — 4 and g(x) = x° + 2. Find 
(f° g(x) = f(g(x)) a. (f° g(x) b. (g° f(r) 


a. (f ° g)(x) means f(g(x)). 
f(g) = f@? + 2 
= 5(x7 +2) —4 Substitute x° + x for x. 
=5x7+10-4 Multiply. 
= 5x7 + 6 Add. 
b. (g° f)(x) means g(f(x)). 


a(f(x)) = g(Sx — 4) 


= (5x — 47 +2 Substitute 5x — 4 for x. 
= 25x* — 40x + 16+2 Square the binomial. 
= 25x* — 40x + 18 Add. 
The difference quotient: To evaluate the difference quotient for f(x) = x° + 2x — 6, first evaluate 
The difference quotient is defined as follows: f(x + A). 
fet =Io) f@)=x + 2x —6 
h fxtM=(xt+h? +2%x+h)-6 Substitute x + h for h. 


=x +2xht+i+2x+2h-6 (xthP=xt2x+lP 
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Now substitute the values of f(x + A) and f(x) into the difference quotient 
and simplify. 


f(x +h) — f@) 
h 
_ (x? + 2xh t+ WP + 2x + 2h - 6) — (x + 2x - 6) 


h 
x + 2xh +h? +2x+2h-6-—x*-2x+6 Remove 

7 h parentheses. 

_ 2xh + WP + 2h Combine like 
h terms. 

_ A(x +h + 2) Factor out / in 
h the numerator. 

=2x+h+2 Divide out h. 


The difference quotient for this function is 2x + h + 2. 


REVIEW EXERCISES 


Let f(x) = 2x and g(x) = x + 1. Find each function or value. 


43. f+g 44. f-—¢g 


45. f-g 46. f/g 


47. (f° g)(2) 
49. (f° g)(x) 


48. (g° f)(—1) 
50. (g° f)(x) 


SECTION 10.7 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Horizontal line test: 

If every horizontal line that intersects the graph of 
a function does so only once, the function is one- 
to-one. 


Determine if the graph of each function is one-to-one. 


a. y b. y 
A A 


not one-to-one one-to-one 


a. The function is not one-to-one because a horizontal line will cross its 
graph more than once. 

b. The function is one-to-one because any horizontal line will cross its graph 
no more than once. 


Finding the inverse of a one-to-one function: 

If a function is one-to-one, we find its inverse as 
follows: 

. Replace f(x) with y, if necessary. 

. Interchange the variables x and y. 

. Solve the resulting equation for y. 


bhWN = 


. If the equation is a function, write the equa- 
tion in function notation. 


To find the inverse of f(x) = x* — 5, we proceed as follows: 


y=x>—5 Replace f(x) with y. 
x =y>—5 Interchange the variables x and y. 
x+5=y) Add 5 to both sides. 
Yx+5=y Take the cube root of both sides. 


3 
Because there corresponds one real cube root for each x, y = Vx + 5 repre- 
sents a function. In function notation, we describe the inverse as 


fl@)=Vx +5 
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REVIEW EXERCISES 

Graph each function and use the horizontal line test to decide 
whether the function is one-to-one. 

51. f(x) = 2(x — 3) 52. f(x) = x(2x — 3) 


y. y 
A 


Chapter10 TEST 


53. f(x) = —3(x — 27° +5 54. f(x) = |x| 
y y 
i A 


Xx 


Find the inverse of each function. Do not rationalize the result. 
55. f(x) = 6x — 3 
56. f(x) = 4x + 5 
57. y=2x°- 1 
58. y = |x| 


(x 2 0) 


Solve each equation by factoring. 


1.x? + 3x — 18 =0 2. x(6x + 19) = -15 


Determine what number must be added to each binomial to make 
it a perfect square. 


3. x + 24x 4. x* — 50x 


Solve each equation by completing the square. 
5.x +4x+1=0 63° 5-3-0 


Solve each equation by the quadratic formula. 
7. 2x + 5x1 =0 8. x —x+3=0 


9. Determine whether the solutions of 3x7 + 5x + 17 = Oare 
real or nonreal numbers. 


10. For what value(s) of & are the solutions of 
4x” — 2kx + k — 1 = O equal? 

11. One leg of a right triangle is 14 inches longer than the other, 
and the hypotenuse is 26 inches. Find the length of the 
shorter leg. 

12. Solve: 2y — 3y’/?+1=0. y 

13. Graph f(x) = 5x — 4and give 
the coordinates of its vertex. 


14. Find the vertex of the graph of f(x) = —2x* + 8x — 7. 


15. Graph: y = —x* + 3. 


> Xx 


Solve each inequality and graph the solution set. 


a fe = Dre = 3 S00 17. 


Let f(x) = 4x and g(x) = x — 1. Find each function. 
18 ¢+f WEE jf = 8 


20. gf 21. g/f 

Let f(x) = 4x and g(x) = x — 1. Find each value. 
22. (g° f)(1) 23. (f° )(0) 
24. (f° g)(—1) 25. (g° f)(—2) 


Let f(x) = 4x and g(x) = x — 1. Find each function. 


26. (f° g)\(x) 27. (g° f(x) 


Find the domain and range of each function. 
1. f(x) = 2x? — 3 
5 He) = Ser = 2) 


Write the equation of the line with the given properties. 
3. m = 3, passing through (—2, —4) 
4. parallel to the graph of 2x + 3y = 6 and passing through 
(0, —2) 
Perform each operation. 
5. (2a° + 4a — 7) — 2(3a* — 4a) 
@ (se +e NiO = 3) 
Factor each expression completely using only integers. 
7. x* — 16y* 
8. 15x? — 2x — 8 
Solve each equation. 
9. x7 — 5x -6=0 10. 6a° — 2a =a? 


Simplify each expression. Assume that all variables represent 
positive numbers. 


Ti, “25? 12. V4877 
4 
13.0 7 14, i 
Xi 
1, So 16. 647/ 
37/3 5/3 x5/341/2 
175 ap 18, a, 
y x 


Graph each function and give the domain and the range. 


19. f(x) = Vx-2 20. f(x) = -Vx +2 


oy y 
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Find the inverse of each function. Do not rationalize the result. 
28. 3x + 2y = 12 29. p=3x°+4 (x <0) 


Perform the operations. 

21. (7/9 = x/3)\(7/3 se xe) 

22. (x72 + x!/2y2 

Simplify each statement. Assume no division by 0. 


23) v= Vo 50 
2A. — 31/30 — 2 Ten 45/48 


25. 3/223 — 4/12) 26 


Ve 
ap 2 
27. Vx+2 28. Wx*y° 
Vx-1 
Solve each equation. 


29.5Vxt+2=x+8 


31. Find the length of the hypotenuse of the right triangle 
shown in Illustration 1. 

32. Find the length of the hypotenuse of the right triangle 
shown in Illustration 2. 


30° 
45° 
Bains 
3 in. 
45° tf J 60° 


Illustration 1 


EY, Wee Woe) = 


Illustration 2 


33. Find the distance between (—2, 6) and (4, 14). 

34. What number must be added to x7 + 6x to make a perfect 
trinomial square? 

35. Use the method of completing the square to solve 
Oe se i) 

36. Use the quadratic formula to solve 3x7 + 4x — 1 = 0. 
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37. Graph f(x) = 5x + Sand find the coordinates of its 
vertex. 


y 
A 


x 


38. Graph y = —x* + 3 and find the coordinates of its vertex. 


y 
A 


Write each expression as a real number or as a complex number in 
a + biform. 


39. (3 + 51) + 4 — 3’) 40. (7 — 4i) — (12 + 3i) 


41. (2 — 3i)(2 + 31) 42. (3 + (3 — 3i) 


43. (3 — 2i) - (4+ i) 44. 


3a 


45. |3 + 2i| 46. |5 — 6i| 


47. For what values of k will the solutions of 2x? + 4x = k be 
equal? 
48. Solve: a — 7a”? + 12 =0. 


Solve each inequality and graph the solution set on the number 
line. 


49. x*°-x-6>0 50. x7 -x-6=0 


Let f(x) = 3x* + 2andg(x) = 2x — 1. Find each value or 
composite function. 
51. f(—1) 

53. (f ° g)(x) 


52. (g° f)(2) 
54. (g° f)(x) 


Find the inverse of each function. 


55. f(x) = 3x +2 56. f(x) =x +4 
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Exponential and 
Logarithmic 
Functions 


Exponential Functions 

Base-e Exponential Functions 
Logarithmic Functions 

Natural Logarithms 

Properties of Logarithms 

Exponential and Logarithmic Equations 
Projects 

CHAPTER REVIEW 

CHAPTER TEST 


Few people welcome roaches, rats, mice, spiders, 
termites, fleas, ants, and bees into their homes. It is the 
job of pest-control workers to locate, identify, destroy, 
control, and repel these pests. 

Of the 70,000 pest-control workers 
that held jobs in 2006, 


In this chapter > 

In this chapter, we will discuss two functions that are 
important in many applications of mathematics. 
Exponential functions are used to compute 


85 percent were " : , 
F ‘ ow oe compound interest, find radioactive decay, and 
employed in gp-cOmerer and 20 : , ; ' 
‘ at of PE ger 20092 nations: model population growth. Logarithmic functions are 

me! we’ 

services related to EMPLOY cont DEON Ay all O Ao ; 

the building 5 CS ne ave used to measure acidity of solutions, drug dosage, 
wna 


gain of an amplifier, magnitude of earthquakes, and 
safe noise levels in factories. 


industry, primarily in 
states with warmer 
climates. About 

9 percent are self- 
employed. 

Both federal and state 
laws require pest-control 
workers to be certified. 
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Exponential Functions 


@ Simplify an expression containing irrational exponents. 
®2 Graph an exponential function. 

&} Graph a translation of an exponential function. 

@3 Evaluate an application problem containing an exponential function. 


Objectives 


Vocabulary 


Find each value. 


3 =3 
lise 2? 2.95" B.65C7 4. (3) 


Getting Ready 


The graph in Figure 11-1 shows the balance in an investment account in which $10,000 
was invested in 2000 at 9% annual interest, compounded monthly. The graph shows that 
in the year 2010, the value of the account will be approximately $25,000, and in the year 
2030, the value will be approximately $147,000. The curve shown in Figure 11-1 is the 
graph of a function called an exponential function, the topic of this section. 


Value of $10,000 invested at 9% 
compounded monthly 


r 
150,000 
147,000 


100,000 


Value ($) 


50,000 


25,000 


2000 2010 2020 2030 


Year 


Figure 11-1 
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@ Simplify an expression containing irrational exponents. 
We have discussed expressions of the form b”, where x is a rational number. 
8’? means “the square root of 8.” 


5/3 means “the cube root of 5.” 


1 ; 
5° = 35 means “the reciprocal of the fifth root of 37.” 


To give meaning to b* when x is an irrational number, we consider the expression 


5¥2 where V2 is the irrational number 1.414213562. . . 
Each number in the following list is defined, because each exponent is a rational number. 


14 cl4l cl.414 61.4142 «1.41421 
Sg ge a 3 se 


Since the exponents are getting closer to \/2, the numbers in this list are successively better 


approximations of 5¥2. We can use a calculator to obtain a very good approximation. 


Nea UREA RU = To approximate the value of 5¥? with a scientific calculator, we enter these numbers 


Evaluating Exponential GING [ISAS ONE 
Expressions 5 2 wa = 


The display will read 9.738517742 . 


With a graphing calculator, we enter these numbers and press these keys: 
5 ee 2 Bee 


The display will read 5“ (2) 
9.738517742 


In general, if b is positive and x is a real number, b* represents a positive number. It 
can be shown that all of the rules of exponents hold true for irrational exponents. 


EXAMPLE 1 Use the rules of exponents to simplify: a. Ee a b, 6Y?-5Y 2, 


5 Cue ea = soe Keep the base and multiply the exponents. 
= 5 V2V2 = V4 =2 


Solution a 


b. bV2- pV? = pV3tVl2 Keep the base and add the exponents. 
= p¥3V3 V/10 = V4v3 = 2V3 
= p3v3 V3 +2V3 =3V3 


SELF CHECK 1 Simplify: a. (3Y7)V® be BY? 2B 
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2 Graph an exponential function. 


If b > Oand b # 1, the function f(x) = b* is called an exponential function. Since x can 
be any real number, its domain is the set of real numbers. This is the interval (—, ©). 
Since 5 is positive, the value of f(x) is positive and the range is the set of positive 
numbers. This is the interval (0, ~). 

Since 6 # 1, an exponential function cannot be the constant function f(x) = 1*, in 
which f(x) = 1 for every real number x. 


Exponential Functions An exponential function with base b is defined by the equation 
f(x) =b* (b> 0,56 # 1, and x is a real number) 


The domain of any exponential function is the interval (—~, ~). The range is the inter- 
val (0, 2). 


Since the domain and range of f(x) = b* are subsets of the real numbers, we can 
graph exponential functions on a rectangular coordinate system. 


EXAMPLE 2 Graph: f(x) = 2*. 


Solution To graph f(x) = 2*, we find several points (x, y) whose coordinates satisfy the equa- 
tion, plot the points, and join them with a smooth curve, as shown in Figure 11-2. 


y 
A 


f(x) = 2" 
x | FO) | @, feo) 


WNrF Oe 
op NR RNS 
a, 

— 

N 
— 


Figure 11-2 


By looking at the graph, we can verify that the domain is the interval (—~, ») and 
that the range is the interval (0, ~). 

Note that as x decreases, the values of f(x) decrease and approach 0, but will never 
be 0. Thus, the x-axis is the horizontal asymptote of the graph. 

Also note that the graph of f(x) = 2* passes through the points (0, 1) and (1, 2). 


FY SELF CHECK2 Graph: f(x) = 4°. 
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In Example 2, the values of f(x) increase as the values of x increase. When the graph 
of a function rises as we move to the right, we call the function an increasing function. 
When 4 > 1, the larger the value of b, the steeper the curve. 


EXAMPLE 3 Graph: f(x) = (4)’. 


Solution We find and plot pairs (x, y) that satisfy the equation. The graph of f(x) = (5)° 
appears in Figure 11-3. 


fx) =)" 
x | f(x) | (x, fd) 
-2} 4 | (-2,4) 
-1} 2 | (-1,2) 
0} 1 | (0,1) 
1} 3 | (13) 


Figure 11-3 


By looking at the graph, we can see that the domain is the interval (—, ©) and 
that the range is the interval (0, ~). 

In this case, as x increases, the values of f(x) decrease and approach 0. The x-axis 
is a horizontal asymptote. Note that the graph of f(x) = (5)" passes through the 


points (0, 1) and (1, 5). 


SELF CHECK3 Graph: f(x) = (4) . 


In Example 3, the values of f(x) decrease as the values of x increase. When the graph 
of a function drops as we move to the right, we call the function a decreasing function. 
When 0 < b < 1, the smaller the value of b, the steeper the curve. 

Examples 2 and 3 illustrate the following properties of exponential functions. 


Properties of The domain of the exponential function y = f(x) = b* is the interval (—~, ©). 
Exponential Functions The range is the interval (0, 2). 

The graph has a y-intercept of (0, 1). 

The x-axis is an asymptote of the graph. 

The graph of f(x) = b* passes through the point (1, 4). 


If b > 1, then f(x) = b* is an increasing function. 


Increasing function 
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If 0 <5 <1, then f(x) = 5“ is a decreasing function. 


Oribi<o 


Decreasing function 


EXAMPLE 4 From the graph of f(x) = b* shown in Figure 11-4, find the . 
value of b. 2,9) 
Solution We first note that the graph passes through (0, 1). Since the 
point (2, 9) is on the graph, we substitute 9 for y and 2 for x 
in the equation y = b* to get 
P 0.1) 
=e anBaer 
j= 5° 
Figure 11-4 


3=b Because 3 is the positive number whose square is 9. 


The base b is 3. 


EE SELF CHECK 4 From the graph of f(x) = b* shown to the right, find the value : 
of b. 


An exponential function with base 4 is either increasing (for b > 1) or decreasing 
(0 < b < 1). Since different real numbers x determine different values of b*, exponential 
functions are one-to-one. 


The exponential function defined by 
f(x) = b&* where b> Oandb # 1 
is one-to-one. Thus, 


lo Li Db = GY, iien P= &, 
A, lhe iP ==, (love LY = LP, 


ACCENT ON TECHNOLOGY 


Graphing Exponential 
Functions 


EXAMPLE 5 


Solution 
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To use a graphing calculator to graph f(x) = (3)" and f(x) = 3) we enter the right 


sides of the equations. The screen will show the following equations. 

Waste) 3) x 

Wo —(G/2) x 
If we use window settings of [—10, 10] for x and [—2, 10] for y and press GRAPH , we 
will obtain the graph shown in Figure 11-5. 


Figure 11-5 


The graph of f(x) = (2)° passes through the points (0, 1) and (1, 2). Since $ < il, 
the function is decreasing. 

The graph of f(x) = (3)° passes through the points (0, 1) and (1, 3). Since ; => Il, 
the function is increasing. 

Since both graphs pass the horizontal line test, each function is one-to-one. 


Graph a translation of an exponential function. 
We have seen that when k > 0 the graph of 


y = f(x) + kis the graph of y = f(x) translated & units upward. 

y = f(x) — kis the graph of y = f(x) translated & units downward. 
y = f(x — k)is the graph of y = f(x) translated k units to the right. 
y = f(x + k)is the graph of y = f(x) translated k units to the left. 


On one set of axes, graph f(x) = 2° and f(x) = 2° + 3, 


The graph of f(x) = 2* + 3 is identical to the graph of f(x) = 2%, except that it is 
translated 3 units upward. (See Figure 11-6.) 


f(x) = 2” f(x) = 2° + 3 
x | f&) | & f@) x | f@)| @ f@) 
4 ig ( 4, is) 4 36 ( 4, 31g) 
0; 1 |O,) 0} 4 | (0,4) 
2) 4 |(2,4) 2) 7 (2.7) 


xX 


Figure 11-6 
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>| SELF CHECK 5 On one set of axes, graph f(x) = 4° and f(x) = 4* — 3. 


EXAMPLE 6 On oneset of axes, graph f(x) = 2° and f(x) = 2**3. 


Solution The graph of f(x) = 2**? is identical to the graph of f(x) = 2*, except that it is trans- 


Fy SELF CHECK 6 


ACCENT ON TECHNOLOGY 


Graphing Exponential 
Functions 


EXAMPLE 7 


lated 3 units to the left. (See Figure 11-7.) 


fay = 2* iC eae il 
x | f(x) | @, f)) x | f@) |, f@) 
0; 1 | (0,1) 0| 8 | 0,8) fole2t 2 fix) = 2* 
2} 4) @4 -1| 4 | (-1,4) 
4) 16 | (4, 16) —2| 2 | (-2,2) 
Figure 11-7 


On one set of axes, graph f(x) = 4* and f(x) = 4*~?. 


The graphs of f(x) = kb* and f(x) = b* are vertical and horizontal stretchings, 
respectively, of the graph of f(x) = b*. To graph these functions, we can plot several 
points and join them with a smooth curve or use a graphing calculator. 


To use a graphing calculator to graph the exponen- 
tial function f(x) = 3(2/ 3), we enter the right side of 
the equation. The display will show the equation 


ih = OO) 


If we use window settings of [—10, 10] for x and 
[—2, 18] for y and press GRAPH , we will obtain the 
graph shown in Figure 11-8. 


Figure 11-8 


Evaluate an application problem containing an exponential function. 


CELL PHONE GROWTH In the decade from 1990 to 2000, the U.S. cellular telephone 
industry experienced exponential growth. The exponential function S(m) = 5.74(1.39)” 
approximates the number of cellular telephone subscribers in millions from 1990 to 
2000, where 7 is the number of years since 1990. 

a. How many subscribers were there at the beginning of the decade? 

b. How many subscribers were there at the end of the decade? 
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Solution a. To find the number of subscribers in 1990, we substitute 0 for n in the function and 
find S(0). 
S(n) = 5.74(1.39)" 
S(0) = 5.74(1.39)° — Substitute 0 for n. 
= 5.74+1 (1.39)? = 1 
= 5.74 


In 1990, there were approximately 5.74 million cellular telephone subscribers in the 
US. 


b. To find the number of subscribers in 2000, we substitute 10 for n in the function and 
find S(10). 


S(n) = 5.74(1.39)" 
S(10) = 5.74(1.39)' Substitute 10 for n. 
= 154.5467565 — Use a calculator to find an approximation. 


In 2000, there were approximately 154.55 million cellular telephone subscribers. 


If we deposit $P in an account paying an annual simple interest rate r, we can find 
the amount A in the account at the end of ¢ years by using the formula A = P + Prt or 
A= P(1 +rt). 

Suppose that we deposit $500 in an account that pays interest every six months. 


Then P = 500, and after six months (3 year), the amount in the account will be 


A = 500(1 + rt) 


1 
= s00( 1 +r: *) Substitute 5 for ¢. 


: 
= 500( 1 + = 
a1 +5) 


The account will begin the second six-month period with a value of $500(1 + 5). After 
the second six-month period, the amount will be 


A=P(l +r) 


1 : 
A= soo + at +r +) Substitute 500(1 + ©) for P and 5 for é 


At the end of the third six-month period, the amount in the account will be 


3 
, 

A = 500 1 + = 
(+5) 


In this discussion, the earned interest is deposited back in the account and also earns 
interest. When this is the case, we say that the account is earning compound interest. 
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Formula for Compound If $P is deposited in an account and interest is paid & times a year at an annual rate r, 
Interest the amount 4 in the account after ¢ years is given by 


r \*t 
A=P(1+— 
or 


EXAMPLE 8 SAVING FOR COLLEGE To save for college, parents invest $12,000 for their newborn 
child in a mutual fund that should average a 10% annual return. If the quarterly inter- 
est is reinvested, how much will be available in 18 years? 


Solution We substitute 12,000 for P, 0.10 for r, and 18 for ¢ into the formula for compound 
interest and find A. Since interest is paid quarterly, & = 4. 


r kt 
A=Pi\1+— 
(+7) 
0.10 \40®) 
12,000( 1 + 2°) 


= 12,000(1 + 0.025)” 
= 12,000(1.025)” 
= 71,006.74 Use a calculator. 


In 18 years, the account will be worth $71,006.74. 


A 


FJ SELF CHECK 8 How much would be available if the parents invest $20,000? 


In business applications, the initial amount of money deposited is the present value 
(PV). The amount to which the money will grow is called the future value (FV). The inter- 
est rate used for each compounding period is the periodic interest rate (i), and the number 
of times interest is compounded is the number of compounding periods (7). Using these 
definitions, we have an alternate formula for compound interest. 


Formula for Future 
Value 


FV = PV(1 +i)" wherei = jandn = kt 


This alternate formula appears on business calculators. To use this formula to 
solve Example 8, we proceed as follows: 
FV = PV +i)” 
FV = 12,000(1 + 0.025) i = 94° = 0.025 and n = 4(18) = 72. 
=~ 71,006.74 


Vdd Wa) Waza kilaQ'@ Suppose $1 is deposited in an account earning 6% annual interest, compounded 
monthly. To use a graphing calculator to estimate how much money will be in the 
Solving Investment Problems — account in 100 years, we can substitute 1 for P, 0.06 for r, and 12 for k into the formula 


(continued ) 
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r kt 
A= (1 +2) 
k 


0.06 \ 12" 
A= 1). —— 
( >) 


and simplify to get 
A= itor 


A = (1.005)!?! 


S 


We now graph A = (1.005)'”’ using window settings of [0, 120] for ¢ and [0, 400] for A 
to obtain the graph shown in Figure 11-9. We can then trace and zoom to estimate that 
$1 grows to be approximately $397 in 100 years. From the graph, we can see that the 
money grows slowly in the early years and rapidly in the later years. 

We can use the VALUE feature under the CALC menu to determine that exactly 
Figure 11-9 $397.44 will be in the account in 100 years. 


FS SELF CHECK ANSWERS) = .a.81 bY? 2. 


(1,4) 


8. $118,344.56 


f= 4* - 3 


1. If you were given $1 on May 1, $2 on May 2, $4 on May 3, $8 on May 4, and double the 
previous day’s earnings each day after, how much would you earn on 
a. May 10? 
b. May 15? 
c. May 21? 


Try to find an equation to model this problem. 
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11.1 EXERCISES } 


WARM-UPS Simplify and give the exact value of each expression. 
Ifx = 2, evaluate each expression. See Example 1. (Objective 1) 
1. 2" 2.5 2s. (2%)? 26, 3V33V8 
3. 2(3* 4. 3°! 
al re eal a a6 28) 
If x = —2, evaluate each expression. 


Graph each exponential function. Check your work witha 
+4 graphing calculator. See Examples 2-3. (Objective 2) 


7. 20°") a 29. f(x) = 3* 30. f(x) = S* 


5. 2* 6. 5* 


REVIEW Inthe illustration, lines rand s are parallel. 


31. f(x) = (Z) 32. f(x) = (Gy) 


9. Find the value of x. A i 

10. Find the measure of Z1. 
11. Find the measure of 22. 
12. Find the measure of 23. 
VOCABULARY AND CONCEPTS fill inthe blanks. . x 
13. If b > Oandb # 1, y = f(x) = Dis called an 

function. 
14. The of an exponential function is (—~, ©). Find the value of b that would cause the graph of y = b* to look 
15. The range of an exponential function is the interval like the graph indicated. See Example 4. (Objective 2) 
16. The graph of y = f(x) = 3* passes through the points 33. 34, y 

(0, _) and (1, __). 
17. If b > 1, then y = f(x) = b* isan function. (1,7) 
18. If0 <b <1, theny = f(x) = bisa function. (0, 1) 
19. The formula for compound interest is A = . — ==) 
20. An alternate formula for compound interest is 

FV = , where PV stands for present value, i 

stands for the , and n stands for the 35. | 36. » 

number of : (1, 3) (2, 9) 
GUIDED PRACTICE oe oe 
; : —— > * ——— f— 
"EE Find each value to four decimal places. (Objective 1) 


21. 2v2 22. 7v2 
23. 5v5 24. 6V3 


Graph each exponential function. Check your work with a 
graphing calculator. See Examples 5-6. (Objective 3) 


37. f(x) =3* -2 38. f(x) =2* +1 


y » 
x 
x 
39. f(x) = 3"! 40. f(x) = 2**! 
y y 
A 
—-——————_-——————— i > xX 
ADDITIONAL PRACTICE 


Find the value of b that would cause the graph of y = b* to look 
like the graph indicated. 


41. y 


(0, 1) (1, 2) 


x 


Fy Use a graphing calculator to graph each function. Determine 
whether the function is an increasing or a decreasing function. 


43. f(x) = 50") 44. f(x) = -3(2°3) 


45. f(x) = 237") 46. f(x) = 0") 


APPLICATIONS 
Evaluate each application. See Examples 7-8. (Objective 4) 


47. Cell phone usage Refer to Example 7 and find the number 
of cell phone users in 1995. 


48. 


49. 


50. 


52. 


53. 


54. 


55. 


56. 


. Compound interest 
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Cell phone usage Refer to Example 7 and find the number 
of cell phone users in 1998. 


Radioactive decay A radioactive material decays 
according to the formula A = Ao(3)' where Ag is the initial 
amount present and ¢ is measured in years. Find an expres- 
sion for the amount present in 5 years. 

Bacteria cultures A colony of 6 million bacteria is growing 
in a culture medium. (See the illustration.) The population 
P after ¢ hours is given by the formula P = (6 X 10°)(2.3)'. 
Find the population after 4 hours. 


Assume that there are no deposits or withdrawals. 

An initial deposit of $10,000 earns 

8% interest, compounded quarterly. How much will be in 
the account after 10 years? 

Compound interest An initial deposit of $10,000 earns 

8% interest, compounded monthly. How much will be in the 
account after 10 years? 

Comparing interest rates How much more interest could 
$1,000 earn in 5 years, compounded quarterly, if the annual 
interest rate were 55% instead of 5%? 

Comparing savings plans Which institution in the two ads 
provides the better investment? 


Union Trust 
Money Market Account 
paying 5.35% 
compounded annually 


Compound interest If $1 had been invested on July 4, 
1776, at 5% interest, compounded annually, what would it 
be worth on July 4, 2076? 

Frequency of compounding $10,000 is invested in each of 
two accounts, both paying 6% annual interest. In the first 
account, interest compounds quarterly, and in the second 
account, interest compounds daily. Find the difference 
between the accounts after 20 years. 
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57. Discharging a battery The charge remaining in a battery 60. Louisiana Purchase In 1803, the United States acquired 
decreases as the battery discharges. The charge C (in territory from France in the Louisiana Purchase. The 
coulombs) after t days is given by the formula country doubled its territory by adding 827,000 square 
C = (3 X 10 *\(0.7)'. Find the charge after 5 days. miles of land for $15 million. If the value of the land has 

appreciated at the rate of 6% each year, what would one 

58. Town population The population of North Rivers is square mile of land be worth in 2023? 
decreasing exponentially according to the formula 
P = 3,745(0.93)', where f is measured in years from the WRITING ABOUT MATH 
present date. Find the population in 6 years, 9 months. 61. If the world population is increasing exponentially, why is 

there cause for concern? 

59. Salvage value A small business purchases a computer for 62. How do the graphs of y = b* differ when b > 1 and 
$4,700. It is expected that its value each year will be 75% of 0<b<12 
its value in the preceding year. If the business disposes of 
the computer after 5 years, find its salvage value (the value SOMETHING TO THINK ABOUT 


after 5 years). 
63. In the definition of the exponential function, b could not 


equal 0. Why not? 
64. In the definition of the exponential function, b could not be 
negative. Why not? 


Base-e Exponential Functions 


GB Compute the continuously compounded interest of an investment given 
the principal, rate, and duration. 


® Graph an exponential function. 
&} Solve an application problem involving exponential growth or decay. 


Objectives 


Vocabulary 


Evaluate (1 + 1\" for the following values. Round each answer to the nearest 
hundredth. 


1n=1 2. n=2 3. n=4 4. n=10 


Getting Ready 


In this section, we will discuss special exponential functions with a base of e, an impor- 
tant number with a value of approximately 2.72. 
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@ Compute the continuously compounded interest of an investment 


Leonhard Euler 
(1707-1783) 
Euler first used the letter i to 
represent \/—1, the letter e for 
the base of natural logarithms, 
and the symbol ¥ for summa- 
tion. Euler was one of the most 
prolific mathematicians of all 
time, contributing to almost all 
areas of mathematics. Much of 
his work was accomplished after 
he became blind. 


given the principal, rate, and duration. 


If a bank pays interest twice a year, we say that interest is compounded semiannually. If it 
pays interest four times a year, we say that interest is compounded quarterly. If it pays 
interest continuously (infinitely many times in a year), we say that interest is compounded 
continuously. 

To develop the formula for continuous compound interest, we start with the formula 


kt 
r 
A= (1 + r) This is the formula for compound interest. 
and substitute rn for k. Since r and k are positive numbers, so is 7. 


rut 
A= (1 fs “) 
rn 


We can then simplify the fraction = and use the commutative property of multiplica- 
tion to change the order of the exponents. 


] nrt 
A= (1 + ) 
nN 


Finally, we can use a property of exponents to write this formula as 
n rt 
(1) A= (1 + ) | Use the property a’”” = (a’”)". 
n 


To find the value of (1 + iy" we use a calculator to evaluate it for several values of n 
, as Shown in Table 11-1. 


i 2 

2 DDS 
4 2.44140625... 
12 ANAS) 5 og 
365 2.71456748.. . 
1,000 PRINGOP3 93 eee 
100,000 DA NXTW23 o a 
1,000,000 2.71828046. . . 


Table 11-1 


The results suggest that as n gets larger, the value of (1 + 1\" approaches an irra- 


tional number with a value of 2.71828. . . . This number is called e, which has the 
following approximate value. 


e = 2.718281828459 


In continuous compound interest, & (the number of compoundings) is infinitely 
large. Since k, r, and 7 are all positive and & = rn, as k gets very large (approaches infin- 


ity), then so does n. Therefore, we can replace (1 + 1\" in Equation | with e to get 


A = Pe" 
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Formula for 
Exponential Growth 


EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


If a quantity P increases or decreases at an annual rate r, compounded continuously, 
then the amount A after ¢ years is given by 


A= IRS 


If time is measured in years, then r is called the annual growth rate. If r is negative, 
the “growth” represents a decrease, commonly referred to as decay. 

To compute the amount to which $12,000 will grow if invested for 18 years at 10% 
annual interest, compounded continuously, we substitute 12,000 for P, 0.10 for r, and 18 
for tin the formula for exponential growth: 


A = Pe™ 
= 12,000¢e°1°C®) 
= 12,000e'* 
= 72,595.76957 Use acalculator. 


After 18 years, the account will contain $72,595.77. This is $1,589.03 more than the 
result in Example 8 in the previous section, where interest was compounded quarterly. 


CONTINUOUS COMPOUND INTEREST If $25,000 accumulates interest at an annual rate 
of 8%, compounded continuously, find the balance in the account in 50 years. 


We substitute 25,000 for P, 0.08 for r, and 50 for f. 


A = Pe" 
A = 25,0000” 
= 25,0004 


N 


1,364,953.751 Use a calculator. 


In 50 years, the balance will be $1,364,953.75—over one million dollars. 


Find the balance in 60 years. 


The exponential function f(x) = e* is so important that it is often called the expo- 
nential function. 


Graph an exponential function. 


To graph the exponential function f(x) = e*, we plot several points and join them with a 
smooth curve, as shown in Figure 11-10. 


ACCENT ON TECHNOLOGY 


Translations of the 
Exponential Function 
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A 
fase 
x | f(x) | (x, f@) 
~2/ 0.1 | (-2, 0.1) 
=1 | 04 |(=1,0.4) yale 
0/1 |(@,1) 
1 OF 27) 
2) 7.4 | (2, 7.4) 


Figure 11-10 


Figure 11-11(a) shows the graphs of f(x) = e*, f(x) = e* + 5, and f(x) = e* — 3. To 
graph these functions with window settings of [—3, 6] for x and [—5, 15] for y, we enter 
the right sides of the equations after the symbols Y; =, Y2 =, and Y3 =. The display 
will show 


a= e” (x) 
VW = e’\(x) + 5) 
Y3 =e(x) -3 


After graphing these functions, we can see that the graph of f(x) = e” + 5 is 5 units 
above the graph of f(x) = e*, and that the graph of f(x) = e* — 3 is 3 units below the 
graph of f(x) = e&. 

Figure 11-11(b) shows the calculator graphs of f(x) = e*, f(x) = e**>, and 
f(x) = e* >. To graph these functions with window settings of [—7, 10] for x and 
[—5, 15] for y, we enter the right sides of the equations after the symbols Y, =, Y2 =, 
Y3 =. The display will show 


Mai = e(x) 
Y> = e\(x ap 5) 
Y3 = e(x — 3) 


After graphing these functions, we can see that the graph of f(x) = e*** is 5 units to the 
left of the graph of f(x) = e*, and that the graph of f(x) = e* 7 is 3 units to the right 
of the graph of f(x) = e. 


fle) =e +5 


Fa) =e 


fx) =e -3 fayze3 


Figure 11-11 
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Vdd ba) Masa nia Figure 11-12 shows the calculator graph of 

f(x) = Bee eo graph this function with window 

Graphing Exponential settings of [—7, 10] for x and [—5, 15] for y, we enter Ce aie 
Bunetons the right side of the equation after the symbol Y, =. Va 

The display willshow the equation —  — |iiaiiiiaa ESS ana iehech 


Y, = 3(e“(—x/2)) 


Explain why the graph has a y-intercept of (0, 3). Figure 11-12 


3 | Solve an application problem involving exponential growth or decay. 


An equation based on the exponential function provides a model for population growth. 
In the Malthusian model for population growth, the future or past population of a 
colony is related to the present population by the formula A = Pe”. 


EXAMPLE 2 CITYPLANNING The population of a city is currently 15,000, but changing economic 
conditions are causing the population to decrease by 2% each year. If this trend contin- 
ues, find the population in 30 years. 


Solution — Since the population is decreasing by 2% each year, the annual growth rate is —2%, or 
—0.02. We can substitute —0.02 for r, 30 for t, and 15,000 for P in the formula for 
exponential growth and find A. 


A = Pe" 
A = 15,000e° 9) 
= 15,0002 ** 


N 


8,232.174541 


In 30 years, city planners expect a population of approximately 8,232. 


FS SELF CHECK 2 Find the population in 50 years, 


The English economist Thomas Robert Malthus (1766-1834) pioneered in popu- 
lation study. He believed that poverty and starvation were unavoidable, because the 
human population tends to grow exponentially, but the food supply tends to grow 
linearly. 


EXAMPLE 3 POPULATIONGROWTH Suppose that a country with a population of 1,000 people is 
growing exponentially according to the formula 


P = 1,000e°°”" 


where ¢ is in years. Furthermore, assume that the food supply measured in adequate 
food per day per person is growing linearly according to the formula 


y = 30.625x + 2,000 


where x is in years. In how many years will the population outstrip the food supply? 


Solution 


SELF CHECK 3 


Radioactive Decay 
Formula 


EXAMPLE 4 


Solution 


COMMENT Note that the 
radioactive decay formula is 
the same as the formula for 
exponential growth, except for 
the variables. 


SELF CHECK 4 
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We can use a graphing calculator, with window settings of [0, 100] for x and [0, 10,000] 
for y. After graphing the functions, we obtain Figure 11-13(a). If we trace, as in Fig- 
ure 11-13(b), we can find the point where the two graphs intersect. From the graph, we 
can see that the food supply will be adequate for about 71 years. At that time, the pop- 
ulation of approximately 4,160 people will have problems. 


P = 1,000¢°" 


» = 30.625x + 2,000 aw 


| Y1 = 1000€(0.02x) 


MS 


X = 71.276596 mY = 4160.0701. 
(b) 


Figure 11-13 


If we use the INTERSECT feature in the CALC menu, we will find that the food 
supply will be adequate for about 71.7 years when the population will be about 4,196. 


Suppose that the population grows at a 3% rate. For how many years will the food 
supply be adequate? 


The atomic structure of a radioactive material changes as the material emits radia- 
tion. The amount of radioactive material that is present decays exponentially according 


to the following formula. 


The amount A of radioactive material present at a time ¢ is given by the formula 
A= Ave 


where Apo is the amount that was present at t = 0 and k is a negative number. 


RADIOACTIVE DECAY The radioactive material radon-22 decays according to the 
formula A = Ape °'8"", where t is expressed in days. How much radon-22 will be left if 
a sample of 100 grams decays for 20 days? 


To find the number of grams of radon-22 that will be left, we substitute 100 for Ap and 
20 for ¢ and simplify. 

A= Age 814 

A= 100e7° 1812 


= 100e 7? —0.181 + 20 = —3.62 
= 100(0.0267826765) e& *° ~ 0.0267826765 
= 2.678267649 Multiply. 


To the nearest hundredth, 2.68 grams of radon-22 will be left in 20 days. 


To the nearest hundredth, how much radon-22 will be left in 30 days? 
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FJ SELF CHECK ANSWERS 1. $3,037,760.44 2. approximately 5,518 3. about 38 years 4. 0.44 gram 


Give all answers to the nearest milligram (mg). 


The half-life of Ibuprofen is approximately 1.8 hours. This translates to k ~ —0.39. (We will 

learn how to compute this value in Section 11.6.) 

1. If a woman takes two 200mg tablets, how many mg of Ibuprofen are in her system 4 hours 
after taking the medication? 

2. If she takes 2 more tablets 4 hours after taking the first dose, how many mg are in her 
system 6 hours after the first dose? 


3. If she doesn’t take any more medication, how many mg are in her system 12 hours after the 
first dose? 18 hours? 


11.2 EXERCISES — } 


WARM-UPS GUIDED PRACTICE 
Use a calculator to find each value to the nearest hundredth. Graph each function. Check your work with a graphing calculator. 
_ 4 ‘ Compare each graph to the graph of f(x) = e*. (Objective 2) 

Oni ave 17. fix) =e +1 18. f(x) =e — 2 

3. 4. 

Bi y 

Fill in the blanks. 

5. The graph of f(x) = e* + 2is__ units above the graph of 

f(x) =e. 


6. The graph of f(x) = e“~? is__ units to the right of the 
graph of f(x) = e&. 


REVIEW = Simplify each expression. Assume that all variables 


represent positive numbers. 19. f(x) = e*3 20. f(x) =e 5 
7. V.240x° 8. W—125x°y4 y y 
A 
9. 4V/48y> — 3yV12y 10. W/482° + 1/7682 
VOCABULARY AND CONCEPTS Fill in the blanks. 
11. To two decimal places, the value of e is ; igi ale 
12. The formula for continuous compound interest is A = : 
13. Since e > 1, the base-e exponential function is a(n) 21. f(x) = —e 22. fx) = -e& +1 
function. : y 


14. The graph of the exponential function y = e* passes 
through the points (0, 1) and : 


15. The Malthusian population growth formula is : > Xx 


16. The Malthusian theory is pessimistic, because 
grows exponentially, but food supplies grow 


23. f(x) = 2e* 


24. f(x) = xe 


y By 


> XxX 


Determine whether the graph of f(x) = e* could look like the 
graph shown here. (Objective 2) 


25. 26. 
y y 
(0, 1) x 
(1, 0) 
x 
27. 28. 
y y 
(0, 2) (0, 1) 
x x 
APPLICATIONS 


' 


29. 


30. 


31. 


32. 


33. 


Use a calculator to help solve each problem. Assume that there 
are no deposits or withdrawals. See Example 1. (Objective 1) 


Continuous compound interest An investment of $5,000 
earns 6% interest, compounded continuously. What will the 
investment be worth in 12 years? 

Continuous compound interest An investment of $6,000 
earns 7% interest, compounded continuously. What will the 
investment be worth in 35 years? 

Determining the initial deposit An account now contains 
$12,000 and has been accumulating 7% annual interest, 
compounded continuously, for 9 years. Find the initial 
deposit. 

Determining a previous balance An account now contains 
$8,000 and has been accumulating 8% annual interest, com- 
pounded continuously. How much was in the account 

6 years ago? 


Use a calculator to help solve each problem. See Example 2. 
(Objective 3) 

World population growth Earth’s population is approxi- 
mately 6 billion people and is growing at an annual rate of 
1.9%. Assuming a Malthusian growth model, find the world 
population in 30 years. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 
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World population growth Earth’s population is approxi- 
mately 6 billion people and is growing at an annual rate of 
1.9%. Assuming a Malthusian growth model, find the world 
population in 40 years. 

World population growth Assuming a Malthusian growth 
model and an annual growth rate of 1.9%, by what factor 
will Earth’s current population increase in 50 years? 

(See Exercise 33.) 

Population growth The growth of a population is modeled 
by 


Paige 
How large will the population be when ¢ = 30? 


Use a calculator to help solve each problem. See Example 3. 
(Objective 3) 


In Example 3, suppose that better farming methods change 
the formula for food growth to y = 31x + 2,000. How long 
will the food supply be adequate? 

In Example 3, suppose that a birth-control program 
changed the formula for population growth to 

P = 1,000e°°'’. How long will the food supply be adequate? 


Use a calculator to help solve each problem. Round each 
answer to the nearest hundredth. See Example 4. (Objective 3) 


Radioactive decay The radioactive material iodine-131 
decays according to the formula A = Aye °°8”, where t is 
expressed in days. To the nearest hundredth, how much 
iodine-131 will be left if a sample of 50 grams decays for 

30 days? 

Radioactive decay The radioactive material strontium-89 
decays according to the formula A = Ape °°!*’, where t is 
expressed in days. To the nearest hundredth, how much 
strontium-89 will be left if a sample of 25 grams decays for 
45 days? 

Radioactive decay The radioactive material tin-126 decays 
according to the formula A = Age °°" where f is 
expressed in years. To the nearest hundredth, how much 
tin-126 will be left if a sample of 2,500 grams decays for 
100 years? 

Radioactive decay The radioactive material plutonium-239 
decays according to the formula A = Age 0°84", where ¢ 
is expressed in years. To the nearest hundredth, how much 
plutonium-239 will be left if a sample of 75 grams decays 
for 50,000 years? 


Use a graphing calculator to solve each problem. 


Comparison of compounding methods An initial deposit of 
$5,000 grows at an annual rate of 8.5% for 5 years. 
Compare the final balances resulting from continuous com- 
pounding and annual compounding. 
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44. Comparison of compounding methods An initial deposit of 53. Depreciation A camping trailer originally purchased for 
$30,000 grows at an annual rate of 8% for 20 years. $4,570 is continuously losing value at the rate of 6% per 
Compare the final balances resulting from continuous com- year. Find its value when it is 65 years old. 


i 1 ing. 
pounding and aannal compounding 54. Depreciation A boat purchased for $7,500 has been con- 


tinuously decreasing in value at the rate of 2% each year. It 


. ; : oo, is now 8 years, 3 months old. Find its value. 
45. Population decline The decline of a population is modeled 


My WRITING ABOUT MATH 


P = 8,000e 9°08 55. Explain why the graph of f(x) = e* — 5 is 5 units below the 
graph of f(x) = e. 

56. Explain why the graph of f(x) = e*> is 5 units to the left 
of the graph of f(x) = e”. 


How large will the population be when ¢ = 20? 


46. Epidemics The spread of foot and mouth disease through 
a herd of cattle can be modeled by the formula 


P = Poe?” (tis in days) SOMETHING TO THINK ABOUT 


57. The value of e can be calculated to any degree of accuracy 


If a rancher does not act quickly to treat two cases, how ; ener 
by adding the first several terms of the following list: 


many cattle will have the disease in 10 days? 


47. Medicine The concentration, x, of a certain drug in an 11 1 1 
organ after ¢ minutes is given by x = 0.081 —e °!). Find 1,1, V9.9 9-3-4 9-9+4-9"°* 
the concentration of the drug after 30 minutes. 

48. Medicine Refer to Exercise 47. Find the initial concentra- The more terms that are added, the closer the sum will be to 
tion of the drug. e. Add the first six numbers in the preceding list. To how 


many decimal places is the sum accurate? 


49. Skydiving Before her parachute opens, a skydiver’s veloc- 
ity v in meters per second is given by v = 50(1 — e °*. 58. Graph the function defined by the equation 
Find the initial velocity. igs 

50. Skydiving Refer to Exercise 49 and find the velocity after y= f(x) = 2 
20 seconds. 

51. Free-falling objects After ¢ seconds, a certain falling object from x = —2 to x = 2. The graph will look like a parabola, 
has a velocity v given by vy = 50(1 — e °*’). Which is falling but it is not. The graph, called a catenary, is important in 
faster after 2 seconds, this object or the skydiver in the design of power distribution networks, because it repre- 
Exercise 49? sents the shape of a uniform flexible cable whose ends are 

52. Alcohol absorption In one individual, the blood alcohol suspended from the same height. The function is called the 
level ¢ minutes after drinking two shots of whiskey is given hyperbolic we function. 
by P = 0.3(1 — e °°). Find the blood alcohol level after 59. Ife" = ke’, find k. 

15 minutes. 60. If en = kf find k. 


Logarithmic Functions 


@® write a logarithmic function as an exponential function and write an 
exponential function as a logarithmic function. 


® Graph a logarithmic function. 
€} Graph a vertical and horizontal translation of a logarithmic function. 


Objectives 


@3 Evaluate a common logarithm. 
© Solve an application problem involving a logarithm. 


Vocabulary 


> 
me} 
(s°} 
CD) 
c 
(2)) 
& 
cd 
_ 
(J) 
Oo 


Logarithmic Functions 


COMMENT Since the domain 
of the logarithmic function is 
the set of positive numbers, 
the logarithm of 0 or the 
logarithm of a negative 
number is not defined in the 
real-number system. 


COMMENT Since 5” = xis 
equivalent to y = log, x, then 
ple * = x by substitution. 


Find each value. 


1-7" 
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In this section, we consider the inverse function of an exponential function f(x) = b*. 
The inverse function is called a logarithmic function. These functions can be used to solve 
application problems from fields such as electronics, seismology, and business. 


Write a logarithmic function as an exponential function 
and write an exponential function as a logarithmic function. 


Since the exponential function y = b* is one-to-one, it has an inverse function defined by 
the equation x = b’. To express this inverse function in the form y = f '(x), we must 
solve the equation x = b” for y. To do this, we need the following definition. 


If b > Oand 5 # 1, the logarithmic function with base 5 is defined by 


y=log,x if andonlyif x=" 


The domain of the logarithmic function is the interval (0, ©). The range is the interval 


(-®, 00), 


Since the function y = log, x is the inverse of the one-to-one exponential function 


y = b*, the logarithmic function is also one-to-one. 


The previous definition guarantees that any pair (x, y) that satisfies the equation 
y = log, x also satisfies the equation x = b’. 


log, 1 = 0 because 
logs 25 = 2 because 
1 
logs > = —2 
Ogs5 75 because 
1 
logig 4 = A because 
log, 8 = —3 because 


log, x = y because 


{= 
S25 
1 —2 
5? 
4= 16)? 
1 

F= 98 
8 

x=b 
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EXAMPLE 1 


Solution 


Fy SELF CHECK 1 


EXAMPLE 2 


Solution 


Fy SELF CHECK 2 


EXAMPLE 3 


Solution 


Ey SELF CHECK 3 


In each of these examples, the logarithm of a number is an exponent. In fact, 
log, x is the exponent to which J is raised to get x. 
In equation form, we write 


plese * =x 


Find y in each equation: a. loggl1=y b. log;27=y « logs + =y. 
a. We can change the equation log, | = y into the equivalent exponential equation 
6” = 1. Since 6° = 1, it follows that y = 0. Thus, 
logs 1 = 0 


b. log; 27 = y is equivalent to 3” = 27. Since 3° = 27, it follows that 3” = 3°, and 
y = 3. Thus, 


log; 27 = 3 
G logs § = y is equivalent to 5’ = i Since 57! = 5, It follows that 5’ = 5! and 


y = —1. Thus, 


1 
logs = == 


Find y: a. log;9 = y b. log, 64 = y c. logs ik =y. 


Find x in each equation: a. log;81=x b. log. 125=3 ce. logyx =3. 


a. log; 81 = x is equivalent to 3° = 81. Because 3* = 81, it follows that 3° = 3*. Thus, 
x = 4, 


b. log, 125 = 3 is equivalent to x* = 125. Because 5° = 125, it follows that x* = 5°. 
Thus, x = 5. 


c. logy x = 3 is equivalent to 4° = x. Because 4° = 64, it follows that x = 64. 


Find x: a. log, 32 = x b. log, 8 = 3 c. logs x = 2. 


Find x in each equation. 
a. logij3x =2 b. logy3x=—-2 « logy 3 =x 


a. logi/3 x = 2 is equivalent to (G)° = x. Thus, x = 7 


b. log;/3 x = —2 is equivalent to (G)° =x. Thos, 


Ty. 2x 
x= =37=9 
* (3) 


: . x 3 . 
c. logi;3 4 = x is equivalent to (3) = ¥. Because (3) = am it follows that x = 3. 


Find x: a. logijqx = 3 b. logij4x = —2. 


y = logo x 
x| y | Gy) 
1 1 
ase | Cax=2) 
1 1 
Bees) 
1, 0/ (1,0) 
o) 1/0 
4] 2] (4,2) 
8| 3) (8,3) 
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2] Graph a logarithmic function. 


To graph the logarithmic function y = log, x, we calculate and plot several points with 
coordinates (x, y) that satisfy the equation x = 2’. After joining these points with a 
smooth curve, we have the graph shown in Figure 11-14(a). 

To graph y = log)/2 x, we calculate and plot several points with coordinates (x, y) 


that satisfy the equation x = (5)’. After joining these points with a smooth curve, we 


have the graph shown in Figure 11-14(b). 


VS logi/2 x 
y | @y) 


2 G 2) y = log 1x orx=(5) 
1} (5.1) 


(1, 0) 


y = log 5x or x = 2” 


1110 =f 
—2| (4, -2) 
—3 | (8, -3) 


Y 
* 

CORN NIBH | & 
co) 


Figure 11-14 


The graphs of all logarithmic functions are similar to those in Figure 11-15. If b > 1, 
the logarithmic function is increasing, as in Figure 11-15(a). If 0 < b < 1, the logarith- 
mic function is decreasing, as in Figure 11-15(b). 


Figure 11-15 


The graph of f(x) = log, x has the following properties. 


1. It passes through the point (1, 0). 
2. It passes through the point (8, 1). 
3. The y-axis is an asymptote. 
4. The domain is (0, ©) and the range is (—™, ©). 
The exponential and logarithmic functions are inverses of each other and, therefore, 


have symmetry about the line y = x. The graphs y = log, x and y = b* are shown in 
Figure 11-16(a) when b > 1, and in Figure 11-16(b) when 0 < b < 1. 
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y 
A 


0<b<1 


Figure 11-16 


() Graph a vertical and horizontal translation of a logarithmic function. 


The graphs of many functions involving logarithms are translations of the basic logarith- 


mic graphs. 


EXAMPLE 4 _ Graph the function defined by f(x) = 3 + log, x. 


Solution The graph of f(x) = 3 + log, x is identical to the 
graph of f(x) = log, x, except that it is translated 
3 units upward. (See Figure 11-17.) 


y= 3+ log ax 


> xX 


FY SELF CHECK4 = Graph: f(x) = log; x — 2. 


EXAMPLE5 Graph: f(x) = logi/. (x — 1). 


Solution The graph of f(x) = log). (x — 1) is identical to the 
graph of f(x) = log),2 x, except that it is translated 1 
unit to the right. (See Figure 11-18.) 


FRY SELF CHECK5 Graph: f(x) = logy,3 (x + 2). 


Figure 11-17 


yz logip&—|1 


(31) 


(2, 0) 


y=logijx 


Figure 11-18 
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| ACCENT ON TECHNOLOGY | \Maxecl\aiiq@ Graphing calculators can graph logarithmic 
eo functions directly only if the base of the loga- 
Graphing Logarithmic rithmic function is 10 or e. To use a calculator 
Functions 


to graph f(x) = —2 + logy (5x), we enter the 


right side of the equation after the symbol 
Y, =. The display will show the equation === 
Y, = —2 + log(1/2*x) | fo) =-2+ 108, (53} 


= =i) 


If we use window settings of [—1, 5] for x and Figure 11-19 
[—4, 1] for y and press GRAPH, we will 
obtain the graph shown in Figure 11-19. 


4] Evaluate a common logarithm. 


For computational purposes and in many applications, we will use base-10 logarithms 
(also called common logarithms). When the base 4 is not indicated in the notation log x, 
we assume that b = 10: 


log x means logi) x 


Because base-10 logarithms appear so often, it is a good idea to become familiar with the 
following base-10 logarithms: 


1 1 
—~=-2 10-7 = —— 
logio 100 because 0 100 
1 
—=-1 10 * =— 
logio 10 because 0 10 
logig 1 = 0 because ie =1 
logiy 10 = 1 because 10' = 10 
logis 100: = 2 because 107 = 100 


logio 1,000 =3 because 10° = 1,000 
In general, we have 


log;, 10° = x 


Vdd 3 hm) Wise} \)RIlQ\@ Before calculators, extensive tables provided logarithms of numbers. Today, logarithms 
— are easy to find with a calculator. For example, to find log 32.58 with a scientific calcu- 
Finding Base-10 (Common) lator, we enter these numbers and press these keys: 


Logarithms 
32.58 LOG 


The display will read 1.51295108 . To four decimal places, log 32.58 = 1.5130. 
To use a graphing calculator, we enter these numbers and press these keys: 


LOG 32.58 ENTER 


The display will read LOG (32.58) F 
1.51295108 
To four decimal places, log 32.58 = 1.5130. 
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EXAMPLE 6 


Solution 


ES) SELF CHECK 6 


Decibel Voltage Gain 


EXAMPLE 7 


Solution 


Find x in the equation log x = 0.3568. Round to four decimal places. 
The equation log x = 0.3568 is equivalent to 10°*°° = x. To find x with a calculator, 
we can enter these numbers and press these keys: 


Scientific Calculator Graphing Calculator 
10 y* 0.3568 = 10 4 0.3568 ENTER 


Either way, the display will read 2.274049951 . To four decimal places, 
x = 2.2740 


Solve: log x = 2.7. Round to four decimal places. 


Solve an application problem involving a logarithm. 


Common logarithms are used in electrical engineering to express the voltage gain (or 
loss) of an electronic device such as an amplifier. The unit of gain (or loss), called the 
decibel, is defined by a logarithmic relation. 


If Eg is the output voltage of a device and E;is the input voltage, the decibel voltage 
gain is given by 


E 
dB gain = 20 log —2 
E; 


FINDING dB GAIN If the input to an amplifier is 0.4 volt and the output is 50 volts, 
find the decibel voltage gain of the amplifier. 


We can find the decibel voltage gain by substituting 0.4 for E; and 50 for Eg into the 
formula for dB gain: 


E. 
dB gain = 20 log —2 
E; 


50 
B gain = 20 log — 
dB gain 0 log 04 
= 20 log 125 

= 42 Use a calculator. 


The amplifier provides a 42-decibel voltage gain. 


In seismology, the study of earthquakes, common logarithms are used to measure 
the magnitude (ground motion) of earthquakes on the Richter scale. The magnitude of 
an earthquake is given by the following logarithmic function. 
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Richter Scale If Ris the magnitude of an earthquake, A is the amplitude (measured in micrometers), 
and P is the period (the time of one oscillation of Earth’s surface, measured in 
seconds), then 


A 
R= logs 


EXAMPLE 8 MEASURING EARTHQUAKES Find the measure on the Richter scale of an earthquake 
with an amplitude of 10,000 micrometers (1 centimeter) and a period of 0.1 second. 


Solution We substitute 10,000 for A and 0.1 for P in the Richter scale formula and simplify: 


Ries 
og Pp 
10,000 
R=1 > 
0.1 
= log 100,000 
=5 


The earthquake measures 5 on the Richter scale. 


FEY SELF CHECK ANSWERS «1.2.2 b6 c-3 2a5 b?2 «2 Bad b IO 
5. y 6. 501.1872 


y= log) 3x 


log 1 /3(4 +2) 


In 1989, an earthquake measuring 7.1 on the Richter scale rocked San Francisco. 
1. Write a logarithmic equation to describe the earthquake. 
2. Write the equation in exponential form. 


In 1964, an earthquake measuring 9.1 on the Richter scale devastated Juneau, Alaska. 

3. Write the equation in exponential form. 

4. Given that each earthquake had the same period, the amplitude in Juneau was how many 
times greater than that in San Francisco? 


Source: http://pubs.usgs.gov/gip/earthq 1/measure.html 
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11.3 EXERCISES 


WARM-UPS Find the value of x in each equation. 


1. log, 8 =x 2. log39 = x 
3. log, 125 = 3 4. log, 8 = 3 
5. log, 16 = x 6. log, 32 = 5 
7. logij2x = 2 8. logo 3 = x 
1 
9. log.— = —2 
8x 4 
REVIEW = Solve each equation. 
10. W6x+4=4 11. V3x —4= V-7x +2 
12, Va+1-—1=3a 13,.3-—Vt-3=Vt 


VOCABULARY AND CONCEPTS Fill in the blanks. 
14. The equation y = log, x is equivalent to 


15. The domain of the logarithmic function is the interval 


16. The 
(- 2, 00), 
Az. = 
18. Because an exponential function is one-to-one, it has an 
function that is called a function. 
19. Log, x is the 
20. The y-axis is an 


of the logarithmic function is the interval 


to which b is raised to get x. 
to the graph of f(x) = log, x. 


21. The graph of f(x) = log, x passes through the points 


and 


22. A logarithm with a base of 10 is called a 
logarithm and log), 10* = __. 


23. The decibel voltage gain is found using the equation 
dB gain = 
24. The magnitude of an earthquake is measured by the 


formula R = 


GUIDED PRACTICE 
Write each equation in exponential form. (Objective 1) 
25. log; 27 = 3 26. logs 8 = | 


1 
27. logi2—> =2 


28. | 1=0 
4 O81/5 


1 
30. loge => = —2 


1 
29. logs— = —3 36 


64 
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1 
31. logijag =3 


32. logis 25 = —-2 


Write each equation in logarithmic form. (Objective 1) 


33. 6 = 36 34. 10° = 1,000 
1 1 
—2_ +) A3 
35. 5 or 36. 3 a 
1\> 1\ 
37.(—) = 32 38.(—) =27 
6 (3) 
39. x =2 40. m" = p 


Find each value of x. See Example 1. (Objective 1) 


41. logy x = 2 42. logs x = 0 
43. logs x = | 44. logs x = 4 
45. logos. x = U 46. logy x = . 

2 2 


1 
48. logs7 x iar 


47. logs x = —2 3 


Find each value of x. See Example 2. (Objective 1) 
49. log. 5 = 3 50. log. 5 = 1 
1 


3 
52. toe, = > 


9 
1. log,— =2 
5 O8x | 5 


Find each value of x. See Example 3. (Objective 1) 
53. log, 16 = x 54. log39 = x 
55. log, 16 = x 56. log, 216 = x 
1 
58. | —_= 
081/3 8] 
60. logios 5=x 


1 
57. logij2¢ =k x 
59. logy 3 = x 


Graph each function. Determine whether each function is an 
increasing or decreasing function. (Objective 2) 


61. f(x) = log; x 62. f(x) = logi/3 x 


y 
A 


a 


63. f(x) = logij2 x 64. f(x) = logy x 


y y 


Graph each pair of inverse functions on a single coordinate 


system. (Objective 2) 
1\* 
66. f(x) =| = 
= (!) 


a(x) = logs x g(x) = logis. x 
y y 
A 


65. f(x) = 2° 


67. f(x) = (z) 68. f(x) = 4 


B(x) = logiya x g(x) = logy x 


y y 
A 


Graph each function. See Examples 4-5. (Objective 3) 
69. f(x) = 3 + log3 x 70. f(x) = logi3x — 1 


y. y 
A A 
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71. f(x) => logy /2(x _ 2) 72. F(x) = loga(x =P 2) 
4 y 
A A 


> xX > xX 


AW) Use acalculator to find each value. Give answers to four 
decimal places. (Objective 4) 


73. log 8.25 
75. log 0.00867 


74. log 0.77 
76. log 375.876 


ray Use a calculator to find each value of y. If an answer is not 
exact, give the answer to two decimal places. (Objective 4) 


77. logy = 4.24 78. log y = 0.926 


79. logy = —3.71 80. log y = —0.28 
ADDITIONAL PRACTICE 
Find each value of x. 
81. logs, x = ee 82. logo, x = = 
2 3 
83. log). 8 = x 84. log). 16 = x 
85. beige =x 86. loisy =x 
1,000 25 
87. log.79 = x 88. logi. x = 0 
89. logn2x = 2 90. log, 8 = x 
1 1 
91. log. =-3 92. log. 799 =-—2 
93, 2 = x 94, 319%? = x 
95, 10&® = 6 96. x8 = 8 
97. log 10° = x 98. log 10° * = x 
99. 10'°S* = 100 100. 10'°8* = - 


ww) Use a calculator to find each value of y. If an answer is not 
exact, give the answer to two decimal places. 


101. log y = 1.4023 102. log y = 2.6490 
103. logy = log8 104. log y = log7 


Find the value of b, if any, that would cause the graph of 
f(x) = log, x to look like the graph indicated. 


105. y 106. 


(9, 2) 


(1, 0) 
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107. y 108. y 


(2, 0) 
x 
(-1, 0) 


APPLICATIONS 


ww) Use acalculator to help solve each problem. If an answer is 
not exact, round to the nearest tenth. See Example 6. 

(Objective 5) 

109. Finding the gain of an amplifier Find the dB gain of an 
amplifier if the input voltage is 0.71 volt when the output 
voltage is 20 volts. 

110. Finding the gain of an amplifier Find the dB gain of an 
amplifier if the output voltage is 2.8 volts when the input 
voltage is 0.05 volt. 

111. dB gain of an amplifier Find the dB gain of the amplifier. 


A ie E> ees we > 


oo © oo 8 


112. dB gain of an amplifier An amplifier produces an output 
of 80 volts when driven by an input of 0.12 volts. Find the 
amplifier’s dB gain. 


aw) Use acalculator to help solve each problem. If an answer is 
not exact, round to the nearest tenth. See Example 7. 
(Objective 6) 


113. Earthquakes An earthquake has an amplitude of 5,000 
micrometers and a period of 0.2 second. Find its measure 
on the Richter scale. 

114. Earthquakes The period of an earthquake with ampli- 
tude of 80,000 micrometers is 0.08 second. Find its 
measure on the Richter scale. 

115. Earthquakes An earthquake has a period of | second 
and an amplitude of 2,500 micrometers. Find its measure 
on the Richter scale. 

116. Earthquakes By what factor must the amplitude of an 
earthquake change to increase its magnitude by | point on 
the Richter scale? Assume that the period remains 
constant. 


ww) Use a calculator to help solve each problem. If an answer is 
not exact, round to the nearest tenth. 


117. Depreciation Business equipment is often depreciated 
using the double declining-balance method. In this 
method, a piece of equipment with a life expectancy of N 
years, costing $C, will depreciate to a value of $V inn 
years, where n is given by the formula 


_ log V— logC 


2 
loa(1 = =) 


A computer that cost $17,000 has a life expectancy of 
5 years. If it has depreciated to a value of $2,000, how old 
is it? 

118. Depreciation See Exercise 117. A printer worth $470 
when new had a life expectancy of 12 years. If it is now 
worth $189, how old is it? 

119. Time for money to grow If $P is invested at the end of 
each year in an annuity earning annual interest at a rate r, 
the amount in the account will be $4 after n years, where 


I (4+1) 
ae, 


log(1 + r) 


n 


If $1,000 is invested each year in an annuity earning 
12% annual interest, how long will it take for the account 
to be worth $20,000? 

120. Time for money to grow If $5,000 is invested each year 
in an annuity earning 8% annual interest, how long 
will it take for the account to be worth $50,000? 
(See Exercise 119.) 


WRITING ABOUT MATH 
121. Describe the appearance of the graph of 
y = f(x) = log, x when 0 < b < 1 and when b > I. 


122. Explain why it is impossible to find the logarithm of a neg- 
ative number. 


SOMETHING TO THINK ABOUT 

123. Graph f(x) = —log3 x. How does the graph compare to 
the graph of f(x) = log; x? 

124. Find a logarithmic function that passes through the points 
(1, 0) and (5, 1). 

125. Explain why an earthquake measuring 7 on the Richter 
scale is much worse than an earthquake measuring 6. 
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Natural Logarithms 


GD Evaluate a natural logarithm. 
®9 Solve a logarithmic equation. 

€} Graph a natural logarithmic function. 

@3 Solve an application problem involving a natural logarithm. 


Objectives 


Vocabulary 


Evaluate each expression. 


1. log, 16 2. logs; 3. logs 5 4. log, 1 


Getting Ready 


In this section, we will discuss special logarithmic functions with a base of e. They play 
an important role in advanced mathematics courses. 


i Evaluate a natural logarithm. 


We have seen the importance of base-e exponential functions in mathematical models of 
events in nature. Base-e logarithms are just as important. They are called natural loga- 
rithms or Napierian logarithms, after John Napier (1550-1617), and usually are written as 
In x, rather than log, x: 


Inx means log, x 


As with all logarithmic functions, the domain of f(x) = In x is the interval (0, ©), and 
the range is the interval (—~, ~). 
We have seen that the logarithm of a number is an exponent. For natural logarithms, 


In x is the exponent to which ¢ is raised to get x. 
In equation form, we write 
=x 


To find the base-e logarithms of numbers, we can use a calculator. 
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| ACCENT ON TECHNOLOGY | y\Max@-}\()kiyq@ To use a scientific calculator to find the value of In 9.87, we enter these numbers and 
press these keys: 


Evaluating Logarithms 
9.87 LN 


The display will read 2.289499853 . To four decimal places, In 9.87 = 2.2895. 
To use a graphing calculator, we enter 


LN 9.87 ) ENTER 


In (9.87) 


The display will read 2289499853 - 


EXAMPLE 1 Use acalculator to find each value: a. In 17.32 b. In (log 0.05). 


Solution a. We can enter these numbers and press these keys: 


Scientific Calculator Graphing Calculator 
17.32 LN LN 17.32 ) ENTER 


Either way, the result is 2.851861903. 
b. We can enter these numbers and press these keys: 


Scientific Calculator Graphing Calculator 
0.05 LOG LN LN ( LOG 0.05 ) ) ENTER 


Either way, we obtain an error, because log 0.05 is a negative number. Because the 
domain of f(x) = In xis (0, ), we cannot take the logarithm of a negative number. 


FS) SELF CHECK 1 Find each value to four decimal places. 
a. In7w b. In (log 5) 


2 Solve a logarithmic equation. 


EXAMPLE 2 Find the value of x to four decimal places. 
a. Inx = 1.335 b. Inx = log 5.5 


Solution a. The equation In x = 1.335 is equivalent to e'**° = x. To use a scientific calculator 


to find x, we enter these numbers and press these keys: 
1.335 e 

The display will read 3.799995946. To four decimal places, 
x = 3.8000 


log 5.5 


b. The equation In x = log 5.5 is equivalent to e = x. To use a scientific calcula- 


tor to find x, we press these keys: 
5.5 LOG e* 
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The display will read 2.096695826. To four decimal places, 
x = 2.0967 


SELF CHECK 2 Find the value of x to four decimal places. 
a. In x = 2.5437 b. log x = In 5 


Graph a natural logarithmic function. 


The equation y = In x is equivalent to the equation x = e’. To graph f(x) = In x, we can 
plot points that satisfy the equation x = e’ and join them with a smooth curve, as shown 
in Figure 11-20(a). Figure 11-20(b) shows the calculator graph. 


y 
f(x) = Inx t 
x | y | @&f@) Aguas 
10.4 | -1) (04, -1) foehs \S 
1 0) (1, 0) 
e~2.7 1 | (2.7, 1) a” 
e=74) 21 (7.4,2) 
John Napier 
(1550-1617) 
Napier is famous for his work (a) (b) 
with natural logarithms. In fact, Figure 11-20 


natural logarithms are often 
called Napierian logarithms. He 
also invented a device, called 
Napier’s rods, that did multiplica- 
tions mechanically. His device 
was a forerunner of modern-day 
computers. 


Veda \pmt)\Muaesi cyanea) Many graphs of logarithmic functions involve translations of the graph of f(x) = In x. 
For example, Figure 11-21 shows calculator graphs of the functions f(x) = In x, 


Graphing Logarithmic ne ah 7 i 
Functions f(x) = Inx + 2, and f(x) = In x — 3. 


The graph of f(x) = In x + 2 is 2 units above 


fx) =Inx+2 
I 
f= Ix 


fix) =Inx-3 


the graph of f(x) = In x. 


The graph of f(x) = In x — 3 is 3 units below 


the graph of f(x) = In x. 


Figure 11-21 


Figure 11-22 shows the calculator graphs of the functions f(x) = In x, f(x) = In (x — 2), 
and f(x) = In (x + 2). 
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= 
SF) = In@ + 2) 


The graph of f(x) = In (x — 2) is 2 units to the right of 


the graph of f(x) = In x. 


The graph of f(x) = In (x + 2) is 2 units to the left of 
the graph of f(x) = In x. 


SS 


f(x) = In(x - 2) 


fe) =Inx 


Figure 11-22 


Natural logarithms have many applications. 


4 Solve an application problem involving a natural logarithm. 


If a population grows exponentially at a certain annual rate, the time required for the 
population to double is called the doubling time. 


EXAMPLE 3  DOUBLINGTIME If the Earth’s population continues to grow at the approximate rate 
of 2% per year, how long will it take for its population to double? 


Solution In Section 11.2, we learned that the formula for population growth is A = Pe’’, where 
P is the population at time ¢ = 0, A is the population after ¢ years, and r is the annual 
rate of growth, compounded continuously. Since we want to find out how long it takes 
for the population to double, we can substitute 2P for A and 0.02 for r in the formula 
and proceed as follows. 

A = Pe" 
2P = Pe®°*" — Substitute 2P for A and 0.02 for r. 
i= Divide both sides by P. 
In 2 = 0.02t In 2 is the exponent to which e is raised to get 2. 
34.65735903 = ¢ Divide both sides by 0.02 and simplify. 


The population will double in about 35 years. 


Ey SELF CHECK 3 _ If the world population’s annual growth rate could be reduced to 1.5% per year, what 
would be the doubling time? Give the result to the nearest year. 


By solving the formula A = Pe” for ¢, we can obtain a simpler formula for finding 
the doubling time. 


A = Pe" 
2P = Pe" Substitute 2P for A. 
2=e" Divide both sides by P. 
In2 =rt In 2 is the exponent to which e is raised to get 2. 
In 2 
—<—- L 
r 


Divide both sides by r. 


This result gives a specific formula for finding the doubling time. 


Formula for Doubling 
Time 


EXAMPLE 4 


Solution 


COMMENT To find the 
doubling time, you can use 
either the method in Example 3 
or the method in Example 4. 


SELF CHECK 4 


SELF CHECK ANSWERS 


11.4 EXERCISES 
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If ris the annual rate (compounded continuously) and f is the time required for a pop- 
ulation to double, then 


In 2 
t=— 
é 


DOUBLINGTIME How long will it take $1,000 to double at an annual rate of 8%, com- 
pounded continuously? 


We can substitute 0.08 for r and simplify: 


In 2 
t= — 
r 
oe In 2 
~ 0.08 


= 8.664339757 


It will take about 83 years for the money to double. 


How long will it take at 9%, compounded continuously? 


1. a. 1.1447 b. novalue 2. a. 12.7267 ib. 40.6853 3. 46 years 4. about 7.7 years 


Between 2000 and 2007, McKinney, TX, was ranked overall as the fastest growing city in the 
United States. 


1. The population more than doubled from 54,369 to 115,620 during this period. To the 
nearest tenth, what was the average growth rate? 

2. If the growth rate slowed to half that of problem | and was estimated to remain there for 
the next 10 years, project the population in 2015. 


3. Discuss with another student (or in a group) the difficulties a city might face with such a 
growth rate. 


WARM-UPS REVIEW 
1. Write y = In x as an exponential equation. Write the equation of the required line. 
2. Write e* = basa logarithmic equation. 4. Parallel to y = 5x + 8 and passing through the origin 


3. Write the formula for doubling time. 


5. Having a slope of 9 and a y-intercept of (0, 5) 
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6. Passing through the point (3, 2) and perpendicular to the 
line y = $x = 2 

7. Parallel to the line 3x + 2y = 9 and passing through the 
point (—3, 5) 

8. Vertical line through the point (5, 3) 

9. Horizontal line through the point (2, 5) 


Simplify each expression. Assume no denominators are 0. 


2%: + 3 XL. HH I 
10. — 11, + 

4x" — 9 x x 1 
‘5 x +3x +2 24 aoe 

*"3x412 32-4 oad 


VOCABULARY AND CONCEPTS fill in the blanks. 


14. The expression In x means 
logarithm. 


and is called a 


15. The domain of the function f(x) = In x is the interval 
and the range is the interval 
16. The graph of y = f(x) = In x has the 
asymptote. 


as an 


17. In the expression log x, the base is understood to be __. 

18. In the expression In x, the base is understood to be _. 

19. If a population grows exponentially at a rate r, the time it 
will take the population to double is given by the formula 
t= 

20. The logarithm of a negative number is 


GUIDED PRACTICE 


ray Use a calculator to find each value, if possible. Express all 
answers to four decimal places. See Example 1. (Objective 1) 


21. In 25.25 22. In 0.523 

23. In 9.89 24. In 0.00725 
25. log (In 2) 26. In (log 28.8) 
27. In (log 0.5) 28. log (In 0.2) 


ey Use a calculator to find y, if possible. Express all answers to 
four decimal places. See Example 2. (Objective 2) 


29. Iny = 2.3015 30. Iny = 1.548 
31. Iny = 3.17 32. In y = 0.837 
33. Iny = —4.72 34. In y = —0.48 
35. logy = In6 36. Iny = log5 


Ry Use a graphing calculator to graph each function. (Objective 3) 


37. y= —Inx 38. yp = Inx 


39. y = In (—x) 


ipo 
ee 


Determine whether the graph could represent the graph of 
y = Inx. 


41. y 42. y 
A 
ee x 
(1, 0) 
43. y 44. y 
A lhe 
mT 
® 
(1, 0) 
— x 
1f/(2, 0) 
| 
APPLICATIONS 


aw) Use a calculator to solve each problem. Round each answer 
to the nearest tenth. See Examples 3-4. (Objective 4) 


45. Population growth See the ad. How long will it take the 
population of River City to double? 


River City 


A growing community 
* 6 parks 
¢ 10 churches 


¢ 12% annual growth 


¢ Low crime rate 


46. Population growth A population growing at an annual rate 
r will triple in a time ¢ given by the formula 


In 3 
t = — 
; 


How long will it take the population of a town growing at 
the rate of 12% per year to triple? 

47. Doubling money How long will it take $1,000 to double 
if it is invested at an annual rate of 5%, compounded 
continuously? 

48. Tripling money Find the length of time for $25,000 to 
triple if invested at 6% annual interest, compounded contin- 
uously. (See Exercise 46.) 


49. Making Jell-O After the contents of a package of Jell-O 
are combined with boiling water, the mixture is placed in a 
refrigerator whose temperature remains a constant 38° F. 
Estimate the number of hours ¢ that it will take for the 
Jell-O to cool to 50° F using the formula 

t... S02" 


‘= 99 ™a00- 7 


where 7, is the temperature of the refrigerator. 


50. Forensic medicine To estimate the number of hours ¢ that 

a murder victim had been dead, a coroner used the formula 
ie 1 Ineo fT, 
0.25 82-T, 

where T, is the temperature of the surroundings where the 
body was found. If the crime took place in an apartment 
where the thermostat was set at 72° F, approximately how 
long ago did the murder occur? 
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WRITING ABOUT MATH 


51. The time it takes money to double at an annual rate r, com- 
pounded continuously, is given by the formula ¢ = (In 2)/r. 
Explain why money doubles more quickly as the rate 
increases. 

52. The time it takes money to triple at an annual rate r, com- 
pounded continuously, is given by the formula ¢t = (In 3)/r. 
Explain why money triples less quickly as the rate decreases. 


SOMETHING TO THINK ABOUT 
53. Use the formula P = Pye” to verify that P will be three 


times as large as Py when t = — 


54. Use the formula P = Poe” to verify that P will be four times 
_ In4 
as large as Po when t = ~~. 
55. Find a formula to find how long it will take a sum of money 
to become five times as large. 


56. a Use a graphing calculator to graph 


1 
Fo) = lt+e> 
and discuss the graph. 


Properties of Logarithms 


Objectives 


Vocabulary 


GD Simplify a logarithmic expression by applying a property of logarithms. 
@9 Expand a logarithmic expression. 

€} Write a logarithmic expression as a single logarithm. 

@3 Evaluate a logarithm by applying properties of logarithms. 

© Apply the change-of-base formula. 

@3 Solve an application problem using one or more logarithmic properties. 
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Simplify each expression. Assume x # 0. 


Tea xx” 2. x° 


Getting Ready 


In this section, we will consider many properties of logarithms. We will then use these 
properties to solve application problems. 


(i) Simplify a logarithmic expression by applying a property of logarithms. 


Since logarithms are exponents, the properties of exponents have counterparts in the 
theory of logarithms. We begin with four basic properties. 


Properties of If bis a positive number and b # 1, then 
Logarithms 1. log, 1 = 0 2 1os,h=1 
3) loeb =. Aa be ix 0) 


Properties | through 4 follow directly from the definition of a logarithm. 
. log, 1 = 0, because b° = 1. 
. log, b = 1, because b' = b. 
. log, b* = x, because b* = b*. 


bhWN = 


. b'°8* = x, because log, x is the exponent to which b is raised to get x. 


Properties 3 and 4 also indicate that the composition of the exponential and loga- 
rithmic functions with the same base (in both directions) is the identity function. This is 
expected, because the exponential and logarithmic functions with the same base are 
inverse functions. 


EXAMPLE 1 Simplify each expression: a. logs;1 b. log;3 . log,7*? d. b'°%”. 


Solution a. By Property 1, logs; 1 = 0, because 5° = 1. 
b. By Property 2, log; 3 = 1, because 3! = 3. 
c. By Property 3, log; 7° = 3, because 7° = 7°. 
d. By Property 4, b'°®*’ = 7, because log, 7 is the power to which b is raised to get 7. 


FY SELF CHECK 1 = Simplify: a. log, 1 b. logs 5 c. log 24 d. 51857, 


The next two properties state that 


The logarithm of a product is the sum of the logarithms. 
The logarithm of a quotient is the difference of the logarithms. 


The Product and 
Quotient Properties 
of Logarithms 
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If M, N, and b are positive numbers and b + 1, then 


M 
5. log, MN = log, M + log, N 6. logs yy = log, M — log, N 


Proof To prove the product property of logarithms, we let x = log, M and y = log, N. We 


use the definition of logarithms to write each equation in exponential form. 
M=b* and N= 

Then MN = b’b’ and a property of exponents gives 
MN = b**” — bXbY = b**”: Keep the base and add the exponents. 

We write this exponential equation in logarithmic form as 
log, MN=x+yp 

Substituting the values of x and y completes the proof. 


log, MN = log, M + log, N 


The proof of the quotient property of logarithms is similar. 


COMMENT By the product property of logarithms, the logarithm of a product is equal 
to the sum of the logarithms. The logarithm of a sum or a difference usually does not 
simplify. In general, 


log,(M + N) = log, M + log, NV 
log,(M — N) = log, M — log, NV 
By the quotient property of logarithms, the logarithm of a quotient is equal to the 


difference of the logarithms. The logarithm of a quotient is not the quotient of the loga- 
rithms: 


Vda \ hm) Wise: \()niyqi@ Wecan use a calculator to illustrate the product property of logarithms by showing that 


Verifying Properties of 
Logarithms 


In{(3.7)(15.9)] = In 3.7 + In 15.9 


We calculate the left and right sides of the equation separately and compare the results. 
To use a calculator to find In [(3.7)(15.9)], we enter these numbers and press these keys: 


3.7 X 15.9 = LN Using a scientific calculator 
LN 3.7 X 15.9) ENTER  Usinga graphing calculator 


The display will read 4.074651929 . 
To find In 3.7 + In 15.9, we enter these numbers and press these keys: 


3.7 TEN) (EE) 15.9 (EN) |= Using a scientific calculator 
LN 3.7) + LN 15.9) ENTER  Usinga graphing calculator 


The display will read 4.074651929 . Since the left and right sides are equal, the equa- 
tion is true. 


816 CHAPTER 11 Exponential and Logarithmic Functions 


The Power Rule 
of Logarithms 


Proof 


The Logarithmic 
Property of Equality 


EXAMPLE 2 


Solution 


The power rule of logarithms states that 


The logarithm of an expression to a power is the power times the logarithm of the 
expression. 


If M, p, and b are positive numbers and b + 1, then 
7. log, M? = p log, M 


To prove the power rule, we let x = log, M, write the expression in exponential form, 
and raise both sides to the pth power: 


M=b* 
(M)? = (b°)” — Raise both sides to the pth power. 
M? = bP* Keep the base and multiply the exponents. 


Using the definition of logarithms gives 
log, M? = px 
Substituting the value for x completes the proof. 


log, M’ = p log, M 


The logarithmic property of equality states that 


If the logarithms of two numbers are equal, the numbers are equal. 


If M, p, and b are positive numbers and b + 1, then 
8. If log, x = log, y, then x = y. 


The logarithmic property of equality follows from the fact that the logarithmic func- 
tion is a one-to-one function. It will be important in the next section when we solve log- 
arithmic equations. 


Expand a logarithmic expression. 


We can use the properties of logarithms to write a logarithm as the sum or difference of 
several logarithms. 


Assume that 5, x, y, and z are positive numbers and } # 1. Write each expression in 
terms of the logarithms of x, y, and z. 


a. log, xyz b. logy > 


a. log, xyz = log,(xy)z 
= log,(xy) + log, z The log of a product is the sum of the logs. 
= log, x + log, y + logy,z The log of a product is the sum of the logs. 
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x 
b. log, a = log,(xy) — log, z The log of a quotient is the difference of the logs. 
Zz 


= (log, x + log, y) — log,z The log of a product is the sum of the logs. 
= log, x + log, y — log, z Remove parentheses. 


SELF CHECK 2 


Write log, =~ in terms of the logarithms of x, y, and z. 


EXAMPLE 3 Assume that 4, x, y, and z are positive numbers and b # 1. Write each expression in 
terms of the logarithms of x, y, and z. 


a. log,(x°y°z) b. low, 


Solution a. log,(x*y°z) = log, x* + log, y*> + log, z The log of a product is the sum of the logs. 


= 2log,x + 3log,y + log,z The log of an expression to a power is the 
power times the log of the expression. 


Vx 


The log of a quotient is the difference of 


= log, Vx — logy") the logs 


b. log, 
= log, x'/? — (log, y' + log, z) Vx = x"”?. The log of a product is the 
sum of the logs. 


1 . . 
_ ; log, x — Glog, y + log, z) The log of a power is the power times the 
° 


log. 
Use the distributive property to remove 


1 
2 log, % = 3 logy ~ logs2 parentheses. 


3 
SELF CHECK3 Write log, “= in terms of the logarithms of x, y, and z. 


&} Write a logarithmic expression as a single logarithm. 


We can use the properties of logarithms to combine several logarithms into one logarithm. 


EXAMPLE 4 Assume that b, x, y, and z are positive numbers and b # 1. Write each expression as 
one logarithm. 


a. 3 log, x + Flog, y b. Flog, (x — 2) — log, vy + 3 log, z 
: 1 
Solution a. 3 log, x + 5 log, y = log, x° + log, y!/2 A power times a log is the log of the power. 
= log,(x°y!/ 2 The sum of two logs is the log of a product. 
= logs(x*Vy) yP=vy 
1 
b. 7 logolx — 2) — log, y + 3 log, z 


= log,(x 2)V/ ? — log, y + log, z*?_ A power times a log is the log of the power. 
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Fy SELF CHECK 4 


Properties of 
Logarithms 


EXAMPLE 5 


Solution 


x — 2y/2 : ‘ 
= log, t ) Tom 2 The Gittenenoe of two logs is the log of the 
y quotient. 
Lv Pe | 
zZVx-2 
= log, The sum of two logs is the log of a product. 
y 


Write the expression as one logarithm: 
2 log, x + Slog, y — 2 log,(x — y). 


We summarize the properties of logarithms as follows. 


If b, M, and N are positive numbers and 5 # 1, then 


1. log, 1 = 0 2. log, b = 1 
3. log, =x Ape <= x 
M 
5. log, MN = log, M + log, N 6. loge yy = log, M — log, N 
7. log, M? = p log, M 8. If log, x = log, y, then x = y. 


Evaluate a logarithm by applying properties of logarithms. 


Given that log 2 ~ 0.3010 and log 3 ~ 0.4771, find approximations for 
a. log6 b. log9 « log18 d. log 2.5 without using a calculator. 


a. log 6 = log(2 : 3) 


= log2 + log3 The log of a product is the sum of the logs. 
= 0.3010 + 0.4771 — Substitute the value of each logarithm. 
= 0.7781 
b. log 9 = log(3”) 
= 2 log 3 The log of a power is the power times the log. 
= 2(0.4771) Substitute the value of log 3. 
= 0.9542 
c. log 18 = log(2 - 3”) 
= log2 + log 3” The log of a product is the sum of the logs. 
= log 2 + 2 log 3 The log of a power is the power times the log. 
= 0.3010 + 2(0.4771) 
=~ 1.2552 


5 
d. log 2.5 = toa(3) 
= log 5 — log 2 The log of a quotient is the difference of the logs. 


10 
= log — log 2 Write 5 as a 


SELF CHECK 5 


Change-of-Base 


Formula 
Proof 
EXAMPLE 6 
Solution 
COMMENT a means that 


one logarithm is to be divided 
by the other. They are not to 
be subtracted. 


SELF CHECK 6 
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= log 10 — log2 — log2 The log of a quotient is the difference of the logs. 


= 1 — 2(0.3010) 
= 0.3980 


Use the values given in Example 5 and approximate 
a. log 1.5 b. log 0.2. 


Apply the change-of-base formula. 


If we know the base-a logarithm of a number, we can find its logarithm to some other 
base b with a formula called the change-of-base formula. 


If a, b, and x are real numbers, b > 0, and b # 1, then 


To prove this formula, we begin with the equation log, x = y. 
y = log, x 
x=b Change the equation from logarithmic to exponential form. 
log, x = log, b” —_‘ Take the base-a logarithm of both sides. 
log, x = ylog,5 The log of a power is the power times the log. 


loga x - ; 
= —— Divide both sides by log, b. 
log, b 
log, x ’ 
log, x = fon, Refer to the first equation and substitute log, x for y. 


If we know logarithms to base a (for example, a = 10), we can find the logarithm of x 
to a new base b. We simply divide the base-a logarithm of x by the base-a logarithm of b. 


Find log, 9 using base-10 logarithms. 


We can substitute 4 for b, 10 for a, and 9 for x into the change-of-base formula: 


log, x 
l = 
is log, b 
logio 9 
log, 9 = —>——_ 
Bias logy) 4 


= 1.584962501 
To four decimal places, logy 9 = 1.5850. 


Find log; 3 to four decimal places using base-10 logarithms. 
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COMMENT It does not matter what base you choose when applying the change-of-base 
formula. You could use base-e (natural logarithm) and obtain the same result. In the 


example above, log, 9 = _ = 1.584962501. 
6] Solve an application problem using one or more logarithmic properties. 


Common logarithms are used to express the acidity of solutions. The more acidic a solu- 
tion, the greater the concentration of hydrogen ions. This concentration is indicated in- 
directly by the pH scale, or hydrogen ion index. The pH of a solution is defined by the 
following equation. 


PH of a Solution If [H*] is the hydrogen ion concentration in gram-ions per liter, then 
pH = —log[H™] 


EXAMPLE 7 FINDINGTHEpHOFASOLUTION Find the pH of pure water, which has a hydrogen ion 
concentration of 10’ gram-ions per liter. 


Solution Since pure water has approximately 10’ gram-ions per liter, its pH is 
pH = —log [H*] 
—log 1077 
—(—7)log 10 The log of a power is the power times the log. 
= —(-7)(1) log 10 = 1 
7 


pH 


EXAMPLE 8 FINDING THE HYDROGEN-ION CONCENTRATION Find the hydrogen-ion concentration 
of seawater if its pH is 8.5. 


Solution — To find its hydrogen-ion concentration, we substitute 8.5 for the pH and find [H*]. 


8.5 = —log[H*] 
—8.5 = log[H"] Multiply both sides by —1. 
[H*] = io Change the equation to exponential form. 


We can use a calculator to find that 


[H*] ~ 3.2 X 10° gram-ions per liter 


In physiology, experiments suggest that the relationship between the loudness and 
the intensity of sound is a logarithmic one known as the Weber—Fechner law. 


Weber-—Fechner Law If Lis the apparent loudness of a sound, /is the actual intensity, and k is a constant, 
then 


JL, = fe ko If 
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EXAMPLE 9 WEBER-FECHNER LAW Find the increase in intensity that will cause the apparent 
loudness of a sound to double. 
Solution If the original loudness Lo is caused by an actual intensity J, then 
(1) Lo _ k In I, oO 


To double the apparent loudness, we multiply both sides of Equation | by 2 and use 
the power rule of logarithms: 


2Lo = 2kinIg 
= kin (ey 


To double the loudness of a sound, the intensity must be squared. 


SELF CHECK9 What decrease in intensity will cause a sound to be half as loud? 


SELF CHECK ANSWERS toos@ Ibi €@4 ch? 7 losis — loa, — lose &, 48 log, x + log, y — log, z) 
4. logs 2 5. a. 0.1761 b. —0.6990 6. 0.6826 9. the square root of the intensity 


Evaluate. 
1. log 5 + log 20 2. log; 24 — log; 8 


3.7 logs 5 - logs t 


re _— a — a = 

11.5 EXERCISES ——— ’ 
WARM-UPS Find the value of x in each equation. REVIEW Consider the line that passes through (—2, 3) and 
1. log;9 =x 2. log, 5 = 1 (4, —4). 
3. log; x = 3 4. logs x = —2 10. Find the slope of the line. 

l 11. Find the distance between the points. 

5. logs x = 2 6. log, 4 = 2 12. Find the midpoint of the segment. 
7. logi2x = 2 8. logy 3 = x 13. Write an equation of the line. 
9. log, = ~2 VOCABULARY AND CONCEPTS | fill in the blanks. 


14. log, 1 = __ 
15. log, b = _ 
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16. log, MN = log, ____ + log, __ 
17. p°?* = 


18. If log, x = log, y, then__ = __ 
M 
19. log, W = log, M__log, N 


20. log, x” = p: log, _ 

21. log, b* = __ 

22. log, (A + B)__log, A + log, B 
23. log, A + log, B__log, AB 


24. The change-of-base formula states that log, x = 


GUIDED PRACTICE 

Simplify each expression. See Example 1. (Objective 1) 

25. logy 1 = _ 26. logy 4 = _ 

27. log, 47 = __ 28, 4S = 

29, sloes10 30. logs 5° = __ 
31. logs 5 = __ 32. logs 1 = __ 

33. logy 1 = _ 34. logo 9 = __ 

35. log, 37 = __ 36, 5s S = 

37, goes 10 38. logy 4° = __ 
39. logo 9 = _ 40. log; 1 = _ 


Ry Use a calculator to verify each equation. (Objective 1) 
41. log[(2.5)(3.7)] = log 2.5 + log 3.7 


As p= 11.3 -In6.1 
- in 6.1 =In . no. 
43. In (2.25)* = 4 In 2.25 
In 45.37 
44. log 45.37 = 
Ronee iG 


Assume that x, y, z, and bare positive numbers (b # 1). Use the 


properties of logarithms to write each expression in terms of the 


logarithms of x, y, and z. See Examples 2-3. (Objective 2) 


45. log, xyz 46. log, 4xz 
2x x 

47. log, — 48. log, — 
y yz 


49. log, xy" 50. log, xy*z° 


51. log, (xy)!/? 
52. log, x*y'”” 
53. log, xVz 
54. log, Vxy 
Wy 


x 
55. log, We 
yz 
xy? 
4 


Zz 


56. log, 4 


Assume that x, y, z, and b are positive numbers (b # 1). Use the 
properties of logarithms to write each expression as the logarithm 
of a single quantity. See Example 4. (Objective 3) 


57. log, (x + 1) — log, x 

58. log, x + log, (x + 2) — log, 8 
1 

59. 2log,x + 7 1086 y 


60. —2 log, x — 3 log, y + log, z 


1 
61. —3 log, x — 2log,y + 3 logs 2 


62. 3 log, (x + 1) — 2 log, (x + 2) + log, x 


63. toa, (* x) log, (2 y) 


64. log, (xy + y) — log, (xz + yz) + log, z 


Assume that log 4 ~ 0.6021, log 7 ~ 0.8451, and log 9 ~ 0.9542. 
Use these values and the properties of logarithms to approximate 
each value. Do not use a calculator. See Example 5. (Objective 4) 


65. log 28 66. log 
67. log 2.25 68. log 36 
63 4 
69. log 70. loge 
71. log 252 72. log 49 
73. log 112 74. log 324 
75, log 76. log =~ 
» 108 "49 ne aga 


Fy Use a calculator and the change-of-base formula to find each 
logarithm to four decimal places. See Example 6. (Objective 5) 


77. log3 7 78. log; 3 
79. log/33 80. log)/26 
81. log; 8 82. logs 10 
83. logyaV5 84. log, e 
ADDITIONAL PRACTICE 
Fy Use a calculator to verify each equation. 
1 log 8.75 
85. log 24.3 = Slog 24.3 86. In 8.75 = “ce 
(4 


Determine whether each statement is true. If a statement is false, 
explain why. 

87. log, 0 = 1 

88. log, (x + vy) # log, x + log, y 

89. log, xy = (log, x)(logy y) 

90. log, ab = log,a + 1 

91. log, 7’ =7 

92. 7°87 = 7 


log, A 
93, ~~ = log, A — log, B 


log, B 


log, A 
log, B 
95. 3 log, Va = log, a 


94. log, (A — B) = 


1 
96. 3 logs a= log, a 


1 

97. log, — = —log,a 
a 

98. log, 2 = logs b 


APPLICATIONS Use acalculator to find each value. 
See Examples 7-9. (Objective 6) 


99. pHof asolution Find the pH of a solution with a hydrogen 
ion concentration of 1.7 X 107° gram-ions per liter. 

100. Hydrogen ion concentration Find the hydrogen ion con- 
centration of a saturated solution of calcium hydroxide 
whose pH is 13.2. 

101. Aquariums To test for safe pH levels in a fresh-water 
aquarium, a test strip is compared with the scale shown in 
the illustration. Find the corresponding range in the 
hydrogen ion concentration. 


AquaTest pH Kit 


Safe range 


6.4 | 6.8 


7.2 7.6 | 8.0 


11.6 Exponential and Logarithmic Equations 823 


102. pH of pickles The hydrogen ion concentration of sour 
pickles is 6.31 X 107+. Find the pH. 


103. Change in loudness If the intensity of a sound is doubled, 
find the apparent change in loudness. 


104. Change in loudness If the intensity of a sound is tripled, 
find the apparent change in loudness. 


105. Change in intensity What change in intensity of sound 
will cause an apparent tripling of the loudness? 


106. Change in intensity What increase in the intensity of a 
sound will cause the apparent loudness to be multiplied 
by 4? 


WRITING ABOUT MATH 


107. Explain why In (log 0.9) is undefined in the real-number 
system. 


108. Explain why log, (In 1) is undefined in the real-number 
system. 


SOMETHING TO THINK ABOUT 
109. Show that In(e*) = x. 
110. If log, 3x = 1 + log, x, find the value of x. 


1 
111. Show that log, x = 5 log, x. 
112. Show that e* 4“ = a’. 


Exponential and Logarithmic Equations 


Objectives 


equation. 


> 
— 
& 
> 
2 
© 
1S 
S) 
=> 


GD Solve an exponential equation. 
®9 Solve a logarithmic equation. 
&} Solve an application problem involving an exponential or logarithmic 
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Write each expression without using exponents. 
1. logx 2. lox x’? 
3. logx° 4. loga’ + bloga 


Getting Ready 


An exponential equation is an equation that contains a variable in one of its exponents. 
Some examples of exponential equations are 


BF = 5. = o* and 3°xt! _ 193%) +3 =0 


A logarithmic equation is an equation with logarithmic expressions that contain a 
variable. Some examples of logarithmic equations are 


1 
log(2x) = 25, In x — In(x — 12) = 24, and log x = log +4 


In this section, we will learn how to solve many of these equations. 


(i) Solve an exponential equation. 


EXAMPLE 1 Solve: 4° = 7. 


Solution Since logarithms of equal numbers are equal, we can take the common or natural log- 
arithm of both sides of the equation and obtain a new equation. For the sake of dis- 
cussion, we will use the common logarithm. The power rule of logarithms then pro- 
vides a way of moving the variable x from its position as an exponent to a position as 
a coefficient. 


4*=7 
log(4*) = log(7) Take the common logarithm of both sides. 
x log 4 = log7 The log of a power is the power times the log. 
log 7 
(1) x= B Divide both sides by log 4. 
log 4 


= 1.403677461 Useacalculator. 
To four decimal places, x = 1.4037. 


>| SELF CHECK 1 Solve: 5* = 4. Give the result to four decimal places. 


COMMENT A careless reading of Equation | leads to a common error. The right side of 
Equation | calls for a division, not a subtraction. 
log 7 
log 4 


means (log 7) + (log 4) 


It is the expression log (7) that means log 7 — log 4. 
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EXAMPLE 2 Solve: 73 = 1.6(1.03)’. 


Solution We divide both sides by 1.6 to obtain 


73 
— = 1.03" 
eal 


and solve the equation as in Example 1. 


73 
1.03° = — 
1.6 
; 73 ; ; 
log(1.03°) = log ie Take the common logarithm of both sides. 
73 : : . : 
t log 1.03 = log 16 The logarithm of a power is the power times the logarithm. 
vie) 
_ logis 2 
t= Divide both sides by log 1.03. 
log 1.03 


t = 129.2493444 Use a calculator. 
To four decimal places, t = 129.2493. 


SELF CHECK 2 Solve: 47 = 2.5(1.05)’. Give the result to the nearest tenth. 


EXAMPLE3 Solve: 6* * = 2". 


Solution Ge = 2" 
log(6* +) = log(2*) Take the common logarithm of both sides. 
(x — 3)log 6 = x log 2 The log of a power is the power times the log. 
x log 6 — 3 log6 = x log 2 Use the distributive property. 
xlog6 — xlog2 = 3 log6 Add 3 log 6 and subtract x log 2 from both sides. 
x(log 6 — log 2) = 3 log 6 Factor out x on the left side. 
3 log 6 


xX = ———_ __ Divide both sides by log 6 — log 2. 
log 6 — log 2 aoe . 


x = 4.892789261 Use a calculator. 
To four decimal places, x = 4.8928. 


SELF CHECK 3 Solve to four decimal places: 5°? = 3°, 


EXAMPLE 4 Solve: 2° *?* = 5. 


Solution Since 5 = 27' we can write the equation in the form 


per tox _ 27! 


Since equal quantities with equal bases have equal exponents, we have 
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Fy SELF CHECK 4 


ACCENT ON TECHNOLOGY 


Solving Exponential 
Equations 


EXAMPLE 5 


Solution 


x +2x=-1 
x*>+2x+1=0 Add 1 to both sides. 
(x + 1x + 1) =0 Factor the trinomial. 
x+1=0 or x+1=0 Set each factor equal to 0. 


x=-l1 | x =-1  —1lisa double root. 


Verify that —1 satisfies the equation. 


Solve: 


To use a graphing calculator to approximate the solutions of Dee 5 (see Example 4), 


we can subtract 5 from both sides of the equation to get 


gx +2x ae : =0 


and graph the corresponding function 


f(x) = pert 2x a Mt 


If we use window settings of [—4, 4] for x and [—2, 6] for y, we obtain the graph shown 
in Figure 11-23(a). 

Since the solutions of the equation are its x-intercepts, we can approximate the 
solutions by zooming in on the values of the x-intercepts, as in Figure 11-23(b). Since 
x = —1 is the only x-intercept, —1 is the only solution. In this case, we have found an 
exact solution. 


Y1 = 24(KA2 + 2x) — .5 


fa) = e+ 2x _. ; 


Figure 11-23 


We also can find the solution by using the ZERO feature in the CALC menu. 


Solve a logarithmic equation. 


In each of the following examples, we use the properties of logarithms to change a loga- 
rithmic equation into an algebraic equation. 


Solve: log,(3x + 2) — log,(2x — 3) = 0. 


log,(3x + 2) — log,(2x — 3) = 0 
log,(3x + 2) = log,(2x — 3) Add log,(2x — 3) to both sides. 
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3x +2 = 2x —-3 If log, r = log, s, then r = s. 
x=—5 Subtract 2x and 2 from both sides. 
Check: log,(3x + 2) — log,(2x — 3) =0 


log,[3(—5) + 2] — log,[2(—5) — 3] + 0 


COMMENT Example 5 log,(—13) — log,(—13) 2 0 


illustrates that you must check 
the solutions of all Since the logarithm of a negative number does not exist, the apparent solution of —5 
logarithmic equations. must be discarded. Since this equation has no solution, its solution set is ©. 


SELF CHECK5 Solve: log,(5x + 2) — log,(7x — 2) = 0. 


EXAMPLE 6 Solve: log x + log(x — 3) = 1. 


Solution log x + log(x — 3) = 1 
log[x(x — 3)] = 1 The sum of two logs is the log of a product. 
x(x — 3) = 10! Use the definition of logarithms to change the 
equation to exponential form. 
x? — 3x —- 10 =0 Remove parentheses and subtract 10 from both 
sides. 
(x + 2)(x — 5) = 0 Factor the trinomial. 
x+2=0 or x—5=0 __ Set each factor equal to 0. 
x= -2 | x=5 


Check: The number —2 is not a solution, because it does not satisfy the equation. (A 
negative number does not have a logarithm.) We will check the remaining number, 5. 
log x + log(x — 3) =1 
log 5 + log(5 — 3) 41 — Substitute 5 for x. 
log5 + log2 = 1 
log 10 
1=1 = logl0=1 


Iho | 


1 The sum of two logs is the log of a product. 


Since 5 satisfies the equation, it is a solution. 


SELF CHECK6 Solve: log x + log(x + 3) = 1. 


log(5x — 6) _ 
log x 


EXAMPLE 7 Solve 2. 


Solution Wecan multiply both sides of the equation by log x to get 
log(5x — 6) = 2 log x 
and apply the power rule of logarithms to get 
log(5x — 6) = log x” 
By Property 8 of logarithms, 5x — 6 = x*. Thus, 


828 CHAPTER 11 Exponential and Logarithmic Functions 


Fy SELF CHECK 7 


ACCENT ON TECHNOLOGY 


Solving Logarithmic 
Equations 


EXAMPLE 8 


Solution 


5x —6 =x 
0=x -5x+6 
0 = (x — 3)(x — 2) 
x-3=0 or x-2=0 
x =3 | x=2 
Verify that both 2 and 3 satisfy the equation. 


log(5x + 6) _ 


Solve 
log x 


2: 


To use a graphing calculator to approximate the solutions of log x + log(x — 3) = 1 
(see Example 6), we can subtract | from both sides of the equation to get 


log x + log(x — 3)-1=0 
and graph the corresponding function 
f(x) = log x + log(x — 3) - 1 


If we use window settings of [0, 20] for x and [—2, 2] for y, we obtain the graph shown 
in Figure 11-24. Since the solution of the equation is the x-intercept, we can find the 
solution by zooming in on the value of the x-intercept or by using the ZERO command. 
The solution is x = 5. 


— 


fix) = log x + log(x — 3) - 


Figure 11-24 


Solve an application problem involving an exponential 
or logarithmic equation. 
We have learned that the amount 4 of radiation present in a radioactive material decays 
exponentially according to the formula A = Age“, where Ay is the amount of radioactive 
material present at time ¢ = 0, and k is a negative number. 

Experiments have determined the time it takes for one-half of a sample of a radioac- 
tive element to decompose. That time is a constant, called the given material’s half-life. 


HALF-LIFE OF RADON-22 In Example 4 of Section 11.2, we learned that radon-22 
decays according to the formula A = Age °'*!’, where ¢ is expressed in days. Find the 
material’s half-life. 


At time ¢ = 0, the amount of radioactive material is Ap. At the end of one half-life, the 
amount present will be 5 Ao. To find the material’s half-life, we can substitute 5 Ay for A 
in the formula and solve for t. 
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a= Age O84 
1 = 
50 Sager Substitute 5 Ao for A. 
——— 
ane ee Divide both sides by Ao. 


1 
(5) = Infe %4 Take the natural logarithm of both sides. 


—0.6931471806 ~ —0.181tIne  FindIn 5, and use the property In M? = pin M. 
3.829542434 = t Divide both sides by —0.181 and note that In e = 1. 


To the nearest hundredth, the half-life of radon-22 is 3.83 days. 


SELF CHECK 8 To the nearest hundredth, find the half-life of iodine-131 given that it decays according 
to the formula A = Age °°” where ¢ is expressed in days. 


When a living organism dies, the oxygen/carbon dioxide cycle common to all living 
things stops and carbon-14, a radioactive isotope with a half-life of 5,700 years, is no 
longer absorbed. By measuring the amount of carbon-14 present in an ancient object, 
archaeologists can estimate the object’s age. 


EXAMPLE 9 _ CARBON-14DATING How old is a wooden statue that retains one-third of its original 
carbon-14 content? 


Solution The formula for radioactive decay is A = Age“, where Ap is the original amount of 
carbon-14 present, ¢ is the age of the object, and & is a negative number. We can find & 
by using the fact that after 5,730 years, half of the original amount of carbon-14 will 


remain. 
d= Ae" 
1 
2 A,=aerr™ Substitute 5 Ao for A and 5,730 for ¢. 
1 : 
> apg nuk Divide both sides by Ap. 


1 - 
(5) = Inter Take the natural logarithm of both sides. 


—0.6931471806 ~ 5,730k Ine Find In 7 and use the property In M? = p1n M. 
—0.000120968094 = k Divide both sides by 5,730 and note that In e = 1. 


Thus, the formula for radioactive decay for carbon-14 can be written as 
Ax Agee 


Since i of the original carbon-14 still remains, we can proceed as follows: 
Ax Ae eee 


1 
—0.000120968094r 
= Ag ac Age 


3 Substitute 5 Ao for A. 


1 
=o og OMA ORIOa Divide both sides by Ao. 


3 


—1.098612289 ~ (—0.0001209680941) In e 


Feeudemonnnese| Take the natural logarithm of both sides. 


Find In is and use the property 

In M? = pIn M. 

Divide both sides by —0.000120968094 
and note that Ine = 1. 


To the nearest one hundred years, the statue is 9,100 years old. 
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1 
(+) = In(e 
9081.835155 ~ ¢ 
Fy SELF CHECK 9 


To the nearest hundred years, find the age of a statue that retains 25% of its original 
carbon-14 content. 


Recall that when there is sufficient food and space, populations of living organisms 
tend to increase exponentially according to the Malthusian growth model. 


If P is the population at 
rate of growth, then 


P= Poe 


Malthusian Growth 
Model 


some time ¢, Po is the initial population at t = 0, and k is the 


COMMENT Note that this formula is the same as all exponential growth formulas, 


except for the variables. 


EXAMPLE 10 POPULATION GROWTH 


The bacteria in a laboratory culture increased from an initial 


population of 500 to 1,500 in 3 hours. How long will it take for the population to reach 


10,000? 


Solution We substitute 500 for Po, 1,500 for P, and 3 for f and simplify to find k: 


P= Pp," 
1,500 = 500(e**) 
3 = ek 
3k = In3 

In 3 
k = —_ 
3 


Substitute 1,500 for P, 500 for Po, and 3 for t. 
Divide both sides by 500. 


Change the equation from exponential to logarithmic form. 


Divide both sides by 3. 


To find when the population will reach 10,000, we substitute 10,000 for P, 500 for 


Po, and a for k in the equation P = Poe and solve for t: 


Divide both sides by 500. 


Change the equation to logarithmic form. 


P= Pye™ 
10,000 = 500e!" 9/3" 
90 = ein 3/3]¢ 

(32), = In 20 
3 In 20 
~  In3 


=~ 8.180499084 


Multiply both sides by -5. 


Use a calculator. 
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The culture will reach 10,000 bacteria in about 8 hours. 


SELF CHECK 10 How long will it take to reach 20,000? 


EXAMPLE 11 GENERATION TIME If a medium is inoculated with a bacterial culture that contains 
1,000 cells per milliliter, how many generations will pass by the time the culture has 
grown to a population of | million cells per milliliter? 


Solution During bacterial reproduction, the time required for a population to double is called 
the generation time. If b bacteria are introduced into a medium, then after the genera- 
tion time of the organism has elapsed, there are 2b cells. After another generation, 
there are 2(24), or 4b cells, and so on. After 1 generations, the number of cells present 
will be 

(1) B=b5-2" 


To find the number of generations that have passed while the population grows 
from b bacteria to B bacteria, we solve Equation | for n. 


EVERYDAY CONNECTIONS U.S. Population Growth 


Historical and Projected U.S. Population 


450 
400 
350 
2 300 
BS 
2 250 
8 
3 200 
3 
5 
& 150 
100 
50 
0 
Soares ee Sa ee eo ee ee ee S&S 2S] eS =] SS SS Sa & 
Sy S) Sl ts) Ga sar Wey Ke t= C2) ey SG Sl WS) Gay Sey Wa) Nel 2) ish 1S) Si eS) tsa) Sep a) 
[I= GO) 160) (66) (G0) (GC) G0) (60) (60) G6) (00) ON CN) (GN ON TON) GN (GN) GN ON) On) SS oe) S&S 
SS Se Ur UU rr UKUCNONCON NNN 
Source: http://txsdc.utsa.edu/txdata/apport/hist_a.php 200 million in 1970, determine the growth rate of the 


; , ; population during this time period. 
Population growth in the United States can be modeled 


by an exponential function of the form P(t) = Po: e”, 
where Po = the initial population during a given time 
interval, and ¢ represents the number of years in that 
time interval. 


2. Given that the United States population was 
200 million in 1970 and approximately 280 million in 
2000, determine the growth rate of the population 
during this time period. 

3. Using the population growth rate from question 2, to 

1. Given that the United States population was approxi- the nearest year how long would it take for the United 
mately 150 million in 1950 and approximately States population to double? 
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log B = log(b - 2”) Take the common logarithm of both sides. 
log B = logb + nlog2 Apply the product and power rules of 
logarithms. 
log B — logb = nlog2 Subtract log b from both sides. 


1 ; 
; (log B — log b) Multiply both sides by me 


~— log 
(2) : (10 2) Use thi tient rule of logarith 
= ae uotient rule of logarithms. 
log 2 ‘a wai e 


Equation 2 is a formula that gives the number of generations that will pass as the 
population grows from b bacteria to B bacteria. 

To find the number of generations that have passed while a population of 1,000 
cells per milliliter has grown to a population of 1 million cells per milliliter, we substi- 
tute 1,000 for b and 1,000,000 for B in Equation 2 and solve for n. 

1 1,000,000 
~ Jog2 = 1,000 

1 

log 2 
1 


~ 3.321928095(3) joed ~ 3-321928095 and log 1,000 = 3. 
~ 9965784285 


n 


log 1,000 Simplify. 


Approximately 10 generations will have passed. 


SELF CHECK ANSWERS 1. 0.8614 2.60.1 3.63013 4.1,1 5.2 £6. 2;—Sisextraneous 7. 6; —1 is extraneous 
8. 8.00 days 9. about 11,500 years 10. about 10 hours 


Given f(x) = log3(x + 2) + log3 x, 
1. solve f(x) = I. 


2. solve f(x) = 2. 


-_ — - — 
11.6 EXERCISES —— ’ 
WARM-UPS Solve each equation for x. Do not simplify 5. log 2x = log (x + 2) 6. log 2x = 0 
answers. 7 1 
7. logx* =4 8. log Vx == 
s a ale 25° =3 2 
3.2% =7 4.6" =1 REVIEW Solve each equation. 


9. 5x° — 25x = 0 10. 4y° — 25=0 
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11. 3p? + 10p = 8 12. 4° + 1=—-6t 50. logx + log(x + 9) =1 
51. log x + log(x — 15) =2 
52. log x + log(x + 21) =2 


VOCABULARY AND CONCEPTS Fill in the blanks. 53. log (x + 90) = 3 — logx 
13. An equation with a variable as an exponent is called a(n) 54. log (x — 90) = 3 — logx 
equation. 5 
14. An equation with a logarithmic expression that contains a 55. log (x — 6) — log (x — 2) = log - 
variable is a(n) ________—_— equation. : 


56. log (3 — 2x) — log(x + 9) = 0 


15. The formula for carbon dating is A = 


16. The of a radioactive element is determined by Solve each logarithmic equation. Check all solutions. 
how long it takes for half of a sample to decompose. See Example 7. (Objective 2) 
log (2x + 1) 
GUIDED PRACTICE ant log (x — 1) — 
Solve each exponential equation. If an answer is not exact, give log (4x + 9) 
the answer to four decimal places. See Examples 1-2. (Objective 1) 38: log (2x — 3) = 
17. 4° =5 18. 7 = 12 log (3x + 4) 
= 59, ——__—_ = 2 
19. e = 50 20. e * = 0.25 log x 
21, 2* = 3" 22. 3° = 4° ey log (8x — 7) _ " 
23. 5 = 2.1(1.04)’ 24. 61 = 1.5(1.02)' , log x 


ray Use a graphing calculator to solve each equation. If an 


Solve each exponential equation. If an answer is not exact, give answer is not exact, give all answers to the nearest tenth. 


the answer to four decimal places. See Example 3. (Objective 1) (Objective 2) 
25. 13% '=2 26. 5**! =3 61. log x + log (x — 15) = 2 
27. 2°t1 = 3° 28. 5x3 = 3? 62. log x + log(x + 3) =1 
63. In(2x + 5) — In3 = In(x — 1) 


Solve each exponential equation. If an answer is not exact, give 


2 = 
the answer to four decimal places. See Example 4. (Objective 1) 64. 2log(x + 4x) = | 
25.2" = ig 30:37 -* = G1 ADDITIONAL PRACTICE Solve each equation. If the 
Bij 1 Eee answer is not exact, round to 4 decimal places. 
31, 3% 1 = — 32. 7 Oe = — os sepa nite «deeds 
81 49 65. 4°" —4=15 (Hint: &"~ = 44°.) 
33. 7* = 10 34, 8* = 11 66. 3°73 + 3% = 84 (Hint: 3**? = 3°3°,) 
35. 8 = 9% a6. 5° =o" log (5x + 6 
67. mene = log x 
Use a calculator to solve each equation, if possible. Give all 
answers to the nearest tenth. (Objective 1) 68. dig (4x + 5) = logx 
37.21 =7 38, 3°! = 2° 
x?—2x ea =x 1 
39. 2 —8=0 40. 3° — 10 = 3 69. loas x = loas(1) +4 
x 
Solve each logarithmic equation. Check all solutions. 70. log,(7 + x) + logs(8 — x) — log,2 = 2 


See Example 5. (Objective 2) 

41. log 2x = log 4 

42. log 3x = log 9 

43. log (3x + 1) = log(x + 7) 

AA. log (x? + 4x) = log (x* + 16) 
45. log (3 — 2x) — log (x + 24) =0 
46. log (3x + 5) — log (2x + 6) = 0 


71. 2(3%) = 6* 

72. 2(3**") = 3(2*-') 

73. log x° = (log x) 

74. log (log x) = 1 

75. 2 log. x = 3 + logo(x — 2) 

76. 2 log; x — log3(x — 4) = 2 + log; 2 
77. log (7y + 1) = 2log(y + 3) — log 2 


2 
sda oa 78. 2 log (y + 2) = log (y + 2) — log 12 
48. log x° = 3 dx t+ 
79. log — =0 
Solve each logarithmic equation. Check all solutions. 2x +9 
See Example 6. (Objective 2) 2:= 5x 


80; fag 
49. log x + log (x — 48) = 2 08 Ox + 8) 
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APPLICATIONS 
Solve each application problem. See Examples 8-11. (Objective 3) 


81. Half-life To the nearest day, find the half-life of 
strontium-89, given that it decays according to the formula 
A= Age 09134, 

82. Half-life To the nearest thousand years, find the half-life 
of plutonium-239, given that it decays according to the 
formula A = Age” 0000784", 

83. Radioactive decay In two years, 20% of a radioactive 
element decays. Find its half-life. 

84. Tritium decay The half-life of tritium is 12.4 years. 

How long will it take for 25% of a sample of tritium to 
decompose? 

85. Carbon-14 dating The bone fragment shown in the illus- 
tration contains 60% of the carbon-14 that it is assumed to 
have had initially. How old is it? 


©Shutterstock.com Falk Kienas 


86. Carbon-14 dating Only 10% of the carbon-14 in a small 
wooden bowl remains. How old is the bowl? 

87. Rodent control The rodent population in a city is currently 
estimated at 30,000. If it is expected to double every 5 years, 
when will the population reach | million? 

88. Population growth The population of a city is expected to 
triple every 15 years. When can the city planners expect the 
present population of 140 persons to double? 

89. Bacterial culture A bacterial culture doubles in size every 
24 hours. By how much will it have increased in 36 hours? 


90. Bacterial growth A bacterial culture grows according to 
the formula 


P= Poa’ 


If it takes 5 days for the culture to triple in size, how long 
will it take to double in size? 
91. Medicine If a medium is inoculated with a bacterial 
culture containing 500 cells per milliliter, how many genera- 
tions will have passed by the time the culture contains 
5 x 10° cells per milliliter? 
Medicine If a medium is inoculated with a bacterial 
culture containing 800 cells per milliliter, how many genera- 
tions will have passed by the time the culture contains 
6 X 10’ cells per milliliter? 
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Solve each application problem. 


93. Thorium decay An isotope of thorium, *”’Th, has a half- 
life of 18.4 days. How long will it take for 80% of the 
sample to decompose? 

94. Lead decay An isotope of lead, *°'Pb, has a half-life of 
8.4 hours. How many hours ago was there 30% more of 
the substance? 

95. Compound interest If $500 is deposited in an account 
paying 8.5% annual interest, compounded semiannually, 
how long will it take for the account to increase to $800? 


96. Continuous compound interest In Exercise 95, how long 
will it take if the interest is compounded continuously? 


97. Compound interest If $1,300 is deposited in a savings 
account paying 9% interest, compounded quarterly, how 
long will it take the account to increase to $2,100? 

98. Compound interest A sum of $5,000 deposited in an 
account grows to $7,000 in 5 years. Assuming annual com- 
pounding, what interest rate is being paid? 

99. Rule of seventy A rule of thumb for finding how long it 
takes an investment to double is called the rule of seventy. 
To apply the rule, divide 70 by the interest rate written as a 
percent. At 5%, it takes 2 = 14 years to double an 


investment. At 7%, it takes a = 10 years. Explain why this 
formula works. 

100. Oceanography The intensity / of a light a distance x 
meters beneath the surface of a lake decreases exponen- 
tially. From the illustration, find the depth at which the 
intensity will be 20%. 


WRITING ABOUT MATH 


101. Explain how to solve the equation 2* = 7. 
102. Explain how to solve the equation x” = 7. 


SOMETHING TO THINK ABOUT 


103. Without solving the following equation, find the values of 
x that cannot be a solution: 


log(x — 3) — log(x* + 2) = 0 


104. Solve the equation x'°&* = 10,000. 


PROJECTS 


Project 1 


When an object moves through air, it encounters air resist- 
ance. So far, all ballistics problems in this text have ignored 
air resistance. We now consider the case where an object’s 
fall is affected by air resistance. 

At relatively low velocities (v < 200 feet per second), 
the force resisting an object’s motion is a constant multiple 
of the object’s velocity: 


Resisting force = f, = bv 


where b is a constant that depends on the size, shape, and 
texture of the object, and has units of kilograms per 
second. This is known as Stokes’ law of resistance. 

In a vacuum, the downward velocity of an object 
dropped with an initial velocity of 0 feet per second is 


v(t) = 32t (no air resistance) 


t seconds after it is released. However, with air resistance, 
the velocity is given by the formula 


2 
v(t) = at ek ca 


where m is the object’s mass (in kilograms). There is also a 

formula for the distance an object falls (in feet) during 

the first t seconds after release, taking into account air 

resistance: 

32m | 32m? 
b b 

Without air resistance, the formula would be 


a(t) = 16¢? 


d(t) _ (1 = e is 


a. Fearless Freda, a renowned skydiving daredevil, per- 
forms a practice dive from a hot-air balloon with an 
altitude of 5,000 feet. With her parachute on, Freda has 
a mass of 75 kg, so that b = 15 kg/sec. How far (to the 
nearest foot) will Freda fall in 5 seconds? Compare this 
with the answer you get by disregarding air resistance. 


b. What downward velocity (to the nearest ft/sec) does 
Freda have after she has fallen for 2 seconds? For 
5 seconds? Compare these answers with the answers 
you get by disregarding air resistance. 


c. Find Freda’s downward velocity after falling for 20, 
22, and 25 seconds. (Without air resistance, Freda 
would hit the ground in less than 18 seconds.) Note 
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that Freda’s velocity increases only slightly. This is 
because for a large enough velocity, the force of air 
resistance almost counteracts the force of gravity; after 
Freda has been falling for a few seconds, her velocity 
becomes nearly constant. The constant velocity that a 
falling object approaches is called the terminal velocity. 
Terminal velocity = om 


b 
Find Freda’s terminal velocity for her practice dive. 


d. In Freda’s show, she dives from a hot-air balloon with 
an altitude of only 550 feet, and pulls her ripcord 
when her velocity is 100 feet per second. (She can’t tell 
her speed, but she knows how long it takes to reach 
that speed.) It takes a fall of 80 more feet for the chute 
to open fully, but then the chute increases the force of 
air resistance, making b = 80. After that, Freda’s 
velocity approaches the terminal velocity of an object 
with this new b-value. 

To the nearest hundredth of a second, how long 
should Freda fall before she pulls the ripcord? To the 
nearest foot, how close is she to the ground when she 
pulls the ripcord? How close to the ground is she when 
the chute takes full effect? At what velocity will Freda 
hit the ground? 


Project 2 


If an object at temperature 7, is surrounded by a constant 
temperature 7, (for instance, an oven or a large amount of 
fluid that has a constant temperature), the temperature of 
the object will change with time ¢ according to the formula 


T(t) = T, + (MT — Te“ 


This is Newton’s law of cooling and warming. The number & 
is a constant that depends on how well the object absorbs 
and dispels heat. 

In the course of brewing “yo ho! grog,” the dread 
pirates of Hancock Isle have learned that it is important 
that their rather disgusting, soupy mash be heated slowly 
to allow all of the ingredients a chance to add their partic- 
ular offensiveness to the mixture. However, after the 
mixture has simmered for several hours, it is equally 
important that the grog be cooled very quickly, so that it 
retains its potency. The kegs of grog are then stored in a 
cool spring. 


836 CHAPTER 11 Exponential and Logarithmic Functions 


By trial and error, the pirates have learned that by 
placing the mash pot into a tub of boiling water (100° C), 
they can heat the mash in the correct amount of time. 
They have also learned that they can cool the grog to the 
temperature of the spring by placing it in ice caves for 
1 hour. 


REVIEW 


Chapter 11 


With a thermometer, you find that the pirates heat the 
mash from 20° C to 95° C and then cool the grog from 
95° C to 7° C. Calculate how long the pirates cook the 
mash, and how cold the ice caves are. Assume that k = 0.5, 
and ¢ is measured in hours. 


DEFINITIONS AND CONCEPTS EXAMPLES 


An exponential function with base 5 is defined by 
the equation 


fay =b (b6>0,b #1) 


Graph f(x) = 4° and f(x) = (3) . 


> 


Fix) =/4"| 


x 


f(x) = (GG) 


Increasing/decreasing functions: 
The graph of f(x) = b* is an increasing function if 
b> 1 and decreasing if 0 <b <1. 


The graph of f(x) = 4° is an increasing function because as x gets larger, f(x) 
also gets larger. 


The graph of f(x) = (4) is a decreasing function because as x gets larger, 
f(x) gets smaller. 


Graphing translations: 

Graphing a translation of an exponential function 
follows the same rules as for polynomial 
functions. 


Graph f(x) = 4° — 2 and f(x) = 4°77. 
The graph of f(x) = 4* — 2 is the same as the graph of f(x) = 4° but shifted 
2 units down. 


The graph of f(x) = 4* 7 is the same as the graph of f(x) = 4* but 
shifted 2 units to the right. 


Compound interest: 

The amount of money in an account with an 
initial deposit of $P at an annual interest rate of 
r%, compounded k times a year for ¢ years, can be 


found using the formula A = P(A + rye 
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To find the balance in an account after 3 years when $5,000 is deposited at 
6% interest, compounded quarterly, we note that 


P = 5,000 r = 0.06 k=4 t=3 


We can substitute these values into the formula for compound interest and 
proceed as follows: 


A(3) 
A= 5,000( | + a) 
4 
A = 5,000(1 + 0.015)'” 
A = 5,000(1.015)!” 


A = 5,978.090857 Use a calculator. 


There will be $5,978.09 in the account after 3 years. 


REVIEW EXERCISES 
Use properties of exponents to simplify. 
ee hee a (ove re 


Graph the function defined by each equation. 


(1) 


y 
A 


3B y=3* 


id 


6. Give the domain and range of the function f(x) = b”. 


Graph each function by using a translation. 


1 x 1 x+2 
7. f(x) = () =3 8. f(x) = () 


y y 
A 


and (1, y). Find x and y. 


DEFINITIONS AND CONCEPTS 


5. The graph of f(x) = 6° will pass through the points (0, x) 


SECTION 11.2 


9. Savings How much will $10,500 become if it earns 9% per 
year for 60 years, compounded quarterly? 


EXAMPLES 


€ ~ 2.71828182845904 


Continuous compound interest: 

The amount of money 4 in an account with an 
initial deposit of $P at an annual interest rate of 
r%, compounded continuously for ¢ years, can be 
found using the formula 


A = Pe™ 


To find the balance in an account after 3 years when $5,000 is deposited at 
6% interest, compounded continuously, we note that 


P = 5,000 r = 0.06 t=3 


We can substitute these values into the formula_.A = Pe” and simplify to 
obtain 


A = Pe™ 

A = 5,000e°°° 

A = 5,000e°'8 

A = 5,986.09 Use a calculator. 


There will be $5,986.09 in the account. 
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Malthusian population growth: To find the population of a town in 5 years with a current population of 4,000 
The same formula for continuous compound and a growth rate of 1.57%, we note that 
interest is used for population growth, where A is P = 4,000 r= 0.015 t=5 
the new population, P is the previous population, 
r is the growth rate, and ¢ is the number of years. We can substitute these values into the formula A = Pe” to obtain 
A = Pe" A = Pe" 


A = 4,000e°° 
A = 4,000e°°”° 
A = 4,311.54 Use a calculator. 


There will be about 4,312 people in 5 years. 


Radioactive decay: The radioactive material radon-22 decays with a rate of k = —0.181t, where ¢ 
The formula 4 = Age“ can be used to determine is in days. To find how much radon-22 will be left if a sample of 100 grams 
the amount of material left (A) when an initial decays for 30 days, we can substitute the values into the radioactive decay 
amount (Ao) has been decaying for ¢ years at a formula and proceed as follows: 
rate of k. The value of k in this type of problem é 
will be negative. A = Age 

A= 100e7 21816 

A= 100e°* 


A = 4383095803 Use a calculator. 


There will be approximately 0.44 grams remaining. 


REVIEW EXERCISES 


10. If $10,500 accumulates interest at an annual rate of 13. U.S. population The population of the United States 
9%, compounded continuously, how much will be in is approximately 275,000,000 people. Find the popula- 
the account in 60 years? tion in SO years if A = 0.015. 
Graph each function. 14. {wW] Radioactive decay The radioactive material stron- 
11. f(x) =e*+1 12. f(x) =e"? +8) tium-90 decays according to the formula 
5 y A = Age °°***", where t is expressed in years. To the 
A A nearest hundredth, how much of the material will remain if 


a sample of 50 grams decays for 20 years? 


> xX 


SECTION 11.3 


DEFINITIONS AND CONCEPTS EXAMPLES 
If b > Oand db # 1, then y = log; 27 is equivalent to 27 = 3”. 
y =log,x means x =" Since log, x = 2 is equivalent to x = 4°, we have x = 16. 


Since log, 32 = x is equivalent to 32 = 2* or 2° = 2*, we have x = 5. 


Since log, 64 = 3 is equivalent to 64 = x* or 4° = x, we have x = 4. 


REVIEW EXERCISES Find each value. 

15. Give the domain and range of the logarithmic function 1 1 1 
y= log, x. 17. O83 9 18. O89 3 

16. Explain why the functions y = b* and y = log, x are called 19. log, 1 20. log; 0.04 
inverse functions. 21. log, Va 22. log, Wa 
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Find the value of x. Graph each pair of equations on one set of coordinate axes. 
= = : Ne 
23. logs x = 5 24. logy3x = 4 37. y = 4° and y = logy x 38. p= (5) and 
25. logyzx = 6 26. logy; 10 = x 3 
1 y = logiy3 x 
27. log. 2 = -= 28. log, 32 = 5 
3 y y 
1 A 
29. logo 25 x=-l 30. logo 125 ho = 
31. logy7z32 =x 32. logysx = —4 
33. logy39V3 = x 34. logys5V5 = x a >x 
Graph each function. 
35. f(x) = log(x — 2) 36. f(x) =3 + logx 
- i 39. dB gain An amplifier has an output of 18 volts when the 


input is 0.04 volt. Find the dB gain. 

40. Earthquakes An earthquake had a period of 0.3 second 
and an amplitude of 7,500 micrometers. Find its measure 
on the Richter scale. 


> XxX 


SECTION 11.4 


DEFINITIONS AND CONCEPTS EXAMPLES 


In x means log, x. Use a calculator to evaluate In 5.89. 


In 5.89 ~ 1.7732 


Population doubling time: To find the time it takes for the population of a colony to double if the 
growth rate is 1.5% per year, substitute 0.015 into the formula for doubling 
ket In2 time: 
A=Aoe“ or t=— ime. 
> 
In 2 
t=— 
r 
es In 2 
0.015 


t ~ 46.2098 Use a calculator. 


The colony will double in population in about 46 years. 


REVIEW EXERCISES Graph each function. 

Use a calculator to find each value to four decimal places. 45. f(x) =1+Inx 46. f(x) = In(x + 1) 
41. In 452 42. In (log 7.85) z 7 
Find x. 
43. In x = 2.336 44. In x = log 8.8 


> XxX 


> xX 


47. U.S. population How long will it take the population of 
the United States to double if the growth rate is 3% per 
year? 
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SECTION 11.5 


DEFINITIONS AND CONCEPTS EXAMPLES 
Properties of logarithms: 
If b is a positive number and b # 1, 
1. log, 1 =0 1. log, 1 = 0 because b= 1, 
2. log, b = 1 2. log, b = 1 because b' = b. 
3. log, bX = x 3. log, b* = x because b* = b*. 
4, poe * = x 4. b'°&* = x because b” = x and y = log, x. 
5. log, MN = log, M + log, N 5. logs xy = logs x + logs y 
M x 
6. log, Wo log, M — log, N 6. logs 7 = logs x — logs y 
7. log, M” = plog, M 7. logs x° = 3 logs x 
8. If log, x = log, y, then x = y. 8. If log; x = log; 9, then x = 9. 
Change-of-base formula: To evaluate log, 16, substitute 7 and 16 into the change-of-base formula. 
log, 1 16 
log, y = oe log, 16 = ie = 1.4248 Use a calculator. 
or 
In 16 
log, 16 = a ~ 1.4248 Use acalculator. 
In7 

REVIEW EXERCISES | 
Simplify each expression. Bhs log, x + 3 logs y — 7 logy z 
48. log; | 49. log; 7 Assume that log a = 0.6, log b = 0.36, and log c = 2.4. Find the 
50. log, 7° 51, 70874 value of each expression. 
Simplify each expression. 62. log abc 63. log a’b 
52. Ine* 53. Inl ae £ 
54, 10!°807 55, 2°? Oat 0; 105 aa 
56. log, b* 57. Ine” é ae Beas 
Write each expression in terms of the logarithms of x, y, and z. 66. To four decimal places, find logs 17. ee 

243 67. pH of grapefruit The pH of grapefruit juice is about 3.1. 
58. log, —— Find its hydrogen ion concentration. 
59. log, — 68. Find the decrease in loudness if the intensity is cut in half. 

yz 
Write each expression as the logarithm of one quantity. 
60. 3 log, x — 5 log, y + 7 log, z 
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SECTION 11.6 


DEFINITIONS AND CONCEPTS EXAMPLES 
Solving exponential and logarithmic equations: 
If the bases of an exponential equation are the 1. Solve each equation. 
same, set the exponents equal. a = 37! 
(3°y* = axl 
328 = 37-1 
2x=x-1 
xe =! 
If the bases of an exponential equation are not b. 9* = 5 
the same, take the logarithms of both sides. Then In(9*) = In 5 Take the natural logarithm of both sides. 
use the properties of logarithms to solve for the / : i 
variable. xIn9 =1n5 The logarithm of a power is the power times the 
logarithm. 
In 5 me : 
x =—— Divide both sides by In 9. 
In9 


: : : x = .7325  Useacalculator. 
Use the properties of logarithms to combine mul- 


tiple logarithms into a single logarithm. c. logs (x + 1) + logs (x — 1) = 3 
logs [(x + 1)(x — 1)] = 3 Write as a single logarithm. 
logs (x* — 1) = 3 Multiply inside the brackets. 
2? =x*—1 Write as an exponential 


expression. 


8=x°—1 Simplify. 


9= x Add | to both sides. 
x = 3,-3 Take the square root of both 
sides. 


Since 3 checks, it is a solution. Since —3 does not check, it is extraneous. 


REVIEW EXERCISES log(7x — 12) _ > 


Solve each equation for x. If an answer is not exact, round to four 78 log x 


decimal places. 79. log x + log(x — 5) = log6 


eet 70. 5*** = 625 80. log 3 — log(x — 1) = —1 
71, 25 = 5.5(1.05)' 72. 47°! = 64 a1"? =9 
73. 2° =3°' 82. In x = In(x — 1) 
2 1 83. Inx = In(x - 1) + 1 
a aie S 84. In x = logig x (Hint: Use the change-of-base formula.) 


Solve each equation for x. 


75. log x + log(29 — x) = 2 85. Carbon-14 dating A wooden statue found in Egypt has a 

76. logs x + logs (x — 2) = 3 carbon-14 content that is two-thirds of that found in living 

77. logs (x + 2) + logs (x — 1) = 2 wood. If the half-life of carbon-14 1s 5,730 years, how old 
is the statue? 
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TEST 


Chapter 11 


Exponential and Logarithmic Functions 


Graph each function. 
ile ea) = 2 =P Il 


y 
A 


egies 


caw) 


Solve each equation. 


3. Radioactive decay A radioactive material decays according 
to the formula 4 = Ao(2)‘. How much of a 3-gram sample 
will be left in 6 years? 

4. Investing An initial deposit of $1,000 earns 6% interest, 
compounded twice a year. How much will be in the account 
in one year? 

5. Graph the function f(x) = e”. 


y 
A 


> xX 


6. Investing An account contains $2,000 and has been 
earning 8% interest, compounded continuously. How much 
will be in the account in 10 years? 


Find the value of x. 
7. logy 16 = x 8. log, 81 = 4 
9. log; x = —3 10. log, 100 = 2 


9) 
11, logs 4 Sa 1% logs/3 x =-—3 


Graph each function. 
13. f(x) = —log; x 
y 


y 
A 
> XxX > xX 


14. f(x) =Inx 


Write each expression in terms of the logarithms of a, b, and c. 
15. log abc? 


jen 
bec 


Write each expression as a logarithm of a single quantity. 


1 
17. 7 los(a BP) ap Woy le) = Briley 


1 
18. 3 log 4 — 2logb) — loge 


Assume that log 2 ~ 0.3010 and log 3 ~ 0.4771. Find each value. 
Do not use a calculator. 


20. log i 


19. log 24 
og 3 


Use the change-of-base formula to find each logarithm. Do not 
simplify the answer. 


21. log, 3 22. log, e 


Determine whether each statement is true. If a statement is not 
true, explain why. 


23. log, ab = 1 + log, b 


1 
24. Bee 2 loga — logb 
logb 
1 
25. loga* = 
Hee 3 loga 


26. In(—x) = —Inx 

27. Find the pH of a solution with a hydrogen ion concentra- 
tion of 3.7 x 10°’. (Hint: pH = —log[H*].) 

28. Find the dB gain of an amplifier when Eg = 60 volts and 
E,= 0.3 volt. (Hint: dB gain = 20 log(E9/E)).) 

Solve each equation. Do not simplify the logarithms. 

29. 5* =3 30. 3*-* = 100* 


Solve each equation. 
31. log(Sx + 2) = log(2x + 5) 
32. log x + log(x — 9) = 1 


>) ©Shutterstock.com/andrej pol 
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Conic Sections and 
More Graphing 


12.1 The Circle and the Parabola 
12.2 The Ellipse 
12.3 The Hyperbola 


12.4 Piecewise-Defined Functions and the Greatest 
Integer Function 


M Projects 
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CHAPTER TEST 
CUMULATIVE REVIEW EXERCISES 


Careers and Mathematics 


WATER TRANSPORTATION 


OCCUPATIONS 


The movement of cargo and passengers between nations 
depends on workers in the water transportation 
occupations, also known on commercial ships as 
merchant mariners. They operate and maintain deep- 
sea merchant ships, tugboats, ferries, and 
excursion vessels. 
Water 
transportation 
workers held more 
than 84,000 jobs in 
2006. About 

17 percent worked in 
inland waters, primarily 
the Mississippi River 
system, 23 percent 
worked on the deep seas 
and the Great Lakes, and 
another 24 percent were 
employed in harbor 
operations. 


In this chapter > 


We have seen that the graphs of linear functions are 
straight lines, and that the graphs of quadratic 
functions are parabolas. In this chapter, we will 
discuss some special curves, called conic sections. 
Then we will discuss piecewise-defined functions and 
step functions. 
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The Circle and the Parabola 


GD Find the center and radius of a circle given an equation in standard 
and general form. 


® write an equation of a circle in general form given the center 
and the radius. 


&} Solve an application problem involving a circle. 
@3 Graph a parabola of the form x = (y — kK)? +h. 
© Solve an application problem involving a parabola. 


Objectives 


Vocabulary 


Square each binomial. 
1. (x - 2) 2. (x + 4y 
What number must be added to each binomial to make it a perfect square trinomial? 


3. x7 + 9x 4. x° — 12x 


Getting Ready 


In this chapter, we will introduce a group of curves, called conic sections. 

The graphs of second-degree equations in x and y represent figures that were investi- 
gated in the 17th century by René Descartes (1596-1650) and Blaise Pascal (1623-1662). 
Descartes discovered that graphs of second-degree equations fall into one of several cat- 
egories: a pair of lines, a point, a circle, a parabola, an ellipse, a hyperbola, or no graph 
at all. Because all of these graphs can be formed by the intersection of a plane and a 
right-circular cone, they are called conic sections. See Figure 12-1 on the next page. 

In this first section, we will discuss the circle and extend the discussion of parabolas. 
In Section 12.2, we will discuss the ellipse, and in Section 12.3, we will discuss the hyper- 
bola. 
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A point A hyperbola air of lines 


A parabola 


Figure 12-1 


@ Find the center and radius of a circle given an equation 


in standard and general form. 
A circle is one of the most common of the conic sections. Everyone knows about circular 
wheels and gears, pizza cutters, and Ferris wheels. Because of their importance, we will 


begin the study of conic sections with the circle. 
Every conic section can be represented by a second-degree equation in x and y. To 


find the form of an equation of a circle, we use the following definition. 


A circle is the set of all points in a plane that are a fixed distance from a point, called 


The Circle 
its center. 
The fixed distance is the radius of the circle. 


To develop the general equation of a circle, we must write the equation of a circle 
with a radius of r and with center at some point C(h, k), as in Figure 12-2. This task is 
equivalent to finding all points P(x, y) such that the length of line segment CP is r. We can 


rd use the distance formula to find r. 
rm) r=V(x-hyt+(y—- ky 
es We then square both sides to obtain 


dQ) P= -hP +(—y-—kY 
Equation | is called the standard form of the equation of a circle with radius r and 


Figure 12-2 
center at the point with coordinates (A, x). 


Standard Form of the Any equation that can be written in the form 


Equation of a Circle 2 2) 
eS by ar @aekhy =r 
with Center at (h, k) ( rere 
has a graph that is a circle with radius r and center at point (A, x). 
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Standard Form of the 
Equation of a Circle 
with Center at (0, 0) 


EXAMPLE 1 


Solution 


Figure 12-4 


If r = 0, the graph reduces to a single point called a point circle. If r* < 0, a circle 
does not exist. If both coordinates of the center are 0, the center of the circle is the 
origin. 


Any equation that can be written in the form 


e+ypar 


has a graph that is a circle with radius r and center at the origin. 


Find the center and the radius of each circle and then graph it. 
a (x -4" +(y-1P =9 boty =25 « (xt 3Pt+y=12 


a. It is easy to determine the center and the radius of a circle when its equation is 
written in standard form. 
(x- 4" +Q-1° =9 
t t t 
(x-hY +(yy-kWP =r 
The center of the circle is (h, k) = (4, 1) and the radius is 3. 
To plot four points on the circle, we move up, down, left, and right 3 units from 


the center, as shown in Figure 12-3(a). Then we draw a circle through the points to 
get the graph of (x — 4)* + (y — 1)? = 9, as shown in Figure 12-3(b). 


h=4,k = 1,andr° = 9. Since the radius of a circle 
must be positive, r = 3. 


y y 

(4,4) 
rs4}* + (y- 1)? =9 

(1, |D (7 I) 
> xX > XxX 
(4,-2) 
(a) (b) 
Figure 12-3 


b. To verify that the center of the circle is the origin, we can write x” + y? = 25 in the 
following way: 


(x — 0)? + (y — 0 = 25 
t t t 
h k rr 


h = 0,k = 0, and r* = 25. Since the radius of a circle 
must be positive, r = 5. 


This shows that the center of the circle is at (0, 0) and the radius is 5. 

To plot four points on the circle, we move up, down, left, and right 5 units from the 
center. Then we draw a circle through the points to get the graph of x7 + y? = 25, as 
shown in Figure 12-4. 


c. To determine / in the equation (x + 3)? + y* = 12, it is helpful to write x + 3 as 
x = (=3): 


y 
wi3yr ey i2h 


Figure 12-5 


SELF CHECK 1 


General Form of the 
Equation of a Circle 


EXAMPLE 2 


Solution 


>< 


xv +y—4x 4 2y =20 


Figure 12-6 


SELF CHECK 2 
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Standard form requires 
a minus symbol here. 


{ 
[x — (-3)? + GV — 0)? = 12 
t t t 
h k r 


k= =3,k = 0,and?r = 12; 


If r? = 12, by the square root property 

r=+V12= +2V3 

Since the radius can’t be negative, we get r = 2/3. The center of the circle is at 
(—3, 0) and the radius is a4. 

To plot four points on the circle, we move up, down, left, and right 2V3 =~ 3.5 


units from the center. Then we draw a circle through the points to get the graph of 
(x + 3)? + y* = 12, as shown in Figure 12-5. 


Find the center and the radius of each circle and then graph it. 
a(x —-3P +0 +47 =4 b. x+y =8 


Another important form of the equation of a circle is called the general form of the 
equation of a circle. 


The equation of any circle can be written in the form 


vr?+y+Dx+ Ey+F=0 


Graph: x* + y* — 4x + 2y — 20=0. 


Since the equation matches the general form of the equation of a circle, we know that 
its graph will be a circle. To find its center and radius, we must complete the square on 
both x and y and write the equation in standard form. 
x + y — 4x + 2y = 20 Add 20 to both sides. 
x? — 4x + y*? + 2y = 20 
To complete the square on x and y, add 4 and | to both sides. 
xe -4xt¢44+ y+ 2y4+1=20444+1 
(x — 2 + (y + 1)? = 25 
(- 2 +fy-(CpPr=5 


Factor x7 — 4x + 4and y? + 2y + 1. 


We can now see that this result is the standard equation of a circle with a radius of 5 
and center at h = 2 and k = —1. If we plot the center and draw a circle with a radius 
of 5 units, we will obtain the circle shown in Figure 12-6. 


Write the equation x7 + y? + 2x — 4y — 11 = Oin standard form and graph it. 
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EXAMPLE 3 


Solution 


Ey SELF CHECK 3 


Write an equation of a circle in general form given the center 
and the radius. 


Find the general form of the equation of the circle with radius 5 and center at (3, 2). 


We substitute 5 for r, 3 for h, and 2 for k in the standard form of a circle and proceed 
as follows: 
(x -hP +(y-kP =r 
(x- 37 +(-2~ = 
x -— 6x t+ 9+ y—4y4+4=25 (e-3P =x - 6x4 9 (y-2WPH=y~P—4y +4 
r+ y- 6x - 4y -12=0 Subtract 25 from both sides and simplify. 


The general form of the equation is x* + y* — 6x — 4y — 12 = 0. 


Find the general form of the equation of the circle with radius 6 and center at (2, 3). 


ACCENT ON TECHNOLOGY 


Graphing Circles 


Since the graphs of circles fail the vertical line test, their equations do not represent func- 
tions. It is somewhat more difficult to use a graphing calculator to graph equations that are 
not functions. For example, to graph the circle described by (x — 1)? + (y — 2)? = 4, we 
must split the equation into two functions and graph each one separately. We begin by 
solving the equation for y. 
(x- 1° +Q- 27 =4 
(vy - 2° =4-(x- 1/7 Subtract (x — 1)? from both sides. 
Pa 2 = 2 Wel = Ge i). Use the square-root property. 
yp S 2 ee We) = (= 1)° Add 2 to both sides. 


This equation defines two functions. If we use window settings of [—3, 5] for x and 
[-3, 5] for y and graph the functions 


y=2+V4-(*-1% and y=2-V4-(*-1)7 


we get the distorted circle shown in Figure 12-7(a). To get a better circle, graphing cal- 
culators have a squaring feature, ZSquare, that gives an equal unit distance on both the 
x- and y-axes. After using this feature, we get the circle shown in Figure 12-7(b). 


(x- 1)? +(y-2) =4 r| «- 1)? +0-2)=4 


aa Nm 


Figure 12-7 
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3 | Solve an application problem involving a circle. 


EXAMPLE 4 


Solution 


TELEVISION TRANSLATORS The broadcast area of a television station is bounded by 
the circle x* + y* = 3,600, where x and y are measured in miles. A translator station 
picks up the signal and retransmits it from the center of a circular area bounded by 
(x + 30)? + (y — 40)? = 1,600. Find the location of the translator and the greatest 
distance from the main transmitter that the signal can be received. 


The coverage of the television station is bounded by x* + y* = 60°, a circle centered at 
the origin with a radius of 60 miles, as shown in Figure 12-8. Because the translator is 
at the center of the circle (x + 30)? + (y — 40)? = 1,600, it is located at (—30, 40), a 
point 30 miles west and 40 miles north of the television station. The radius of the 
translator’s coverage is V 1,600, or 40 miles. 

As shown in the figure, the greatest distance of reception is the sum of A, the dis- 
tance from the translator to the TV station, and 40 miles, the radius of the translator’s 
coverage. 

To find A, we use the distance formula to 
find the distance between (x,, y;) = (—30, 40) 
and the origin, (x2, y2) = (0, 0). (x + 30)? + (y- 40)? - 1,600 


A= V(x — mY + (1 — y2)" 
A= V(-30 — 0)? + (40 — 0° 
= V(—-30)" + 402 
= V2,500 
= 50 


Figure 12-8 


Since the translator is 50 miles from the TV station and it broadcasts the signal an 
additional 40 miles, the greatest reception distance is 50 + 40, or 90 miles. 


Graph a parabola of the form x = (y — k)? + h. 


Parabolas can be rotated to generate dish-shaped surfaces called paraboloids. Any light 
or sound placed at the focus of a paraboloid is reflected outward in parallel paths, as 
shown in Figure 12-9(a). This property makes parabolic surfaces ideal for flashlight and 
headlight reflectors. It also makes parabolic surfaces good antennas, because signals cap- 
tured by such antennas are concentrated at the focus. Parabolic mirrors are capable of 
concentrating the rays of the Sun at a single point and thereby generating tremendous 
heat. This property is used in the design of solar furnaces. 

Any object thrown upward and outward travels in a parabolic path, as shown in 
Figure 12-9(b). In architecture, many arches are parabolic in shape, because this gives 
strength. Cables that support suspension bridges hang in the form of a parabola. (See 
Figure 12-9(c).) 
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Parabolas 


bs) 


———— 
(c) 


(a) (b) 
Figure 12-9 


We have seen that equations of the form y = a(x — hy + k, with a # 0, represent 
parabolas with the vertex at the point (h, k). They open upward when a > 0 and down- 
ward when a < 0. 

Equations of the form x = a(y — k)? +h (a # 0), also represent parabolas with 
vertex at point (h, k). However, they open to the right when a > 0 and to the left when 
a <0. Parabolas that open to the right or left do not represent functions, because their 
graphs fail the vertical line test. 

Standard equations of many parabolas are summarized in the following table. 


Equations of Parabolas Parabola opening Vertex at origin Vertex at (h, k) 
Up y=ax (a>0) y=a(x—-hy +k (a>0) 
Down y=ax (a<0) y=ax-hP +k (<0) 
Right x=ay @=0) x=av—h +h @=90) 
Left x=ay (a<0) x=ay—-kP +h (a<0) 


EXAMPLES Graph: a. x = a ne ee 


Solution a. We can make a table of ordered pairs that satisfy the equation, plot each pair, and 
draw the parabola, as in Figure 12-10(a). Because the equation is of the form 
x = ay’ with a > 0, the parabola opens to the right and has its vertex at the origin. 


b. We can make a table of ordered pairs that satisfy the equation, plot each pair, and 
draw the parabola, as in Figure 12-10(b). Because the equation is of the form 
x =a(y—k)? +h (a< 0), the parabola opens to the left and has its vertex at the 
point with coordinates (3, 2). 


= 13 

a= oe x= —Ay — 2° +3 A 
x | y | (x, y) x |» | (x, y) X==2 y= 2)" +3 
0) 0] (0,0) —5 | 0| (—5S, 0) 
2} 2] (2,2) 1,1/d0,) 3,2) 
2] —2) (2, —2) 3 | 2 | (3, 2) 
8| 4] (8,4) 1 3), 3) 
8 | —4 | (8, —4) —5} 4] (—5, 4) x 


Figure 12-10 


SELF CHECK 5 


General Form of the 
Equation of a Parabola 
That Opens Upward 
or Downward 


General Form of the 
Equation of a Parabola 


That Opens Left 
or Right 


EXAMPLE 6 


Solution 


SELF CHECK 6 


Graph: x = }(y — 1)? - 2. 


12.1 


The general forms of the equations of a parabola are as follows: 


The general form of the equation of a parabola that opens upward or downward is 


y=ax'+bxt+ec (a#0) 


If a > 0, the parabola opens upward. If a < 0, the parabola opens downward. 


The general form of the equation of a parabola that opens to the left or to the right is 


x=ayt+by+c (a#0) 


If a > 0, the parabola opens to the right. If a < 0, the parabola opens to the left. 


Graph: x = —2y* + 12y — 15. 


This equation is the general form of a parabola that opens left or right. Since a = —2 
and —2 < 0, the parabola opens to the left. To find the coordinates of its vertex, we 


write the equation in standard form by completing the square on y. 


x= —-2y? + 12y - 15 
Ay" — 6y) — 15 
= -2y° — 6y + 9) — 15 + 18 
= -Ay — 37 +3 


Because the equation is written in the form x = a(y — k)* + h, we can see that the 


Factor out —2 from —2y* + 12y. 
Subtract and add 18; —2(9) = —18. 


parabola has its vertex at (3, 3). The graph is shown in Figure 12-11. 


x= —2y* + 12y — 15 
x |y| @y) 
—§/ 1) (-5, 1) 
1| 2], 2) 
313 | (3, 3) 
1/4) (1,4) 
—5/5|(-5, 5) 


ABWNr 


y 


x= —dy* + 12y — 15 


(3, 3) 


> xX 


Figure 12-11 


Graph: x = 0.5y7 — y— 1. 


COMMENT To find the y-coordinate of the vertex for this horizontal parabola, we could 


for y and find x. 


just as well compute _— To find the x-coordinate, we could substitute the value of 2 


The Circle and the Parabola 
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5] Solve an application problem involving a parabola. 


EXAMPLE 7 GATEWAY ARCH The shape of the Gateway Arch in St. Louis is approximately a 
parabola 630 feet high and 630 feet wide, as shown in Figure 12-12(a). How high is the 
arch 100 feet from its foundation? 


Solution We place the parabola in a coordinate system as in Figure 12-12(b), with ground level 
on the x-axis and the vertex of the parabola at the point (h, k) = (0, 630). 


y 
A 


(0, 630) 


iF 630 ft >| (215, 0) 


Figure 12-12 
The equation of this downward-opening parabola has the form 
y=ax-hyP +k With a < 0. 
= a(x — 0 + 630 Substitute A = 0 and k = 630. 
= ax’ + 630 Simplify. 
Because the Gateway Arch is 630 feet wide at its base, the parabola passes through the 
point (32 0), or (315, 0). To find a in the equation of the parabola, we proceed as follows: 


y = ax’ + 630 
0 = a(315)° + 630 Substitute 315 for x and 0 for y. 
— 630 e 
3152 =a Subtract 630 from both sides and divide both sides by 315°. 
2 = Simplify: =630 .. 2 
315 = @ IMPULy; 3752 = 315° 


The equation of the parabola that approximates the shape of the Gateway Arch is 


2 2 
= -~—x? + 630 
4 315" es 


To find the height of the arch at a point 100 feet from its foundation, we substitute 
315 — 100, or 215, for x in the equation of the parabola and solve for y. 


2 5 
-~—_x? + 630 
ea a 


y 


2 
—>~~ (215) + 
315! 5)" + 630 


336.5079365 
At a point 100 feet from the foundation, the height of the arch is about 337 feet. 
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SELF CHECK ANSWERS 

1. a. 3,-4),2 0» b. (0,0), 2V2 y 2. (x + 1) + (y — 27 = 16 . 

ety 38 

x 
(3) 4044) =4 eo 
> Xx 
Bx +y—4x—-6y-23=0 5 6. y x+y? +2x—4y-11=0 
> X 
x=0.5y7—ly +1 


12.1 EXERCISES 


. The equation 4y* + (4x — l)y + x? — Sx — 3 = Ois an equation for a parabola that is 


2: 


neither vertical nor horizontal. Use the quadratic formula to solve for y and then graph the 
equation with a calculator. (Hint: a = 4,b = 4x — 1, andc = x° — 5x — 3.) 


WARM-UPS 11. | 3x + 4| = [Sx — 2 | 12. | 6-—4x | =|x+2| 
Find the center and the radius of each circle. 
2 2_ a ee 
cee is el A VOCABULARY AND CONCEPTS Fill in the blanks. 
; ion 1 1 he intersection of a 
(eat ag = +04 1% = 13. A section is determined byt 
ie ie Mae 1g ae a ee a : plane and a right-circular cone. 
14. A is the set of all points in a that are a fixed 

Determine whether the graph of each parabola opens up or down distance from a given point. The fixed distance is called the 
or left or right. and the point is called the 

5. p= —-3x° -2 6. p=7x° — 5 15. The equation of the circle x* + (y — 3)’ = 16 isin 

7.x = -3y" 8. x = (y - 3) _________ form with the center at and a radius _. 


REVIEW Solve each equation. 


9. | 3x-4]| =11 10. 


16. The graph of the equation x7 + y* = Oisa : 

17. The equation x* + y? — 10x — 8y — 8 = Ois an equation 
= 12 of a written in form. 

18. The graph of y = ax’ (a> O0)isa with vertex 


at the that opens 


4 — 3x 
5 


854 CHAPTER 12 Conic Sections and More Graphing 


19. The graph of x = aly — 2)? +3 (a> O)isa 
with vertex at that opens tothe. 

20. The graph of x = ay — 1 —3 (a<O)isa 
with vertex at that opens to the ___. 


GUIDED PRACTICE 


Graph each equation and find the center and radius of the 
resulting circle. See Example 1. (Objective 1) 


2.x + yp =9 22.x° + y = 16 
Ba y 
A A 
ss] Se EEEEEEEEEEEEEEEEEEEEEEEI EERE 

23. (x -—2/ + yy =9 24. x° + (y - 37 =4 

y y 

A 

x 


27. (x+3P+(Qv-1P =16 28 (x- 1% +0 4+ 4" =9 


Graph each circle. Give the coordinates of the center and find the 
radius. See Example 2. (Objective 1) 
29. x+y +2x-8=0 30. x +) -4y=12 

y yy: 


31. 9x7 + 9? — 12yp =5 32. 4x° + 4y° + 4y = 15 


y 8 


> xX 


BB. x+y -2x+4y=-1 BA x ty + 4x + 2p =4 
y y 
A A 


> X 


> XxX 


Write the equation of the circle with the following properties in 
standard form and in general form. See Example 3. (Objective 2) 


37. Center at origin; radius 1 
38. Center at origin; radius 4 


39. Center at (6, 8); radius 5 
40. Center at (5, 3); radius 2 
41. Center at (—2, 6); radius 12 


42. Center at (5, —4); radius 6 


43. Center at the origin; diameter ano 


44. Center at the origin; diameter 8V3 


Find the vertex of each parabola and graph it. See Examples 5-6. 
(Objective 4) 


45.x=y)" 46.x=-y' +1 
y y 
> X > X 
__!o 542 
47. x= =a 48. x = 4y 
y BY 
> xX > xX 
2 |, 
49. y+ 4x-6y=-1 30. x= ay + 2y 
y J: 
> xX 
ooo 
51. p = 2x —- 1) +3 52. y= -2(x+ 1) +2 
y y 
A A 
> XxX 
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ADDITIONAL PRACTICE 
Graph each equation. 
53. x + (yt 3 = 54. (x+ 4° +y=1 
y y 
A A 
> X 
> XxX 
55.y=x+4x+5 56. p= —-x° - 2x +3 
y y 
x x 
57.y=—-x-xt1 58. x — 2y — 2x = -7 
J y 
x 
> xX 


AN) 
Fy Use a graphing calculator to graph each equation. 


59. 3x? + 3y? = 16 60. 2x* + 2y° = 9 
61. (x +1) + y? = 16 62. x + (vy - 2/7 =4 
63. x = 2y" 64. x = y —4 


65. x -2xt+y=6 66. x = —2(y — 1° +2 
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APPLICATIONS Solve each application. See Examples 4 and 7. 
(Objectives 3 and 5) 


67. Meshing gears For design purposes, the large gear is the 
circle x* + y? = 16. The smaller gear is a circle centered at 
(7, 0) and tangent to the larger circle. Find the equation of 
the smaller gear. 


68. Width of a walkway The following walkway is bounded by 
the two circles x7 + y” = 2,500 and (x — 10)? + y* = 900, 
measured in feet. Find the largest and the smallest width of 
the walkway. 


69. Broadcast ranges Radio stations applying for licensing 


may not use the same frequency if their broadcast areas 


overlap. One station’s coverage is bounded by 
x + y? — 8x — 20y + 16 = 0, and the other’s by 
e+ y + 2x + 4y — 11 = 0. May they be licensed for the 


same frequency? 


70. Highway design Engineers want to join two sections of 
highway with a curve that is one-quarter of a circle as 
shown in the illustration. The equation of the circle is 
x? + y? — 16x — 20y + 155 = 0, where distances are meas- 
ured in kilometers. Find the locations (relative to the center 
of town) of the intersections of the highway with State and 
with Main. 


New Highway 


“Main Street A 


71. Projectiles The cannonball in the illustration follows the 
parabolic trajectory y = 30x — x*. Where does it land? 


y (in feet) 
A 


a le 


x (in feet) 


72. Projectiles In Exercise 71, how high does the cannonball 
rise? 

73. Pathof acomet If the path of a comet is given by the 
equation 2y* — 9x = 18, how far is it from the Sun at the 
vertex of the orbit? Distances are measured in astronomical 
units (AU). 


74. Satellite antennas The cross section of the satellite 
antenna is a parabola given by the equation y = Be, with 


distances measured in feet. If the dish is 8 feet wide, how 
deep is it? 
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WRITING ABOUT MATH SOMETHING TO THINK ABOUT 
75. Explain how to decide from its equation whether the graph 77. From the values of a, h, and k, explain how to determine 
of a parabola opens up, down, right, or left. the number of x-intercepts of the graph of 


76. From the equation of a circle, explain how to determine the 


y=a(x—hy +k. 


radius and the coordinates of the center. 78. Under what conditions will the graph of x = a(y — k)? +h 


have no y-intercepts? 


The Ellipse 


GD Graph an ellipse given an equation in standard form. 
©} Graph an ellipse given an equation in general form. 
&} Solve an application problem involving an ellipse. 


Objectives 


Vocabulary 


Solve each equation for the indicated variable (a # 0, b # 0). 


2 2 
1. 3 = l for y 2. “7 = 1 for x 


Getting Ready 


A third conic section is an oval-shaped curve called an ellipse. Ellipses can be nearly 
round or they can be long and narrow. In this section, we will learn how to construct 
ellipses and how to graph equations that represent them. 

Ellipses have optical and acoustical properties that are useful in architecture and 
engineering. For example, many arches are portions of an ellipse, because the shape is 
pleasing to the eye. (See Figure 12-13(a).) The planets and many comets have elliptical 
orbits. (See Figure 12-13(b).) Gears are often cut into elliptical shapes to provide nonuni- 
form motion. (See Figure 12-13(c).) 
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Ellipses 


Arches Earth's orbit Gears 
(a) (b) (c) 
Figure 12-13 


Ga Graph an ellipse given an equation in standard form. 


The Ellipse An ellipse is the set of all points P in the plane the sum of whose distances from two 
fixed points is a constant. See Figure 12-14, in which d, + d> is a constant. 
Each of the two points is called a focus. Midway between the foci is the center of 
the ellipse. 


Figure 12-14 


We can construct an ellipse by placing two thumbtacks fairly close together, as in 
Figure 12-15. We then tie each end of a piece of string to a thumbtack, catch the loop 
with the point of a pencil, and, while keeping the string taut, draw the ellipse. 


all 


Figure 12-15 


Using this method, we can construct an ellipse of any specific size. For example, to 
construct an ellipse that is 10 inches wide and 6 inches high, we must find the length of 
string to use and the distance between thumbtacks. 

To do this, we will let a represent the distance between the center and vertex V, as 
shown in Figure 12-16(a) on the next page. We will also let c represent the distance 
between the center of the ellipse and either focus. When the pencil is at vertex V, the 
length of the string is c + a + (a — c), or just 2a. Because 2a is the 10 inch width of the 
ellipse, the string needs to be 10 inches long. The distance 2a is constant for any point on 
the ellipse, including point B shown in Figure 12-16(b). 


Sir Isaac Newton 
(1642-1727) 

Newton was an English scientist 
and mathematician. Because he 
was not a good farmer, he went 
to Cambridge University to 
become a preacher. When he 
had to leave Cambridge 
because of the plague, he made 
some of his most important dis- 
coveries. He is best known in 
mathematics for developing cal- 
culus and in physics for discov- 
ering the laws of motion. 
Newton probably contributed 
more to science and mathemat- 
ics than anyone else in history. 


EXAMPLE 1 


Solution 


12.2. The Ellipse 


B 
GES) 
(b) 


Figure 12-16 
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F ——SS ey, 


F 
c € a=c€ 
ear 
e @- 
1 


From right triangle BCF’ in Figure 12-16(b) and the Pythagorean theorem, we can 
find c as follows: 


c= VE-P 


Since distance } is one-half of the height of the ellipse, b = 3. Since 2a = 10, a = 5. We 
can now substitute a = 5 and b = 3 into the formula to find c: 


> 
cC=h+e or 


c= V5" — 3? 
= V25-9 
= V16 


Since c = 4, the distance between the thumbtacks must be 8 inches. We can construct the 
ellipse by tying a 10 inch string to thumbtacks that are 8 inches apart. 


To graph ellipses, we can make a table of ordered pairs that satisfy the equation, plot 
them, and join the points with a smooth curve. 


36 = 6 and 9 = 3°. 


After making a table of ordered pairs that satisfy the equation, plotting each of them, 
and joining the points with a curve, we obtain the ellipse shown in Figure 12-17. 

We note that the center of the ellipse is the origin, the ellipse intersects the x-axis 
at points (6, 0) and (—6, 0), and the ellipse intersects the y-axis at points (0, 3) and 
(0, —3). 


y 
x2 2 A 
et eel Sai 
x|y (x, y) << a 
—6| 0 |(—6,0) 
—4} 2.2 | (-4, +2.2) 
—2| +2.8 | (—2, +2.8) >x 
0; +3 | (0, +3) 
2| +2.8 | (2, +2.8) 
4) 42.2) (4, 2.2) 
6; 0 | (6,0) 


Figure 12-17 
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2 2 
EEQSeLFCHECK1 ©Graph: “> +72 = 1. 


Example | illustrates that the graph of 
ny 
a ob 


is an ellipse centered at the origin. To find the x-intercepts of the graph, we can let y = 0 
and solve for x. 


ae 
a hb? 
2 
F001 
a 
Car 
xXx=a or x=-a 


The x-intercepts are (a, 0) and (—a, 0). 


To find the y-intercepts, we let x = 0 and solve for y. 


2, 2 
ee ane 
a b° 

Da 

Wega = 

year 


The y-intercepts are (0, b) and (0, —5). 


In general, we have the following results. 


Equations of an Ellipse The equation of an ellipse centered at the origin, with x-intercepts at V;(a, 0) and 
Centered at the Origin V(—a, 0) and with y-intercepts of (0, b) and (0, —), is 
2 os 
_ + a =1 (a>b>0) See Figure 12-18(a) on the next page. 
a 


The equation of an ellipse centered at the origin, with y-intercepts at V;(0, a) and 
V,(0, —a) and x-intercepts of (b, 0) and (—4, 0), is 
2 2. 


at 5 =1 (@>b>0) See Figure 12-18(b). 
a 


bh? 


In Figure 12-18, the points V; and V, are the vertices of the ellipse, the midpoint 
of segment VV, is the center of the ellipse, and the distance between the center and 
either vertex is a. The segment V,V> is called the major axis, and the segment joining 
either (0, b) and (0, —5) or (b, 0) and (—8B, 0) is called the minor axis. 


Standard Equation 
of a Horizontal Ellipse 
Centered at (h, k) 


Standard Equation 
of a Vertical Ellipse 
Centered at (h, k) 
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es 


y V,(0, a) 


(-b, 0) (b, 0) 


V>(—a, 0) 


V,(0, —a) 


Figure 12-18 


The equations for ellipses centered at (h, k) are as follows. 


The equation of a horizontal ellipse centered at (A, k), with major axis parallel to the 
X-axis, 1S 


A} A} 
poo 
The equation of a vertical ellipse centered at (h, k), with major axis parallel to the 
y-axis, is 
9 GoM, =P 

b a 


l @PbeO 


( 1 @>b>0) 


EVERYDAY CONNECTIONS Eccentricity of an Ellipse 


Source: Eccentricity ys. semimajor axis for extrasolar planets. The 

75 planets shown were found in a Doppler survey of 1,300 FGKM main 
sequence stars using the Lick, Keck, and AAT telescopes. The survey was 
carried out by the California-Carnegie planet search team. 


http://exoplanets.org/newsframe.html 


In Figure 12-16(a) on page 859, the ratio of c to ais 


Lr Liew ar en Ff 1 if LS Ag | 
0.86 Lick, Keck, AAT 1 
a [ eo 
5 0.6 - ° e zi 1 
= e e ee 
ay ve 
E e e ef e 4 
ea e se ha 
3 sh e a0) 20 ee 
aI e e 
6 02: - « 
r er e .e 
L ¢ MY is sacs 
0.0 Be 8e eee arth Ome eo | 
0.1 1.0 


Semimajor Axis (AU) 


tricity is close to 1, the ellipse is relatively flat. If it is 
close to 0, the ellipse is more circular. Specifically, the 
eccentricity of a true circle equals 0. 

Use the data plot above to estimate how many of the 
75 planets shown follow orbits that are true circles. 


called the eccentricity of the ellipse. We can use the 
eccentricity of an ellipse to judge its shape. If the eccen- 


861 
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EXAMPLE 2 


Solution 


Fy SELF CHECK 2 


ACCENT ON TECHNOLOGY 


COMMENT To determine whether an ellipse is horizontal or vertical, look at the 
denominators in its standard equation. If the largest denominator is associated with the 
x-term, the ellipse will be horizontal. If the largest denominator is associated with the 
y-term, the ellipse will be vertical. 


Graph: 25(x — 2)? + 16(y + 3)? = 400. 


We first write the equation in standard form. 
25(x — 2) + 16(y + 3)? = 400 
25(x — 2)" | 16(y + 3)” _ 400 


400 400 400 Divide both sides by 400. 
= 9) 2 + 3/2 
“ 16 " u - = Simplify each fraction. 
G2) PACar 


This is the equation of a vertical ellipse centered at (h, k) = (2, —3) with major axis 
parallel to the y-axis and with b = 4 and a = 5. We first plot the center, as shown in 
Figure 12-19. Since a is the distance from the center to a vertex, we can locate the ver- 
tices by counting 5 units above and 5 units below the center. The vertices are at points 
(2, 2) and (2, —8). 

Since b = 4, we can locate two more points on the ellipse by counting 4 units to the 
left and 4 units to the right of the center. The points (—2, —3) and (6, —3) are also on 
the graph. 

Using these four points as guides, we can draw the ellipse. 


y 


(x- 2? , (+3? el 
"gg og 7 
x|y | Gy) 
2} 2) (2,2) aCiee! 61-3 
2|=8| G3) ale “eal 
6| —3| (6, —3) 


=2| =3 | (=2, =3) 


25(x = 2)? + 16(y + 3)? =400 


Figure 12-19 


Graph: 16(x — 1)? + 9y + 2)° = 144. 


To use a graphing calculator to graph 


Graphing Ellipses 


CAPO) OIE ee 
4 oS 


(continued ) 
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we first clear the fractions by multiplying both sides by 100 and solving for y. 


25(x + 2) + 4(y — 1) = 100 Multiply both sides by 100. 
A(y — 1)° = 100 — 25(x + 2)° Subtract 25(x + 2)* from 
both sides. 
100 — 25(x + 2)? 
@— iB = a ) Divide both sides by 4. 
V/100 — 25(x + 2) 
pel=2 5 Use the square-root property. 
V/100 — 25(x + 2) 
=l|]+ 5 & ) Add | to both sides. 


If we use window settings [—6, 6] for x and [—6, 6] for y and graph the functions 


V/100 — 25(x + 2) \/ 100 = 2566 2) 
and pel= 


=e 
” 2 2 


we will obtain the ellipse shown in Figure 12-20. 


(+2), G=1?_ 
> ae Gies 


Figure 12-20 
Another important form of the equation of an ellipse is called the general form. 


General Form of the The equation of any ellipse can be written in the form 
Equation of an Ellipse Ax + Cy + Dx + Ey + F=0 


We can use completing the square to write the general form of the equation of an 
ellipse. 


2] Graph an ellipse given an equation in general form. 


EXAMPLE3 Write 4x° + 9)* — 16x — 18y — 11 = 0 in standard form to show that the equation 
represents an ellipse. Then graph the equation. 


Solution We write the equation in standard form by completing the square on x and y: 
4x? + 9° — lox — 18y — 11 =0 
4x? + 9y* — 16x — 18y = 11 Add 11 to both sides. 


4x” — 16x + 9y" — 18y = 11 Use the commutative property to rearrange terms. 
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A(x? — 4x) + Wy" — 2y)= 11 Factor 4 from 4x7 — 16x and factor 9 from 9y” — 18y 
to get coefficients of 1 for the squared terms. 


A(x? — 4x + 4) + 9y? — 2y + 1) = 11 +1649 Complete the square to make x7 — 4x and y* — 2y 
perfect trinomial squares. Since 16 + 9 is added to 
the left side, add 16 + 9 to the right side. 


36 Factor x° — 4x + 4and y? — 2y + 1. 


A(x — 2) + %y - 17 


a2 eH 
9 4 


=1 Divide both sides by 36. 


Since this equation matches Equation | on page 861, it represents an ellipse with h = 2, 
k = 1|,a = 3, and b = 2. Its graph is shown in Figure 12-21. 


y 


> xX 


4x? +4/9y"|- 16x + 18y -11=0 


Figure 12-21 


FE SELF CHECK3 =©Graph: 4x7 — 8x + 9y? — 36y = —4. 


COMMENT To distinguish between an equation of an ellipse and an equation of a 
circle, look at the coefficients of the squared terms. If the coefficients are the same, the 
equation is the equation of a circle. If the coefficients are different, but both positive, the 
equation is the equation of an ellipse. 


(e) Solve an application problem involving an ellipse. 


EXAMPLE 4 LANDSCAPEDESIGN A landscape architect is designing an elliptical pool that will fit 
in the center of a 20-by-30-foot rectangular garden, leaving at least 5 feet of space on 
all sides. Find the equation of the ellipse. 


Solution We place the rectangular garden in a coordinate system, as in Figure 12-22 on the next 
page. To maintain 5 feet of clearance at the ends of the ellipse, the vertices must be the 
points V,(10, 0) and V2(—10, 0). Similarly, the y-intercepts are the points (0, 5) and 
(0, —5). 

The equation of the ellipse has the form 


with a = 10 and bd = 5. Thus, the equation of the boundary of the pool is 


2 2 


x yy 
100 25 
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(0, —10) 


|< 30 ft > 


Figure 12-22 


SELF CHECK ANSWERS 1. y D: y = 


> XxX 


Axt 18x 4 9)? £ 36y=|4 


x ae 2 
> =i (G1) Ee ai 
9 16 


1. If the vertices of an ellipse are (5, —1) and (5, 5) and the endpoints of the minor axis are 
(3, 2) and (7, 2), find the equation. 


2. The eccentricity of an ellipse is a If the eccentricity is 2 a = 3, and the center is located at 


(4, —1), find the equation of the horizontal ellipse. 


——— —— — 
I2.2EXERCISES i (tC —S—s 


i —————— 


WARM-UPS 
Find the x- and y-intercepts of each ellipse. Find the center of each ellipse. 

2 2 vs 2 =e 2. 2 2 a 1 2 
i ee 9. 4 =] go ay eee ae ee 


9 16. 25 36 9 16 25 36 
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REVIEW 
Find each product. 
5. 3x *y°(4x7 + 3y 7) 


> 


6. (2a-? — b-*)\(Qa* +b?) 


Write each expression without using negative exponents. 
Es] 


x? +y? 2x4 — 2p? 
7. 8. 
x “—-y 4x 


VOCABULARY AND CONCEPTS fill in the blanks. 


9. An is the set of all points in a plane the ____ of 
whose distances from two fixed points is a constant. 


10. The fixed points in Exercise 9 are the of the ellipse. 
11. The midpoint of the line segment joining the foci of an 


ellipse is called the of the ellipse. 


12. The graph of 5 + y =1 (a>b> 0) has vertices at 


, y-intercepts at , and eccentricity of _. 


2 > 
13. The center of the ellipse with an equation of a + ce = lis 


with the having a length of 2a and the 
minor axis having a length of __. 


14. The center of the ellipse with an equation of 


x-hY , W-k? _|; : 
& Zz m4 o 5 1 is the point ‘ 


GUIDED PRACTICE 
Graph each equation. See Example 1. (Objective 1) 

2 2 2 
15.--+2=1 16.32°+2-=1 
4 9 9 

y y 
A A 
ee ——————_—_—_ 
2 2: 2, 2: 

x y x y 
17.—+—=1 18. —+—=1 
9 16 25 36 
y y 
A A 


(2, 0) 


_ 42 ,—1/? 
21, & 2) me u) 


9 4 


y 


> xX 


=1 


x? »+ 1) 
$6, Dey 
25 36 
; 
> X 
(0,-1) 
_ 42 _ 22 
op er 
9 4 
y 
A 


Graph each equation. See Example 2. (Objective 1) 


23. x° + 9y =9 
y 


> xX 


25. 16x* + 4y" = 64 
y 
A 


> xX 


24. 25x7 + 9y? = 225 


y 


> XxX 


26. 4x° + 9y = 36 


y 
A 


> xX 


28. Ax — 5 + (y+ 2" =9 


y 


> XxX 


29. 25(x + 1)? + 9y* = 225 


y 
A 


30. 4(x — 6) + 25(y — 3)? = 100 


y 


Write each equation in standard form and graph it. See Example 3. 
(Objective 2) 
31. x7 + 4y? — 4x + 8y +4 =0 


y 
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32. x° + 4y" — 2x — loy = -13 


< 


> xX 


33. 9x° + 4y° — 18x + l6y = 11 
y 


34. 16x° + 25y* — 160x 


y. 
A 


200y + 400 = 0 


x 


ww) ADDITIONAL PRACTICE Use agraphing calculator to 


graph each equation. 
2 2 
35. o re ] =1 36. x2 + 16)? = 16 
x -1y x+1P (2 
eee ane se ge i 
9 9 4 


APPLICATIONS See Example 4. (Objective 3) 

39. Fitness equipment With elliptical cross-training equip- 
ment, the feet move through the natural elliptical pattern 
that one experiences when walking, jogging, or running. 
Write the equation of the elliptical pattern shown on the 
next page. 
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40. Pool tables Find the equation of the outer edge of the 
elliptical pool table shown below. Assume the red ball is at 
the focus. 


x 40in. 


|< 60 in, > 


41. Designing an underpass The arch of the underpass is half 
of an ellipse. Find the equation of the arch. 


42. Calculating clearance Find the height of the elliptical arch 
in Exercise 41 at a point 10 feet from the center of the 
roadway. 

43. Area of anellipse The area A of the ellipse 

2 2 
yy 
a b2 
is given by A = zrab. Find the area of the ellipse 
9x* + 16y? = 144. 
44. Area of atrack The elliptical track is bounded by the 


ellipses 4x7 + 9y* = 576 and 9x* + 25y? = 900. Find the 
area of the track. (See Exercise 43.) 


/ 9x? + 25y? = 900 


WRITING ABOUT MATH 
45. Explain how to find the x- and the y-intercepts of the graph 
of the ellipse 


xy 
c pb 


46. Explain the relationship between the center, focus, and 
vertex of an ellipse. 


SOMETHING TO THINK ABOUT 


47. What happens to the graph of sy + = 1whena =)? 


48. Explain why the graph of x7 — 2x + y? + 4y + 20 =0 
does not exist. 
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The Hyperbola 


GD Graph a hyperbola given an equation in standard form. 
®) Graph a hyperbola given an equation in general form. 
&} Graph a hyperbola of the form xy = k. 

@3 Solve an application problem involving a hyperbola. 


Objectives 


Vocabulary 


2) 2 
Find the value of y when ne - a = | and x is the given value. Give each result to the 


nearest tenth. 


1. x =6 eT] 


Getting Ready 


The last conic section, the hyperbola, is a curve with two branches. In this section, we will 
see how to graph equations that represent hyperbolas. 

Hyperbolas are the basis of a navigational system known as LORAN (LOng RAnge 
Navigation). (See Figure 12-23.) They are also used to find the source of a distress signal, 
are the basis for the design of hypoid gears, and describe the paths of some comets. 


Hyperbola 


Figure 12-23 
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The Hyperbola 


@ Graph a hyperbola given an equation in standard form. 


A hyperbola is the set of all points P in the plane for 
which the difference of the distances of each point from 
two fixed points is a constant. See Figure 12-24, in which 
d, — d> 1s aconstant. 

Each of the two points is called a focus. Midway 
between the foci is the center of the hyperbola. 


Figure 12-24 


The graph of the equation 


2 2: 
x sy 


25 9 


is a hyperbola. To graph the equation, we make a table of ordered pairs that satisfy the 
equation, plot each pair, and join the points with a smooth curve as in Figure 12-25. 


Py : 
25 9 alee 
x v (x, y) = +5(=1 
~7| +2.9| (-7, £2.9) 
—6 | +2.0| (-6, +2.0) - 
—-5| 0O |(-5,0) 
5] 0 | (5,0) 
6 | +2.0 | (6, =2.0) 
7|+42.9| (7, 2.9) 


Figure 12-25 


This graph is centered at the origin and intersects the x-axis at (5, 0) and (—5, 0). We 
also note that the graph does not intersect the y-axis. 

It is possible to draw a hyperbola without plotting points. For example, if we want to 
graph the hyperbola with an equation of 


a aa 

a b 
we first look at the x- and y-intercepts. To find y 
the x-intercepts, we let y = 0 and solve for x: 

x 0 24 

a b 

=a 
x=ta 


Thus, the hyperbola crosses the x-axis at the 
points V,(a, 0) and V3(—a, 0), called the ver- 
tices of the hyperbola. See Figure 12-26. 


Figure 12-26 


Equation of a Hyperbola 
Centered at the Origin 
with Vertices on the 
x-Axis 


Equation of a Hyperbola 
Centered at the Origin 
with Vertices on the 
y-Axis 


12.3. The Hyperbola 871 


To attempt to find the y-intercepts, we let x = 0 and solve for y: 


0? 2 
aa 
a b 
a —p 
ye +V—) 


Since b* is always positive, VV —b* is an imaginary number. This means that the 
hyperbola does not cross the y-axis. 

If we construct a rectangle, called the fundamental rectangle, whose sides pass hori- 
zontally through + } on the y-axis and vertically through + a on the x-axis, the extended 
diagonals of the rectangle will be asymptotes of the hyperbola. 


Any equation that can be written in the form 
Me 
Geb: 

has a graph that is a hyperbola centered at the origin, 

as in Figure 12-27. The x-intercepts are the vertices 

V,(a, 0) and V,(—a, 0). There are no y-intercepts. 
The asymptotes of the hyperbola are the 


extended diagonals of the rectangle shown in the 
figure. 


Figure 12-27 


The branches of the hyperbola in previous discussions open to the left and to the 
right. It is possible for hyperbolas to have different orientations with respect to the x- and 
y-axes. For example, the branches of a hyperbola can open upward and downward. In 
that case, the following equation applies. 


Any equation that can be written in the form 

vee any, 

Gee 
has a graph that is a hyperbola centered at the origin, 
as in Figure 12-28. The y-intercepts are the vertices 
V,(0, a) and V,(0, —a). There are no x-intercepts. 

The asymptotes of the hyperbola are the 
extended diagonals of the rectangle shown in the 
figure. 


Figure 12-28 


COMMENT To determine whether a hyperbola opens horizontally, as in Figure 12-27, 
or vertically, as in Figure 12-28, we can look at the signs of the terms. If the term con- 
taining x° is positive, the hyperbola will open horizontally. If the term containing y” is 
positive, the hyperbola will open vertically. 
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EXAMPLE1 Graph: 9y? — 4x* = 36. 


Solution — To write the equation in standard form, we divide both sides by 36 to obtain 


Sy? _ Ax? _ 
36 36 
2 2 
y x sce : 
a os = 1 — Simplify each fraction. 


Because the term containing y~ is positive, 
the hyperbola will open vertically. We can 
find the y-intercepts of the graph by letting 
x = 0 and solving for y: 


yey 
4. 9 
y=4 


Thus, y = +2, and the vertices of the hy- 
perbola are V,(0, 2) and V,(0, —2). (See Fig- 
ure 12-29.) Figure 12-29 


Since + V9 = + 3, we can use the points (3, 0) and (—3, 0) on the x-axis to help 
draw the fundamental rectangle. We then draw its extended diagonals and sketch the 
hyperbola. 


FY SELF CHECK1 =Graph: 9x7 — 4)? = 36. 


| ACCENT ON TECHNOLOGY | ON TECHNOLOGY Siiregarrsn a = pas = | using a graphing calculator, we follow the same procedure that 


Graphing Hyperbolas we used for circles and ellipses. To write the equation as two functions, we solve for y to 
gety= V lox — 144 Then we graph the following two functions in a square window 
setting to get the graph of the hyperbola shown in Figure 12-30. 
V 16x" — 144 V 16x" — 144 
YS and y= 


3 3 


Figure 12-30 


If a hyperbola is centered at a point with coordinates (h, k), the equations on the 
next page apply. 
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Equations of Hyperbolas Any equation that can be written in the form 
Centered at (h, k) (x-h? (W—-k? 
ee i poe = 


is a hyperbola centered at (h, &) that opens left and right. 
Any equation of the form 


(— bP A? _ 
a hb 


is a hyperbola centered at (h, k) that opens up and down. 


1 


1 


AN 2 
EXAMPLE2 Graph: & = ores aah 


Solution We write the equation in the form 


@-3P _ b-CuPr_ 
16 4 


1 


to see that its graph will be a hyperbola centered at the point (H, 4) = (3, —1). Its ver- 
tices are located at a = 4 units to the right and left of center, at (7, —1) and (—1, —1). 
Since b = 2, we can count 2 units above and below center to locate points (3, 1) and 
(3, —3). With these points, we can draw the fundamental rectangle along with its 
extended diagonals. We can then sketch the hyperbola, as shown in Figure 12-31. 


y 


. 2 and 
MSSELFCHECK2 Graph: & 12 V7 1 
>| P ; 1 


2] Graph a hyperbola given an equation in general form. 


Another important form of the equation of a hyperbola is called the general form. 


General Form The equation of any hyperbola can be written in the form 


of the Equation Ax? — Cy + Dx + Ey + F=0 
of a Hyperbola 
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EXAMPLE 3 


Solution 


By, 


aN 


Figure 12-32 


Fy SELF CHECK 3 


EXAMPLE 4 


Solution 


Fy SELF CHECK 4 


Write the equation x* — y* — 2x + 4y — 12 = 0 in standard form to show that the 
equation represents a hyperbola. Then graph it. 


We proceed as follows. 
x — y? - 2x + 4y - 12 =0 
x? — y? —2x + 4y=12 Add 12 to both sides. 


x? - 2x - y + 4y = 12 Use the commutative property to group the x terms 


and y terms. 


x? — 2x (y 4y)=12 Factor —1 from —y* + 4y. 


We then complete the square on x and y to make x* — 2x and y* — 4y perfect trino- 
mial squares. 


x -2x+1-6° -4y+4)=124+1-4 
We then factor x7 — 2x + land y* — 4y + 4 to get 
Q=l)=G=2) 9 


Gai" v=2) 
9 9 


= 1 Divide both sides by 9. 


This is the equation of a hyperbola centered at (1, 2). Its graph is shown in Figure 12-32. 


Graph: x — 4y? + 2x — 8y =7. 


Graph a hyperbola of the form xy = k. 


There is a special type of hyperbola (also centered at the origin) that does not intersect 
either the x- or the y-axis. These hyperbolas have equations of the form xy = k, where 
k #0. 


Graph: xy = —8. 


We make a table of ordered pairs, plot each pair, and join the points with a smooth 
curve to obtain the hyperbola in Figure 12-33. 


xyz 

x /y (x, y) 
1) -8| (1, -8) 
2| -4] (2, —4) 
4| -2] (4, -2) 
8 | -1| (8, -1) 
-1] 8|(-1,8) 
—2| 4|(-2,4) 
—4| 2|(-4,2) 
—8| 1] (-8,1) 


Figure 12-33 


Graph: xy = 6. 
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The result in Example 4 illustrates the following general equation. 


Equations of Hyperbolas Any equation of the form xy = k, where k # 0, has a graph that is a hyperbola that 
of the Formxy = k does not intersect either the x-axis or the y-axis. 


4] Solve an application problem involving a hyperbola. 


EXAMPLE 5 ATOMIC STRUCTURE In an experiment that led to the discovery of the atomic struc- 
ture of matter, Lord Rutherford (1871-1937) shot high-energy alpha particles toward a 
thin sheet of gold. Because many were reflected, Rutherford showed the existence of 


EVERYDAY CONNECTIONS Focus on Conics 


Satellite dishes and flashlight reflectors are familiar The focal property of the ellipse is also used in 
examples of a conic’s ability to reflect a beam of light or lithotripsy, a medical procedure for treating kidney 

to concentrate incoming satellite signals at one point. stones. The patient is placed in an elliptical tank of water 
That property is shown in the following illustration. with the kidney stone at one focus. Shock waves from a 


small controlled explosion at the other focus are concen- 
trated on the stone, pulverizing it. 


An ellipse has two foci, the points marked in the 
following illustration. Any light or signal that starts at 


one focus will be reflected to the other. This property is The hyperbola also has two foci, the two points 

the basis of whispering galleries, where a person standing _ labeled F'in the following illustration. As in the ellipse, 

at one focus can clearly hear another person speaking at light aimed at one focus is reflected toward the other. 

the other focus. Hyperbolic mirrors are used in some reflecting telescopes. 


ou ee 
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the nucleus of a gold atom. The alpha particle in Figure 12-34 is repelled by the 
nucleus at the origin; it travels along the hyperbolic path given by 4x7 — y” = 16. How 
close does the particle come to the nucleus? 


Solution — To find the distance from the nucleus at the origin, we must find the coordinates of the 
vertex V. To do so, we write the equation of the particle’s path in standard form: 


4x° — yp = 16 , 
Ax? y’ 16 4x? 3? = 16 
76 = 6 = 16 Divide both sides by 16. 

? 

a te = 1 Simplify. Be V = 

2 2 4 

in a =1 Write 4 as 2” and 16 as 4”. ] 

a * 

Se 

This equation is in the form 

P 4 Figure 12-34 
xy 1 
cP 


with a = 2. Thus, the vertex of the path is (2,0). The particle is never closer than 
2 units from the nucleus. 


ee Wale 


9 4 
Given the equation = = ys = 1, the equations for the asymptotes are y = By, and y = by. 
1. Find the equations for the asymptotes for the hyperbola described by the equation 
a 
2° 9 
2. Find the equations for the asymptotes for the hyperbola described by the equation 
y2 x? 
yx a] 
4°79 


3. Find the equations for the asymptotes for the hyperbola described by the equation 
(x : 2 7 IP 


2 2 
WARM-UPS Find the x- or y-intercepts of each hyperbola. 15. 2 = = 1 
ee ae ae 
9 16 25 36 
REVIEW Factor each expression. 
3. —6x* + 9x? — 6x ap 
4. 4a’ — b° 
5. 15a — 4ab — 4b° 
6. 8p° — 27¢° 
VOCABULARY AND CONCEPTS Fill in the blanks. 17. 25x° — y* = 25 
7A is the set of all points in a plane for which the Y 
of the distances from two fixed points is a 
constant. 
8. The fixed points in Exercise 7 are the ____ of the hyperbola. 
9. The midpoint of the line segment joining the foci of a : 
hyperbola is called the of the hyperbola. 
10. To graph a hyperbola, we locate its center and vertices, sketch 
the , and sketch the asymptotes. 
11. The hyperbolic graph of 2 a y = | has x-intercepts of 
. There are no ; 
12. The center of the hyperbola with an equation of (x-27 y 
x - y = | is the point . The center of the hyperbola - 9 16, : 
with an equation of & = ame a 1 is the point y 
GUIDED PRACTICE Hy 
Graph each hyperbola. See Examples 1-2. (Objective 1) 
x 2 x2 2 
iB et aoe 
Bi x 
A 
91, Vt _&- 2 
it 4 
—.———_— wm xX y 


> xX 


12.3 The Hype 


rbola 877 


18. 9x° — 4y? = 36 
» 
A 
> xX 
a0 (x + 2)? Va 4 
“16 25 
y 
> xX 
_ a2 +1)? 
», YY _G&TD _, 
4 1 
y 
A 
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23. 4x + 3% —(y-1? =4 24. (x +. 5)? — 16? = 16 
y ». 
A 


Write each equation in standard form and graph it. See Example 3. 

(Objective 2) 

25. 4x° — y + 8x — 4y = 4 26. x° — 9y" — 4x — 54y = 86 
y y 


XxX 


27. 4y° — x° + 8y + 4x = 4 28. y° — 4x? — 4y — 8x =4 
y. y 


Graph each hyperbola. See Example 4. (Objective 3) 


29. xy = 8 30. xy = —10 
y 
A 


>< 


31. xy = —-12 32. xy = 6 


>< 
>< 


ADDITIONAL PRACTICE = Use a graphing calculator to 


graph each equation. 
x y 5 
Se aS 4. y — 16x? = 1 
33 9 4 1 34. y 6x 6 
eal Ot TP -@—2y 
— . =1 
35 4 9 1 36. 9 4 
APPLICATIONS | See Example 5. (Objective 4) 


37. Alpha particles The particle in the illustration approaches 
the nucleus at the origin along the path 9y* — x* = 81. 
How close does the particle come to the nucleus? 


38. LORAN By determining the difference of the distances 
between the ship and two land-based radio transmitters, the 
LORAN system places the ship on the hyperbola 
x? — 4y* = 576. If the ship is also 5 miles out to sea, find its 
coordinates. 


Not to scale SS 


39. Sonic boom The position of the sonic boom caused by 
faster-than-sound aircraft is the hyperbola y* — x° = 25 in 
the coordinate system shown on the next page. How wide is 
the hyperbola 5 units from its vertex? 
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WRITING ABOUT MATH 


41. Explain how to find the x- and the y-intercepts of the graph 
of the hyperbola 


has no y-intercept. 
40. Electrostatic repulsion Two similarly charged particles are 
shot together for an almost head-on collision, as shown in SOMETHING TO THINK ABOUT 
the illustration. They repel each other and travel the two 
branches of the hyperbola given by x” — 4y? = 4. How 
close do they get? 2 2 


43. Describe the fundamental rectangle of 


when a = b. 

44. The hyperbolas x7 — y” = 1 and y? — x* = Lare called 
conjugate hyperbolas. Graph both on the same axes. What 
do they have in common? 


Piecewise-Defined Functions and the Greatest 
Integer Function 


GB Graph a piecewise-defined function and determine the open intervals 
over which the function is increasing, decreasing, and constant. 


® Graph the greatest integer function. 


Objectives 


> 

— 
xs 

=} 
2 

oO | 

1S) 

i) 
=> 
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Getting Ready 


Se WeN 


Is f(x) = x* positive or negative when x > 0? 

Is f(x) = —x° positive or negative when x > 0? 
What is the largest integer that is less than 98.6? 
What is the largest integer that is less than —2.7? 


Some functions are defined by using different equations for different parts of their 
domains. Such functions are called piecewise-defined functions. 


Graph a piecewise-defined function and determine the open intervals 
over which the function is increasing, decreasing, and constant. 


A simple piecewise-defined function is the absolute value function, f(x) = |x|, which 
can be written in the form 


x when x = 0 
Fx) = eee 


When x is in the interval [0, ©), we use the function f(x) = x to evaluate |x|. However, 
when x is in the interval (—%, 0), we use the function f(x) = —x to evaluate |x|. The 
graph of the absolute value function is shown in Figure 12-35. 


y 

A 
For x 2 0 For x < 0 ; 

fx) = bel 
x|y|@y) x |y| @y) 
0 | 0 | (0, 0) —4/) 4) (-4,4) 
1)1/d, 1) —3/3 | (-3, 3) 
2)2) (2, 2) —2|2 | (2, 2) 
3 |3| GB, 3) —1/1)(-1, 1) > Xx 
Figure 12-35 


If the values of f(x) increase as x increases on an open interval, we say that the func- 
tion is increasing on the interval (see Figure 12-36(a)) on the next page. If the values of f(x) 
decrease as x increases on an open interval, we say that the function is decreasing on the 
interval (see Figure 12-36(b)). If the values of f(x) remain constant as x increases on an 
open interval, we say that the function is constant on the interval (see Figure 12-36(c)). 
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y y 

A A 
| | > xX ! ! > Xx ! ! > xX 
a b a b a b 


Increasing on (a, b) Decreasing on (a, b) Constant on (a, b) 
(a) (b) (c) 
Figure 12-36 


The absolute value function, shown in Figure 12-35, is decreasing on the interval 
(—, 0) and is increasing on the interval (0, ~). 


EXAMPLE 1 Graph the piecewise-defined function given by 


x° when x < 0 
f(x) = §x when0 <x <2 
—1 when x = 2 


and determine where the function is increasing, decreasing, and constant. 


Solution For each number x, we decide which of the three equations will be used to find the cor- 
responding value of y: 


+ For numbers x = 0, f(x) is determined by 

f(x) = x°, and the graph is the left half of y 
a parabola. See Figure 12-37. Since the 
values of f(x) decrease on this graph as x 
increases, the function is decreasing on the 
interval (—°, 0). 
For numbers 0 < x < 2, f(x) is deter- 
mined by f(x) = x, and the graph is part 
of a line. Since the values of f(x) increase 
on this graph as x increases, the function 
is increasing on the interval (0, 2). 


ifx<0 
fey = 4 ei O Kx 2 
-lifx2=2 


For numbers x = 2, f(x) is the constant 


—1, and the graph is part of a horizontal veslvar lar Waal a 
line. Since the values of f(x) remain con- 
stant on this line, the function is constant Figure 12-37 


on the interval (2, %). 


The use of solid and open circles on the graph indicates that f(x) = —1 when x = 2. 
Since every number x determines one value y, the domain of this function is the 
interval (—, ©). The range is {—1} U [0, ~). 
In set-builder notation, the range is {y | y = —1 and y = 0}. 


2x when x = 0 
5x when x > 0° 


SELF CHECK1 Graph: f(x) = 
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EXAMPLE 2 


Solution 


Figure 12-38 


Fy SELF CHECK 2 


EXAMPLE 3 


Solution 


ES) SELF CHECK 3 


Graph the greatest integer function. 


The greatest integer function is important in computer applications. It is a function deter- 
mined by the equation 


f(x) = [x] Read as “y equals the greatest integer in x.” 


where the value of y that corresponds to x is the greatest integer that is less than or equal 
to x. For example, 


[4.7] = 4, [24] =2, [zw] =3, [-3.7]=—4, [-5.7] = -6 


COMMENT One way to help determine the greatest integer is to visualize the number on 
a number line. The integer directly to the left of the number is the greatest integer. 


Graph: f(x) = [x]. 


We list several intervals and the corresponding values of the greatest integer function: 


(0,1) y=[x]=0  Fornumbers from 0 to 1, not including 1, the greatest integer in 
the interval is 0. 


(1,2) y= [x]=1  Fornumbers from | to 2, not including 2, the greatest integer in 
the interval is 1. 


(2,3) y= [x] =2 For numbers from 2 to 3, not including 3, the greatest integer in 
the interval is 2. 


In each interval, the values of y are constant, but they jump by | at integer values of x. 
The graph is shown in Figure 12-38. From the graph, we see that the domain is 
(—, ©), and the range is the set of integers {.... , —3, —2, -1, 0,1, 2,3, ...}. 

Since the greatest integer function is made up of a series of horizontal line seg- 
ments, it is an example of a group of functions called step functions. 


Graph: f(x) = [x] + 1. 


PRINTING STATIONERY To print stationery, a printer 


charges $10 for setup charges, plus $20 for each box. Any ma 
portion of a box counts as a full box. Graph this step a ai 
function. 

70 oe 
If we order stationery and cancel the order before it is = 0 
printed, the cost will be $10. Thus, the ordered pair 3S ian 


(0, 10) will be on the graph. = 
If we purchase | box, the cost will be $10 for setup 


plus $20 for printing, for a total cost of $30. Thus, the a0 
ordered pair (1, 30) will be on the graph. a 

The cost of 15 boxes will be the same as the cost of 0 123 45 
2 boxes, or $50. Thus, the ordered pairs (1.5, 50) and Boxes 
(2, 50) will be on the graph. The complete graph is shown Figure 12-39 


in Figure 12-39. 


How much will 35 boxes cost? 
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SELF CHECK ANSWERS 1. y 2 y 3. $90 
eo 
eo 
eo 
> xX - > X 
eo 
eo 
SOF Ix 41 
1. Graph the piecewise-defined function. u 
—xifx <1 
f(x) = \[xfiflsx<4 
x-lifx=4 > xX 


WARM-UPS _ Determine whether each function is increasing, 6. 
decreasing, or constant on the interval (—2, 3). : (10x — 10)° 
1. y 2. y 
A 
(4x — 20)° 
x Xx 
2 3 -2 3 


VOCABULARY AND CONCEPTS fill in the blanks. 
7. Piecewise-defined functions are defined by using different 


3. y 4. y functions for different parts of their : 
i 8. When the values f(x) increase as the values of x increase 
ae over an interval, we say that the function is an 
= ai oe Nae ae # function over that interval. 
9. Ina function, the values of are the same. 


10. When the values of f(x) decrease as the values of x 
over an interval, we say that the function is a 


REVIEW Find the value of x. Assume that lines r and s are decreasing function over that interval. 
parallel. 11. When the graph of a function contains a series of horizon- 
5 tal line segments, the function is called a function. 


12. The function that gives the largest integer that is less than 
or equal to a number ~ is called the 
function. 


(3x + 10)° 
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GUIDED PRACTICE 


Give the intervals on which each function is increasing, 
decreasing, or constant. (Objective 1) 


13. y 14. y 
>Xx 
>Xx 
15. y 16 y 
A 
! x 
9 > Xx 2 = 


Graph each function and give the intervals on which f is 
increasing, decreasing, or constant. See Example 1. (Objective 1) 


—1 when x = 0 —2ifx <0 
17. f(x) = 18. = 
FO) {; when x > 0 FO) 2 ifx >0 
pa y 
A A 
> XxX ee 


—-xifx <0 
xif0<x<2 
—-xifx =2 

y 

A 


19. f(x) = 


—xifx <0 
20. f(x) = (x ifO<x<1 
lifx>1 


y 
A 


Graph each function. See Example 2. (Objective 1) 


21. f(x) = —[x] 22. f(x) = |x| + 2 
y x 
A 
23. f(x) = 2x] 24. f(x) = 
ADDITIONAL PRACTICE 


25. Signum function Computer programmers use a function 
denoted by f(x) = sgn x that is defined in the following 
way: 

—-lifx <0 
f(x) = (0ifx =0 
lifx>0 


Graph this function. 
2 


> xX 
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26. Heaviside unit step function This function, used in calcu- 
lus, is defined by 


Oi 3 
IO)= \ gtx <0 


Graph this function. 


ae 


APPLICATIONS | See Example 3. (Objective 2) 


27. Renting a jet ski A marina charges $20 to rent a jet ski for 
1 hour, plus $5 for every extra hour (or portion of an hour). 
In the illustration, graph the ordered pairs (/, c), where h 
represents the number of hours and c represents the cost. 
Find the cost if the ski is used for 2.5 hours. 


c (in $10) 


++ h (in hr) 


28. Riding ina taxi A cab company charges $3 for a trip up to 
1 mile, and $2 for every extra mile (or portion of a mile). In 
the illustration, graph the ordered pairs (m, c), where m rep- 
resents the number of miles traveled and c represents the 


cost. Find the cost to ride 104 miles. 


Cc 


> Mm 


29. Information access Computer access to international data 
network A costs $10 per day plus $8 per hour or fraction of 
an hour. Network B charges $15 per day, but only $6 per 
hour or fraction of an hour. For each network, graph the 
ordered pairs (t, C), where t represents the connect time and 
C represents the total cost. Find the minimum daily usage 
at which it would be more economical to use network B. 


Cc 
A 


t 


30. Royalties A publisher has agreed to pay the author of a 
novel 7% royalties on sales of the first 50,000 copies and 
10% on sales thereafter. If the book sells for $10, express 
the royalty income J as a function of s, the number of 
copies sold, and graph the function. (Hint: When sales 
are into the second 50,000 copies, how much was earned on 
the first 50,000?) 


WRITING ABOUT MATH 

31. Explain how to decide whether a function is increasing on 
the interval (a, b). 

32. Describe the greatest integer function. 


SOMETHING TO THINK ABOUT 


33. Find a piecewise-defined function that is increasing on the 
interval (—%, —2) and decreasing on the interval (—2, ~). 

34. Find a piecewise-defined function that is constant on the 
interval (—°, 0), increasing on the interval (0, 5), and 
decreasing on the interval (5, °). 
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PROJECTS 


The zillionaire G. I. Luvmoney is known for his love of 
flowers. On his estate, he recently set aside a circular plot of 
land with a radius of 100 yards to be made into a flower 
garden. He has hired your landscape design firm to do the 
job. If Luvmoney is satisfied, he will hire your firm to do 
more lucrative jobs. Here is Luvmoney’s plan. 

The center of the circular plot of land is to be the 
origin of a rectangular coordinate system. You are to 
make 100 circles, all centered at the origin, with radii of 1 
yard, 2 yards, 3 yards, and so on up to the outermost circle, 
which will have a radius of 100 yards. Inside the innermost 
circle, he wants a fountain with a circular walkway around 
it. In the ring between the first and second circle, he wants 
to plant his favorite kind of flower, in the next ring his 
second favorite, and so on, until you reach the edge of the 
circular plot. Luvmoney provides you with a list ranking 
his 99 favorite flowers. 

The first thing he wants to know is the area of each 
ring, so that he will know how many of each plant to order. 
Then he wants a simple formula that will give the area of 
any ring just by substituting in the number of the ring. 

He also wants a walkway to go through the garden in 
the form of a hyperbolic path, following the equation 


Chapter12 REVIEW 


SECTION 12.1 


Luvmoney wants to know the x- and y-coordinates of the 
points where the path will intersect the circles, so that those 
points can be marked with stakes to keep gardeners from 
planting flowers where the walkway will later be built. He 
wants a formula (or two) that will enable him to put in the 
number of a circle and get out the intersection points. 

Finally, although cost has no importance for 
Luvmoney, his accountants will want an estimate of the 
total cost of all of the flowers. 

You go back to your office with Luvmoney’s list. You 
find that because the areas of the rings grow from the inside 
of the garden to the outside, and because of Luvmoney’s 
ranking of flowers, a strange thing happens. The first ring 
of flowers will cost $360, and the flowers in every ring after 
that will cost 110% as much as the flowers in the previous 
ring. That is, the second ring of flowers will cost 
$360(1.1) = $396, the third will cost $435.60, and so on. 

Answer all of Luvmoney’s questions, and show work 
that will convince him that you are right. 


DEFINITIONS AND CONCEPTS EXAMPLES 


Equations of a circle: 
Standard forms: 
+ ~ =, 
center (0, 0), radius r 


To graph a circle, we need to know the center and the radius. 


Graph each circle. 


a x+y = 25 y 


C(0, 0) From the formula 
=25 From the formula » ) 
r=5 x 


The center is (0, 0) and the radius is 5 units. 


(x 


hy + (y 


center (A, k), radius r 


General form: 


ky =/ 
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b. (x — 3 +(y + 4" = 16 


(x — 3° + [y — (-4)P = 16 Write in standard form. 

C(3, —4) Comparing to the formula, h = 3 
and k = —4, 

r = 16 Comparing to the formula 

r=4 Take the positive square root of 16. 


The center is at (3, —4) and the radius is 4 units. 


y 
A 
> xX 
a 
as 
& 
3,-4) 


(x-3° +0 +47 =16 


2 2 
ax +y+2x+6y+6=0 
To write the equation in standard form, we can complete the square on 
both x and y. 


Subtract 6 from both sides. 


x + y+ 2x + 6y = —6 


x 2x + y 6y = —6 
we +2xt1+y+6y+9=-6 


Rearrange the terms. 


Complete the square on x 
and y. 


(x t+ 1? +@t+3yP=4 
- (CDP +b- CaP = 4 


Comparing to the standard form, we see that C(—1, —3), 7° = 4, and 
r= 2. 


Factor and simplify. 


Write in standard form. 


The center is at (—1, —3) with a radius of 2 units. 


radius 2 


{-1,-3) 
x4 +/y7 + [2x +|6y +16 + 0 
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3. Write the equation in standard form and graph it. 


er+y+4x—-2y=4 y 


Equations of parabolas: Graph each parabola. 
ax=y 
Parabola Vertex at The parabola is horizontal and opens to the right because a > 0. To 
opening origin obtain the graph, we can plot several points and connect them with a 
Up p= ax (a> 0) smooth curve. 
Down y=ax (a<0) 
2 Lad 3) 2 y 
meee 3 : 
y x | y | (x, y) SNe 
0} 0] (0,0) 
4| 2| (4,2) 9) mx 
4) -—2) (4, -2) 
9) 3) (9,3) 
9 | =3 |:Q,.=3) 
b. x = —2(y — 1)? +3 
Parabol Vertex at 
ae ip i The parabola is horizontal and opens to the left because a < 0. To obtain 
= the graph, we can plot several points and connect them with a smooth 
Up y=ax—hy +k @>0) curve. 
Down y=ax—-hy +k (a<0) 
Right x=ay—k?+h (a>0) , 
Left x=ay—kPt+h (a<0) a= 29 1) e3 
x | y | @y) 
1 0} C1, 0) 
1 2} (1, 2) 
3 1 | (3, 1) 
=5:|:—1 | (—5, —1) 
—-5} 3/8, 
REVIEW EXERCISES 
Graph each equation. Graph each equation. 
1. (x- 1% +0 4+2P =9 2x +y = 16 4.x = —3(y — 27 +5 5.x =2(yt+ 1-2 
y y BA Bd 
A A 
— | 
> xX > xX > xX 


SECTION 12.2 


DEFINITIONS AND CONCEPTS 
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EXAMPLES 


Equations of an ellipse: 


Standard forms: 
Center at (0, 0) 


2 2. 
ae (a>b>0) 
a 
2 2 
es (a> b>0) 
da 


Center at (h, k) 
Gah) GH 
x = 1) " = _ 
a 2 _ 2. 
wah? O= 8 


b a 


1 


1 


In either case, 
The length of the major axis is 2a. 
The length of the minor axis is 2b. 


General form: 


To graph an ellipse, we need to know the center and the endpoints of the 
major and minor axes. 


Graph each ellipse: 
2 2 

a +2 =1 
9 1 


Comparing to the formula, the center is (0, 0) and 


y 
(0, 4) 
The ellipse will be vertical because the larger 


denominator is associated with the y-term. 
The endpoints of the major axis will be (-3, 0) (3, 0) 
4 units above and below the center, (0, 4) and a” 
(0, —4). The endpoints of the minor axis will : 
be 3 units to the left and right of center, (3, 0) +e 


and (—3, 0). (0, -4) 
_ 2,2 pn? 
b. O= 3) 0-4 1 
9 4 
From the formula, the center is (3, 4) and 
a=9 b=4 
y 
a=3 b=2 A132 (yi 42 
pee ~ | 


The ellipse will be horizontal because the larger 
denominator is associated with the x-term. The 
endpoints of the major axis will be 3 units to G) = G-) 
the left and right of the center, (6, 4) and (0, 4). 


The endpoints of the minor axis will be 2 units 
above and below the center, (3, 6) and (3, 2). 


To find the standard equation of the ellipse with equation 
4x° + y? — 8x — 2y — 11 = 0, proceed as follows: 


Add 11 to both sides. 


Rearrange terms. 


4x? + y? — 8x - 2y = 11 
4° —8x +y’-2y=11 
A(x? — 2x) + y? - 2y = 11 Factor to get a 
coefficient of 1 for the 
term involving 
x-squared. 
A(x? — 2x +1) + GQ? — 2y +1) =11+4+1 Complete the square 

on both x and y. 


A(x — 1) + (vy — 1) = 16 


Gai = Te 
4. 16 


Factor and simplify. 


1 Divide both sides by 16. 
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REVIEW EXERCISES 


Graph each ellipse. 
2 2 (x — 2)" Oo - 1 : at : 
6. 9x” + l6y” = 144 7. 4 9 =1 8. Write the equation in standard form and graph it. 
y y 4x? + Oy? + 8x — 18y = 23 
4 y 
A 
> Xx 
> X 
xX 

SECTION 12.3 
DEFINITIONS AND CONCEPTS EXAMPLES 


Equations of a hyperbola: 


Standard forms: 
Center at (0, 0) 


ce 
a b? 
yx _, 
ac bb 


Center at (h, k) 
(— KP hy 
a b? 
=k _ Ae aE 


a bY 


1 


1 


opens left or right 


opens up or down 


To graph a hyperbola, we need to know where it is centered, the coordinates 
of the vertices, and the location of the asymptotes. 


Graph 9y? — 4x” = 36. 


9y* 4x? , a 
=e - - =1 Write the equation in standard form. 
2 2 
Z = = 1. Simplify each fraction. 


From the previous equation, we can deter- 
mine that a = 2 and b = 3. Because the 
y-term is positive, the hyperbola will be verti- 
cal and the vertices of the hyperbola are 
V,(0, 2) and V,(0, —2). 

Since b = 3, we can use the points (3, 0) 
and (—3, 0) on the x-axis to help draw the 
fundamental rectangle. We then draw its 
extended diagonals and sketch the hyperbola. 


(x- 3 @ti)? 
4 4. 


From the equation, we see that the hyperbola 
is centered at (3, —1). Its vertices are located 

2 units to the right and left of center, at 

(5, —1) and (1, —1). Since b = 2, we can 
count 2 units above and below center to locate 
points (3, —3) and (3, 1). With these points, 
we can draw the fundamental rectangle along 
with its extended diagonals. Then we can (x-3) (yt 1? _ 
sketch the hyperbola. a 


Graph: is 
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REVIEW EXERCISES 


Graph each hyperbola. 
9. 9x7 — yy = -9 10. xy =9 12. Write the equation in standard form and graph it. 
sd 9x? — 4y? — 18x — 8y = 31 


y 
A 


11. Write the equation 4x7 — 2y? + 8x — 8y = 8 in standard 
form and determine whether its graph will be an ellipse or 
a hyperbola. 


SECTION 12.4 


DEFINITIONS AND CONCEPTS EXAMPLES 
Piecewise-defined functions: Graph the function y 
A piecewise-defined function is a function that has A eee Lin Fa 
different rules for different intervals of x. Ae f= ifOSx<3 
F ; ; fay =)-x if0Sx<3 +I) fat =3 
Increasing and decreasing functions: : 
3 a . ‘ , -1 ifx=3 > x 
A function is increasing on the interval (a, b) if 
the values of f(x) increase as x increases from a and determine where the function is increasing, 
to b. decreasing, and constant. 
A function is decreasing on the interval (a, b) if 
the values of f(x) decrease as x increases from a For each number x, we decide which of the three equations will be used to 
to b. find the corresponding value of y: 


A function is constant on the interval (a, 6) if the 


; - iF < 0, f(x) is determined b = —x?, and th h is th 
value of f(x) is constant as x increases from a to b. or numbers x F(x) is determined by f(x) x”, and the graph 1s the 


left half of a parabola. Since the values of f(x) increase on this graph as x 
increases, the function is increasing on the interval (—~, 0). 


e For numbers 0 < x < 3, f(x) is determined by f(x) = —x, and the graph is 
part of a line. Since the values of f(x) decrease on this graph as x increases, 
the function is decreasing on the interval (0, 3). 


e For numbers x = 3, f(x) is the constant —1, and the graph is part of a hor- 
izontal line. Since the values of f(x) remain constant on this line, the func- 
tion is constant on the interval (3, %). 


Greatest integer function: Graph: f(x) = [x] — 1. 


The function f(x) = |x| describes the greatest We list several intervals and the corresponding values of the greatest integer 
integer function. To find the greatest integer, visu- | function: 
alize the number on a number line and the integer 


directly to the left is the greatest integer. (0,1) f(x) =[x]—1 For numbers from 0 to 1, not including 1, the 


greatest integer in the interval is 0 and then we 
subtract 1 and graph —1 in the interval. 


& 


& 
| 


For numbers from | to 2, not including 2, the 
greatest integer in the interval is 1 and then we 
subtract 1 and graph 0 in the interval. 


1,2) fix) = 


For numbers from 2 to 3, not including 3, the 
greatest integer in the interval is 0 and then we 
subtract 1 and graph 1 in the interval. 


& 
| 


[2,3) f(x) = 
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REVIEW EXERCISES Graph each function. 
13. Determine when the function is increasing, decreasing, or _ fxifxsl _ 
constant. 14. f(x) = mae aiess 4 15. f(x) = 3[x 
a y 
A A 
y 
rt 
= eee > xX 
> X 


Chapter12 TEST 


1. Find the center and the radius of the circle Write each equation in standard form and graph the equation. 
G2 a=, 7. 4x° + y? — 24x + 2y = —33 
2. Find the center and the radius of the circle y 
x+y + 4x — by = 3. 
Graph each equation. 
3)G Ply (G2) —9 4.x=(y-27%-1 Bie 
Vy y 
A 
2. 


x — 2) 
5. 9x2 + Ay? = 36 6 SUT at 
> XxX 
y y 
A A 
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9. Determine where the function is increasing, decreasing, or —x?, when x < 0 
astant 10. Graph: f(x) = : 
constant. —x, when x = 0 
yy 
y A 
A 
ATTN a 
> xX 
Perform the operations. Graph each inequality. 
1. (4x — 3y)(3x + y) 11. 2x — 3y <6 12, y=x-4 
26 (eh ae ING = 3) y y 
A A 
Simplify each fraction. Assume no division by zero. 
oye: = II(0) > XxX 
“a —4a+4 : 
a - 5a’ +4 = 


* @+3a+2 
Perform the operations and simplify the result. Assume no 
division by zero. 
@-a-6. a-9 

(ae ag 

2 3 al 

+ 

bi = 2) Gap 2 Ge =o) 


5. 


6. 


Determine whether the graphs of the linear equations are 
parallel, perpendicular, or neither. 


Zp Bs 4y = 12, y = 3x 5 


8 y=3x+4,x=—-3y +4 


Write the equation of each line with the following properties. 


9. m = —2, passing through (0, 5) 
10. Passing through (8, —5) and (—5, 4) 


Simplify each expression. 

13, V98 + V8 - V32 

14, 12V/648x* + 3W/81x4 

Solve each equation. 

15. V3a+l=a-1 

16. Vx +3-— V3= Vx 

17. 6a" + 5a -6=0 

18. 3x7 + 8x —-1=0 

19. If f(x) = x* — 2and g(x) = 2x + 1, find (f° g)(x). 


20. Find the inverse function of y = 2x? — 1. 
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1? Graph each equation. 
21. Graph y = | = 5 5 

2D Ay ae ae GP ar iy SS 

y y 
x 
> X 

22. Write y = log>x as an exponential equation. 26. x — Wy + 1 =9 
Solve each equation. - 


DY}, DP = 
24. 2log5 + logx — log 4 = 2 


> xX 
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CHAPTER 13 


More Systems 
of Equations 
and Inequalities 


13.1 Solving Systems of Two Linear Equations 
or Inequalities in Two Variables 


13.2 Solving Systems of Three Equations in Three 
Variables 


13.3 Solving Systems of Linear Equations Using 
Matrices 


Solving Systems of Linear Equations Using 
Determinants 


Solving Systems of Equations and Inequalities 
Containing One or More Second-Degree Terms 


Projects 
CHAPTER REVIEW 
CHAPTER TEST 


All engineers apply the principles of science and 
mathematics to develop economical solutions to 
technical problems. Electronics engineers are responsible 
for a wide range of technologies from portable music 
players to global positioning systems 
(GPS). They design, develop, 
test, and supervise 
the manufacture of 


In this chapter > 


In this chapter, we will review the basic methods used 
for solving systems of two equations and two 
inequalities, each with two variables. We will then 


, ang i0Ps na extend the discussion to include solving systems of 
electronic 2X19 7 16 7006  - ‘ ‘ ; 
: erage 1" three equations in three variables. Finally, we will 
equipment such as : ‘ ae 
brondenetane solve systems of equations and inequalities that 


contain second-degree polynomials. 


communications 
systems, and many 
work in areas closely 
related to computers. 
In 2006, engineers held 
about 1.5 million jobs. Of 
these, 138,000 jobs were 
held by electronics 
engineers. 


Solving Systems of Two Linear Equations 
or Inequalities in Two Variables 


GD Solve a system of two linear equations by graphing. 
® Solve a system of two linear equations by substitution. 
&} Solve a system of two linear equations by elimination (addition). 


@3 Solve an application problem by setting up and solving a system of two 
linear equations. 


® Solve a system of two linear inequalities. 


Objectives 


Vocabulary 


Evaluate the function f(x) = 3x + 2 for the following values of x. 


x=0 ~x=l1 ~x=-2 


Getting Ready 


In this section, we will review three methods used for solving systems of two linear equa- 
tions, each with two variables. 


a Solve a system of two linear equations by graphing. 


Follow these steps to solve a system of two equations in two variables by graphing. 


1. Ona single set of coordinate axes, graph each equation. 


2. Find the coordinates of the point (or points) where the graphs intersect. These 
coordinates give the solution of the system. 


3. Check the solution in both of the original equations. 
4. If the graphs have no point in common, the system has no solution. 


x+2y=4 


EXAMPLE 1 Solve the system by graphing: { i. 3 
x-y= 


Solution We graph both equations on a single set of coordinate axes, as shown in Figure 13-1. 


896 


SELF CHECK 1 


EXAMPLE 2 


Solution 


SELF CHECK 2 
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Although infinitely many pairs (x, y) satisfy x + 2y = 4 and infinitely many pairs 
(x, y) satisfy 2x — y = 3, only the coordinates of the point where the graphs intersect 
satisfy both equations simultaneously. Since the intersection point has coordinates of 
(2, 1), the solution is the pair (2, 1), or x = 2andy = 1. 

To check the solution, we substitute 2 for x and | for y in each equation and verify 
that (2, 1) satisfies each equation. 


x+2y=4 LL y= 3 
x |y| Gy) x |y | Gy) 
4/0 | (4, 0) Et) C1) 
0 | 2 | (0, 2) 0| —3 | (0, —3) 
—2]3 | (-2, 3) —1}-—5|(-1, -5) 
Figure 13-1 
2x+y=0 
Solve by graphing: { ad : 
x—-2y=5 


When a system of equations (as in Example 1) has a solution, the system is a consis- 
tent system of equations. A system with no solution is an inconsistent system. 


2x + 3y =6 
Solve the system by graphing: : 
ea eee 
We graph both equations on the same set of coordinate axes, as shown in Figure 13-2. 
Since the lines do not intersect, the system does not have a solution and its solution set 
is ©. It is an inconsistent system. 


2x + 3y = 6 4x + 6y = 24 
x |y| @y) x |y| Gy) ey 
3 | 0 | (3, 0) 6 0) (6,0) 2x +3y=6 
0| 2) ©, 2) 0/4) (0,4) 
—3) 4] (-3, 4) —3)] 6 | (-3, 6) a. 
Figure 13-2 
2x — Sy = 15 


Solve by graphing: { 2 
y= 5x — 2 
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When the equations of a system have different graphs (as in Examples | and 2), the 
equations are independent equations. Two equations with the same graph are dependent 
equations. 


2y-x=4 


EXAMPLE 3 Solve the system by graphing: { : 
2x + 8 = 4y 


Solution We graph each equation on the same set of coordinate axes, as shown in Figure 13-3. 
Since the graphs coincide, the system has infinitely many solutions. Any pair (x, y) that 
satisfies one equation satisfies the other also. 

From the tables shown in the figure, we see that (—4, 0) and (0, 2) are solutions. We 
can find infinitely many more solutions by finding additional pairs (x, y) that satisfy 
either equation. 

Because the two equations have the same graph, they are dependent equations. 


2y-x=4 2x + 8 = 4y 
x [y| @y) x |y| @&y) 
—4]0 | (—4, 0) —4}| 0] (—4, 0) 
0 | 2 | (0, 2) 0 | 2) (0, 2) 
Figure 13-3 


To describe these solutions, we can solve either equation for y. If we choose the 
first equation, we have 


2y-x=4 
2y=x+4 
—xt+4 
2 
Because ~ 5 4 ig equal to y, every solution (x, y) of the previous system will have the 
x +4 
form (x, ~ 7 ). 
x—3y=12 
FJ SELF CHECK 3 Solve by graphing: {* 3 fe 
y= 3x — 


When we graph two linear equations in two variables, the following possibilities can 
occur. 
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y If the lines are different and intersect, the equations are independent 
and the system is consistent. One solution exists. 


y If the lines are different and parallel, the equations are independent 
and the system is inconsistent. No solution exists. 


y If the lines coincide, the equations are dependent and the system is 
consistent. Infinitely many solutions exist. 


To solve more difficult systems such as 


we multiply both sides of the first equation by 2 and both sides of the second equation by 
2 to eliminate the fractions: 
{> —-2y=5 
2x+y=8 


This new system is equivalent to the first. If we graph each equation in the new system, as 
in Figure 13-4, we see that the coordinates of the point where the two lines intersect are 


(3, 2). 

3x -— 2y = 2x+y= 

x| y | @&y) x/y| (9) 
5 

foo  yeleg 

5 5 ? 
3) 0) (3.0) 

Figure 13-4 


| ACCENT ON TECHNOLOGY | WW \Max@c laa With a graphing calculator, we can obtain very good approximations of the solutions of 
a system of two linear equations in two variables. For example, to solve 
Solving Systems of Equations 
{ 3x + 2y = 12 


Dye — Shy = Ie (continued) 
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with a graphing calculator, we must solve each equation for y to get the following equiv- 
alent system: 

y= —3x +6 

y= ox —4 


If we use window settings of [—10, 10] for x and [—10, 10] for y, the graphs of the 
equations will look like those in Figure 13-5(a). If we zoom in on the intersection point 
of the two lines as in Figure 13-5(b) and trace, we will find the approximate solution 
shown in the figure. To get better results, we can do more zooms. 


Y1 =—(3/2)X + 6 


X =4.6276596 Y =-.9414894 
(b) 


Figure 13-5 


We can also solve this system using the intersect command found in the CALC 
menu on a TI-84 graphing calculator. To use this method, we graph each equation as 
shown in Figure 13-5(a). Then we open the CALC menu and select “5: intersect” to 
obtain Figure 13-6(a). Next, we select a point on the first curve by pressing ENTER , 
select a point on the second curve by pressing ENTER , and press ENTER again to 
obtain Figure 13-6(b). From the figure, we see that the solution is approximately 
(4.6153846, —0.9230769). 


Y1=-1.5X+6 Ff 


Intersection 


First curve? E 
X = 4.6153846 | Y = —.9230769 


X=0 lY =6 
(a) (b) 
Figure 13-6 
: hee 60 12 
Verify that the exact solution is x = 73 and y = —43. 


2 | Solve a system of two linear equations by substitution. 


Use the following steps to solve a system of two equations in two variables by 
substitution. 
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Solving Systems 1. If necessary, solve one equation for one of its variables, preferably a variable with a 
Equations by coefficient of 1. 
Substitutior 2. Substitute the resulting expression for the variable obtained in Step | into the other 


equation and solve that equation. 

3. Find the value of the other variable by substituting the value of the variable found 
in Step 2 into any equation containing both variables. 

4. State the solution. 

5. Check the solution in both of the original equations. 


4 1... 2 
3h Foy 5 


1 5 


EXAMPLE 4 | Solve the system using substitution: : 
ae ale 


Solution — First we find an equivalent system without fractions by multiplying both sides of each 
equation by 6, the LCD of 2 and 3. 


(1) to oe 
(2) 3x + 4y = 10 


Because no variable in either equation has a coefficient of 1, it is impossible to avoid 
fractions when solving for a variable. We solve Equation 2 for x. 


3x + 4y = 10 
3x = —4y + 10 — Subtract 4y from both sides. 
4 10 _ : 
(3) x= —39 + 3 Divide both sides by 3. 


We then substitute —ty + u for x in Equation | and solve for y. 


8x + 3y = -4 


3 3 
32 80 eee 
3 por 3 +3y = —-4 Use the distributive property to remove parentheses. 
—32y + 80 + 9y = —12 = Multiply both sides by 3. 
—23y = —92 Combine like terms and subtract 80 from both sides. 
y=4 Divide both sides by —23. 


4 10 
a(-Zy + *) +3y=—-4 Substitute 4) + © for Ke 


We can find x by substituting 4 for y in Equation 3 and simplifying: 


The solution is the ordered pair (—2, 4). Verify that this solution checks. 
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ay tay =-5 


1 2 : 
g0 = 3) 4 


FY SELF CHECK 4 Solve using substitution: 


3 | Solve a system of two linear equations by elimination (addition). 


In the elimination (or addition) method, we combine the equations of the system in a 
way that will eliminate terms involving one of the variables. 


eng Systems 1. If necessary, write both equations of the system in general form. 
" quations by 2. If necessary, multiply the terms of one or both of the equations by constants 
Eliminatio chosen to make the coefficients of one of the variables differ only in sign. 


} 3. Add the equations and solve the resulting equation, if possible. 


4. Substitute the value obtained in Step 3 into either of the original equations and 
solve for the remaining variable. 


5. State the solution obtained in Steps 3 and 4. 
6. Check the solution in both of the original equations. 


4 1 2 

ee ge ye | 

EXAMPLE 5 Solve the system by elimination: ' 5 a 
ge Fay = 5 


Solution This is the system in Example 4. To solve it by elimination, we find an equivalent 
system with no fractions by multiplying both sides of each equation by 6 to obtain 
(1) - + 3y=—-4 
(2) 3x + 4y = 10 


We can solve for x by eliminating the terms involving y. To do so, we multiply both 
sides of Equation | by 4 and both sides of Equation 2 by —3 to get 


32x + 12y = —16 
oe — 12y = —30 
When these equations are added, the y-terms are eliminated and the result is 
23x = —46 
x= -2 Divide both sides by 23. 
To find y, we substitute —2 for x in either Equation | or Equation 2. If we substi- 
tute —2 for x in Equation 2, we get 
3x + 4y = 10 
3(-—2) + 4y = 10 — Substitute —2 for x. 
—6+4y=10 — Simplify. 
4y = 16 Add 6 to both sides. 
y=4 Divide both sides by 4. 


The solution is (—2, 4). 
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3x —-5y = 10 
SELF CHECK 5 Solve byelimination: }; 5 
+ 3y — —7 


EXAMPLE 6 Solve the system: { 


8x — 4y = 


Solution — Because the first equation is already solved for y, we use the substitution method. 
8x —4y =7 
8x — 4(2x + 4) = 7 Substitute 2x + 4 for y. 
We then solve this equation for x: 
8x — 8x — 16=7 — Use the distributive property to remove parentheses. 
—16=7 Combine like terms. 


This impossible result shows that the equations in the system are independent, but that 
the system is inconsistent. Since the system has no solution, its solution set is ©. If the 
equations of this system were graphed, the lines would be parallel. 


SELF CHECK 6 Solve: oe a 


4x + 6y = 12 
EXAMPLE 7 Solve the system: { a 
—2x — 3y = -6 


Solution Since the equations are written in general form, we use the elimination (addition) 
method. To eliminate the x-terms when adding the equations, we multiply both sides of 
the second equation by 2 to obtain 


{* + 6y = 12 
—4x — 6y = -12 
After adding the left and right sides, we get 


Ox + Ov = 0 
0=0 


Here, both the x- and y-terms are eliminated. The true statement 0 = 0 shows that the 
equations in this system are dependent and that the system is consistent. 

Note that the equations of the system are equivalent, because when the second 
equation is multiplied by —2, it becomes the first equation. The line graphs of these 
equations would coincide. 

To write a general solution, we will solve for y in terms of x in the first equation. 


4x + 6y = 12 
6y = —4x + 12 
—4x + 12 
ce — 


6 


= 2x42 
y 3° 
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Since any ordered pair that satisfies one of the equations also satisfies the other, 


there are infinitely many solutions (x, y) of the form (x, ~3x + 2). 


Fy SELF CHECK 7 


Solve: eee Pe 
OM Vy = 2x t12 0° 


4 Solve an application problem by setting up and solving a system 
of two linear equations. 


EXAMPLE 8 RETAILSALES A store advertises two types of cell phones, one selling for $67 and the 
other for $100. If the receipts from the sale of 36 phones totaled $2,940, how many of 
each type were sold? 


Analyze the problem We can let x represent the number of phones sold for $67 and let y represent the 
number of phones sold for $100. 


Form two equations Because a total of 36 phones were sold, we can form the equation 


The number of lower- the number of higher- the total number 
‘ plus F equals 
priced phones priced phones of phones. 
x + y = 36 


We know that the receipts for the sale of x of the $67 phones will be $67x and that 
the receipts for the sale of y of the $100 phones will be $100y. Since the sum of these 
receipts is $2,940, the second equation is 


The value of the ‘ the value of the seals the total 
lower-priced phones higher-priced phones q receipts. 
67x + 100y = 2,940 


Solve the system _ To find out how many of each type of phone were sold, we must solve the system 


(1) {* +y = 36 
(2) 67x + 100y = 2,940 
To solve using the elimination method, we multiply both sides of Equation | by —100, 
add the resulting equation to Equation 2, and solve for x: 
100x — 100y = —3,600 
67x + 100y = 2,940 
—33x = —600 
x = 20 


Divide both sides by —33. 


To find y, we substitute 20 for x in Equation | and solve for y: 
x+y = 36 
20 + y = 36 _— Substitute 20 for x. 
y = 16 — Subtract 20 from both sides. 


State the conclusion The store sold 20 of the $67 phones and 16 of the $100 phones. 
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Check the result If 20 of one type were sold and 16 of the other type were sold, a total of 36 phones 
were sold. 

Since the value of the lower-priced phones is 20($67) = $1,340 and the value of 

the higher-priced phones is 16($100) = $1,600, the total receipts are $2,940. 


5] Solve a system of two linear inequalities. 


We now review the graphing method of solving systems of two linear inequalities in two 
variables. Recall that the solutions are usually the intersection of half-planes. 


xt+ysl 


EXAMPLE 9_ Graph the solution set of the system: { . 
2x -—y>2 


Solution On one set of coordinate axes, we graph each inequality as shown in Figure 13-7. 
The graph of x + y = 1 includes the line graph of the equation x + y = | and all 
points below it. Since the edge is included, we draw it as a solid line. 
The graph of 2x — y > 2 contains the points below the graph of the equation 
2x — y = 2. Since the edge is not included, we draw it as a dashed line. 
The area where the half-planes intersect represents the solution of the system of 
inequalities, because any point in that region has coordinates that will satisfy both 


inequalities. 
x+y=1 2x -—y=2 
xi y| (x,y) x | J | (x, y) 
0/1) 0,1) 0 | —2 | (0, —2) 
1/0], 0) 1} 0) (1,0) 


Figure 13-7 


SELF CHECK ANSWERS 


lo y (l,=2) 2 @ ay Bo y infinitely many solutions of the form, 
x (ate —4) 


no solution 


if 
=Px—-4 
y 34 
infinitely 
man 
solutions 


4. (-4,3) 5. (6,-15) 6. @ 7. infinitely many solutions of the form, (x, —2x + 12) 
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1. Use substitution to solve 


tee 
ysxt2 


y 
A 


> xX 


13.1 EXERCISES 


WARM-UPS 


Determine whether each system has one solution, no solution, or 
infinitely many solutions. 


1 jie 7 katie 
“ly =2x 45 “|y-x=x 
He ig sve 
* ly = -2x * (2x =y 


Solve each system for x. 


xt+y= 2x+y=4 

== +y= 
ee is aes i? 

x+y= 2x -y=5 
REVIEW 


Simplify each expression. Write all answers without using 
negative exponents. Assume no variable is 0. 


9. (ea r(aey 
30° — 47° + 5 
51° + 27° 


Solve each formula for the given variable. 


13. A =p + prtforr 14. A=p + prt for p 
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t=rt+1 
r+s+t=0 
r+s=-—2 
4x —-3y = -4 <>;?-6x+7 
3. { 4 5 af? 7 * 
YS3x- 5 x-y<3 
y 
A 
> Xx 
—_ 


1 1 1 1 1 1 
5 16. —-=— + —forr, 
a ry) ip) r ry) ‘2 


VOCABULARY AND CONCEPTS fill inthe blanks. 
17. When a system of equations has a solution, it is called a 
system of equations. 
18. When a system of equations has no solution, it is called an 
system of equations. 


19. When the equations of a system have different graphs, the 
equations are called equations. 


20. Two equations with the same graph are called 
equations. 


GUIDED PRACTICE 


Solve each system by graphing. Check your graphs witha 
graphing calculator, if possible. See Examples 1-3. (Objective 1) 


x-y=4 2x+ty=1 
21. 22. 
2x+y=5 x—-2y=-7 
y yy 


A 


> xX 


> xX 


{x 13 — 4y 
23. 
3x =4+ 2y 


y 


> xX 


ee 
25. 
2ax+y=4 


y 
A 


27 oe 
* [2x + 4y = 6 


y 


> xX 
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ae = ay 
2a. {3 y 


2x =2 + 4y 
y 


> X 
3x —2y = 
26. {> 2y =0 
2x + 3y = 0 
y 
x 
28 eee 
* (3x + 2y=7 
y 
> xX 


Solve each system by substitution. See Example 4. (Objective 2) 


i i 
29. 30. 
x+ty= yoxt2 
31. ae 32. ae 
2x + y = 13 3x — 2y = —5 
33. {i +2y=6 34. ve —y=-2]1 
3x —-y=—10 4x + 5y=7 
ee vena 
35. 36. 
6x — 4y = -4 4x — 2y =5 
Solve each system by elimination. See Examples 5-7. (Objective 3) 
ae aaa 
x+y= x-y=7 
+y=- xt+2%y=- 
39. i y 10 40. e 2y 9 
2x -—y=-6 x—-2y=-1 


42 ela 
* (3x - 17 = 4y 


Graph the solution set of each system of inequalities. See 


Example 9. (Objective 5) 


; ae ae 
“lx +3y 32 


y 


ADDITIONAL PRACTICE 
Solve using any method. 

y=3 
49. 

e =2 

yo Ney 
Bie ll = 6x 

yo 4 

5 1 

=x + yrs 
53.40 

2% = 3. = 


eae 
55. 
x+2y= 
2x + 2y = —-1 
57. 
ee + 4y = 
Ix +3y= 
59. { x + 3y = 8 
3x —2y = -1 
4x + 9y = 
61. { x + 9y = 8 
2x — 6y = —-3 


2 
aa. {* 3y 
y=4x+5 
y=x-2 
as. {? ‘ 
y22x+1 
y 
> xX 
3x t+ysl 
as. {* , 
—-x+2y=6 
y 
A 
> xX 


50. 


52. 


54. 


62. 


56 - — 2y = —-10 
* Lox + Sy = 25 
5x + 3y = —-7 
58. 
i -—3y=7 
60. —2y=19 
3x + 4y = 1 
+6y=5 
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X4V_=6 a er. | 
63. | : 64. | : 
a aa ae ome 
2 2 1 
ax +fy=7 3x —qv= 8 
65. 66. 
SO rere 1 cates 
5X —5y = 18 3X —gy=—9 


an} Use agraphing calculator to solve each system. Give each 
answer to the nearest hundredth. 


y = 3.2x - 1.5 . = -0.45x + 5 
67. ; 
: = —2.7x — 3.7 ee y = 5.55x — 13.7 


2 is + 2.3y = 3.2 - eee = 12.9) — 3.79 
* Ly = 0.25x + 8.95 * (71x - y = 35.76 


APPLICATIONS = Use two variables to solve each problem. 
See Example 8. (Objective 4) 


71. Retailing The cost of manufacturing one type of camera 
and the revenue from the sale of those cameras are shown in 
the illustration. 

a. From the illustration, find the cost of manufacturing 
15,000 cameras. 

b. From the illustration, find the revenue obtained by 
selling 20,000 cameras. 

c. For what number of cameras will the revenue equal the 


cost? 
A 
3.0 
Revenue 
function 
22.8) 
=| 2.0 Cost 
EB function 
A 
& ILS) 
= 
8 
= 1.0 
< 
0.5 
> 
0 5 10 15} 20 


Number of cameras (in thousands) 


72. Food service 
a. Estimate the point of intersection of the two graphs 
shown in the illustration. Express your answer in the 
form (year, number of meals). 
b. What information about dining out does the point of 
intersection give? 


Number of Take-Out and On-Premise 
Meals Purchased at Commercial 
Restaurants Per Person Annually 


On-premise dining 


Take-out food 


Number of meals 


0 7a Ll L i feel i Ll i Ll it 1 | | 
'84 '85 '86 '87 '88 '89 '90 '91 '92 '93 '94 '95 '96 '97 


Year 


73. Merchandising A pair of shoes and a sweater cost $98. If 
the sweater cost $16 more than the shoes, how much did the 
sweater cost? 

74. Merchandising A sporting goods salesperson sells 2 fishing 
reels and 5 rods for $270. The next day, the salesperson sells 
4 reels and 2 rods for $220. How much does each cost? 


75. Electronics Two resistors in the following voltage divider 
circuit have a total resistance of 1,375 ohms. To provide the 
required voltage, R, must be 125 ohms greater than R>. 
Find both resistances. 


(3) XS) 


Voltage 
in 


Battery 


Voltmeter 


76. Stowing baggage A small aircraft can carry 950 pounds of 
baggage, distributed between two storage compartments. 
On one flight, the plane is fully loaded, with 150 pounds 
more baggage in one compartment than the other. How 
much is stowed in each compartment? 


77. Geometry The rectangular field in the following illustra- 
tion is surrounded by 72 meters of fencing. If the field is 
partitioned as shown, a total of 88 meters of fencing is 


required. Find the dimensions of the field. 
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78. Geometry Ina right triangle, one acute angle is 15° greater 
than two times the other acute angle. Find the difference 
between the angles. 


WRITING ABOUT MATH 
79. Determine which method you would use to solve the follow- 
ing system. Why? 
{ y=3x4+1 
3x + 2y = 12 
80. Determine which method you would use to solve the follow- 
ing system. Why? 
+4y=9 
3x — Sy = 20 


81. When graphing a system of linear inequalities, explain how 
to decide which region to shade. 


82. Explain how a system of two linear inequalities might have 
no solution. 


SOMETHING TO THINK ABOUT 


83. Under what conditions will a system of two equations in 
two variables be inconsistent? 

84. Under what conditions will the equations of a system of 
two equations in two variables be dependent? 

85. The solution of a system of inequalities in two variables is 
bounded if it is possible to draw a circle around it. Can the 
non-empty solution of a system of two linear inequalities 
be bounded? 

y= |x| 


has an area of 25. Find k. 
yok 


86. The solution of { 


Solving Systems of Three Linear Equations 
in Three Variables 


Objectives 


Vocabulary 


i tp 
2 3 ij 


Getting Ready 


GD Solve a system of three linear equations in three variables. 
©} identify an inconsistent system. 


&} Identify a dependent system and express the solution as an ordered triple 
in terms of one of the variables. 


@3 Solve an application problem by setting up and solving a system of three 
linear equations in three variables. 


Determine whether the equation x + 2y + 3z = 6 is satisfied by the following values. 


2-21, 3) 
4. (2, 2,0) 


We now extend the definition of a linear equation to include equations of the form 
ax + by + cz = d. The solution of a system of three linear equations with three vari- 
ables is an ordered triple of numbers. For example, the solution of the system 
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2x + 3y + 4z = 20 
3x +4y + 2z=17 
3x + 2y + 3z = 16 


is the ordered triple (1, 2, 3), since each equation is satisfied if x = 1, y = 2, and z = 3. 


2x + 3y + 4z = 20 3x + 4y +22, =17 3x + 2y + 3z = 16 
2(1) + 3(2) + 4(3) = 20 3(1) + 4(2) + 2(3) + 17 3(1) + 2(2) + 3(3) = 16 
2+6+ 12420 3+8+6=17 3+4+92 16 

20 = 20 17=17 16 = 16 


The graph of an equation of the form ax + by + cz = dis a flat surface called a 
plane. A system of three linear equations in three variables is consistent or inconsistent, 
depending on how the three planes corresponding to the three equations intersect. Figure 
13-8 illustrates some of the possibilities. 


The three planes intersect at a The three planes have a line / The three planes have no point 
single point P: One solution. in common: Infinitely many in common: No solutions. 
A consistent system. solutions. A consistent system. An inconsistent system. 
(a) (b) (c) 
Figure 13-8 


G2 Solve a system of three linear equations in three variables. 


To solve a system of three linear equations in three variables, we follow these steps. 


. Pick any two equations and eliminate a variable. 
. Pick a different pair of equations and eliminate the same variable. 
. Solve the resulting pair of two equations in two variables. 


. To find the value of the third variable, substitute the values of the two variables 
found in Step 3 into any equation containing all three variables and solve the 
equation. 


hWN = 


5. Check the solution in all three of the original equations. 


2x +y+42= 12 
EXAMPLE 1  Solvethesystem: (x +2y+2z=9. 
3x — 3y — 2z=1 
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Solution Weare given the system 


(1) 2x + y+ 4z = 12 
(2) x+2y+2z=9 
(3) 3% — 3y — 22 = 1 


If we pick Equations 2 and 3 and add them, the variable z is eliminated: 


(2) x+2y+2z= 9 
(3) 3x-3y-2z= 1 
(4) 4x- y = 10 


We now pick a different pair of equations (Equations | and 3) and eliminate z again. If 
each side of Equation 3 is multiplied by 2 and the resulting equation is added to Equa- 
tion 1, z is again eliminated: 


(1) 2xn+ yp+4z= 12 
6x — 6y —4z = 2 
(5) 8x —- 5y = 14 


Equations 4 and 5 form a system of two equations in two variables: 


(4) fo 10 
(5) 8x — Sy = 14 


To solve this system, we multiply Equation 4 by —5 and add the resulting equation 
to Equation 5 to eliminate y: 


—20x + 5y = —50 
(5) 8x —Sy= 14 
—12x = —36 

x= 3 Divide both sides by —12. 


To find y, we substitute 3 for x in any equation containing only x and y (such as 
Equation 5) and solve for y: 


(5) 8x — Sy = 14 
8(3) — 5y = 14 Substitute 3 for x. 
24 —- Sy = 14 Simplify. 
—Sy = —10 — Subtract 24 from both sides. 
y=2 Divide both sides by —5. 


To find z, we substitute 3 for x and 2 for y in an equation containing x, y, and z 
(such as Equation 1) and solve for z: 


(1) 2x + y+ 4z = 12 
2(3) + 2+ 4z = 12 Substitute 3 for x and 2 for y. 
8+ 4z = 12 Simplify. 
4z=4 Subtract 8 from both sides. 
z=1 Divide both sides by 4. 


The solution of the system is (x, y, z) = (3, 2, 1). Verify that these values satisfy each 
equation in the original system. 
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2x+y+4z= 16 
FY SELF CHECK 1 Solve the system: {x + 2y+2z2=11 
3x-= 3p — 27 = =9 


4 Identify an inconsistent system. 


The next example has no solution. 


2x +y-—3z=-3 
EXAMPLE 2 Solvethe system: (3x — 2y + 42 = 2 
4x + 2y —- 6z = —-7 


Solution Weare given the system of equations 
(1) 2x +y— 3z=-3 
(2) 3x —2y+4z=2 
(3) 4x + 2y —-6z2=—-7 
We can multiply Equation | by 2 and add the resulting equation to Equation 2 to elim- 
inate y. 
4x + 2y — 6z = -6 
(2) 3x —2y+4z= 2 
(4) 7x —2z=-4 


We now add Equations 2 and 3 to again eliminate y. 
(2) 3x —-2y+4z= 2 
(3) 4x + 2y —- 6z = —-7 
(5) 7x —2z=—-5 
Equations 4 and 5 form the system 
(4) {r —2z=-4 
(5) 7x —2z= —5 


Since 7x — 2z cannot equal both —4 and —S, this system is inconsistent; it has no solu- 
tion. Its solution set is @. 


2x+y-—3z=8 
FB) SELF CHECK 2 Solve the system: | 3x — 2y + 4z = 10. 
4x + 2y — 6z = —5 


3 | Identify a dependent system and express the solution as an ordered 
triple in terms of one of the variables. 


When the equations in a system of two equations in two variables were dependent, the 
system had infinitely many solutions. This is not always true for systems of three equa- 
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tions in three variables. In fact, a system can have dependent equations and still be incon- 
sistent. Figure 13-9 illustrates the different possibilities. 


mw w = 


When three planes intersect in a When two planes coincide and are parallel 
When three planes coincide, the common line, the equations are to a third plane, the system is 
equations are dependent, and there dependent, and there are inconsistent, and there are 
are infinitely many solutions. infinitely many solutions. no solutions. 
(a) (b) (c) 
Figure 13-9 


3x —2y+z=-1 


EXAMPLE 3 Solve the system: (2x +y—z=5 


5x -y=4 


Solution We can add the first two equations to get 


COMMENT The solution in 
Example 3 is called a general 
solution. If we had eliminated 
different variables, we could 
have expressed the general 
solution in terms of y or in 
terms of z. 


3x —2y+z=—-1 
2x+ yp-z= 5 
(1) 5Sx- yp = 4 


Since Equation | is the same as the third equation of the system, the equations of the 
system are dependent, and there will be infinitely many solutions. From a graphical 
perspective, the equations represent three planes that intersect in a common line, as 
shown in Figure 13-9(b). 
To write the general solution to this system, we can solve Equation | for y to get 
5x -y=4 
—y = —5x +4 — Subtract 5x from both sides. 
y=5x-4 Multiply both sides by —1. 
We then can substitute 5x — 4 for y in the first equation of the system and solve for z 
to get 
3x —2y+z=—-1 
3x — 2(5x -—4) +2 
ax — 10X84 ze 
—7x+8+2z2=-1 Combine like terms. 
z=7x-—9  Add7x and —8 to both sides. 


II 
| 
an 


Substitute 5x — 4 for y. 


II 
| 


Use the distributive property to remove parentheses. 


Since we have found the values of y and z in terms of x, every solution to the 
system has the form (x, 5x — 4, 7x — 9), where x can be any real number. For example, 

If x = 1,asolutionis(1,1,—-2). 5(1) — 4 = 1, and 7(1) — 9 = -2. 

If x = 2, a solution is (2, 6, 5). 5(2) — 4 = 6, and 7(2) -9 = 5. 

If x = 3, a solution is (3, 11,12). 5(3) — 4 = 11, and 7(3) — 9 = 12. 


This system has infinitely many solutions. 
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3x +2y+z2=-1 
FEY SELF CHECK3 Solve the system: (2x -—y-—z=5 
Sx+y=4 


4 Solve an application problem by setting up and solving a system 
of three linear equations in three variables. 


EXAMPLE 4 MANUFACTURING HAMMERS A company makes three types of hammers—good, 
better, and best. The cost of making each type of hammer is $4, $6, and $7, respectively, 
and the hammers sell for $6, $9, and $12. Each day, the cost of making 100 hammers is 
$520, and the daily revenue from their sale is $810. How many of each type are manu- 
factured? 


Analyze the problem We need to know the number of each type of hammer manufactured, so we will let x 
represent the number of good hammers, y represent the number of better hammers, 
and z represent the number of best hammers. 


Form three equations Since x represents the number of good hammers, y represents the number of better 
hammers, and z represents the number of best hammers, we know that 
The total number of hammers is x + y + z. 
The cost of making good hammers is $4x ($4 times x hammers). 
The cost of making better hammers is $6y ($6 times y hammers). 
The cost of making best hammers is $7z ($7 times z hammers). 
The revenue received by selling good hammers is $6x ($6 times x hammers). 
The revenue received by selling better hammers is $9y ($9 times y hammers). 
The revenue received by selling best hammers is $12z ($12 times z hammers). 


The information leads to three equations: 


The number of lus the number of has the number of seule the total 
good hammers P better hammers P best hammers 4 number of hammers. 
x + y + Zz a 100 
The cost of making ie the cost of making ae the cost of making denials the total 
good hammers P better hammers P best hammers 4 cost. 
4x + 6y + 7z = 520 
The revenue from ie the revenue from fais the revenue from annals the total 
the good hammers P the better hammers the best hammers“ revenue. 
6x + 9y + 12z = 810 


Solve the system These three equations give the following system: 
(1) x+y+z= 100 
(2) 4x + 6y + 7z = 520 
(3) 6x + 9p + 12z = 810 


that we can solve as follows: 


State the conclusion 


Check the result 


EXAMPLE 5 


Solution 


Gr) 


(2,2) 


a, ) 


Figure 13-10 
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If we multiply Equation | by —7 and add the result to Equation 2, we obtain 


7x — Ty — 7z = —700 
4x + 6y + 7z= 520 
(4) —3x- yp = —180 


If we multiply Equation 1 by —12 and add the result to Equation 3, we obtain 
12x — 12y — 12z = —1,200 
6x + 9y + 127 = 810 
(5) —6x — 3y = —390 


If we multiply Equation 4 by —3 and add it to Equation 5, we obtain 


9x + 3y = 540 

—6x — 3y = —390 

3x = 150 
x = 50 Divide both sides by 3. 


To find y, we substitute 50 for x in Equation 4: 
—3x —y = —180 
—3(50) — y = —180 — Substitute 50 for x. 
—y = —30 Add 150 to both sides. 
y = 30 Divide both sides by —1. 


To find z, we substitute 50 for x and 30 for y in Equation 1: 
x+y+z= 100 
50 + 30+ z = 100 
z= 20 Subtract 80 from both sides. 


Each day, the company makes 50 good hammers, 30 better hammers, and 20 best 
hammers. 


Check the solution in each equation in the original system. 


CURVE FITTING The equation of the parabola shown in Figure 13-10 is of the form 
y = ax* + bx + c. Find the equation of the parabola. 


Since the parabola passes through the points shown in the figure, each pair of coordi- 
nates satisfies the equation y = ax* + bx + c. If we substitute the x- and y-values of 
each point into the equation and simplify, we obtain the following system. 


(1) a-b+c=5 
(2) a+b+c=1 
(3) 4a+2b+c=2 
If we add Equations | and 2, we obtain 2a + 2c = 6. If we multiply Equation 1 by 


2 and add the result to Equation 3, we get 6a + 3c = 12. We can then divide both sides 
of 2a + 2c = 6 by 2 and divide both sides of 6a + 3c = 12 by 3 to get the system 


(4) ane 
(5) 2at+c=4 
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If we multiply Equation 4 by —1 and add the result to Equation 5, we get a = 1. To 
find c, we can substitute | for a in Equation 4 and find that c = 2. To find 5, we can 
substitute | for a and 2 for c in Equation 2 and find that b = —2. 

After we substitute these values of a, b, and c into the equation y = ax + bx +e 
we have the equation of the parabola. 


y=ax'+bxte 
y = 1x? + (-2)x +2 
y=x-2x+2 


SELF CHECK ANSWERS 1. (1,2,3) 2. @ 3. infinitely many solutions of the form (x, 4 — 5x, —9 + 7x) 


1. The manager of a coffee bar wants to mix some Peruvian Organic coffee worth $15 per 
pound with some Colombian coffee worth $10 per pound and Indian Malabar coffee worth 
$18 per pound to get 50 pounds of a blend that he can sell for $17.50 per pound. He wants 
to use 10 fewer pounds of the Indian Malabar than Peruvian Organic. How many pounds 
of each should he use? (Hint: This problem is based on the formula V = np, where V 
represents value, 1 represents the number of pounds, and p represents the price per pound.) 


WARM-UPS §!s the ordered triple a solution of the system? VOCABULARY AND CONCEPTS 

2x +y— 3z=0 Fill in the blanks. 
1. (1, 1, 1); 4 3x — 2y + 42 = 9. The graph of the equation 2x + 3y + 4z = Sisa flat 

4x + 2y — 62 =0 surface called a 

3x + 2y—z=5 10. When three planes coincide, the equations of the system are 
2. (2,0, 1); 4 2x — 3y + 22 =4 _ and there are________—s manny solutions. 

4x — 2y + 3z = 10 11. When three planes intersect in a line, the system will have 

many solutions. 
REVIEW 12. When three planes are parallel, the system will have ___ 
Consider the line passing through (—2, —4) and (3, 5). solutions. 
3. Find the slope of the line. Determine whether the ordered triple is a solution of the given 
system. 


4. Write the equation of the line in general form. eageess 


13. (2,1,1),42x + y-z=4 


Find each value if f(x) = 2x* + 1. 2x -3yt+7z= 
5. f(0) 6. f(—2) 2x + 2y + 3z=-1 
7. f(s) 8. f(2t) 14, (-3,2,-l, (3x +y—z=-6 


x+tyt2z= 
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GUIDED PRACTICE 
Solve each system. See Example 1. (Objective 1) 
xty+z=4 x+y+z=4 
15. (2x +y-z=1 16. {x -ytz=2 
2x -3y+z=1 x= y—2= 0 
2x + 2y + 3z = 10 x-ytz=4 
17. (3x +y-z=0 18. (x+2y-—z=—-l 
x+ty+2z=6 x+y-3z=-2 
4x + 3z=4 2x + 3y z=1 
19. (2y —6z=—-1 20. {2x — 3y + 2z = —-1 
8x + 4y + 3z =9 4x + 3y — 2z =4 
Solve each system. See Example 2. (Objective 2) 
2a+ 3b+c=2 2x+y-z= 
21. § 4a + 6b + 2c = 5 22. (x +2y + 2z= 
a-2b+c=3 4x + Sy + 3z= 
Solve each system. See Example 3. (Objective 3) 
x—2y+3z= 7x —-2y-—z=1 
23. §-x + 3y = —-4 24. (9x —-6y+z2=7 
2x — Sy + 3z = 13 x—-2y+2z2=3 


ADDITIONAL PRACTICE Solve each system. 


at+b+2c=7 3x —y-—2z=12 
25. (a+ 2b+c=8 26. (x+y + 6z=8 
2a+b+c=9 2x —-2y—-—z=11 


27. 


29. x—2y+4z=9 


4x + 2y — 62 = 


x—-3y+4z= 
2x + y+2z=3 
4x — Sy + 10z = 


31. 


| | 
| | 


APPLICATIONS 


Set up a system of three linear equations to solve each problem. 
See Examples 4-5. (Objective 4) 


33. Integer problem The sum of three integers is 18. The third 
integer is four times the second, and the second integer is 6 
more than the first. Find the integers. 

34. Integer problem The sum of three integers is 48. If the first 
integer is doubled, the sum is 60. If the second integer is 
doubled, the sum is 63. Find the integers. 

35. Geometry The sum of the angles in any triangle is 180°. In 
triangle ABC, ZA is 100° less than the sum of 7B and ZC, 
and Z Cis 40° less than twice 7 B. Find the measure of each 
angle. 

36. Geometry The sum of the G 
angles of any four-sided 
figure is 360°. In the 
quadrilateral, 2A = ZB, 

ZCis 20° greater than 2A, 
and 2D = 40°. Find the 
measure of each angle. A 


37. Nutritional planning One unit of each of three foods con- 
tains the nutrients shown in the table. How many units of 
each must be used to provide exactly 11 grams of fat, 6 
grams of carbohydrates, and 10 grams of protein? 


Food Fat Carbohydrates Protein 


A 1 1 2 
B D; 1 1 
C 2 1 2 


38. Nutritional planning One unit of each of three foods con- 
tains the nutrients shown in the table. How many units of 
each must be used to provide exactly 14 grams of fat, 

9 grams of carbohydrates, and 9 grams of protein? 


Food Fat Carbohydrates Protein 


A 2) 1 2 
B 3 2 1 
C 1 1 2 


39. Making statues An artist makes three types of ceramic 
statues at a monthly cost of $650 for 180 statues. The manu- 
facturing costs for the three types are $5, $4, and $3. If the 
statues sell for $20, $12, and $9, respectively, how many of 
each type should be made to produce $2,100 in monthly 
revenue? 

40. Manufacturing footballs A factory manufactures three 
types of footballs at a monthly cost of $2,425 for 1,125 
footballs. The manufacturing costs for the three types of 
footballs are $4, $3, and $2. These footballs sell for $16, 
$12, and $10, respectively. How many of each type are man- 
ufactured if the monthly profit is $9,275? (Hint: 

Profit = income — cost.) 
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41. Concert tickets Tickets for a concert cost $5, $3, and $2. 
Twice as many $5 tickets were sold as $2 tickets. The 
receipts for 750 tickets were $2,625. How many of each 
price ticket were sold? 


42. Mixing nuts The owner of a candy store mixed some 
peanuts worth $3 per pound, some cashews worth $9 per 
pound, and some Brazil nuts worth $9 per pound to get 
50 pounds of a mixture that would sell for $6 per pound. 
She used 15 fewer pounds of cashews than peanuts. How 
many pounds of each did she use? 


43. Chainsaw sculpting A north woods sculptor carves three 
types of statues with a chainsaw. The times required for 
carving, sanding, and painting a totem pole, a bear, and a 
deer are shown in the table. How many of each should be 
produced to use all available labor hours? 


Totem Time 
pole Bear Deer available 
Carving 2 hours 2 hours 1 hour 14 hours 
Sanding 1 hour 2 hours 2 hours 15 hours 
Painting 3 hours 2 hours 2 hours 21 hours 


44. Making clothing A clothing manufacturer makes coats, 
shirts, and slacks. The times required for cutting, sewing, 
and packaging each item are shown in the table. How many 
of each should be made to use all available labor hours? 


Time 


Coats Shirts Slacks available 


Cutting 20 min 15 min 10 min 115 hr 
Sewing 60 min 30 min 24 min 280 hr 
Packaging 5 min 12 min 6 min 65 hr 


45. Earth’s atmosphere Use the information in the graph to 


determine what percent of Earth’s atmosphere is nitrogen, is 


oxygen, and is other gases. 


Nitrogen: This is 12% more 
than three times the sum 
of the percent of oxygen 
and the percent 
of other gases. 


Other gases 


Other gases: This is 
20% less than the 
percent of oxygen. 


46. NFL records Jerry Rice, who played with the San Fran- 
cisco 49ers and the Oakland Raiders, holds the all-time 
record for touchdown passes caught. Here are interesting 
facts about this feat. 

* He caught 30 more TD passes from Steve Young than 
he did from Joe Montana. 
* He caught 39 more TD passes from Joe Montana than 
he did from Rich Gannon. 
* Hecaught a total of 156 TD passes from Young, 
Montana, and Gannon. 
Determine the number of touchdown passes Rice has 
caught from Young, from Montana, and from Gannon as 
of 2003. 

47. Curve fitting Find the equation 
of the parabola shown in the 
illustration. 


48. Curve fitting Find the equation 
of the parabola shown in the 
illustration. 


The equation of a circle is of the form x* + y* + cx + dy +e=0. 


49. Curve fitting Find the equation y 
of the circle shown in the 
illustration. 


50. Curve fitting Find the equation 
of the circle shown in the 
illustration. 


WRITING ABOUT MATH 
51. What makes a system of three equations in three variables 
inconsistent? 


52. What makes the equations of a system of three equations in 
three variables dependent? 


53. Solve the 


x4 


x4 


x4 
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SOMETHING TO THINK ABOUT 54. Solve the system: 
system: 2xt+ytzt+w=3 
bytzt+w=3 x= 2p 24 wa 3 
x-y-z-w=-l x-—y-—2z-w=-3 
ty-z-w=l x+y—-z+2w=4 
Fy-ztw=3 


Solving Systems of Linear Equations Using Matrices 


GD Solve a system of linear equations with the same number of equations as 
variables using Gaussian elimination. 


@9 Solve a system with more linear equations than variables using row 
operations on a matrix. 


&} Solve a system with fewer linear equations than variables using row 
operations on a matrix. 


Objectives 


Vocabulary 


Multiply the first row by 2 and add the result to the second row. 


al <0 
ae, 


4 
—l 


2 3G 
ae 2. 


Multiply the first row by —\ and add the result to the second row. 


Getting Ready 


=) 20 
Dee 


4 
= 


37239 4 
es lee : 


In this section, we will discuss a streamlined method used for solving systems of linear 
equations. This method involves the use of matrices. 


Al Solve a system of linear equations with the same number of equations 
as variables using Gaussian elimination. 


Another method of solving systems of equations involves rectangular arrays of numbers 
called matrices. 
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(] Matrix A matrix is any rectangular array of numbers. 


Some examples of matrices are 


1 2 2 4 6 

a=(} : | B=|3 4 C={ 8 10 12 
4 5 6 

5 6 14 16 18 


The numbers in each matrix are called elements. Because matrix A has two rows and 
three columns, it is called a 2 X 3 matrix (read “2 by 3” matrix). Matrix Bis a 3 X 2 
matrix, because the matrix has three rows and two columns. Matrix C is a 3 X 3 matrix 
(three rows and three columns). 

Any matrix with the same number of rows and columns, like matrix C, is called a 
square matrix. 

To show how to use matrices to solve systems of linear equations, we consider the 
system 


Arthur Cayley 
(1821-1895) 

Cayley taught mathematics at 
Cambridge University. When he x—-2y-—z=6 


refused to take religious vows, 
hs + oo 
he was fired and became a ee | 
lawyer. After 14 years, he =e ae = It 
returned to mathematics and to 


: : which can be represented by the following matrix, called an augmented matrix: 
Cambridge. Cayley was a major 


force in developing the theory 1 —2 -l 6 
of matrices. 2 a | | l 
-l -1 2:1 


The first three columns of the augmented matrix form a 3 X 3 matrix called a coefficient 
matrix. It is determined by the coefficients of x, y, and z in the equations of the system. 
The 3 X | matrix to the right of the dashed line is determined by the constants in the 


equations. 
Coefficient matrix Column of constants 
1 —-2 1 6 
2 2 -1 1 
-1 -1 2 1 


Each row of the augmented matrix represents one equation of the system: 
Le eG oo (x-2y-72=6 
2 2 =i 1 o 2x + 2y-—z=1 
=]. =] ae | o —x-yt2z=1 
To solve a3 X 3 system of equations by Gaussian elimination, we transform an aug- 


mented matrix into the following matrix that has all 0’s below its main diagonal, which is 
formed by the elements a, e, and h. 


a b cid 
0 e fig| (@b,c,... ,iare real numbers) 
00 hii 


We often can write a matrix in this form, called triangular form, by using the following 
operations. 


Elementary Row 


Operations 


EXAMPLE 1 


Solution 
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1. Any two rows of a matrix can be interchanged. 
2. Any row of a matrix can be multiplied by a nonzero constant. 


3. Any row of a matrix can be changed by adding a nonzero constant multiple of 
another row to it. 


A type | row operation corresponds to interchanging two equations of a system. 


- A type 2 row operation corresponds to multiplying both sides of an equation by a 
nonzero constant. 

- A type 3 row operation corresponds to adding a nonzero multiple of one equation to 
another. 


None of these operations will change the solution of the given system of equations. 
After we have written the matrix in triangular form, we can solve the corresponding 
system of equations by a process called back substitution, as shown in Example 1. 


x—-2y-—z=6 
Solve the system using matrices: {2x + 2y—z=1. 


—x -—yt2z=1 


We can represent the system with the following augmented matrix: 


1 -2 -116 
2 2 -1!1 
-1 -1 2/1 


To get 0’s under the | in the first column, we multiply row | of the augmented matrix 
by —2 and add it to row 2 to get a new row 2. We then multiply row | by | and add it 
to row 3 to get a new row 3. 

1 -2 -1 6 

0 6 1 -l11 

=) te 7 
To get a 0 under the 6 in the second column of the previous matrix, we multiply row 2 
by ; and add it to row 3. 


) —2 1 6 
0 6 1i-11 

a4° 06 
0 O 5} 3 


Finally, to clear the fraction in the third row, third column, we multiply row 3 by 5, 
which is the reciprocal of 3 


{ =!) ia: & 
0 6 1:-ll 
0 ol: 1 


The final matrix represents the system of equations 
x—-—2y-z=6 
Ox + 6y+2z2=—-l1 
Ox + 0y+z=1 
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From Equation 3, we can see that z = 1. To find y, we substitute | for z in Equation 2 
and solve for y. 
(2) 6y+z2=-ll1 
6y +1=—-11 Substitute 1 for z. 
6y = —12 — Subtract 1 from both sides. 
y=-2 Divide both sides by 6. 


Thus, y = —2. To find x, we substitute 1 for z and —2 for y in Equation | and solve 
for x: 
(1) x-2y-z7=6 
x — 2(-2) —1=6 — Substitute 1 for z and —2 for y. 
x+3=6 Simplify. 
x = 3 Subtract 3 from both sides. 


Thus, x = 3. The solution of the given system is (3, —2, 1). Verify that this ordered 
triple satisfies each equation of the original system. 


x—-2y-—z=2 
FY SELF CHECK 1 Solve the system using matrices: {2x + 2y — z= —5. 
—x-yt2z=7 


vA Solve a system with more linear equations than variables using row 
operations on a matrix. 


We can use matrices to solve systems that have more equations than variables. 


xty=-l 
EXAMPLE 2 Solve the system using matrices: {2x — y = 7 
—x+2y=—-8 


Solution This system can be represented by the following augmented matrix: 


ties 
2 21) 7 
-1 2: -8 


To get 0’s under the | in the first column, we multiply row | by —2 and add it to row 2. 
Then we can multiply row | by 1 and add it to row 3. 


1 1i-l 

0 -3 9 

G 3=9 
To get a 0 under the —3 in the second column, we can multiply row 2 by | and add it to 
row 3. 

1 li-l 


SELF CHECK 2 


EXAMPLE 3 


Solution 
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Finally, to get a 1 in the second row, second column, we multiply row 2 by i. 


L t =! 
0 iL i=3 
0 0: 0 


The final matrix represents the system 


xty=-l 
Ox + y= —-3 
Ox + Oy = 0 


The third equation can be discarded, because 0x + Oy = 0 for all x and y. From the 
second equation, we can read that y = —3. To find x, we substitute —3 for y in the first 
equation and solve for x: 


xty=-l 
x + (-3) = —-1 — Substitute —3 for y. 
x=2 Add 3 to both sides. 


The solution is (2, —3). Verify that this solution satisfies all three equations of the orig- 
inal system. 


xt+ty=1 
Solve the system using matrices: {2x — y = 8 


—x+2y=-7 


If the last row of the final matrix in Example 2 had been of the form 0x + Oy = k, 
where k # 0, the system would not have a solution. No values of x and y could make the 
expression 0x + Oy equal to a nonzero constant k. 


Solve a system with fewer linear equations than variables using row 
operations on a matrix. 


We also can solve many systems that have more variables than equations. 


—i 
3 


Ky — 2 


Solve the system using matrices: { 
26> yp rs 


This system can be represented by the following augmented matrix. 
[1 1 -2:-1 | 
[2 -l 1: -3 


To get a 0 under the | in the first column, we multiply row | by —2 and add it to row 2. 


flo ot 
5i-1 


LO —3 
Then to get a | in the second row, second column, we multiply row 2 by i. 


f 1 Iq 
Si 61 
eas 
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The final matrix represents the system 


{* ya l= = 
Ss 
VY 37-3 
We add 2, to both sides of the second equation to obtain 


8 
ie area 8 
v3 3 


We have not found a specific value for y. However, we have found y in terms of z. 


To find a value of x in terms of z, we substitute 7 + 3, for y in the first equation 
and simplify to get 


x+y-—2z=—-1 


1 5 7 sige ll 5S 
x + 3 + 32 —2z=—-1 Substitute 3 + 32 for y. 
1 1 ee: 
x + 3 = ao =-] Combine like terms. 
1 4 1 : 
x 37 = 3 Subtract 3 from both sides. 
4 1 1 ; 
x= “3 + 37 Add 3z to both sides. 


A solution of this system must have the form 
4 1 1 5 ; oo, ; 
=o 22, 32 Zz This solution is a general solution of the system. 
for all real values of z. This system has infinitely many solutions, a different one for 
each value of z. For example, 
If z = 0, the corresponding solution is (-2 i 0). 
If z = 1, the corresponding solution is (—1, 2, 1). 


Verify that both of these solutions satisfy each equation of the original system. 


| 
a 
= 


x+ty-2z= 
EJ SELF CHECK 3 Solve the system using matrices: { ms ‘ 


2xn-ytz=-2 
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EVERYDAY CONNECTIONS Staffing 


Matrices with the same number of rows and columns can Suburban Oflice 
be added. We simply add their corresponding elements. 
For example, 


Male Female 

Day shift 14 12 

3 “f+ (3 —1 | Night shift 5 2 
-1 2 § cy eget ys 

Lf 2368 Sak (el) Hse 

=|55, 24+3 ae 


ae ) = p= |" a = s-|"! A 


The information about the employees is contained in the 
following matrices. 


The entry in the first row-first column in matrix D gives 
the information that 12 males work the day shift at the 
downtown office. Company management can add the 


To multiply a matrix by a constant, we multiply each 
element of the matrix by the constant. For example, 


5. | a8 4 matrices D and S'to find corporate-wide totals: 
=| 2 § 
12 18 14 12 
-| 522 53 ah | p+s=|"3 ts al 
S°(—l)) SoBe Fed 
26 30 We interpret the total to mean: 
1 1S =20 = 
= aes os 8 2 Male Female 
Day shift 26 30 
Since matrices provide a good way to store information Night shift 8 D) 


in computers, they often are used in applied problems. 
For example, suppose there are 66 security officers 
employed at either the downtown office or the suburban 


If one-third of the force in each category at the down- 
town location retires, the downtown staff would be 


pies: reduced to =D people. We can compute =D by multiplying 
each entry by 5. 
Downtown Office 25 2 omens | After retirements, downtown 
Male Female BS Bl staff would be 
Day shift 12 18 8 12 Male Female 
Night shift 3 0 wile 0 Day shift 8 12 
Night shift 2D 0 


SELF CHECK ANSWERS 1. (1, -2,3) 2. (3,—2) 3. infinitely many solutions of the form (3 ap iz, ar 32, z) 


1. A toy company builds authentic models of a compact car, a sedan, and a truck. The times 
required for preparation, assembly, and post-production are given below. Use matrices to 
help determine how many of each should be made in order to use all available labor hours. 


Compact Sedan Truck Total labor hours 
Preparation 1 hr 1 hr 2 hrs 60 hrs 
Assembly 2 hrs 3 hrs 4 hrs 130 hrs 
Post-production 2 hrs 2 hrs 3 hrs 100 hrs 
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13.3 EXERCISES 


WARM-UPS 

3x + 2y =8 
4x - 3y=6 
1. Find the coefficient matrix. 


Consider the system { 


2. Find the augmented matrix. 


Determine whether each matrix is in triangular form. 


4 1 5 8 5 2 
3.;}0 2 7 4.|;0 4 5 

0 0 4 0 7 0 
REVIEW Write each number in scientific notation. 
5. 93,000,000 6. 0.00045 
7. 63 X 10° 8. 0.33 x 10° 


VOCABULARY AND CONCEPTS 
Fillin the blanks. 
9A is a rectangular array of numbers. 
10. The numbers in a matrix are called its 
11. A3 X 4 matrix has __ rows and 4 


12. A matrix has the same number of rows as columns. 

13. An matrix of a system of equations includes 
the matrix and the column of constants. 

14. If a matrix has all 0’s below its main diagonal, it is written 
in form. 

15. A row operation corresponds to interchanging two 


equations in a system of equations. 
16. A type 2 row operation corresponds to both 
sides of an equation by a nonzero constant. 
17. A type 3 row operation corresponds to adding a 
multiple of one equation to another. 
18. In the Gaussian method of solving systems of equations, we 
transform the matrix into triangular form and 
finish the solution by using substitution. 


Use a row operation on the first matrix to find the missing number 
in the second matrix. 


19. Le i 20. a | 
l5 4 1 | te =e 3 
[2 1 '] [-1. 3 , 
le 3 1 5 
| 2 = 59, (2 ! ‘| 
i-4 2A lI2 6 1 
) 3 -2 1 [6 3 
=e 4 12 6 1 
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GUIDED PRACTICE 
Use matrices to solve each system of equations. See Example 1. 
(Objective 1) 
x+ty= x+ty= 
23 . - 24. ti A 
x7 y= x-—ypor-l 


26. i — 3y = 16 
—4x + y = -22 


xe ypt2= x= pro 2 
27. (x +2y+z=8 28. (x+2y-—z= 
+y+2z= 20 > 2S 3 
2x + yt 3z= 3x+2y+2z2=8 
29. §-2x -—yt+z= 30. \ 6x —y + 2z = 16 
4x —2y + 2z= =9x + po z= —20 


x + 2y + 2z7=2 
31. (2x +y—-z=1 32. 
4x + 5y + 3z =3 


x+2y—-—z=3 
2x —-y+2z=6 


Use matrices to solve each system of equations. See Example 2. 


(Objective 2) 
xty=3 xe yas 
33. (3x -y=1 34. (2x + 3y=5 
2x+y=4 x+ty=1 
2x-y=4 3x —2y=5 
35. (x + 3y =2 36. {x + 2y=7 
—-x -4y=-2 —-3x-y=-ll 
2x+y=7 3x -y=2 
37. (x -—y=2 38. ) —6x + 3y = 0 
—-x+3y=-2 —x+2y=—-4 


Use matrices to solve each system of equations. Give a general 
solution. See Example 3. (Objective 3) 


x + 2p + 32 = =2 
3. {* ade 


x 732 = 
40. = 4y + 3 


=e yp 22=4 4x + 6y + 4z = -6 
x-y=l x+z=1 

41. \/yt+z=1 42. (x +y=2 
x+z=2 2x+tytz= 
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ADDITIONAL PRACTICE Cc 
Use matrices to solve each system of equations. 
3x + = — x — = 
3. { x + 4) 12 AA. {> 4y = 10 
9x — 2y =6 x—Ty= 
ie 5a = 24+ 2b ae 3m = 2n + 16 A B 
* [Sb = 3a + 16 * (2m = —5n - 2 
66. Geometry In the triangle below, ZA is 10° less than ZB, 
8a 4 bh = 3e=5 2a+b—-3c=—-1 and ZB is 10° less than ZC. Find the measure of each angle 
47. (a — 2b + 4c = 10 48. {3a — 2b-c = -5 mine tnianele 
atb+c=13 a— 3b—2c = —-12 
Cc 
x+3y=7 xt y= 
49. jx +y=3 50. {x — 2y = -3 
3x t+y=5 x-y=l1 
5x — 2y = 52. 2x-y=-l “a a 


Remember that the equation of a parabola is of the form 
y=ax-+bxt+c 


67. Curve fitting Find the equation of the parabola passing 
through the points (0, 1), (1, 2), and (—1, 4). 


53. 54. 


3x —2y +42 = 
xty+z2=3 56. 
6x — 2y — 3z = 10 


55. 


68. Curve fitting Find the equation of the parabola passing 
through the points (0, 1), (1, 1), and (—1, —1). 


| 
| 
| 


57, 2% =? oo a ie 
* (-6x + 2y = -18 ae —3x + 3y = -3 
APPLICATIONS 
x+y+z=6 x—y=0 69. Physical therapy After an A 
59. rs 60. jy +z=3 elbow injury, a volleyball Range of \ 
= x+72=3 player has restricted move- motion 
ment of her arm. Her range Angle 1 
x+2y+7=1 x—2y+3z2=9 of motion (the measure of 
61, (2x —y+22=2 62.4 <4 Sp = =A Z1) is 28° less than the 
measure of 22. Find the 
3x +y+3z=3 2x — Sy + 3z = 13 
measure of each angle. 
70. Cats and dogs In 2003, there were approximately 
Remember these facts from geometry. Then solve each problem 135 million dogs and cats in the U.S. If there were 
using two variables. 15 million more cats than dogs, how many dogs and cats 
Two angles whose measures add up to 90° are complementary. were there? 
Two angles whose measures add up to 180° are supplementary. 71. Piggy banks When a child breaks open her piggy bank, 
The sum of the measures of the interior angles in a triangle is she finds a total of 64 coins, consisting of nickels, dimes, 
180°. and quarters. The total value of the coins is $6. If the 
63. Geometry One angle is 46° larger than its complement. nickels were dimes, and the dimes were nickels, the value of 
Find the measure of each angle. the coins would be $5. How many nickels, dimes, and quar- 
64. Geometry One angle is 28° larger than its supplement. ters were in the piggy bank? 
Find the measure of each angle. 72. Theater seating The illustration shows the cash receipts 
65. Geometry In the triangle in the next column, 2 B is 25° and the ticket prices from two sold-out performances of a 
more than Z.A, and Z Cis 5° less than twice ZA. Find the play. Find the number of seats in each of the three sections 


measure of each angle in the triangle. of the 800-seat theater. 
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Sunday Ticket Receipts WRITING ABOUT MATH 
Matinee | $13,000 73. Explain how to check the solution of a system of equations. 
Evening | $23,000 


74. Explain how to perform a type 3 row operation. 


SOMETHING TO THINK ABOUT 
75. If the system represented by 


1 1 031 
00 1:2 
0 0 O:tk 


Box seats 
Matinee $20 
Evening $30 


Row10 


has no solution, what do you know about k? 


76. Is it possible for a system with fewer equations than vari- 
ables to have no solution? Illustrate. 


Row 1 


Promenade 
Matinee $10 
Evening $25 
3 ——_ 


Solving Systems of Linear Equations 
Using Determinants 


GD Find the determinant of a2 x 2anda3 X 3 matrix without a calculator. 
® Solve a system of linear equations using Cramer's rule. 


Objectives 


Vocabulary 


= 


Find each value. 
1. 3(—4) — 2(5) 2. 5(2) — 3(—4) 


3. 00 —5)=36— 7470s 5 
Ae 3G = 2) Os 5 2) 


Getting Ready 


Value of a2 x 2 
Determinant 


COMMENT Note that if A is 
a matrix, |A| represents the 
determinant of 4A. If Aisa 
number, | A| represents the 
absolute value of A. 


EXAMPLE 1 


Solution 


SELF CHECK 1 
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We now discuss a final method for solving systems of linear equations. This method 
involves determinants, an idea related to the concept of matrices. 


Find the determinant of a2 X 2 anda3 X 3 matrix without a calculator. 


If a matrix A has the same number of rows as columns, it is called a square matrix. To 
each square matrix A, there is associated a number called its determinant, represented by 
the symbol | A]. 


. || 
If a, b, c, and d are real numbers, the determinant of the matrix le a is 


The determinant of a 2 X 2 matrix is the number that is equal to the product of the 
numbers on the major diagonal 


a b 
c od 


minus the product of the numbers on the other diagonal 
a 
c 


b 
d 


Evaluate the determinants: a 2 b. | =? 2 | 
Valuate ede : is 6 9 e 1 0 
a| > 7 |=30)-26 b | “53 = —5(0) — 4(-1) 
“16 9 “| -1 0 2 
=27-12 =o+4 
= 15 1 
= 
3 
Evaluate: | | 


Value of a3 x 3 
Determinant 


Minor Minor Minor 
of a; of b, of cy 

a bh Gy 
h = by C2 b ay C2 a an by 
a2 02 C2 ay B 1 Cy h 
3 C3 a3 C3 a3 3 
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To find the minor of a,, we find the determinant formed by crossing out the elements 
of the matrix that are in the same row and column as a: 


a by Gy 
¢ P by () 
a bo The minor of a is 
b3 C3 
a3 b C3 


To find the minor of b,, we cross out the elements of the matrix that are in the same 
row and column as b;: 


as aaa 
4 4 Co 
a, by Co The minor of 5, is 
a3. «C3 
a3 b3 C3 


To find the minor of c;, we cross out the elements of the matrix that are in the same 
row and column as c¢: 


ram CT 
a by Cp The minor of c;, is aa De 
a3 bs 
a3 b3 ¢3 
l 3 =2 
EXAMPLE 2 Evaluate the determinant: |2 1 3 
1 3 
Solution Minor Minor Minor 
of 1 of 3 of —2 
{ { { 
en 1 2 2 1 
i 3 =1| 5 /-3| 7 +a] 4 
1 2 3 
166) - 363) = 24 = 1) 
=-3-9-6 
= —-18 
2 =) 3 


FJ SELF CHECK2 Evaluate: | 1 2 -2 


We can evaluate a 3 X 3 determinant by expanding it along any row or column. To 
determine the signs between the terms of the expansion of a3 X 3 determinant, we use 
the following array of signs. 


Array of Signs fora + — + 
3 X 3 Determinant See ENS 


‘ - ee ik 


The pattern above holds true for any square matrix. 
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PERSPECTIVE Lewis Carroll 


One of the more amusing historical anecdotes concern- received an autographed copy of a mathematics text 

ing matrices and determinants involves the English math- titled An Elementary Treatise on Determinants. The story 
ematician Charles was repeated as fact so often that Carroll finally included 
Dodgson, also known as an explicit disclaimer in his book Symbolic Logic, insist- 
Lewis Carroll. The anec- ing that the incident never actually occurred. 

dote describes how 
England’s Queen Victoria 
so enjoyed reading 


Source: http://mathworld.wolfram.com/Determinant.html 


Evaluate each determinant. 


Carroll’s book Alice in 2) al I . : 
Wonderland that she us | > 1 | 2 | 
requested a copy of his } 2-2 
next publication. To her 
great surprise, she 

1 3 -2 

EXAMPLE3 Evaluate | 2 1 3 | by expanding on the middle column. 
1 2 3 


Solution — This is the determinant of Example 2. To expand it along the middle column, we use 
the signs of the middle column of the array of signs: 


Minor Minor Minor 
of 3 of 1 of 2 
| | { 
ee —_— —) 
2 1 3) =-3 +1 1 3 —2 , 3 
1 2 3 


=—i6= 3) 4 1p —(-2)] — 25 — (4) 
—3(3) + 1(5) — 2(7) 

=-9+5-14 

= -18 


As expected, we get the same value as in Example 2. 


2 
SELF CHECK 3 Evaluate: | 1 
3 


2 Solve a system of linear equations using Cramer’s rule. 


The method of using determinants to solve systems of equations is called Cramer’s rule, 
named after the 18th-century mathematician Gabriel Cramer. To develop Cramer’s rule, 
we consider the system 


aay 
cx + dy =f 


where x and y are variables and a, b, c, d, e, and f are constants. 
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To use a graphing calculator to evaluate the determinant in Example 3, we first enter 
the matrix by pressing the MATRIX key, selecting EDIT, and pressing the ENTER 
key. We then enter the dimensions and the elements of the matrix to get Figure 13-11(a). 
We then press 2ND QUIT to clear the screen. We then press MATRIX , select MATH, 
and press | to get Figure 13-11(b). Next, press MATRIX , select NAMES, and press | 
to get Figure 13-11(c). To get the value of the determinant, we now press ENTER to 


ACCENT ON TECHNOLOGY 


Evaluating Determinants 


get Figure 13-11(d), which shows that the value of the determinant is —18. 


MATRIX[A] 3 x3 det( 
(1 3 2 ] 
[2 1 3 ] 
[1 2 3 
ass) 

(a) (b) 
det([A] det([A] ap 

i 
(c) (d) 
Figure 13-11 


If we multiply both sides of the first equation by d and multiply both sides of the 
second equation by —b, we can add the equations and eliminate y: 
adx + bdy = ed 
—bex — bdy = —bf 
adx — bcx = ed — bf 


To solve for x, we use the distributive property to write adx — bcx as (ad — bc)x on the 
left side and divide each side by ad — be: 
(ad — bc)x = ed — bf 
ed — bf 


et =e (ad — bc) #0 


We can find y in a similar manner. After eliminating the variable x, we get 


af — ec 
= d- 
y ede (a bc) #0 


Gabriel Cramer 
(1704-1752) 

Although other mathematicians 
had worked with determinants, 
it was the work of Cramer that 
popularized them. 


Determinants provide an easy way of remembering these formulas. Note that the 
denominator for both x and y is 
a b 
c ad 


| = aa be 
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The numerators can be expressed as determinants also: 


e b | | ae 
ae a oe ante le , 
c d c d 
If we compare these formulas with the original system 
{a + by =e 
cx + dy =f 


we note that in the expressions for x and y above, the denominator determinant is formed 
by using the coefficients a, b, c, and d of the variables in the equations. The numerator 
determinants are the same as the denominator determinant, except that the column of 
coefficients of the variable for which we are solving is replaced with the column of con- 
stants e and f- 


Cramer's Rule for The solution of the system ae given by 
Two Equations cx + dy=f 
in Two Variables 
Ds and = 
x D J D 
where D = | “ Z =| and D,= |" “ 
d eat. # d ? a? C f , 


If D # 0, the system is consistent and the equations are independent. 
If D = 0 and D, or D, is nonzero, the system is inconsistent. 


If every determinant is 0, the system is consistent but the equations are dependent. 


4x — 3y = 6 
EXAMPLE 4 Use Cramer’s rule to solve { ee 
—2x + 5y =4 
Solution The value of x is the quotient of two determinants. The denominator determinant is 
made up of the coefficients of x and y: 


ol 


D= 
lea 


To solve for x, we form the numerator determinant from the denominator determi- 
nant by replacing its first column (the coefficients of x) with the column of constants 
(6 and 4). 

To solve for y, we form the numerator determinant from the denominator determi- 
nant by replacing the second column (the coefficients of y) with the column of con- 


stants (6 and 4). 
To find the values of x and y, we evaluate each determinant: 
6 —3 
Dy 4 5 6(5) — (—3)(4) 30+ 12 42 7 
x= = = = 


D | 4 oa a 14 
3 5 
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4 6 
Sle | _ 44) = 6(=2) _16+12_ 28 _, 
2D | 4 =| AG)—(-3(-=) 20-6 14 
=p. 8 


The solution of this system is (3, 2). Verify that x = 3 and y = 2 satisfy each equation 
in the given system. 


2x — 3y = —-16 


Fy SELF CHECK 4 ma aie 


Solve the system: { 


7x = 8 — 4y 


EXAMPLE 5 Use Cramer’s rule to solve { 7. 
2y=3- aX 


Solution We multiply both sides of the second equation by 2 to eliminate the fraction and write 
the system in the form 


ee. 
7x + 4y = 6 


When we attempt to use Cramer’s rule to solve this system for x, we obtain 


| - | 

dD, 4 

x= 7 = : i =< which is undefined 
7 4 


This system is inconsistent because the denominator determinant is 0 and the numera- 
tor determinant is not 0. Since this system has no solution, its solution set is ©. 

We can see directly from the system that it is inconsistent. For any values of x and 
y, it is impossible that 7 times x plus 4 times y could be both 8 and 6. 


FJ SELF CHECK 5 Solve the system: . _ 


ya sx 1 
6x + 2y = 2° 


EXAMPLE 6 Use Cramer’s rule to solve { 


Solution We first write the system in the form 


. +y=1 
6x + 2y =2 
When we attempt to use Cramer’s rule to solve this system for x, we obtain 
[2 2| 
x= ee el ° which is indeterminate. 
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When we attempt to use Cramer’s rule to solve this system for y, we obtain 


| . | 

D, 6 2 0 aa ; 

y= . = Me ae which is indeterminate 
6 2 


This system is consistent and its equations are dependent because every determinant is 
0. Every solution of one equation is also a solution of the other. The solution is the 
general ordered pair (x, —3x + 1). 


y=2x-—5 


SELF CHECK 6 eos 


Solve the system: { 


Cramer's Rule for Gx 7 Oy ez — 
Three Equations The solution of the system { dx + ey + fz =k is given by 
in Three Variables ex thy +iz=1 
D D, ID, 
x=— y=—, and z= = 
D D D 
where 
a wo € ij wo @ 
D=\|ad e D.=|k e f 
ane | | 
a yy © a@ b i 
Dy = || a 1s D,=|deek 
gu @ g hil 


If D # 0, the system is consistent and the equations are independent. 
If D = 0 and D, or D, or D- is nonzero, the system is inconsistent. 


If every determinant is 0, the system is consistent but the equations are dependent. 


2x + y+ 4z = 12 
EXAMPLE 7 Use Cramer’s rule to solve (x + 2y + 22 =9. 
3x — 3y — 22 = 


Solution The denominator determinant is the determinant formed by the coefficients of the 
variables. To form the numerator determinants, we substitute the column of constants 
for the coefficients of the variable to be found. We form the quotients for x, y, and z 
and evaluate the determinants: 


mz 1 4 
9 2 2 x 9 9 2 9 2 
12 -1 +4 
dD. 1 -3 -2 Pe Es r -2 | 3 12(2) ~ (=20) + 4(-29)_-72 _, 
D 2 1 4 2 2) _4|/t 2) 44/1 2 2(2) — (—8) + 4(-9) 24 
i. 2. 2 -3 -2 3 -2 3 -3 
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212 4 
i 9 2 | | F | E | 
2 aa 0; 4 
_D,_|3 1-2] _“/1 -2 a 3 31 | _ 2(-20) ~ 12(-8) + 4-26) _ -48 _ 
Dio i a ay 0A —24 
i 2 °9 
q 2g 9 
2 1 12 
1 2 9 a} 2 | -a]) 2] +n! | 
pe eo | es a 9 =3:| _ 20) =1= 06) + ED 20, 
D 2 1 4 —24 —24 —24 
i 3 
5. =3 2 


The solution of this system is (3, 2, 1). 
x+y+2z=6 


FY SELF CHECK 7 Solve the system: (2x -y+7=9 
x+y-—2z=-6 


SELF CHECK ANSWERS 1.610 2.0 3.-20 4.(-2,4) 5.0 6.(x,2x-5) 7. (2,-2,3) 


Solve for x. 
x 2 2X 3 
1. =4 = 10(x — 1 
x 3 | | a | ee) 
+4 3 2 
se =2x +5 4.| 1 2x 4] =30 
2x—-5 2 
-4 x 1 
So == — all 
13.4 EXERCISES — ’ 
: x+2y=5 
WARM-UPS When using Cramer's rule to solve the system ieee 
Evaluate each determinant. 
‘ 2 1 4 0 2 4. Set up the denominator determinant for x. 
“}1o1 “T1o1 
| 0 1 | 5. Set up the numerator determinant for x. 
“10 1 


6. Set up the numerator determinant for y. 
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REVIEW Solve each equation. Use Cramer's rule to solve each system, if possible. If the equations 
Fie 3 = Ha a= 5 of the system are dependent, give a general solution. See Examples 
°3 4-6. (Objective 2) 
8, 5% = 2 + 11) xtyp=l 3x -—y=-3 
31. 32. 
x—-—2y=-7 = 


5 
9. 2(5x + 6) — 10 =0 


10. 5 — 3(2x — 1) = (4 + 3x) — 24 xty=6 


VOCABULARY AND CONCEPTS Fill in the blanks. ll — 3x 
11. A determinant is a that is associated with a Fe ie eel f "3 2 


x-y=2 


matrix. 5x — 7 36. 


12. The value of 


a by Cy le a 


13. The minor of b; in | dy by cy | Is > 404 
a3 b C3 


14. We can evaluate a determinant by expanding it along any 


or__ 
15. The method of solving a system of linear equations using 
determinants is called__-_—— Use Cramer’s rule to solve each system, if possible. If the equations 
16. The set up for the denominator ean for the value of of the system are dependent, give a general solution. See Example 
F 3x + 4y = 7 . 7. (Objective 2) 
xin the system {3° "9 Lis ‘ ge yaeed teyarca 
17. If D # 0, then the system is and the equations sal Gia cal aml De = Pore 2 
are : xo pres =2 x-y-z=0 
18. If the denominator determinant for y in a system of equa- 
tions is zero, the equations of the system are or xty+2z=7 x + 2y + 2z = 10 
the system is . 41. §x+2yvy+2z=8 42. (2x +y+2z2=9 
2x+y+2z2=9 2x+2y+z=1 
GUIDED PRACTICE 
Evaluate each determinant. See Example 1. (Objective 1) 2xty—-z=1 2x—-yt4z+2=0 
2 3 3 -2 43. (x +2y+2z=2 44. )5x + 8y + 7z = -8 
19. =) | 20. 2 4 4x + 5y + 3z = x+3yt+2+3=0 
21 —1 2 22 =| =2 
: e -=4 "| _3 4 2x + 3y + 42 =6 
45. (2x — 3y — 4z = -4 
Evaluate each determinant. See Examples 2-3. (Objective 1) 4x + 6y + 8z = 12 
101 12 0 x-3y+4z2-2=0 
23./0 1 0 24./0 1 2 a6. {2x + y + 22-3 =0 
11 001 4x — 5y +102 -7=0 
=|) 2 1 I 2 3 
25. 2 1 -3 26.; 1 2 3 ADDITIONAL PRACTICE 
1 1 1 1 2 3 Evaluate each determinant. 
= ) x+y _ 
i 2 3 i 2 a7. J 48. eae en a 
27. | —2 1 1 28./2 1 —2 yx x y 
=3. = 27k 3 1 3 
12 3 14 7 a 2a —a 1 2b —3 
29.) 4 5 6 30.;2 5 8 49.;2 -1 3 50.; 2 —b 2, 
7 8 9 3.6 9 lL. .Q =3 1 3b 1 
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1 aieoob abe 

51.| 1 2a 2b 52.|0 b c¢ 
1 3a 3b 0 0 ¢ 


53. 


55. 


59. 


61. 


63. 


65. 


67. 


2 -3 4 =3 2 —-5 
=] 2 4 54. 3 -2 6 
3 —3 1 L 1 -3 4 
[ 2 1 —3 ;4 2 -3 
—2 2 4 56. | 2 —5 6 
EL 1 =2 2 L2 5. =2 
Use Cramer’s rule to solve each system. 
2x + 3y =0 4x —-3y=—-1 
fea sa {2-9 
4x — 6y = -4 8x + 3y =4 
— 22x t1 2x + 3y = -1 
” 3 co. { aes) 
3x —2y =8 X= "9 
_ 5sy-4 _ | = 5x 
rr a yr 
3x — 1 ° 3y + 10 
yar x a 
2x+ytz2=5 3x + 2y—z=—-8 
x — 2y + 3z = 10 64. (2x —y + 7z = 10 
x+y-42=-3 2x + 2y — 3z = —10 
1 4 oa Oh 
4x +32=4 ea ae Da a 
= en = 
2y — 6z = -1 66.\x +5y+2—-5=0 
yc + ) a 1 a 
8x + 4y + 3z xt+ytiz+i=0 
xty= 3x + 4y + 142 = 
1 
sy +2 =3 68.) — 9X —~y+2z2=5 
2 3 
x—-—z=-3 x +5y +57 = 1 


Solve the equation. 


x 1} xX —xX } 
69. | | 4 70. ° a = 
oa |e rinks m.|* 3] =[3 2] 
3 1 x 3 x 2 1 1 
APPLICATIONS 
73. Signaling A system of sending signals uses two flags held 


in various positions to represent letters of the alphabet. The 
illustration shows how the letter U is signaled. Find x and y, 
if y is to be 30° more than x. 


74. 


75. 


76. 


Inventories The table shows an end-of-the-year inventory 
report for a warehouse that supplies electronics stores. If 
the warehouse stocks two models of cordless telephones, 
one valued at $67 and the other at $100, how many of each 
model of phone did the warehouse have at the time of the 
inventory? 


Item Number Merchandise value 
Television 800 $1,005,450 
Radios 200 $15,785 
Cordless phones 360 $29,400 


Investing A student wants to average a 6.6% return by 
investing $20,000 in the three stocks listed in the table. 
Because HiTech is considered to be a high-risk investment, 
he wants to invest three times as much in SaveTel and 
HiGas combined as he invests in HiTech. How much should 
he invest in each stock? 


Stock Rate of return 
HiTech 10% 
SaveTel 5% 
HiGas 6% 


Investing See the table. A woman wants to average a 
Te return by investing $30,000 in three certificates of 


deposit. She wants to invest five times as much in the 
8% CD as in the 6% CD. How much should she invest in 
each CD? 


Type of CD Rate of return 
12 month 6% 
24 month T™% 
36 month 8% 
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WRITING ABOUT MATH Determinants with more than 3 rows and 3 columns can be 
evaluated by expanding them by minors. The sign array fora 


77. Explain how to find the minor of an element of a A Adetenninantils 


determinant. 


78. Explain how to find x when solving a system of linear equa- 
tions by Cramer’s rule. 


SOMETHING TO THINK ABOUT 
79. Show that 


a + ss adhe. 


Evaluate each determinant. 


ay {O24 12-1 4 
PS. ie gio 113 lee 
11141 0 1 1 2 
is the equation of the line passing through (—2, 3) and (3, 5). 21 td 20 3 1 
80. Show that 
1 QO: 0: 1 
> 3 0 1 
0 4 «1 


is the area of the triangle with vertices at (0, 0), (3, 0), and 
(0, 4). 


Solving Systems of Equations and Inequalities 
Containing One or More Second-Degree Terms 


GD Solve a system of equations containing one or more second-degree terms 
by graphing. 

©} Solve a system of equations containing one or more second-degree terms 

by substitution. 


Objectives 


€} Solve a system of equations containing one or more second-degree terms 
by elimination. 


@3 Solve a system of inequalities containing one or more second-degree 
terms. 


Add the left sides and the right sides of the following equations. 


3x° + 3y° = 12 —12x? — 5y? = -17 
4x? — 3y? = 32 12x7 + 2y? = 25 


Getting Ready 


We now discuss ways to solve systems of two equations in two variables where at least 
one of the equations is of second degree. 
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Solve a system of equations containing one or more second-degree 
terms by graphing. 


2 2 


x + = 25 
EXAMPLE 1 Solve e sf by graphing. 
2x+ y= 10 


Solution The graph of x? + y* = 25 is a circle with center at the origin and radius of 5. The 
graph of 2x + y = 10 isa line. Depending on whether the line is a secant (intersecting 
the circle at two points) or a tangent (intersecting the circle at one point) or does not 
intersect the circle at all, there are two, one, or no solutions to the system, respectively. 

After graphing the circle and the line, as shown in Figure 13-12, we see that there 
are two intersection points (3, 4) and (5, 0). These are the solutions of the system. 


y 


Figure 13-12 


2 
EB SELF CHECK 1 Solve: ee 


Vdd bat) waza Cykiya@ To solve Example | with a graphing calculator, we graph the circle and the line on one set 
. of coordinate axes (see Figure 13-13(a)). We then find approximations of the coordinates 
Solving Systems of Equations —_of the intersection points of the graphs (see Figure 13-13(b) and Figure 13-13(c)). 


Y1 = V(25 — X2) £ Y1 =V(25 — X2) £ 


x+y? =25 2x+y=10 


X = 3.0638298 | Y = 3.9513222 X = 4.9787234 | Y =.46077468 
(a) (b) (c) 
Figure 13-13 


We can find the exact answers by using the INTERSECT feature found in the CALC 
menu. 
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2] Solve a system of equations containing one or more second-degree 
terms by substitution. 


Algebraic methods also can be used to solve systems of equations. 


x + y? = 25 


EXAMPLE 2 Solve using substitution: { 
2x + y= 10 


Solution This system has one second-degree equation and one first-degree equation. The first 
equation is the equation of a circle and the second equation is the equation of a line. Since 

a line can intersect a circle in 0, 1, or 2 points, this system can have 0, 1, or 2 solutions. 

We can solve the system by substitution. Solving the linear equation for y gives 


2x+y= 10 
(1) y=-—2x + 10 


We can substitute —2x + 10 for y in the second-degree equation and solve the result- 
ing quadratic equation for x: 


x? + y? = 25 
x” + (—2x + 10) = 25 
x? + 4x? — 40x + 100 = 25 (—2x + 10)(—2x + 10) = 4x” — 40x + 100 
5x? — 40x + 75 = 0 Combine like terms and subtract 25 from 
both sides. 
x? — 8x + 15=0 Divide both sides by 5. 
COMMENT Note that if we (x — 5\(x — 3) = 0 Factor x* — 8x + 15. 
substitute 3 into the first x-—5=0 or x-—3=0 _ Set each factor equal to 0. 
equation, x + y° = 25, we ees | a 
will get an ordered pair 
(3, —4) that does not satisfy If we substitute 5 for x in Equation 1, we get y = 0. If we substitute 3 for x in 
the other, 2x + y = 10. Equation |, we get y = 4. The two solutions are (5, 0) and (3, 4). 


SELF CHECK 2 Solve by substitution: f _ 


— 4x7 + Oy = 5 
EXAMPLE 3 Solve using substitution: : 


yee 


Solution — This system has two second-degree equations. The first is the equation of an ellipse and 
the second is the equation of a parabola. Since an ellipse and a parabola can intersect 
in 0, 1, 2, 3, or 4 points, this system can have 0, 1, 2, 3, or 4 solutions. 

We can solve this system by substitution. 


4x” + Oy" = 5 
4y + 9y? = 5 Substitute y for x*. 
9y" +4y-5=0 Subtract 5 from both sides. 
(Ov — 5)(y + 1) =0 Factor 9y* + 4y — 5. 
9y-5=0 or yt+1=0 Set each factor equal to 0. 
i ° ie 
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ES) SELF CHECK 3 


EXAMPLE 4 


Solution 


Since y = x’, the values of x are found by solving the equations 


— 5 and r= -] 
Because x* = —1 has no real solutions, this possibility is discarded. The solutions of 
= 2 are 
V5 V5 
x=— or x= -— 
3 3 


V5 5) and ( V5 5), 


The solutions of the system are ( 7 45 


Solve using substitution: { 
y 


Solve a system of equations containing one or more second-degree 
terms by elimination. 


3x7 + 2y = 36 
, araaion 
Solve by elimination { 4x? — y= 4 


This system has two second-degree equations. The first equation is the equation of an 
ellipse and the second equation is the equation of a hyperbola. Since an ellipse and a 
hyperbola can intersect in 0, 1, 2, 3, or 4 points, this system can have 0, 1, 2, 3, or 
4 solutions. 

Since both equations are in the form ax* + by” = c, we can solve the system by 
elimination. To do so, we can copy the first equation and multiply the second equation 
by 2 to obtain the equivalent system 


3x7 + 2y? = 36 
ve —2y =8 
We add the equations to eliminate y and solve the resulting equation for x: 
11x" =.44 
= 4 
x=2 or x=-2 


To find y, we substitute 2 for x and then —2 for x in the first equation and proceed as 
follows: 


Forx =2 For x = —2 

3x? + 2y = 36 3x? + 2y* = 36 

3(2)? + 2y? = 36 3(—2) + 2y” = 36 

12 + 2y? = 36 12 + 2y? = 36 

oy = 24 2 = 24 

ae 0 yr = 12 
y=4+vVi2 or y=-VI12 y=4+vVi2 or y=-VI12 
y=2V3 | y= -2V3 y=2V3 y= -2V3 
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The four solutions of this system are 


(2,23), (2, -2V3), (-2,2V3), and (-2, -2V3) 


Pe Ay 
EE SELF CHECK 4 Solve: e ae 


r-y=l 


4 Solve a system of inequalities containing one or more second-degree 
terms. 


<x’ 
EXAMPLE 5 Graph the solution set of the system: : ee 
4 


Solution The graph of y = x° is the parabola shown in Figure 13-14, which opens upward and 
has its vertex at the origin. Because equality is not included, the parabola is drawn with 
a dashed line. The points with coordinates that satisfy the inequality y < x are those 
points below the parabola. 
The graph of y > : — 2 is a parabola opening upward, with vertex at (0, —2). 
However, this time the points with coordinates that satisfy the inequality are those 
points above the parabola. Because equality is not included, the parabola is drawn with 
a dashed line. 
The graph of the solution set of the system will be the area between the parabolas. 


es 
y=x — 4 

x l|y| @&y) x | y | Gy) 
010 | (0, 0) 0} —2) (0, —2) 
1/1, 0,1) 2|-1] 2, -1) 
-1}1/(-1, 1) —2|-1|(-2,-1) 
214 | (2,4) 4) 2) (4,2) 
—2|4| (-2, 4) —4| 2]|(-4,2) 


Figure 13-14 


FEY SELF CHECK ANSWERS 1. (3,2), (-2,3) 2. G,2,(-2.3) 3. @,4),(-2,4) 


4. (2, V3), (2, -V3), (-2, V3), (-2, - V3) 


944 CHAPTER 13 More Systems of Equations and Inequalities 


r= y 
9x° + 16y? = 144 


1. Solve by substitution. { 


13.5 EXERCISES 


WARM-UPS Give the possible number of solutions of a 
system when the graphs of the equations are 


1. A line and a parabola 2. A line and a hyperbola ‘ ; 
3. A circle and a parabola 4. A circle and a hyperbola 
> xX > xX 
REVIEW = Simplify each radical expression. Assume that all 
variables represent positive numbers. 
5. V200x” — 3V/ 98x" 6. aV/112a — 5V/175a° 
- ee <6 erty =13 
3 - * (12x? + 64y? = 768 “|yaxr-1 
7. 30V2t — 221 8. RE aE de : 
Vist = V2t 4 32 500 A 
VOCABULARY AND CONCEPTS fill in the blanks. Reeee pees peuneners aa : 
9. We can solve systems of equations by , elimina- 
tion (addition), or 
10. A line can intersect an ellipse in at most points. 
F soa . x -13=-y/ x + yp? = 20 
11. A parabola can intersect an ellipse in at most points. 19 { 20 { A 
12. An ellipse can intersect a hyperbola in at most points. ees es 
y y 
GUIDED PRACTICE 
Solve each system of equations by graphing. See Example 1. 
(Objective 1) > x xX 
x? + 32y? = 24 ya 
ie: ee 32" = 256 a. {* y 
x =2y xt+t+y= 
x » 


Solve each system by substitution. See Examples 2-3. (Objective 2) 


5 a + 9y* = 225 
* [5x + 3y = 15 


+ y> = 20 
2 


=X 


aes 
23. 
xty=2 


ty = 36 


Zs 
24. ui : : 
49x? + 36y? = 1,764 


13.5 Solving Systems of Equations and Inequalities Containing One or More Second-Degree Terms 945 


es yA 
pay ss 
2s. {* J 


wr-x-y=2 
26. 
xty=3 


4x —-3y = 0 


v+y=13 
27. {* 


28 of + y? = 25 
y=x-1 ° 


2x? — 3y° = 5 


Solve each system by elimination. See Example 4. (Objective 3) 


29 a aa 
=x r+ yp=9 
24 = 13 Ww+ty= 
31. 2 a 32. { aa. 
x Sy =) x -y=3 


6x" + 8y* = 182 
ee ie 


Graph the solution set of each system of inequalities. See 
Example 5. (Objective 4) 


2x -y>4 Ley 
37. : 38. 
yee +2 y2x 
y y 
r 


> X 


ADDITIONAL PRACTICE Solve using any method 
(including a graphing calculator). 


43. 


45. 


47. 


49. 


50. 


51. 


g 


53. 


54. 
55. 


56. 


57. 


r+ y=5 vay a5 
42. 5 D 

y=oxt] 3x° + 2y° = 30 

y+ y? = 20 xy = —2 

ie o aa. {™ 2 

x -—yp=-12 3x + 2y=6 

2 2 2 

v= 40 — ) x —- 6x > ype —s 

[or=40-3 we (28> 

y=x — 10 x —6x+y=—5 


1 2_ 1 3) 
a ae Paes 
2_1_1 “| 22.4 
x yp 3 xp 
ee 

2x* + xy — 84=0 

lilas 

x y 

ier toe 

x y 

pill peek 
ee 52. 8 
ytx=5xy yt+x=7Txy 


APPLICATIONS Use a graphing calculator to help solve 
each application problem. 


Integer problem The product of two integers is 32, and 
their sum is 12. Find the integers. 

Number problem The sum of the squares of two numbers 
is 221, and the sum of the numbers is 9. Find the numbers. 


Geometry The area of a rectangle is 63 square centimeters, 
and its perimeter is 32 centimeters. Find the dimensions of 
the rectangle. 

Investing money Grant receives $225 annual income from 
one investment. Jeff invested $500 more than Grant, but at 
an annual rate of 1% less. Jeff’s annual income is $240. 
What is the amount and rate of Grant’s investment? 


Investing money Carol receives $67.50 annual income from 


one investment. Juan invested $150 more than Carol at an 
annual rate of 15% more. Juan’s annual income is $94.50. 
What is the amount and rate of Carol’s investment? (Hint: 


There are two answers.) 
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58. Artillery The shell fired from the base of the hill follows 
the parabolic path y = -ix? + 2x with distances measured 
in miles. The hill has a slope of i How far from the gun is 
the point of impact? (Hint: Find the coordinates of the 
point and then the distance.) 


> 


ah 


PROJECTS 


Project 1 


In this project, you will explore two of the many uses of 
determinants. In the first, you will discover that the equa- 
tion of a line can be written as a determinant equation. If 
you are given the coordinates of two fixed points, you can 
use a determinant to write the equation of the line passing 
through them. 


m= The equation of the line passing through the points 
P(2, 3) and QO(-1, 4) is 


x y | 
2 3 1) =0 
-1 4 1 


Verify this by expanding the determinant and graphing 
the resulting equation. 


m In general, the two-point form of the equation of the 
line passing through the points P(x, y;) and O(%2, v2) 
is 


x yi il 
x yy 1] =0 
X2 yo | 


Find the equation of the line passing through P(—4, 5) 
and Q(1, —3). 


59. Driving rates Jim drove 306 miles. Jim’s brother made the 
same trip at a speed 17 mph slower than Jim did and 


required an extra 15 hours. What was Jim’s rate and time? 


WRITING ABOUT MATH 


60. Describe the benefits of the graphical method for solving a 
system of equations. 


61. Describe the drawbacks of the graphical method. 


SOMETHING TO THINK ABOUT 


62. The graphs of the two independent equations of a system 
are parabolas. How many solutions might the system have? 


63. The graphs of the two independent equations of a system 
are hyperbolas. How many solutions might the system have? 


= Does this equation still work if the x-coordinates of 
the two points are equal? (For then the line would be 
vertical and therefore have no defined slope.) 


As a second application, the formula for the area of a tri- 
angle can be written as a determinant. 


m The vertices of the triangle in Illustration | are 
A(—3, —2), B(4, —2), and C(4, 4). Clearly, triangle 
ABCis a right triangle, and it is easy to find its area by 


the formula A = Sbh. Show that the area is also given by 


pee: a2 4 
A= 5| A241 
4 4 1 
y 
A 
Cc 
x 
A B 


ILLUSTRATION 1 


The formula works for any triangle, not just right triangles. 
The area of the triangle with vertices A(x,, y,), B(x, V2), 
and C(x3, y3) is 


l x) yy | 
A = 2 X2 y2 1 
x3 y3 | 
Project 2 


Before recommending traffic controls for the intersection 
of the two one-way streets shown in Illustration 2, a traffic 
engineer places counters across the roads to record traffic 
flow. The illustration shows the number of vehicles passing 
each of the four counters during one hour. To find the 
number of vehicles passing straight through the intersec- 
tion and the number that turn from one road to the other, 
refer to the illustration and assign the following variables. 


Let L represent the number of vehicles turning left. 
Let R represent the number of vehicles turning right. 
Let N represent the number of vehicles headed north. 
Let E represent the number of vehicles headed east. 


Because the counter at A counts the total number of vehi- 
cles headed east and turning left, we have the equation 


L+ E= 250 


From the data, explain why we can form the following 
system of equations: 


L + E = 250 
R = 90 
R + E = 275 
R+WN = 340 


Solve the system and interpret the results. 
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ILLUSTRATION 2 


Exercise The intersection of Marsh Street and one-way 
Fleet Avenue has three counters to record the traffic, as 
shown in Illustration 3. 


1. Find £, the number of vehicles passing through the 
intersection headed east. 


2. Find S, the number of vehicles turning south. 


3. Find N, the number of northbound vehicles turning 
east. 


4. The traffic engineer suspects that the counters are in 
error. Why? 


ILLUSTRATION 3 
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Chapter 13 


el 
REVIEW OY 


SECTION 13.1 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


In a graph of two equations, each with two 
variables: 


If the lines are different and intersect, the equa- 
tions are independent and the system is consistent. 
One solution exists. 


If the lines are different and parallel, the equa- 
tions are independent and the system 1s inconsis- 
tent. No solution exists. 


If the lines coincide (are the same), the equations 
are dependent and the system is consistent. 
Infinitely many solutions exist. 


Solve each system by graphing. 


+ = 
” {* y=6 
x-y=2 


The solution is (4, 2). 


> xX 


no solution 
y=-2x+3 


There are no solutions. 


_ = y 
B= N= Ainfinitely 
Cc 1 many solutions, 
ypHsx-2 I 
3 (x, 3*7 2) 


>Xx 
x— By=6 
5m) 


y 


3 


There are infinitely many solutions of the form (x, ix = 2). 


Strategy for solving a system by substitution: 


1. If necessary, solve one equation for one of its 
variables. 

2. Substitute the resulting expression for the vari- 

able obtained in Step | into the other equation 

and solve the equation. 

Find the value of the other variable by substi- 

tuting the value of the variable found in Step 2 

into any equation containing both variables. 

State the solution. 

Check the solution in both of the original 

equations. 


ba 


oe 


Solve by substitution: { 


x=3y-9 
2x-y=2 


Since the first equation is already solved for x, we will substitute its right side 
for x in the second equation. 


2x-—y=2 
2(3y —9)-y=2 
6y —- 18 -—y=2 


Sy — 18 =2 
Sy = 20 
y=a4 


Remove parentheses. 
Combine like terms. 
Add 18 to both sides. 
Divide both sides by 5. 


To find x, we can substitute 4 for y in the first equation. 


x = 3(4)-9 
x= 3 


The solution is (3, 4). 


Strategy for solving a system by elimination: 


1. 


2. 


If necessary, write both equations of the 
system in general form. 

If necessary, multiply the terms of one or both 
equations by constants chosen to make the 
coefficients of one of the variables differ only 
in sign. 


. Add the equations and solve the resulting 


equation, if possible. 


. Substitute the value obtained in Step 3 into 


either of the original equations and solve for 
the remaining variable. 


. State the solution obtained in Steps 3 and 4. 
. Check the solution in both of the original 


equations. 
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2x — 3y = 8 


Solve by elimination: ; 
olve by elimination oo 


To eliminate x, we multiply the second equation by —2 and add the result to 


the first equation. 


2x —-3y= 8 
—2x —4y = -8 
-Ty= 0 

y= 0 __ Divide both sides by —7. 


To find x, we can substitute 0 for y in the first equation. 


2x — 3y = 8 
2x — 3(0) = 8 — Substitute 0 for y. 
2x =8 Simplify. 
x =4 Divide both sides by 2. 


The solution is (4, 0). 
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REVIEW EXERCISES 
Solve each system by the graphing method. 


Solve each system by substitution. 


ae 2. ae ae ane ‘ eee 
—x+2y=7 2x — 3y = -13 * lax + 3y =7 * (3x - Sy = -4 
y J 
A ; ened ‘ ee 
2x-y=2 * (3x + Sy = -2 


Solve each system by addition. 


x oe 10 eae 
* (2x + 3y = -3 " (2x — 3p = 5 
i —— 
ae al 12. . 
—2x = 3y — 6 x= wt 
> xX 
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SECTION 13.2 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Strategy for solving three linear equations in three 
variables: 


1. Pick any two equations and eliminate a 
variable. 


2. Pick a different pair of equations and eliminate 
the same variable. 


3. Solve the resulting pair of equations in two 
variables. 


4. To find the value of the third variable, substi- 
tute the values of the two variables found in 
Step 3 into any equation containing all three 
variables and solve the equation. 


5. Check the solution in all three of the original 
equations. 


xtyt+z=4 

x — 2y —z=—9 ,wecan add the first and second 
2x —-y+2z=-1 

equations to obtain Equation 1: 


To solve the system 


xt y+tz= 4 
x—-2’y-z=-9 
(1) 2x- y =-—5 


We now multiply the second equation by 2 and add it to the third equation to 
obtain Equation 2: 


2x — 4y — 2z = —-18 
2x—- yr2z=-1 
(2) 4x — 5y 


i 
| 
© 


2x -—y=-5 
4x — 5y = -19 
multiply the first equation by —2 and add the result to the second equation to 
eliminate x. 


To solve the system { formed by Equations | and 2, we can 


—4x+2y= 10 
4x — 5y = —19 
—3y=.—9 
y=3 Divide both sides by —3. 


We can substitute 3 into either equation of the system to find x. 


2x —y=-—5 _ This is the first equation of the system. 
2x —-3=-—5 Substitute 3 for y. 
2x =—2 Add 3 to both sides. 
x =-—1 Divide both sides by 2. 


We now can substitute —1 for x and 3 for y into one of the equations in the 
original system and solve for z: 


x+y+2=4 = Thisis the first equation of the original system. 


-1+3+2=4 Substitute —1 for x and 3 for y. 
2+2=4 Simplify. 
z=2 Subtract 2 from both sides. 


The solution is (—1, 3, 2). 


REVIEW EXERCISES 

Solve each system. 
x+ty+z=6 

13. j\x-y-z=-4 
=x + p= Zz= -2 


14. §-x+2yp—-—z=-6 
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SECTION 13.3 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


A matrix is any rectangular array of numbers. 


Systems of linear equations can be solved using 
matrices and the method of Gaussian elimination 
and back substitution. 


To use matrices to solve the system 
xtytz=4 
2x —y+2z=—l 
X= 2y—72= —9 
we can represent it with the following augmented matrix: 
1 1 1: 4 
2-1 2}-1 
1 -2 -1:-9 
To get 0’s under the 1 in the first column, we multiply row 1 of the augmented 


matrix by —2 and add it to row 2 to get a new row 2. We then multiply row | 
by —1 and add it to row 3 to get a new row 3. 


0 =3 19 


To get a 0 under the —3 in the second column of the previous matrix, we mul- 
tiply row 2 by —1 and add it to row 3. 

1 ot 1: 4 

0 -3 0;-9 

LO 0 -2:-4 


Finally, to obtain a 1 in the third row, third column, we multiply row 3 by =}. 


1 11: 4 
0 -3 0:-9 
0 O11: 2 


The final matrix represents the system 
(1) (x+ yrs 


(2) (0x — 3y + 0z = -9 
(3) \Ox + Oy +z=2 


From Equation 3, we see that z = 2. From Equation 2, we see that y = 3. 
To find x, we substitute 2 for z and 3 for y in Equation 1 and solve for x: 
GQ) xt+y+z72=4 
x+3+2=4 Substitute 2 for z and 3 for y. 
x+5=4 Simplify. 
x =-—1 — Subtract 5 from both sides. 


Thus, x = —1. The solution of the given system is (—1, 3, 2). Verify that this 
ordered triple satisfies each equation of the original system. 


REVIEW EXERCISES 
Solve each system by using matrices. 


x+y+z=6 x+y=3 
x+2y=4 y y x+2y+z=2 
15. 16. §2x -y+z=1 17. (x —2y= -3 18. 
2x —y=3 2x + Sy + 4z = 
4x +y-—z=5 2x+y=4 
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SECTION 13.4 


CHAPTER 13 More Systems of Equations and Inequalities 


If D = Oand D, or D, is nonzero, the system is 
inconsistent. 


If every determinant is 0, the system is consistent 
but the equations are dependent. 


The solution is (—3, 2). 


DEFINITIONS AND CONCEPTS EXAMPLES 
A determinant of a square matrix is a number. Bind qisaenennaand | 
b 
O° | = ad — be 
as ° | = 8-1 - 32) 
2. =] 
a by a =—8+ 6 
ay by C2 =~? 
a3 b3 C3 
1 3-2 
by a C a by . : 
=a —b + cy To evaluate the determinant | 1 —2 —1 |, wecan expand by minors: 
b3 C3 a3 «C3 a3 b3 
2 -1 3 
Minor Minor Minor 
of 1 of 3 of —2 
t | 
1 3 -2 
i =) =] =1| 73 3/732 +3] ° — 
—1 2 2 1 
2 =1 3 : ; 
= 1(-6 — 1) — 33 + 2) — 2(-1 + 4) 
=-7—-15-6 
= —28 
Cramer’s rule for two equations in two variables: . ; 2x — 4y = -14 
Solve using Cramer’s rule: . 
. ax+by=e. ., ae oat | 
The solution of the system is given 
by ex + dy =f -14 -4 
; Dd. —7 1 —14—28 —42 3 
- = 
e ae D 2 -4 2 — (-12) 14 
Dd. ft d d D, c fa 3 1 
= = n — 
eh a b . =D ab 
cd cd ai 
D, 3 -7|_ —14- (42) _ 28 > 
If D # 0, the system is consistent and the equa- yD 2 -4 i= (19) 14 
tions are independent. | 3 1 | 
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Cramer’s rule for three equations in three variables: x+y+z=4 
ax + by +cz=j To use Cramer’s rule to solve ) 2x — y + 2z = —1, wecan find D, D,, D,, 
The solution of the system { dx + ey + fz =k x—2y-—z=—9 
exthytiz=1 and D- and substitute these values into the formulas. 
ae Dy Dy D: 
= y= = =2 Dy. D, D. 
is given by x = 5, y = pH, and z = F where gees ea wna eae 
D D D 
abe J be 
b=.) de D.=lk f After forming and evaluating the determinants, we will obtain 
gh i Thi D=6, D. = —-6, D, = 18, and D, = 12 
i as abj and we have 
D,=|dk f D.=|dek 
: D —6 D, 18 D, 12 
+4 l L g h / x = 1 J 3 = 9 
a sonar ieee: cp @ 9% ~ Be 
If D # 0, the system is consistent and the equa- 
tions are independent. The solution of this system is (—1, 3, 2). 
If D = Oand D, or D, or D, is nonzero, the 
system is inconsistent. 
If every determinant is 0, the system is consistent 
but the equations are dependent. 
REVIEW EXERCISES Use Cramer’s rule to solve each system. 
Evaluate each determinant. - i + 4y = 10 5a a —5y=-17 
‘| 2 2 “| °° * (2x - 3y =1 * (3x + 2y = 3 
—4 3 5 -6 
-1 2 =1 3 =2. 2 x+2y+z=0 2x+ 3y+z2=2 
21. 2 -l 3 22.; 1 -—2 -2 25. )2x ty +z=3 26. (x + 3y+2z=7 
1-2 2 2 1 -l Xo ye lz S xX-—y-z=-7 


SECTION 13.5 


DEFINITIONS AND CONCEPTS EXAMPLES 

Solve by graphing: Solve the system by graphing. 

To solve a system of equations by graphing, graph 5 a 

both equations. The coordinates of the intersec- < a 
x-y=2 


tion points of the graphs will be the solutions of 
the system. 


The equation x* + y* = 4 is that of a circle and x — y = 2 is that of a line. 
There is a possibility of zero, one, or two solutions. 

After graphing the equations, we find that the two graphs intersect at the 
points (2, 0), and (0, —2). These are the solutions. 
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Solve by substitution: 
Solve one equation for one variable, and substi- 
tute the result for the other variable. 


Solve the system by substitution. 
x? + 9y? = 10 
yox 
The equation x* + 9y* = 10 is that of an ellipse and y = x° is that of a 


parabola. We have the possibility of 0, 1, 2, 3, or 4 solutions. To find the solu- 
tions, proceed as follows: 


x + 9y* = 10 
y + 9y? = 10 Substitute y for x. 
oy +y—-10=0 Subtract 10 from both sides. 
(Oy + 10(y — 1) = 0 Factor 9y* + y — 10. 
9y +10 =0 or y—1=0 Set each factor equal to 0. 


Since y = x°, the values of x can be found by solving the equations 


10 
r= ary and x =)1 


Because x7 = -"" has no real solutions, this possibility is discarded. The 
solutions of x* = 1 are 
x=1 or x=-l 


The solutions of the system are (1, 1) and (—1, 1). 


Solve by elimination (addition): 

To solve a system of equations by elimination, 
add the equations to eliminate one of the vari- 
ables. Then solve the resulting equation for the 
other variable. Then substitute this value into one 
of the equations to find y. 


Solve the system by elimination. 
oe _ y =1 
4x? + y =] 


The equation 4x* — y” = 1 is that of a hyperbola and the equation 4x° + y? = 1 
is that of an ellipse. We have the possibility of 0, 1, 2, 3, or 4 solutions. 


: 4x? — y =1 
If we add the equations ve | we have 
8x = 2 
4 
1 1 
Re gsi ae 
2 2 


After substituting each value of x for y in the first equation, we have 


1 2 il 2 
lege deg ceed 


(4) - = 1 (4) —y?=1 
1-y=l l-y=l 
-y =0 -y =0 
y=0 y=0 


The solutions are 6, 0) and (-3. 0). 
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>) 2 
Systems of inequalities are solved by graphing. Solve: . eZ “2 a 
The graph of y = x* is the parabola that opens upward and has its vertex at 
the origin. The points with coordinates that satisfy the inequality y = x° are 
those points above the parabola and include the points on the parabola. 


The graph of y = —x* + 4 isa parabola opening downward, with vertex 
at (0, 4). The points with coordinates that satisfy the inequality are those 
points below the parabola and include the points on the parabola. The graph 
of the solution set of the system is the area between the parabolas. 


REVIEW EXERCISES yer <a 
Solve each system of equations. 29. Graph the solution set in the system peer 
3x7 + y? = 52 ae ae y 
7.405 SG 28. . : 
x-ypH2 io = x =| 
> xX 
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2x+y=5 eal 
1. Solve { _ Z by graphing. 4. Use any method to solve: {2 4 ; 
y= 2% 3 x+y=-2 
- 3(x + y) =x - 3 
Consider the system) _. _ 2x + 3 : 
eS) 
5. Are the equations of the system dependent or independent? 
> xX 
6. Is the system consistent or inconsistent? 
Use an elementary row operation to find the missing number in 
the second matrix. 
2x — 4y = 14 
2. Use substitution to solve: { ight ; 7 to 2 =ll ft 2 = 
ieee eel "[2 -2 3)'L-1 -8 


2x + 3y = — 
3. Use elimination to solve: { ed . -1 3 = 3 6 
aur = 2p = |W 8. , 


3 =2 4 SS 3 
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xtyt+z=4 
Consider the system \ x + y —-z=6 : 
2Xe— SV eze ail 
9. Write the augmented matrix that represents the system. 


10. Write the coefficient matrix that represents the system. 


Use matrices to solve each system. 


se sk pp = 2 

xt+ty=4 eas 

11 pms 74. Vos = jp = et) 
ee 2-1 

Evaluate each determinant. 

a = 3) =3 il 
13. 14. 

4 5 =2, 3 

1 2 0 2 =i 1 
15. | 2 0) 3 16. | 3 il © 

il =2 2 0 il 2 


C= SS =O 

Consider the system { * , which is to be solved with 
F 3x ty = -6 

Cramer’s rule. 


17. When solving for x, what is the numerator determinant? 
(Don’t evaluate it.) 


18. When solving for y, what is the denominator determinant? 
(Don’t evaluate it.) 


19. Solve the system for x. 
20. Solve the system for y. 


xty+z=4 
Consider the system \ x + y —z=6 ; 
2x -3y+z=-1 


21. Solve for x. 22. Solve for z. 


Solve each system. 
x2 4b, a = 
23. 4. 
{u -y=3 
: 
Xela aS) 
24. ; 
vi 2 — Oy = 
p=> 
25. Solve the system: : 
<< sesp 3 
a7 
> xX 
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CHAPTER 14 


Miscellaneous 
Topics 


The Binomial Theorem 

The nth Term of a Binomial Expansion 
Arithmetic Sequences 

Geometric Sequences 

Infinite Geometric Sequences 
Permutations and Combinations 
Probability 

Projects 

CHAPTER REVIEW 

CHAPTER TEST 

CUMULATIVE REVIEW EXERCISES 


Careers and Mathematics 
INANCIAL ANALYST 


Financial analysts and personal financial planners 
provide analysis and guidance to businesses and 
individuals to help them with their investment decisions. 
Both types of specialists gather financial 
information, analyze it, and make 
recommendations to their 
clients. 

Financial analysts 
and personal 
financial planners 
held 397,000 jobs in 
2006, of which 
financial analysts held 
221,000. Approximately 
30 percent of personal 
financial planners are 
self-employed. 

A bachelor’s or graduate 
degree is required for 
financial analysts. 


In this chapter > 


In this chapter, we introduce several topics that have 
applications in advanced mathematics and in many 
occupational areas. The binomial theorem, 
permutations, and combinations are used in 
statistics. Arithmetic and geometric sequences are 
used in the mathematics of finance. 
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Objectives 


Vocabulary 


Getting Ready 


The Binomial Theorem 


@ Raise a binomial to a power. 
© complete a specified number of rows of Pascal's triangle. 


3} Simplify an expression involving factorial notation. 


@3 Apply the binomial theorem to expand a binomial. 


at fl fe le 


Raise each binomial to the indicated power. 


1. (x +2) 2. (x — 3) 
3. (x +1) 4. (x — 2) 


We have seen how to square and cube binomials. In this section, we will learn how to 
raise binomials to higher powers. 


Raise a binomial to a power. 


We have discussed how to raise binomials to positive integral powers. For example, we 
know that 


(a+ bP =a + 2ab + Bb? 
and that 
(a+ bp = (a+ bat by 
= (a+ b\@ + 2ab + b’) 
=a + 2a°b + ab? + ab + 2ab* + bP 
=a + 3a°b + 3ab? + BF 


To show how to raise binomials to positive-integer powers without doing the actual 
multiplications, we consider the following binomial expansions: 


(a+ by =1 1 term 
(a+ b)'=a+b 2 terms 
(a+ bP =a +2ab+b? 3terms 
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(a+ bp =a 4+ 3a°b + 3ab° +b 4 terms 
(a + b)* = a* + 4a°b + 6a°b> + 4ab* + bt 5 terms 
(a+ bP =a + 5a‘d + 10a°b? + 10a7b? + S5ab* + b° 6 terms 


(a + b)° = a + 6a°b + 15a*b? + 20a°b* + 15a°b* + 6ab° + b° 7 terms 
Several patterns appear in these expansions: 


1. Each expansion has one more term than the power of the binomial. 


2. The degree of each term in each expansion is equal to the exponent of the binomial 
that is being expanded. For example, in the expansion of (a + b)°, the sum of the 
exponents in each term is 5: 


Blaise Pascal 
(1623-1662) 4+ 1=5 34925 24395 14425 


Pascal was torn between the 
fields of religion and mathemat- 
ics. Each surfaced at times in his 
life to dominate his interest. In 


(a+ bp =a+5a'b+ 10ab? + 10¢b° + 5ab4* +h 


3. The first term in each expansion is a raised to the power of the binomial, and the last 


mathematics, Pascal made con- term in each expansion is b raised to the power of the binomial. 
tributions to the study of conic 4. The exponents on a decrease by | in each successive term. The exponents of 5, 
sections, probability, and differ- beginning with 5° = 1 in the first term, increase by | in each successive term. For 


ential calculus. At the age of 19, 


xample, the expansion of (a + b)*i 
he invented a calculating example, the expansion of (a + 5)’ is 


machine. He is best known for a a’b® + 4b! + 6a7b* + 4a'b* + abt 
triangular array of numbers that : 
bears his name. Thus, the variables have the pattern 
a’, a’ 'b, a" *b’, ees ab", b” 


2 | Complete a specified number of rows of Pascal's triangle. 


To see another pattern, we write the coefficients of each expansion in the following trian- 
gular array: 


1 Row 0 

1 1 Row | 

1 2 1 Row 2 

1 3 3 1 Row 3 


1 4 6 4 1 Row 4 
1 10 5 1 Rows 
6 1 


1 5 20 15 6 1 Row6 


In this array, called Pascal’s triangle, each entry between the 1’s is the sum of the 
closest pair of numbers in the line immediately above it. For example, the first 15 in the 
bottom row is the sum of the 5 and 10 immediately above it. Pascal’s triangle continues 
with the same pattern forever. The next two lines are 

1 7 21 35 35 21 7 1 Row 7 


1 8 28 56 70 56 28 8 1  Row8 


EXAMPLE1 Expand: (x + y)°. 


Solution The first term in the expansion is x°, and the exponents of x decrease by | in each suc- 
cessive term. A y first appears in the second term, and the exponents on y increase by 1 
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Fy SELF CHECK 1 


EXAMPLE 2 


Solution 


Fy SELF CHECK 2 


Factorial Notation 


EXAMPLE 3 


Solution 


in each successive term, concluding when the term y° is reached. Thus, the variables in 
the expansion are 


5 4 3.2 4 
par xy, xy, xy", y 


5 

The coefficients of these variables are given in row 5 of Pascal’s triangle. 
1 5 10 10 5 1 

Combining this information gives the following expansion: 


(x + pP = x° + 5xty + 10x3y? + 10x7y? + Sxy* + y? 


Expand: (x + y)*. 


Expand: (u— v)*. 
We note that (w — v)* can be written in the form [w + (—v)]*. The variables in this 
expansion are 
u', u>(—v), u-(—v), u(—v)>, (-v)4 
and the coefficients are given in row 4 of Pascal’s triangle. 
1464 1 
Thus, the required expansion is 
(u — vt = u4 + 4u7(—-v) + 6u?2(—vy* + 4u(—vy? + (—v)4 


=u) — 47 + 6’ — 4uy’? + v4 


Expand: (x — yy : 


Simplify an expression involving factorial notation. 


Although Pascal’s triangle gives the coefficients of the terms in a binomial expansion, it 
can be a tedious way to expand a binomial for large powers. To develop a more efficient 
way, we introduce factorial notation. 


If nis a natural number, the symbol 7! (read as “n factorial” or as “factorial n”) is 
defined as 


nl = n(n — In — 2)(n — 3) 3)2)0) 


Zero factorial is defined as 


0! =1 


Write each expression without using factorial notation. 
a. 2! b. 5! « —9! d. (n— 2)! e@ 4!-0! 


a. 2!=2+-1=2 
b. 5! =5-4-3-2-1= 120 
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c. —9! = —9-8-7-+6+5°4+3°2°1 = —362,880 
d. (n — 2)! =(n— 2)n — 3)(n — 4)* 32221 
e. 41-0! = (4-3-2-1)-1=24 


COMMENT According to the previous definition, part d is meaningful only if n — 2 is 
a natural number. 


SELF CHECK 3 Write each expression without using factorial notation: 
a. 6! b. x! 


Vdd \ hme) wise: | \()kiyqa@ Wecan find factorials using a calculator. For example, to find 12! with a scientific calcu- 
lator, we enter 


12 x! (You may have to usea 2ND or SHIFT key first.) 479001600 


Factorials 


To find 12! on a TI-84 Plus graphing calculator, we enter 


12 MATH & P PY 4 ENTER 12! 
479001600 


To discover an important property of factorials, we note that 
5-44=5-4-3-2-1=5! 
7°6.=7°6:5-4-3-2-1=7! 

10-9! = 10-9-8-7°6:5:°4:3-2-1= 10! 
These examples suggest the following property. 


Property of Factorials If 1 is a positive integer, then 


n(n — 1)! =n! 


6! b 10! 
5!” 81(10 — 8)! 


EXAMPLE 4 Simplify each expression. a. 


Solution a. If we write 6! as 6 - 5!, we can simplify the fraction by removing the common factor 
5! in the numerator and denominator. 


6! 6-5! 6:5f 


6 Simplify: 3 = 1. 


5! 5! x 
b. First, we subtract within the parentheses. Then we write 10! as 10-9- 8! and 
simplify. 
lo! _ 10! == 9 S29 _ Simplify: § = 1. Factor 10 
8110 — 8)! = 8! - 2! WM -2! Z+1 as 5-2 and simplify: 5 =i, 


SELF CHECK 4 Simplify: a. 3} 
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4) Apply the binomial theorem to expand a binomial. 


We now state the binomial theorem. 


The Binomial Theorem If nis any positive integer, then 


n n nl ill n! [a Be n! 
+ by" =a"+ + ——_ + ———— 
= ea 6 ee 0 Py 
da br b 
fl gq al OIE te, ey le 1 
rn — nto 


ab 


In the binomial theorem, the exponents of the variables follow the familiar pattern: 


The sum of the exponents on a and b in each term is n, 
the exponents on a decrease in each subsequent term, and 
the exponents on b increase in each subsequent term. 
Only the method of finding the coefficients is different. Except for the first and last terms, 


the numerator of each coefficient is m!. If the exponent of b in a particular term is r, the 
denominator of the coefficient of that term is rl(n — r)!. 


EXAMPLE 5 Use the binomial theorem to expand (a + b)’. 


Solution We can substitute directly into the binomial theorem and simplify: 
3! 
113 — DI" 


| 
(a+ bp=at ’h at ;ab* +b 


+ 
2!(3 — 2) 


[opel  o=tel” 
=a + 3b + 3ab? + BD 


>| SELF CHECK5 Use the binomial theorem to expand (a + 5)’. 


EXAMPLE 6 Use the binomial theorem to expand (x — y)*. 


Solution We can write (x — y)* in the form [x + (—y)]*, substitute directly into the binomial 
theorem, and simplify: 


(x — y =[x+(-y)]* 
4! ! 
= x4 (4 — pi D+ Tap ( yy 
4-3! 40329) 4-3! 
4 3 22 
igi?” reo © aren) 


= x* — 4x7y + 6x’y? — 4xy? + y* Note the alternating signs. 


4! 7 3 4 
+ 314 — 3a" yy + (-y) 


xy? + y4 
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SELF CHECK 6 Use the binomial theorem to expand (x — y)°. 


EXAMPLE 7 Use the binomial theorem to expand (3u — 2v)*. 


Solution We write (3u — 2v)* in the form [3u + (—2v)}* and let a = 3u and b = —2yv. Then we 
can use the binomial theorem to expand (a + b)*. 


(a+ bf=ait+ ie pi7? + a ae” + ia Thad + 54 
=a‘ + 4a°b + 6a°b? + 4ab? + b* 
Now we can substitute 3u for a and —2y for } and simplify: 
(Bu — 2v)* = (3u)* + 4(3u)*(—2v) + 6(3u)?(—2v) + 4(3u)(—2v)? + (—2v)4 
= 8lu* — 216u*v + 216u?v* — 96uv? + 16v4 


SELF CHECK 7 Use the binomial theorem to expand (2a — 3b)*. 


c> ang CHECK ANSWERS 1x4 + 4x3y + 6x7? + 4xy? + yp? 2. 0° — Sxty + 10x77 — 10x°y? + Sxyt— yy? 3. a. 720 
b. x(x — I(x — 2)0 322-1) 4a.4 ob 21) 5. at + 4a°b + 6a°b? + 4ab* + 54 
6. x° — 3x°y + 3xy* — yp? 7. 8a? — 36a7b + 54ab" — 276° 


Expand (1 + 2i)’ using any method. 


14.1 EXERCISES 


WARM-UPS REVIEW Find each value of x. 
Find each value. 9. log, 16 = x 10. log, 49 = 2 
1. 1! 2. 4! 1 i 
11. 1 = 12. | = 
3. 0! 4. 5! O85 ¥ = 5 081/23 = * 
Expand each binomial. VOCABULARY AND CONCEPTS fill in the blanks. 
5. (m+ny 6. (m — n) 13. Every binomial expansion has more term than the 
power of the binomial. 
7. (vp + 29) 8. (2p — 9) 14. The first term in the expansion of (a + by? is___ 


15. The triangular array that can be used to find the coefficients 
of a binomial expansion is called triangle. 
16. The symbol 5! is read as “ _ 
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17. 6:5+4+3+2+1 = __ (Write your answer in factorial 
notation.) 

18. 8!=8-__ 

19. 0! = __ 


20. According to the binomial theorem, the third term of the 
expansion of (a + 5)’ is 


GUIDED PRACTICE 


Expand each expression using Pascal's triangle. See Examples 1-2. 
(Objectives 1-2) 


21. (a + by 
22. (a + b)* 
23. (a — by" 


24. fla= 9x #5 


Evaluate each expression. See Example 3. (Objective 3) 


25. 3! 26. 7! 
27. —5! 28. —6! 
29. 3! + 4! 30. 2!(3!) 
31. 3!(4!) 32. 4! + 4! 
Evaluate each expression. See Example 4. (Objective 3) 
33. z= 34. a 
11! 10! 
eee eee 
47! 100! 
9! 7! 
37. or 38. 51-0! 
5! 6! 
i 31(5 — 3)! oe 4\(6 — 4)! 


Use the binomial theorem to expand each expression. 
See Example 5. (Objective 4) 


41. (x + yy 
42. (x + yy 
43. (x — yy 
44. (x - yy 


Use the binomial theorem to expand each expression. 
See Example 6. (Objective 4) 

45. (2x + y) 

46. (x + 2y)° 

47. (x — 2y)° 

48. (2x — y)* 


Use the binomial theorem to expand each expression. 
See Example 7. (Objective 4) 

49. (2x + 3y)° 

50. (3x — 2y)° 


xX y 3 
51. (2-5 
(5 ;) 
xX y 3 
52.{—+— 
€ 5) 


ADDITIONAL PRACTICE 
Evaluate each expression. 
53. 8(7!) 54. 4!(5) 
7! 8! 

298s >. oa 56. ———_ 

57 — 5)! 6!(8 — 6)! 

51(8 — 5)! 6! - 7! 
57. a a (8 — 3)\(7 — 4)! 


AN] 
Ry Use a calculator to find each factorial. 


59. 11! 
61. 20! 


60. 13! 
62. 55! 


Expand using any method. 
63. (3 + 2y)4 
64. (2x + 3)* 


4 
65. (z-3) 
302 
4 
x y 
66. (2a 
(5 ;) 


67. Without referring to the text, write the first ten rows of 


Pascal’s triangle. 


68. Find the sum of the numbers in each row of the first ten 
rows of Pascal’s triangle. What is the pattern? 


WRITING ABOUT MATH 


69. Explain how to construct Pascal’s triangle. 


70. Explain how to find the variables of the terms in the expan- 
sion of (r + 5). 


SOMETHING TO THINK ABOUT 


71. If we apply the pattern of the coefficients to the coefficient 
of the first term in a binomial expansion, the coefficient 


would be eee Show that this expression is 1. 


72. If we apply the pattern of the coefficients to the coefficient 


of the last term in a binomial expansion, the coefficient 


would be ——" 


HG — vl Show that this expression is 1. 


73. Find the sum of the numbers in the designated diagonal 
rows of Pascal’s triangle shown in the illustration. What is 


the pattern? 


1 
10. 5... 
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The nth Term of a Binomial Expansion 


GD Find a particular term of a binomial expansion. 


Objectives 


Expand the binomial and find the coefficient of the third term in each expansion. 


1. (+s) 2. (r +s) 


Expand the binomial and find the coefficient of the fourth term in each expansion. 
3. (p—q)° 4. (p — q)* 


Getting Ready 


In this section, we will consider a way to find a particular term of a binomial expansion. 


1 Find a particular term of a binomial expansion. 


To find the fourth term of the expansion of (a + b)’, we could raise the binomial a + b 
to the 9th power and look at the fourth term. However, this task would be tedious. By 
using the binomial theorem, we can construct the fourth term without finding the com- 
plete expansion of (a + 5)’. 


EXAMPLE 1 Find the fourth term in the expansion of (a + 5)”. 


Solution Since 5! appears in the second term, b” appears in the third term, and so on, the expo- 
nent on b in the fourth term is 3. Since the exponent on b added to the exponent on a 
must equal 9, the exponent on a must be 6. Thus, the variables of the fourth term are 


a°b? The sum of the exponents must be 9. 
We can find the coefficient of a°b* by using the formula ean where 7 is the 
power of the expansion and r is the exponent of the second variable b. 


To find the coefficient of the fourth term, we substitute 9 for n and 3 for r and simplify. 


n!} 9! 
r(in— nr! 319 — 3)! 


The complete fourth term is 
9! 8-7-6! 
fp) = BT ops 
3109 — 3)! 3-2-1-6! 
= 840°h 
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EY SELF CHECK 1 Find the third term of the expansion of (a + 5)’. 


EXAMPLE 2 Find the sixth term in the expansion of (x — y)’. 


Solution We first find the sixth term of [x + (—y)]’. In the sixth term, the exponent on (—y) is 5. 
Thus, the variables in the sixth term are 


x(- yy The sum of the exponents must be 7. 
The coefficient of these variables is 


n! 7! 
r(n—r! 57-5)! 


The complete sixth term is 


76 <5 
iD ¥ 25 
ey eee ie 


= -—21x°y° 


5\(7 - 5) 


FJ SELF CHECK 2 Find the fifth term of the expansion of (a — 5)’. 


EXAMPLE 3 Find the fourth term of the expansion of (2x — 3y)°. 


Solution Wecan let a = 2x and b = —3y and find the fourth term of the expansion of (a + By: 
6! 2b peters 
3'(6 — 3)! 31+3-2+] 
= 20a°b* 


33 


We can now substitute 2x for a and —3y for 6 and simplify: 
20a°b* = 20(2x)*(—3y)? 
= —4,320x7y° 
The fourth term is —4,320x°y°. 


FJ SELF CHECK 3 Find the third term of the expansion of (2a — 3)°. 


FB} SELF CHECK ANSWERS — 14. 36076? 2. 35a°b* 3. 2,160046? 


Find the specified term of each expansion. 
1. 4th term of (5x + i° 


2. 5th term of (3 — 23)°. 


14.2 EXERCISES 


WARM-UPS 

In the expansion of (x + y)®, find the exponent ony in the 
1. 3rd term 2. 4th term 
3. 7th term 


In the expansion of (x + y)®, find the exponent on x in the 
4. 3rd term 5. 4th term 
6. 7th term 


In the expansion of (x + y)®, find the coefficient of the 


7. 1st term 8. 2nd term 


REVIEW 
Solve each system of equations. 
at+tb+c=6 


+ = 
ae 4y 10. (2a +b +3c=11 
yo pS 
y 3a-b-c=6 
Evaluate each determinant. 
1 2 
2 =3 : 
ee 12. 4 5 0 
-1 -2 1 


VOCABULARY AND CONCEPTS fill in the blanks. 

13. The exponent on 4 in the fourth term of the expansion of 
(a + b)° is _. 

14. The exponent on 4 in the fifth term of the expansion of 
(a + b)°is_. 

15. In the expansion of (a + 5)’, the sum of the exponents on a 
and bis __. 


16. The coefficient of the fourth term of the expansion of 
(a + b)’ is 


GUIDED PRACTICE 
Find the specified term of each expansion. See Example 1. 
(Objective 1) 


17. (a + b)*; second term 18. (a + 5)’; third term 


19. (x + y)° fifth term 20. (x + yp)’; fifth term 


Find the specified term of each expansion. See Example 2. 
(Objective 1) 


21. (x — y)*; fourth term 22. (x — y)°; second term 
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23. (x — y)*; third term 24. (x — y)’; seventh term 


Find the specified term of each expansion. See Example 3. 
(Objective 1) 


25. (4x + y)°; third term 26. (x + 4y)°; fourth term 


27. (x — 3y)*; second term 28. (3x — y)°; third term 


29. (2x — 5)’; fourth term 30. (2x + 3)°; sixth term 


31. (2x — 3y)°; fifth term 32. (3x — 2y)*; second term 


33. (V2x + V3y)"; third term 
34. (V3x + V2y); second term 


. 4 
35. (5 — 4) ; second term 


5S 
36. @ + 7 ; fourth term 


ADDITIONAL PRACTICE Find the specified term of each 
expansion. 


37. (x + 3)°; third term 38. (x — 2)*; second term 


39. (a + b)”; fourth term 


40. (a + 5)"; third term 

41. (a — b)"; fifth term 

42. (a — b)"; sixth term 

43. (a + b)"; rth term 

44. (a + Db)"; (r + 1)th term 


WRITING ABOUT MATH 


45. Explain how to find the coefficients in the expansion of 
(x + yp). 
46. Explain why the signs alternate in the expansion of (x — y)’. 


SOMETHING TO THINK ABOUT 


10 
47. Find the constant term in the expansion of (x + 1) . 


9 
48. Find the coefficient of a° in the expansion of (a - 1) ; 


oC 
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Arithmetic Sequences 


@ Find a specified term of a sequence given the general term. 


® Find a specified term of an arithmetic sequence given the first term 
and the common difference. 


&} Find a specified term of an arithmetic sequence given the first term 
and one other term. 


@3 Insert one or more arithmetic means between two numbers. 
© Find the sum of the first n terms of an arithmetic sequence. 
©} Expand and find the sum of a series written in summation notation. 


Objectives 


sequence 


Fiponnaci 


Vocabulary 


Complete each table. 
1 nj2nt+1 2. 3n—5 


Getting Ready 


1 
2, 
é) 
4 


We will now discuss ordered lists of numbers called sequences. In this section, we will 
examine a special type of sequence called an arithmetic sequence. 


GR Find a specified term of a sequence given the general term. 


A sequence is a function whose domain is the set of natural numbers. For example, the 
function f(m) = 3n + 2, where 7 is a natural number, is a sequence. Because a sequence is 
a function whose domain is the set of natural numbers, we can write its values as a list. If 
the natural numbers are substituted for n, the function f(n) = 3n + 2 generates the list 
5,8,11,14,17,... 
It is common to call the list, as well as the function, a sequence. Each number in the list 
is called a term of the sequence. Other examples of sequences are 
1°, 27, 37,43, . . The ordered list of the cubes of the natural numbers 
4,8,12,16,... The ordered list of the positive multiples of 4 


EXAMPLE 1 


Solution 


SELF CHECK 1 
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239, 7 Mh ena The ordered list of prime numbers 
1,1, 2,3, 5,8, 13,21,.... The Fibonacci sequence 


The Fibonacci sequence is named after the 12th-century mathematician Leonardo of 
Pisa—also known as Fibonacci. Beginning with the 2, each term of the sequence is the 
sum of the two preceding terms. 

Finite sequences contain a finite number of terms and infinite sequences contain infi- 
nitely many terms. One example of each type of sequence is: 


Finite sequence: 1, 5,9, 13, 17, 21, 25 
Infinite sequence: 3,6,9,12,15,.. . Theellipsis,. . . , indicates that the sequence 
goes on forever. 


« 


In this section, we will use a, (read as “a sub n”) to denote the nth term of a 


sequence. For example, in the sequence 3, 6,9, 12, 15,. . . , we have 
Ist 2nd 3rd 4th 5th 
term term term term term 
3 6, 9, 12, 15, 
i t t q 
a, dz a3 da as 


To describe all the terms of a sequence, we can write a formula for a,, called the 
general term of the sequence. For the sequence 3, 6, 9, 12, 15, ... , we note that 
a, = 3:1, & = 3-2, a, = 3-3, and so on. In general, the mth term of the sequence is 
found by multiplying n by 3. 


ad, = 3n 


We can use this formula to find any term of the sequence. For example, to find the 
12th term, we substitute 12 for n. 


ay2 = 3(12) = 36 


Given an infinite sequence with a, = 2n — 3, find: 
a. the first fourterms b. dso. 


a. To find the first four terms of the sequence, we substitute 1, 2, 3, and 4 for n in 
ad, = 2n — 3 and simplify. 
a, = 2(11)-—3 =-1 _— Substitute 1 forn. 
day = 2(22) -3 = 1 Substitute 2 for n. 
a3 = 2(3) —-3 = 3 Substitute 3 for n. 
dg = 2(4) -3 = 5 Substitute 4 for 7. 


The first four terms of the sequence are —1, 1, 3, and 5. 
b. To find aso, the 50th term of the sequence, we let n = 50: 


asg = 2(50) — 3 = 97 


Given an infinite sequence with a, = 3n + 5, find: 
a. the first three terms b. dyo0. 
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(72) Find a specified term of an arithmetic sequence given the first term 
and the common difference. 


One common type of sequence is the arithmetic sequence. 


Arithmetic Sequence An arithmetic sequence is a sequence of the form 
a, @ ar al, Oi se Deal, a Gy ar Wa = Wyo - . 
where a, is the first term and dis the common difference. The nth term is given by 


dn = a, + (n — 1)d 


We note that the second term of an arithmetic sequence has an addend of Id, the 
third term has an addend of 2d, the fourth term has an addend of 3d, and the nth term 
has an addend of (n — 1)d. We also note that the difference between any two consecutive 
terms in an arithmetic sequence is d. 


EXAMPLE 2 An arithmetic sequence has a first term of 5 and a common difference of 4. 
a. Write the first six terms of the sequence. 
b. Write the 25th term of the sequence. 


Solution a. Since the first term is a = 5 and the common difference is d = 4, the first six terms 
are 


5, 5+4, 5+2(4, 54+3(4, %45+44, 5+ 5(4) 
t t t t t 


ay ay a3 a4 ds a6 
or 
5,95.13,. 17, 21,25 
b. The nth term is a, = a + (n — 1)d. Since we want the 25th term, we let n = 25: 
a, = a, + (n — I)d 
a5 = 5 + (25—1)4 Remember that a; = 5 andd = 4. 
= 5+ 24(4) 
5 + 96 
= 101 


EY SELF CHECK 2 a. Write the seventh term of the sequence in Example 2. 
. Write the 30th term of the sequence in Example 2. 


io” 


€} Find a specified term of an arithmetic sequence given the first term 
and one other term. 


EXAMPLE 3 The first three terms of an arithmetic sequence are 3, 8, and 13. Find: 
a. the 67th term b. the 100th term. 
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Solution We first find d, the common difference. It is the difference between two successive 
terms: 


d=8-—3=13-8=5 


a. We substitute 3 for a), 67 for n, and 5 for d in the formula for the nth term and 
simplify: 
A, = a, + (n — 1)d 
467 = 3 + (67 — 1)5 
= 3 + 66(5) 
= 333 
b. We substitute 3 for a,, 100 for n, and 5 for d in the formula for the nth term, and 
simplify: 
a, = a, + (n — I)d 
A oo = 3 + (100 — 1)5 
= 3 + 99(5) 
= 498 


SELF CHECK 3 Find the 50th term of the sequence in Example 3. 


EXAMPLE 4 The first term of an arithmetic sequence is 12, and the 50th term is 3,099. Write the 
first six terms of the sequence. 


Solution The key is to find the common difference. Because the 50th term of this sequence is 
3,099, we can let n = 50 and solve the following equation for d: 


Ay = a + (n — I)d 
asg = 12 + (50 — ld 


3,099 = 12 + 49d Substitute 3,099 for aso and simplify. 
3,087 = 49d Subtract 12 from both sides. 
63 =d Divide both sides by 49. 


Since the first term of the sequence is 12, and the common difference is 63, its first six 
terms are 


12, 75, 138, 201, 264,327 Add 63 toa term to get the next term. 


SELF CHECK4 The first term of an arithmetic sequence is 15, and the 12th term is 92. Write the first 
four terms of the sequence. 


4 Insert one or more arithmetic means between two numbers. 


If numbers are inserted between two numbers a and b to form an arithmetic sequence, 
the inserted numbers are called arithmetic means between a and b. 

If a single number is inserted between the numbers a and 6 to form an arithmetic 
sequence, that number is called the arithmetic mean between a and b. 
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EXAMPLE 5 


Solution 


Fy SELF CHECK 5 


Insert two arithmetic means between 6 and 27. 


Here the first term is a, = 6, and the fourth term is a, = 27. We must find the common 
difference so that the terms 


6, 6+d, 6+2d 27 
t i t t 


ay a2 a3 a4 


form an arithmetic sequence. To find d, we substitute 6 for a, and 4 for n into the 
formula for the nth term: 


a, = a, + (n— ld 
a4=6+(4-1)d 


27 =6+ 3d Substitute 27 for a, and simplify. 
21 = 3d Subtract 6 from both sides. 
T=d Divide both sides by 3. 


The two arithmetic means between 6 and 27 are 
6+d=6+7 or 6+2d=6+ 27) 
= 13 =6+ 14 
= 20 


The numbers 6, 13, 20, and 27 are the first four terms of an arithmetic sequence. 


Insert two arithmetic means between 8 and 44. 


Find the sum of the first n terms of an arithmetic sequence. 


We now consider a formula that gives the sum of the first m terms of an arithmetic 
sequence. To develop this formula, we let S,, represent the sum of the first m terms of an 
arithmetic sequence: 


Sn = ay + [a, + d| + [a, + 2d] +e + [ay + (n — 1)d| 
We write the same sum again, but in reverse order: 
S, = [a4,+ (— 1)d] + [a, + (m— 2)d] + [ay + (2 — 3)d] +++ + ay 
We add these two equations together, term by term, to get 
2S, = [2a, + (n — 1)d] + [2a, + (n — 1)d] + [2a, + (n — 1)d] + +++ + (2a, + (n — Id] 
Because there are n equal terms on the right side of the preceding equation, we can write 
28, = n[2a, + (n — 1)d| 
28, = nla, +a, + (n-1Dd] 2a, =a, + 4, 


2S, = nla, + a,] Substitute a,, for a; + (n — 1)d. 
na, + a 
< = ( 1 i) 
2 


This reasoning establishes the following theorem. 
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Sum of the First n Terms The sum of the first 7 terms of an arithmetic sequence is given by the formula 


of an Arithmetic 


na, + a, 
Sequence on nites) 


5 with a, = a, + (n — 1)d 


where q, is the first term, a,, is the nth term, and 7 is the number of terms in the 
sequence. 


EXAMPLE 6 Find the sum of the first 40 terms of the arithmetic sequence 4, 10, 16,. . . . 


Solution In this example, we let a, = 4, n = 40, d = 6, and ay = 4 + (40 — 16)6 = 238 and 
substitute these values into the formula for S,,: 


n(a, + ago) 


Sn = B} 
40(4 + 238) 
S40 = a 
= 20(242) 
= 4,840 


The sum of the first 40 terms is 4,840. 


SELF CHECK 6 __ Find the sum of the first 50 terms of the arithmetic sequence 3, 8,13,... . 


When the commas between the terms of a sequence are replaced by + signs, we call 
the indicated sum a series. The sum of the terms of an arithmetic sequence is called an 
arithmetic series. Some examples are 


4+ 8+ 12+ 16+ 20+ 24 — Since this series has a limited number of terms, it is a 
finite arithmetic series. 

5+8+4+11+14+17+-:: | Since this series has infinitely many terms, it is an infinite 
arithmetic series. 


6] Expand and find the sum of a series written in summation notation. 


We can use a shorthand notation for indicating the sum of a finite number of consecutive 
terms in a series. This notation, called summation notation, involves the Greek letter 
(sigma). The expression 
5 

+ 3k Read as “the summation of 3k as k runs from 2 to 5.” 

k=2 
designates the sum of all terms obtained if we successively substitute the numbers 2, 3, 4, 
and 5 for k, called the index of the summation. Thus, we have 


k 2k 3. k 4 k 5 
| 4 } t 
5 


D! 3k = 3(2) + 3(3) + 3(4) + 3(5) 


k=2 


=6+9+12415 
= 42 
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EXAMPLE 7 Write the series associated with each summation. 
4 B) 
a Sk b SY(k- Wy 
k=1 k=2 


4 
Solution a. S)k=1+24+3+4 
1 


~ 
ll 


io” 
Me i 
= 

| 

a 
= 

| 


=(2-1°+(23-1%+(4-1%7+6-19 


>~ 


k=2 


P+24+37+4 
=1+8+27+ 64 


5 
>| SELF CHECK 7 Write the series associated with the summation By i 


5 5 3 
EXAMPLE8 Findeachsum. a S)(2k +1) b SK «a SK +3) 
k=3 k=2 k=1 


3 
Solution a. > (2k + 1) = 2G) + 1] +24) + 1] + 26) + 1 
k=3 


=7+9+11 
= 27 


5 
b PHP 4+37+44+5 
=44+9+ 16+ 25 
= 54 
3 
c > GK + 3) = (1) + 3] + BQ’ + 3] + BY + 3] 
k=1 


= 6+ 15 + 30 
= 51 


4 


FE SELF CHECK8 = Evaluate: (2k? — 3). 


k=1 


SELF CHECK ANSWERS 1. a. 8,11,14 b. 305 2.0.29 b. 121 3.248 4. 15,22,29,36 5. 20,32 6. 6,275 
BOLIGHWB G4, 2B 


Given as = 3a — 2.and ay = lla + 10 in an arithmetic sequence, find 
1. the first 5 terms. 
2. the sum of the first 10 terms. 


14.3 EXERCISES 


WARM-UPS 

Find the next term in each arithmetic sequence. 
1...2,-6,10,.3. « 2. 10,7,4,... 

Find the common difference in each arithmetic sequence. 
Bo = 2,.35834 2 3 4. 5,-1,-7,... 

Find each sum. 


2 
5. Sk 
k=1 


REVIEW Perform the operations and simplify, if possible. 
Assume no division by 0. 
7. 3(2x° — 4x + 7) + 4(3x° + 5x — 6) 
8. (2p + q)(3p° + 4pq — 3q°) 
3a+4 3a-4 
a= 2 a+2 
10. 2¢ — 3)8r* — 1277 + 84° — 16r + 6 


VOCABULARY AND CONCEPTS fill in the blanks. 


11. A is a function whose domain is the set of 
natural numbers. If a sequence has a limited number of 
terms, it is called a sequence. If it has infinitely many 
terms, it is an sequence. 

12. The sequence 1, 1, 2, 3, 5, 8, 13, 21,. . 

sequence. 

13. The sequence 3,9, 15, 21,. . 

sequence with a common 
a first term of 3. 


9. 


. 1s called the 


. is an example of an 
of 6 and 


14. The last term (or mth term) of an arithmetic sequence is 
given by the formula 


15. If a number c is inserted between two numbers a and / to 
form an arithmetic sequence, then c is called the 
between a and b. 


16. The sum of the first n terms of an arithmetic sequence is 
given by the formula S,, = 


17. The indicated sum of the terms of an arithmetic sequence is 
called an arithmetic 


18. The symbol ¥ is the Greek letter : 


5 
19. 5) k means 
k=1 


5 
20. In the expression >! (2k — 5), k is called the of 
k=1 
the summation. 
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GUIDED PRACTICE 


Given the infinite sequence a,, = 3n — 2, find each value. 
See Example 1. (Objective 1) 


21. ay 
23. a25 


22. a3 
24. aso 


Write the first five terms of each arithmetic sequence with the 
given properties. See Example 2. (Objective 2) 

25. a, =3,d=2 

26. a, = —2,d = 3 

27. a, = —5,d= —3 

28. a, = 8,d = —5 

Write the first five terms of each arithmetic sequence with the 
given properties. See Examples 3-4. (Objective 3) 

29. a, = 5, fifth term is 29 

30. a, = 4, sixth term is 39 

31. a, = —4, sixth term is —39 

32. a, = —5, fifth term is —37 


ll 


Insert the specified number of arithmetic means. See Example 5. 
(Objective 4) 


33. Insert three arithmetic means between 2 and 11. 
34. Insert four arithmetic means between 5 and 25. 


35. Insert four arithmetic means between 10 and 20. 


36. Insert three arithmetic means between 20 and 30. 


37. Find the arithmetic mean between 10 and 19. 

38. Find the arithmetic mean between 5 and 23. 

39. Find the arithmetic mean between —4.5 and 7. 
40. Find the arithmetic mean between —6.3 and —5.2. 


Find the sum of the first n terms of each arithmetic sequence. See 
Example 6. (Objective 5) 


41. 1,4,7,. ..3;n = 30 
42. 2,6,10,. . .;n = 28 
43. —5,-1,3,...;n=17 
44. —7,-1,5,...;n=15 


Write the series associated with each summation. See Example 7. 
(Objective 6) 


4 3 
45. > (3k) 46. >'(k — 9) 
k=1 k=1 


976 CHAPTER 14 Miscellaneous Topics 


6 5 
47. Sk 48. S\(—2k) 
k=4 k=3 


Find each sum. See Example 8. (Objective 6) 
4 =] 
49. >) 6k 50. > 3k 
k=1 k=2 


4 6 
51. S(& + 3) 52. Sik + 1) 
k=3 k=2 


ADDITIONAL PRACTICE 

Write the first five terms of each arithmetic sequence with the 
given properties. 

53. d = 7, sixth term is —83 

54. d = 3, seventh term is 12 

55. d = —3, seventh term is 16 

56. d = —5, seventh term is —12 

57. The 19th term is 131 and the 20th term is 138. 


58. The 16th term is 70 and the 18th term is 78. 


Find the specified value. 

59. Find the 30th term of the arithmetic sequence with a, = 7 
and d = 12. 

60. Find the 55th term of the arithmetic sequence with 
a, = —Sandd = 4. 

61. Find the 37th term of the arithmetic sequence with a 
second term of —4 and a third term of —9. 


62. Find the 40th term of the arithmetic sequence with a 
second term of 6 and a fourth term of 16. 


63. Find the first term of the arithmetic sequence with a common 
difference of 11 and whose 27th term is 263. 


64. Find the common difference of the arithmetic sequence 
with a first term of —164 if its 36th term is —24. 


65. Find the common difference of the arithmetic sequence 
with a first term of 40 if its 44th term is 556. 


66. Find the first term of the arithmetic sequence with a 
common difference of —5 and whose 23rd term is —625. 


Find the sum of the first n terms. 

67. Second term is 7, third term is 12; n = 12 

68. Second term is 5, fourth term is 9; = 16 

69. f(n) = 2n + 1, nth term is 31; 1 is a natural number 


70. f(n) = 4n + 3, nth term is 23; n is a natural number 
71. Find the sum of the first 50 natural numbers. 

72. Find the sum of the first 100 natural numbers. 

73. Find the sum of the first 50 odd natural numbers. 
74. Find the sum of the first 50 even natural numbers. 


Find each sum. 


4 5 
75. >) (2k + 4) 76; ¥ Gk =F 
k=4 k=3 


APPLICATIONS 


77. Saving money Yasmeen puts $60 into a safety deposit box. 
Each month, she puts $50 more in the box. Write the first 
six terms of an arithmetic sequence that gives the monthly 
amounts in her savings, and find her savings after 10 years. 


78. Installment loans Maria borrowed $10,000, interest-free, 
from her mother. She agreed to pay back the loan in 
monthly installments of $275. Write the first six terms of an 
arithmetic sequence that shows the balance due after each 
month, and find the balance due after 17 months. 


79. Designing a patio Each row of bricks in the triangular 
patio is to have one more brick than the previous row, 
ending with the longest row of 150 bricks. How many bricks 
will be needed? 


80. Falling objects The equation s = 162? represents the dis- 
tance s in feet that an object will fall in ¢ seconds. After 
1 second, the object has fallen 16 feet. After 2 seconds, the 
object has fallen 64 feet, and so on. Find the distance that 
the object will fall during the second and third seconds. 


81. Falling objects Refer to Exercise 80. How far will the 
object fall during the 12th second? 

82. Interior angles The sums of the angles of several polygons 
are given in the table. Assuming that the pattern continues, 
complete the table. 


Figure Number of sides Sum of angles 
Triangle 3 180° 
Quadrilateral 4 360° 
Pentagon 5 540° 
Hexagon 6 720° 
Octagon 8 
Dodecagon 11) 
WRITING ABOUT MATH 


83. Define an arithmetic sequence. 


84. Develop the formula for finding the sum of the first 1 terms 
of an arithmetic sequence. 
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SOMETHING TO THINK ABOUT 2 2 
; ; 89. Show that 5k = 5 ik. 
85. Write the addends of the sum given by k=1 k=1 
6 6 6 
Sere 90. Show that S\(k? + 3K) = H+ DY 3k. 
n=1 2 k=3 k=3 k=3 
86. Find the sum of the sequence given in Exercise 85. 91. Show that $)3 = 3n. (Hint: Consider 3 to be 3k°.) 
87. Show that the arithmetic mean between a and 5 is the P 
average of a and b: a wr 
88. Show that the sum of the two arithmetic means between a 92. Show that >! — # — . 
and bisa + b. ae RE 


k=1 


Geometric Sequences 


GD Find a specified term of a geometric sequence given the first term 
and the common ratio. 


® Find a specified term of a geometric sequence given the first term 
and one other term. 


€} Find one or more geometric means given two terms of a sequence. 
@3 Find the sum of the first n terms of a geometric sequence. 
© Solve an application problem involving a geometric sequence. 


Objectives 


Vocabulary 


Complete each table. 
1. n|5(2”) 2. 


6(3") 


n 
1 
2 
3 


Getting Ready 


Another common type of sequence is called a geometric sequence. 


@ Find a specified term of a geometric sequence given the first term 
and the common ratio. 


Each term of a geometric sequence is found by multiplying the previous term by the 
same number. 
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Geometric Sequence A geometric sequence is a sequence of the form 


2 3 i=l 
(hin Chilis Chi 5 GH 5 6 5 a Ge 9 


where a is the first term and r is the common ratio. The nth term is given by 


=il 
ad, = ar" 


We note that the second term of a geometric sequence has a factor of r', the third 
term has a factor of r’, the fourth term has a factor of r*, and the nth term has a factor 
of r”~'. We also note that the quotient obtained when any term is divided by the previ- 
ous term is r. 


EXAMPLE 1 A geometric sequence has a first term of 5 and a common ratio of 3. 
a. Write the first five terms of the sequence. 
b. Find the ninth term. 


Solution a. Since the first term is @ = 5 and the common ratio is r = 3, the first five terms are 


5. 453), 539, 567; 36%) Each term is found by multiplying 
t t t i the previous term by 3. 
ay az a3 a4 as 


or 
5, 15, 45, 135, 405 


b. The th term is a,r” | where a, = 5 andr = 3. Because we want the ninth term, we 


letn = 9: 
a, = ar" ' 
ay = 5(3)? | 
=40) 
= 5(6,561) 
= 32,805 


>| SELF CHECK 1 A geometric sequence has a first term of 3 and a common ratio of 4. 
a. Write the first four terms. 
b. Find the eighth term. 


2 | Find a specified term of a geometric sequence given the first term and 
one other term. 


EXAMPLE 2 The first three terms of a geometric sequence are 16, 4, and 1. Find the seventh term. 


Solution We note that the first term a is 16 and that 


az 4 1 a; 1 
r=—=—_=— Also note that = = 5. 
ay 16 4 a 4 


14.4 Geometric Sequences 979 


We substitute 16 for ay, i for r, and 7 for n in the formula for the nth term and 


simplify: 
a, = ay 
1\7-! 
a= 16( 4) 
1 6 
= 16 — 
i) 
= 16 755) 
4,096 
gle 
256 


SELF CHECK 2 Find the tenth term of the sequence in Example 2. 


(} Find one or more geometric means given two terms of a sequence. 


If numbers are inserted between two numbers a and b to form a geometric sequence, the 
inserted numbers are called geometric means between a and b. 

If a single number is inserted between the numbers a and b to form a geometric 
sequence, that number is called the geometric mean between a and b. 


EXAMPLE 3 Insert two geometric means between 7 and 1,512. 


Solution Here the first term is a, = 7. Because we are inserting two geometric means between 7 
and 1,512, the fourth term is a4 = 1,512. To find the common ratio r so that the terms 


7, Tr, Tr, 1,512 
t t t t 


ay a2 a3 a4 


form a geometric sequence, we substitute 4 for n and 7 for a, into the formula for the 
nth term of a geometric sequence and solve for r. 


ier 
es ill 
15 =r 
216=r Divide both sides by 7. 
6=r Take the cube root of both sides. 


The two geometric means between 7 and 1,512 are 


> 


Tr=7(6)=42 and 7r = 7(6)" = 7(36) = 252 


The numbers 7, 42, 252, and 1,512 are the first four terms of a geometric sequence. 


SELF CHECK 3 _ Insert three positive geometric means between | and 16. 
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EXAMPLE 4 Find a geometric mean between 2 and 20. 


Solution We want to find the middle term of the three-term geometric sequence 


2; 2r, 20 
t t ft 
ay ay a3 


with a; = 2, a; = 20, andn = 3. To find r, we substitute these values into the formula 
for the nth term of a geometric sequence: 


n—1 


a, = ar 

e=2"' 

20 = 2/° 

o=r Divide both sides by 2. 
+V10=r Take the square root of both sides. 


Because r can be either V/10 or =\/10: there are two values for the geometric 
mean. They are 


®=2V10 and = 2%&=-2V10 


The numbers 2, 2V/10, 20 and 2, —2/10, 20 both form geometric sequences. The 
common ratio of the first sequence is V10, and the common ratio of the second 
sequence is =—/10, 


>| SELF CHECK 4 Find the positive geometric mean between 2 and 200. 


4 Find the sum of the first n terms of a geometric sequence. 


There is a formula that gives the sum of the first n terms of a geometric sequence. To develop 
this formula, we let S,, represent the sum of the first 1 terms of a geometric sequence. 
QQ) S,=aqtartaqrt+art+--t+ayr' 
We multiply both sides of Equation | by r to get 
(2) S,t = art ar’ + ar fore p ar: + ar” 
We now subtract Equation 2 from Equation | and solve for S,: 
S, — S,r =a, — ar" 
S,(1 — 1r) =a, — ar" Factor out S,, from the left side. 


a, — ar 


Ss, = Divide both sides by 1 — r. 


This reasoning establishes the following formula. 


Sum of the First n Terms The sum of the first 1 terms of a geometric sequence is given by the formula 


of a Geometric 


Gh = GHir” 
Sequence {= 


T= (r # 1) 


where S,, is the sum, a, is the first term, r is the common ratio, and n is the number of 
terms. 
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EXAMPLE 5 Find the sum of the first six terms of the geometric sequence 250, 50, 10,. . . . 


Solution Here a, = 250, r = i and n = 6. We substitute these values into the formula for the 
sum of the first 7 terms of a geometric sequence and simplify: 


pit 


l-r 


1 6 
— 2 —_ 
250 s0( 2) 


1 
== 
5 


S, = 


S;, = 


250 — 250( 


iss) 


4 


5 
5 250 
= §(250 2) 
_ 5( 3006.00) 
A\ 15,625 


= 312.48 
The sum of the first six terms is 312.48. 


SELF CHECK 5 Find the sum of the first five terms of the geometric sequence 100, 20,4,... . 


5] Solve an application problem involving a geometric sequence. 


EXAMPLE6 GROWTHOFATOWN The mayor of Eagle River (population 1,500) predicts a growth 
rate of 4% each year for the next 10 years. Find the expected population of Eagle River 
10 years from now. 


Solution Let Po be the initial population of Eagle River. After 1 year, there will be a different 
population, P,;. The initial population (Po) plus the growth (the product of Po and the 
rate of growth, r) will equal this new population P;: 


P, = Po + Por = Pol +1) 
The population after 2 years will be P, and 


P, =P, + Pir 
= P,1+7r) Factor out P. 
= Pol +r) +r) Remember that P; = Po(1 + r). 
= Pl +r) 


The population after 3 years will be P3, and 
P3 = P, + Por 
= P,(1 +r) Factor out Po. 
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EXAMPLE 7 


Solution 


= P,(1+r)*(1 +r) Remember that P; = Po(1 + 7)’. 
= Pol + ry 
The yearly population figures 
Foy Pty. Fay a 
or 
Po, Pil +n, Pol +7, Pol +7), 


form a geometric sequence with a first term of Py and a common ratio of 1 + r. The 
population of Eagle River after 10 years is P;9, which is the 11th term of this sequence: 


a4 
a, = ar" 


Pio = a = Pol +7)” 
= 1,500(1 + 0.04)!° 
= 1,500(1.04)'° 
~ 1,500(1.480244285) 
~ 2,220 


The expected population 10 years from now is 2,220 people. 


AMOUNT OF ANANNUITY = An annuity is a sequence of equal payments made periodi- 
cally over a length of time. The sum of the payments and the interest earned during the 
term of the annuity 1s called the amount of the annuity. 

After a sales clerk works six months, her employer will begin an annuity for her 
and will contribute $500 every six months to a fund that pays 8% annual interest. After 
she has been employed for two years, what will be the amount of the annuity? 


Because the payments are to be made semiannually, there will be four payments of 
$500, each earning a rate of 4% per six-month period. These payments will occur at the 
end of 6 months, 12 months, 18 months, and 24 months. The first payment, to be made 
after 6 months, will earn interest for three interest periods. Thus, the amount of the 
first payment is $500(1.04)*. The amounts of each of the four payments after two years 
are shown in Table 14-1. 

The amount of the annuity is the sum of the amounts of the individual payments, 
asum of $2,123.23. 


Payment Amount of payment 

(at the end of period) at the end of 2 years 
1 $500(1.04)* = $562.43 

2 $500(1.04)? = $540.80 

3 $500(1.04)' = $520.00 

4 $500 = $500.00 

A,, = $2,123.23 
Table 14-1 


SELF CHECK ANSWERS 


1. a. 3, 12,48,192 b. 49,152 2775 3.2.48 4.20 5. 124.96 


Given a; = 8x — 12 andr = Sin a geometric sequence: 


1. Find the first 4 terms. 


2. Find the sum of the first 4 terms by adding the terms. 


3. Set up the formula for finding the sum of the first 4 terms and simplify it to show that the 
result is the same as the result obtained in Problem 2. 


14.4 EXERCISES 


WARM-UPS 
Find the next term in each geometric sequence. 
11 
We 1.35952. 2. 1p sk. 5 
3°9 
Find the common ratio in each geometric sequence. 
3. 0.2, 0.5, 1.25,.. . By V3, 3, 33s és 
Find the value of x in each geometric sequence. 
11 
5. 2, x, 18,54... 6. 3, 
x Xx, 3? 9° 


REVIEW Solve each inequality. Assume no division by 0. 
7. x= Se 620 
ie = Jat 1g =O 
x—-4 
x + 3 
+t 20 


10. ——_~— <0 
be 2 


VOCABULARY AND CONCEPTS Fill in the blanks. 


a 
11. A sequence of the form a, ar, ar", 
sequence. 


9. =0 


.is called a 


12. The formula for the nth term of a geometric sequence is 


13. In a geometric sequence, r is called the 


14. A number inserted between two numbers a and b to ean a 
geometric sequence is called a geometric between a 
and b. 


15. The sum of the first m terms of a geometric sequence is 


given by the formula 
term of the 


16. In the formula for Exercise 15, a, is the 
sequence. 
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GUIDED PRACTICE 


Write the first five terms of each geometric sequence and find the 
eighth term. See Example 1. (Objective 1) 


17. a =3,r= 
18. a, = —-2,r =2 
1 
19. =-Sr=7 
ay r 5 
1 
20. a= 87-5 


Write the first five terms of each geometric sequence. 
See Example 2. (Objective 2) 


21. a, = 2,r > 0, third term is 32 


22. a, = 3, fourth term is 24 

23. a, = —3, fourth term is —192 
24. a, = 2,r < 0, third term is 50 
25. a, = —64,r < 0, fifth term is —4 
26. a, = —64,r > 0, fifth term is —4 
27. a, = —64, sixth term is —2 

28. a, = —81, sixth term iss 


Insert the specified number of geometric means. See Examples 3-4. 
(Objective 3) 


29. Insert three positive geometric means between 2 and 162. 
30. Insert four geometric means between 3 and 96. 

31. Insert four geometric means between —4 and —12,500. 
32. Insert three geometric means (two positive and one nega- 


tive) between —64 and —1,024. 
33. Find the negative geometric mean between 2 and 128. 
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34. Find the positive geometric mean between 3 and 243. 
35. Find the positive geometric mean between 10 and 20. 


36. Find the negative geometric mean between 5 and 15. 


Find the sum of the first n terms of each geometric sequence. See 
Example 5. (Objective 4) 


37. 2,6,18,...3;n =6 
38. 2,—-6,18,...;n=6 
39. 2,—-6,18,...;n= 
40. 3, -6,12,...;n=5 


41. The second term is 1, and the third term is i n=4, 
42. The second term is 1, and the third term is 4; n = 5. 
43. The third term is —2, and the fourth term is 1; = 6. 


44. The third term is —3, and the fourth term is 1; 7 = 5. 


ADDITIONAL PRACTICE 
Find the first five terms of the geometric sequence. 
45. The second term is 10, and the third term is 50. 


46. The third term is —27, and the fourth term is 81. 


Find the indicated quantity. 

47. Find the tenth term of the geometric sequence with a, = 7 
andr = 2. 

48. Find the 12th term of the geometric sequence with a, = 64 

al 

andr = 5. 

49. Find the first term of the geometric sequence with a 
common ratio of —3 and an eighth term of —81. 


50. Find the first term of the geometric sequence with a 
common ratio of 2 and a tenth term of 384. 


51. Find the common ratio of the geometric sequence with a 
first term of —8 and a sixth term of —1,944. 


52. Find the common ratio of the geometric sequence with a 
first term of 12 and a sixth term of 2. 


53. Find a geometric mean, if possible, between —50 and 10. 
54. Find a negative geometric mean, if possible, between —25 


and —5. 


Find the sum of the first n terms of each geometric sequence. 
55. 3, -6,12,...;n =8 


56. 3,6,12,...3n= 
57. 3,6,12,...3n= 
58. 3,-6,12,...;n=7 


ww) APPLICATIONS Use acalculator to help solve each 
problem. See Examples 6-7. (Objective 5) 


59. Population growth The population of Union is predicted 
to increase by 6% each year. What will be the population of 
Union 5 years from now if its current population is 500? 


60. Population decline The population of Bensonville is 
decreasing by 10% each year. If its current population is 98, 
what will be the population 8 years from now? 

61. Declining savings John has $10,000 in a safety deposit box. 
Each year he spends 12% of what is left in the box. How 
much will be in the box after 15 years? 

62. Savings growth Lu Ling has $5,000 in a savings account 
earning 12% annual interest. How much will be in her 
account 10 years from now? (Assume that Lu Ling makes 
no deposits or withdrawals.) 

63. House appreciation A house appreciates by 6% each year. 
If the house is worth $70,000 today, how much will it be 
worth 12 years from now? 

64. Motorboat depreciation A motorboat that cost $5,000 
when new depreciates at a rate of 9% per year. How much 
will the boat be worth in 5 years? 

65. Inscribed squares Each inscribed square in the illustration 
joins the midpoints of the next larger square. The area of 
the first square, the largest, is 1. Find the area of the 
12th square. 


66. Genealogy The following family tree spans 3 generations 
and lists 7 people. How many names would be listed in a 
family tree that spans 10 generations? 


You 


67. Annuities Find the amount of an annuity if $1,000 is paid 
semiannually for two years at 6% annual interest. Assume 
that the first of the four payments is made immediately. 


68. Annuities Note that the amounts shown in Table 14-1 
form a geometric sequence. Verify the answer for Example 7 
by using the formula for the sum of a geometric sequence. 


WRITING ABOUT MATH 


69. Define a geometric sequence. 
70. Develop the formula for finding the sum of the first 1 terms 
of a geometric sequence. 


SOMETHING TO THINK ABOUT 


71. Show that the formula for the sum of the first n terms of a 
geometric sequence can be found by using the formula 
a; — a,r 


S= l=7* 
72. Show that the geometric mean between a and b is V ab. 
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73. If a > b > 0, which is larger: the arithmetic mean between 
aand b or the geometric mean between a and bh? 


74. Is there a geometric mean between —5 and 5? 
75. Show that the formula for the sum of the first n terms of a 
geometric sequence can be written in the form 
a, — @4,r 


Ss, — page where ay = qr’ 


1 


76. Show that the formula for the sum of the first m terms of a 
geometric sequence can be written in the form 


_ a(1 — r’) 


l-r 


Sn 


Infinite Geometric Sequences 


Objectives 


Vocabulary 


2 


il 
t9 


1. 


Getting Ready 


GD Find the sum of an infinite geometric series, if possible. 
© Convert a repeating decimal to a fraction. 


Evaluate each expression. 


In this section, we will consider geometric sequences with infinitely many terms. 
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(i) Find the sum of an infinite geometric series, if possible. 


If we form the sum of the terms of an infinite geometric sequence, we get a series called 
an infinite geometric series. For example, if the common ratio r is 3, we have 


Infinite geometric sequence Infinite geometric series 
2, 6, 18, 54, 162,.. . 2+6+ 18+ 54+ 162+-::: 


Under certain conditions, we can find the sum of an infinite geometric series. To define 
this sum, we consider the geometric series 
at+tartartart::t+ar"! 
The first partial sum, S,, of the sequence is S; = a. 
+ The second partial sum, S>, of the sequence is Sy = a, + ayr. 


The third partial sum, $3, of the sequence is S3 = a, + ayr + ayr’. 
The nth partial sum, S,,, of the sequence is S, = a, + ayr + rte tart, 
If the nth partial sum, S,,, approaches some number S., as n approaches infinity, then 
S.. is called the sum of the infinite geometric series. 
To develop a formula for finding the sum (if it exists) of an infinite geometric series, 
we consider the formula that gives the sum of the first n terms of a geometric sequence. 


a, — ay 


Sh _ (r 1) 


1l=r 


If |r| < 1 and a, is constant, then the term a,r” in the above formula approaches 0 as n 
becomes very large. For example, 


(3) a (3) = (5) es 
4) 4 Nay jee Nay ~ ea 


and so on. When z is very large, the value of a,r” is negligible, and the term a,r” in the 
above formula can be ignored. This reasoning justifies the following theorem. 


Sum of an Infinite If a, is the first term and r is the common ratio of an infinite geometric sequence, and 
Geometric Series if |r| < 1, the sum of the related geometric series is given by the formula 
a 
Soo = 
l= 


COMMENT Recall that |r| < 1 is equivalent to the inequality —1 < r < 1. This implies 
that an infinite series will have a sum if r is between —1 and | but r # 0. 


EXAMPLE 1 Find the sum of the infinite geometric series 125+ 25+5+..... 


Solution Herea = 125andr = 7 Since |r| = 4 = 4 < 1, we can find the sum of the series. We 


do this by substituting 125 for a, and i for rin the formula S., = rs and simplifying: 


a (125 125 5 
i = = — = =(125) = 
Pe T= 5 i 4. 4° 
5 


625 
4 
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The sum of the series is & or 156.25. 


SELF CHECK 1 Find the sum of the infinite geometric series 100 + 20 + 4 + -:- 


EXAMPLE 2 Find the sum of the infinite geometric series 64 + (—4) + i fee, 


Solution Here a, = 64 andr = i. Since |r| = |-4 = é < 1, we can find the sum of the 
series. We substitute 64 for a, and -4 for rin the formula S.. = 7 “ ; and simplify: 
ay 64 64 = :16 1,024 
co = = ~ aa 64) = 
— ee oo © 
16 16 
The sum of the terms of the infinite geometric sequence 64, —4, is + 4 318 eas 


SELF CHECK 2 Find the sum of the infinite geometric series 81 + 27 +9+-:-. 


(4 Convert a repeating decimal to a fraction. 


We can use the sum of an infinite geometric series to convert a repeating decimal to a 
fraction. 


EXAMPLE 3 Change 0.8 to a common fraction. 


Solution The decimal 0.8 can be written as an infinite geometric series: 


8 8 8 


8 = 0.888 --- =— + + + 
oe oe 10 100 1,000 
where a, = * and r= a Because |r| = FA = ii < 1, we can find the sum as follows: 
= & 
a 10 10 8 
oe ee) 
10 +10 


Thus, 0.8 = §. Long division will verify that § = 0.888. . . . 


SELF CHECK 3 Change 0.6 to a common fraction. 


EXAMPLE 4 Change 0.25 to a common fraction. 


Solution The decimal 0.25 can be written as an infinite geometric series: 


25 25 25 
” ~ foe 
100 =10,000 ~—_:1,000,000 


0.25 = 0.252525-+- = 
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where a, = a andr = ow Since |r| = a! = iw < 1, we can find the sum as follows: 


25 25 
a. 100 _ 100 25 
= =e 1 99: 99 
~ 100 100 


Thus, 0.25 = . Long division will verify that this is true. 


>| SELF CHECK 4 Change 0.15 to a common fraction. 


EJ SELF CHECK ANSWERS) = 3.125 2,8 3,2 4, 


14.5 EXERCISES } 


WARM-UPS VOCABULARY AND CONCEPTS Fill in the blanks. 

Find the common ratio in each infinite geometric sequence. 11. If a geometric sequence has infinitely many terms, it is 
11 11 called an geometric sequence. 

LT 64° gb ars = Le Gar ae 12. The third partial sum of the series 2 + 6 + 18 + 54+--- is 
2. As £4 _ = 26, 

ae 37376000 a eS 13. The formula for the sum of an infinite geometric series with 


r| < Lis 
Find the sum of each infinite geometric series. u teen oe . . 
14. Write 0.75 as an infinite geometric series. 


5.18 +64+2+:: 6.12434 24 
REVIEW Determine whether each equation determines y to GUIDED PRACTICE 
pee net om Find the sum of each infinite geometric series, if possible. 
7 y=3x-4 8. xy = 12 See Examples 1-2. (Objective 1) 
9.3x=y +4 10. x = |y| 15.8 +4424: 
16. 12+6+3+-:: 
17. 54+ 18 
18. 45+ 15 +5 
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19. 12+ (-6)+ 34°: 36. Bouncing balls A golf ball is dropped from a height of 

20, 8+ (-4)424+-- 12 feet. On each bounce, it returns to a height two-thirds of 
9 that from which it fell. Find the total distance the ball 

21. sere travels. 


37. Controlling moths To reduce the population of a destruc- 
tive moth, biologists release 1,000 sterilized male moths 


22. =45. 4 154 (=5) 4+" 


Change each decimal to acommon fraction. Then check the each day into the environment. If 80% of these moths alive 
answer by using long division. See Examples 3-4. (Objective 2) one day survive until the next, then after a long time, the 
23. 0.1 24. 0.2 population of sterile males is the sum of the infinite geo- 
a ae aia metric sequence 

25. —0.3 26. —0.4 5 . 

os = 1,000 + 1,000(0.8) + 1,000(0.8)? + 1,000(0.8)? + --- 
27. 0.12 28. 0.21 
29. 0.75 30. 0.57 Find a long-term pepulacon, . 

38. Controlling moths If mild weather increases the day-to-day 

ADDITIONAL PRACTICE Find the sum of each infinite survival rate of the sterile male moths in Exercise 37 to 
geometric series, if possible. 90%, find the long-term population. 
31. —54+ 18 + (-6) +: 
#2; = 11d + (0) 2 : WRITING ABOUT MATH 

27 39. Why must the absolute value of the common ratio be less 
33. 4 (=o) 4 oye than | before an infinite geometric series can have a sum? 

18 6 40. Can an infinite arithmetic series have a sum? 

Bg, hart 


SOMETHING TO THINK ABOUT 


APPLICATIONS 41. An infinite geometric series has a sum of 5 and a first term 


35. Bouncing balls On each bounce, — of 1, Find the common ratio, 


the rubber ball in the illustration ' 42. An infinite geometric series has a common ratio of 5 and 
rebounds to a height one-half of a sum of 9. Find the first term. 

that from which it fell. Find the 43. Show that 0.9 = 1. 

total distance the ball travels. 44. Show that 1.9 = 2. 


45. Does 0.999999 = 1? Explain. 
10m 


46. If f(x) = 1+ xt 22 4+9 + x4+-~, find f(4) and f(—4). 


Permutations and Combinations 


GD Use the multiplication principle to determine the number of ways one 
event can be followed by another. 


©} Use permutations to find the number of n things taken rata time. 
€&} Use combinations to find the number of n things taken rat a time. 


@3 Use combinations to find the coefficients of the terms of a binomial 
expansion. 


Objectives 
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Getting Ready 


Multiplication Principle 
for Events 


Evaluate each expression: 


1. 4°3-2-1 2. 984532251 


5, ee ese _ S23 
: 4+3-2-1 : 2(5+4+3+2+1) 


In this section, we will discuss methods of counting the different ways we can do some- 
thing like arranging books on a shelf or selecting a committee. These kinds of problems 
are important in statistics, insurance, telecommunications, and other fields. 


Use the multiplication principle to determine the number of ways one 
event can be followed by another. 
Steven goes to the cafeteria for lunch. He has a choice of three different sandwiches 
(hamburger, hot dog, or ham and cheese) and four different beverages (cola, root beer, 
orange, or milk). How many different lunches can he choose? 

He has three choices of sandwich, and for any one of these choices, he has four 
choices of drink. The different options are shown in the tree diagram in Figure 14-1. 


Cola 
Hamburger Root beer 
Orange 
Milk 
Cola 
Steven's Hot dog — Root beer 
choices orig 
Milk 
Cola 
Ham and cheese << Root beer 
Orange 
Milk 


Figure 14-1 


The tree diagram shows that he has a total of 12 different lunches to choose from. One of 
the possibilities is a hamburger with a cola, and another is a hot dog with milk. 

A situation that can have several different outcomes—such as choosing a sandwich— 
is called an event. Choosing a sandwich and choosing a beverage can be thought of as 
two events. The preceding example illustrates the multiplication principle for events. 


Let E, and E; be two events. If £, can be done in a, ways, and if—after E, has 
occurred—E, can be done in a, ways, the event “E, followed by £,” can be done in 


a, * Ay Ways. 


EXAMPLE 1 


Solution 


SELF CHECK 1 


EXAMPLE 2 


Solution 


SELF CHECK 2 


EXAMPLE 3 


Solution 


SELF CHECK 3 
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After dinner, Heidi plans to watch the evening news and then a situation comedy on 
television. If there are choices of four news broadcasts and two comedies, in how many 
ways can she choose to watch television? 


Let E, be the event “watching the news” and EF, be the event “watching a comedy.” 
Because there are four ways to accomplish FE, and two ways to accomplish E,, the 
number of choices that she has is 4-2 = 8. 


If Jose has 7 shirts and 5 pairs of pants, how many outfits could be created? 


The multiplication principle can be extended to any number of events. In Example 2, 


we use it to complete the number of ways that we can arrange objects in a row. 


In how many ways can we arrange five books on a shelf? 


We can fill the first space with any of the 5 books, the second space with any of the 
remaining 4 books, the third space with any of the remaining 3 books, the fourth space 
with any of the remaining 2 books, and the fifth space with the remaining | (or last) 
book. By the multiplication principle for events, the number of ways in which the 
books can be arranged is 


5+4-3-+2-1= 120 


In how many ways can 4 men line up in a row? 


SENDING SIGNALS If a sailor has six flags, each of a different color, to hang on a flag- 
pole, how many different signals can the sailor send by using four flags? 


The sailor must find the number of arrangements of 4 flags when there are 6 flags to 
choose from. The sailor can hang any one of the 6 flags in the top position, any one of 
the remaining 5 flags in the second position, any one of the remaining 4 flags in the 
third position, and any one of the remaining 3 flags in the lowest position. By the mul- 
tiplication principle for events, the total number of signals that can be sent is 


6°5°+4-3 = 360 


How many different signals can the sailor send if each signal uses three flags? 


Use permutations to find the number of n things taken r at a time. 


When computing the number of possible arrangements of objects such as books on a 
shelf or flags on a pole, we are finding the number of permutations of those objects. In 
these cases, order is important. A blue flag followed by a yellow flag has a different 
meaning than a yellow flag followed by a blue flag. 

In Example 2, we found that the number of permutations of five books, using all five 
of them, is 120. In Example 3, we found that the number of permutations of six flags, 
using four of them, is 360. 
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EXAMPLE 4 


Solution 


Fy SELF CHECK 4 


Finding P(n, r) 


EXAMPLE 5 


Solution 


The symbol P(n, r), read as “the number of permutations of 7 things r at a time,” is 
often used to express permutation problems. In Example 2, we found that P(5, 5) = 120. 
In Example 3, we found that P(6, 4) = 360. 


SENDING SIGNALS If Sarah has seven flags, each of a different color, to hang on a 
flagpole, how many different signals can she send by using three flags? 


She must find P(7, 3) (the number of permutations of 7 things 3 at a time). In the top 
position Sarah can hang any of the 7 flags, in the middle position any one of the 
remaining 6 flags, and in the bottom position any one of the remaining 5 flags. Accord- 
ing to the multiplication principle for events, 


P(7, 3) = 7+6°5 = 210 


She can send 210 signals using only three of the seven flags. 


How many different signals can Sarah send using four flags? 


Although it is correct to write P(7, 3) = 7-6-5, there is an advantage in changing 
the form of this answer to obtain a formula for computing P(7, 3): 


PU, 3)= 7° e235 
7+6+5+4+3+2-1 Multiply both the numerator and denominator by 


Ae 9s2+1 403+201, 
7 
~ 4! 
1! 
~F =3y 


The generalization of this idea gives the following formula. 


The number of permutations of n things r at a time is given by the formula 


n! 
(@= in): 


P(n, r) = 


Compute: a. P(8,2) b. P(7,5) « Pin,n) d. P(n, 0). 


We substitute into the permutation formula P(, r) = ae 


8! 1! 
. P(8, 2) =—— b. P(7,5) = 
Eee) — oe Ol 79) = Gas 
_ 8+7-6! 7665640302 
6! 2 
= 8-7 =7-6+5+4+3 


= 56 = 2,520 


Finding P(n, n) 
and P(n, 0) 


EXAMPLE 6 


Solution 


SELF CHECK 6 


SELF CHECK 5 
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n! n! 
c. P(n,n) = =a d. P(n, 0) = (n — 0)! 
n! n! 
0! nl 
ni = 
1 
=n! 
Compute: a. P(10, 6) b. P(10, 0). 


Parts c and d of Example 5 establish the following formulas. 


The number of permutations of n things 7 at a time and n things 0 at a time are given 
by the formulas 


P(n,n) = n! and P(n,0) = 1 


TV PROGRAMMING a. In how many ways can a television executive arrange the 
Saturday night lineup of 6 programs if there are 15 programs to choose from? 
b. If there are only 6 programs to choose from? 


a. To find the number of permutations of 15 programs 6 at a time, we will use the 
n! 


formula P(n, r) = Ga with n = 15 andr = 6. 


15! 
PIS, 6) = G5 
15-14-13-12-11-10-9! 
7 9! 
= 15-14-13-12-11-10 
= 3,603,600 


b. To find the number of permutations of 6 programs 6 at a time, we use the formula 
P(n,n) = n! withn = 6. 


P(6, 6) = 6! = 720 


How many ways are there if the executive has 20 programs to choose from? 


Use combinations to find the number of n things taken r at a time. 


Suppose that a student must read 4 books from a reading list of 10 books. The order in 
which he reads them is not important. For the moment, however, let’s assume that order 
is important and find the number of permutations of 10 things 4 at a time: 


994 CHAPTER 14 Miscellaneous Topics 


10! 

(10 — 4)! 

10-9-8+7-6! 
6! 

10°9+8+7 

= 5,040 


P(10, 4) = 


If order is important, there are 5,040 ways of choosing 4 books when there are 10 
books to choose from. However, because the order in which the student reads the books 
does not matter, the previous result of 5,040 is too big. Since there are 24 (or 4!) ways of 
ordering the 4 books that are chosen, the result of 5,040 is exactly 24 (or 4!) times too big. 
Therefore, the number of choices that the student has is the number of permutations of 
10 things 4 at a time, divided by 24: 


P(10,4) 5,040 _ 
24 24 


210 


The student has 210 ways of choosing 4 books to read from the list of 10 books. 

In situations where order is not important, we are interested in combinations, not 
permutations. The symbols C(n, r) and (”) both mean the number of combinations of n 
things r at a time. 


If a selection of r books is chosen from a total of n books, the number of possible 
selections is C(n, r) and there are r! arrangements of the r books in each selection. If we 
consider the selected books as an ordered grouping, the number of orderings is P(n, r). 
Therefore, we have 


(1) r!+ C(u,r) = P(n, r) 
We can divide both sides of Equation | by r! to get the formula for finding C(n, r): 


Coe ay= (") = P(n, r) n! 


ro ri(n — r)! 


Finding C(n, r) The number of combinations of 7 things r at a time is given by 


n\ 
Ce) ae 


EXAMPLE 7 Compute: a. C(8,5) b. (3) c. C(n,n) d. C(n, 0). 


Solution We will substitute into the combination formula C(n, r) = ut 


rin — ry)! 
8! 7 7 
e 5 = le —— a 
a C8, 9) = 5 — 5) i (3) a7 = 2) 
8 +7655! _ 7+6+5! 
51-3! Fa} « 5 
aeey = 54 


SELF CHECK 7 


Finding C(n, n) 
and C(n, 0) 


EXAMPLE 8 


Solution 


SELF CHECK 8 
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n! n! 
c C(n,n) = =a d. C(n, 0) = On — 0! 
n! a! 
~ n\(0!) ~ Olen! 
n! i 
~ nl(1) ~ OL 
=4 il 
a 
=1 


The symbol C(n, 0) indicates that we choose 0 things from the available n things. 


Compute: a. C(9, 6) b. C(10, 10). 


Parts c and d of Example 7 establish the following formulas. 


The number of combinations of 7 things n at a time is 1. The number of combinations 
of n things 0 at a time is 1. 


C(n, n) = 1 and C(n, 0) = 1 


PICKING COMMITTEES If 15 students want to pick a committee of 4 students to plan 
a party, how many different committees are possible? 


Since the ordering of people on each possible committee is not important, we find the 
number of combinations of 15 people 4 at a time: 
15! 
15-14-13-12-11! 
— A4+3+2-1- 11! 
— 15+14+13-+12 
4-3-2-] 
= 1,365 


C(15, 4) = 


There are 1,365 possible committees. 


In how many ways can 20 students pick a committee of 5 students to plan a party? 


EXAMPLE 9 


CONGRESS A committee in Congress consists of ten Democrats and eight Republi- 
cans. In how many ways can a subcommittee be chosen if it is to contain five Democ- 
rats and four Republicans? 
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Solution 


There are C(10, 5) ways of choosing the 5 Democrats and C(8, 4) ways of choosing the 


4 Republicans. By the multiplication principle for events, there are C(10, 5) - C(8, 4) 
ways of choosing the subcommittee: 


10! 8! 


C(10, 5) + C(8, 4) = 


510 — 5)! 41(8 — 4)! 
10:9-8+7-6:5! 8+7°6:5-4! 


120-5! 24-4! 
10-9-8+7-6 8+7+6+5 

7 120 94 

= 17,640 


There are 17,640 possible subcommittees. 


Ey SELF CHECK 9 


each party? 


EVERYDAY CONNECTIONS State Lotteries 


Gambling is a diversion for some and an obsession for 
others. Whether it is horse racing, slot machines, or state 
lotteries, the lure of instant riches is hard to resist. 

Many states conduct lotteries. One scheme is typical: 
For $1, you have two chances to match 6 numbers chosen 
from 55 numbers and win a grand prize of about $5 
million. How likely are you to win? Is it worth $1 to play 
the game? 

To match 6 numbers chosen from 55, you must 
choose the one winning combination out of C(55, 6) pos- 
sibilities: 


n\ 
Se) arte 
55! 
Soo 61(55 — 6)! 


In how many ways can a subcommittee be chosen if it is to contain four members from 


55+ 54+ 53+ 52+ 51+ 50 
6+5+4+3+2 
= 28,989,675 


In this game, you have two chances in about 
29 million of winning $5 million. Over the long haul, you 


: : D - : : 
will win 39,000,000 of the time, so each ticket is worth 


sea of $5,000,000, or about 35¢, if you don’t have 


to share the prize with another winner. For every dollar 
spent to play the game, you can expect to throw away 
65¢. This state lottery is a poor bet. Casinos pay better 
than 50¢ on the dollar, with some slot machines returning 
90¢. “You can’t win if you're not in!” is the claim of the 
lottery promoters. A better claim would be “You won’t 
regret if you don’t bet!” 


4 Use combinations to find the coefficients of the terms of a binomial 


expansion. 


We have seen that the expansion of (x + y)? is 


(x + oe =1x°+ 3x°y + 3xy? + 1y° 


and that 


QJ Q-x Q-x me Qn 


Putting these facts together gives the following way of writing the expansion of 


(x + iy 
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vente (ea Geary 


Likewise, we have 


woot (Se e((hoe (oo 


The generalization of this idea allows us to state the binomial theorem using combinato- 
rial notation. 


The Binomial Theorem If 1 is any positive integer, then 


(a lt, by" = (7a aL (Tar at (7)a29 Hite eae ("\a-rw oe eee @ 
0 1 2 : i 


EXAMPLE 10 Use the combinatorial form of the binomial theorem to expand (x + y)°. 


6 6 6 6 6 6 6 
i + y= o 4 y+ Qh + Qh + (Sart + (Bhare + (Pye 
Solution (x + y) (6)s (F) = 5 RY ae 4}e” 5 oY 6) 


= x° + 6x°y + 15x4y* + 20x7y3 + 15x*y* + Oxy? + y® 


SELF CHECK 10 Use the combinatorial form of the binomial theorem to expand (a + 5)’. 


EXAMPLE 11 Use the combinatorial form of the binomial theorem to expand (2x — y)?. 
Solution (2x — yy = [2x + (-y)P 


3 s-, ¥3 3 3 
Qe + Qiao Qe i low 


1(2x)* + 3(4x°\(—y) + 3(2x)Q7) + (-yy 
= 8x? — 12x*y + 6xy* -— y? 


SELF CHECK 11 —_ Use the combinatorial form of the binomial theorem to expand (3a + 5). 


SELF CHECK ANSWERS 1.35 2.24 3.120 4.840 5. a. 151,200 b.1 6. 27,907,200 7a. 84 b. 1 
8. 15,504 9. 14,700 10. a? +2ab+b? 11. 27a° + 27a°b + Yab? + Bb? 
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1. In Texas, license plate numbering has often been changed to accommodate a growing pop- 
ulation. Find the greatest number of license plates that could be issued during each of these 
periods. A or B represents a letter and 0 or 1 represents a number. 


1975-1982 AAA-000 (I or O is not used) 
1982-1990 000-AAA (I or O is not used) 
1990-1998 BBB-00B (no vowels or Q used) 
1998-2004 B00-BBB (no vowels or Q used) 
2004-2007 000-BBB (no vowels or Q used) 


2007—mid-2009 BBB-000 (no vowels or Q used) 


2. Find the greatest number of license plates that could be distributed from 1975—mid-2009. 


3. Beginning in mid-2009, Texas began issuing 7-digit license numbers of the form BB1-B001 
(no vowels or Q is used and no 0 is used in the third or last place). How many license plates 
can be issued using this form? 


Source: http://www.licenseplateinfo.com/txchart/pass-tables.html 


14.6 EXERCISES — } 


WARM-UPS 15. The formula for the number of permutations of n things 
1. If there are 3 books and 5 magazines, in how many ways taken r at a time is : 
can you pick | book and 1 magazine? 16. P(n,n) = __ and P(n, 0) = _. 
2. In how many ways can 5 soldiers stand in line? 17. A is an arrangement of objects in which 
3. Find P(3, 1). 4. Find P(3, 3). order does not matter. 
5. Find C(3, 0). 6. Find C(3, 3). 18. The symbol C(n,r) or _ means the number of 
REVIEW Find each value of x. Assume no division by 0. ___ sof things taken r at a time. 
7. |2x — 3| =9 8. 2x7 — x = 15 19. The formula for the number of combinations of n things 
3. 8 10 3. X= 2 taken r at a time is : 
"x-5 x i. 8 20. C(n,n) = __and C(n, 0) = _. 
VOCABULARY AND CONCEPTS fill in the blanks. 
: . GUIDED PRACTICE 
11. If an event £| can be done in p ways and, after it occurs, a ; ' = 
second event E> can be done in g ways, the event E, Evaluate using permutations. See Example 5. (Objective 2) 
followed by E; can be done in ways. 21. P(3, 3) 22. P(4, 4) 
12. We can use a diagram to illustrate the multiplication 23. P(5, 3) 24. P(3, 2) 
principle. 25. P(2, 2) + P(3, 3) 26. P(3, 2) + P(3, 3) 
13. A__CCCis: an. arrangement of objects in which P(5, 3) P(6, 2) 
order matters. : P(4, 2) 28. P(5, 4) 
14. The symbol means the number of permutations of i 
n things taken r at a time. Evaluate using combinations. See Example 7. (Objective 3) 


29. C(5, 3) 30. C(5, 4) 


3. (1)(3) 24. (5)(4) 
“V4)\3 “A\S/)\4 
C(38, 37) C(25, 23) 


35. . 
C(19, 18) C(40, 39) 


Use the combinatorial form of the binomial theorem to expand 
each binomial. See Examples 10-11. (Objective 4) 

37. (x + py? 

38. (x — yp)? 

39. (2x + yy 

40. (2x + 1)* 


ADDITIONAL PRACTICE 
Evaluate. 
C(8, 0) 
* C(8, 1) 
P(6, 2) * P(7, 3) P(8, 3) 
P(5, 1) * P(5, 3) + P(4, 3) 
45. C(n, 2) 46. C(n, 3) 


41. C(12, 0) + C(12, 12) 42 


43. 


Expand the binomial. 
47. (3x — 2)4 
48. (3 — x) 


Find the indicated term of the binomial expansion. 
49. (x — 5y)°; fourth term 

50. (2x — y)°; third term 

51. (x* — y*)*; second term 

52. (x* — y°)*; fourth term 


APPLICATIONS 
See Examples 1-3. (Objective 1) 


53. Arranging anevening Kyoro plans to go to dinner and see 
a movie. In how many ways can she arrange her evening if 
she has a choice of five movies and seven restaurants? 

54. Travel choices Paula has five ways to travel from New 
York to Chicago, three ways to travel from Chicago to 
Denver, and four ways to travel from Denver to Los 
Angeles. How many choices are available to Paula if she 
travels from New York to Los Angeles? 

55. Arranging books In how many ways can seven books be 
placed on a shelf? 

56. Lining up In how many ways can the people shown be 
placed in a line? 


i 
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See Examples 4 and 6. (Objective 2) 


57. Making license plates How many six-digit license plates 
can be manufactured? Note that there are ten choices—O, 1, 
2, 3, 4, 5, 6, 7, 8, 9—for each digit. 

58. Making license plates How many six-digit license plates 
can be manufactured if no digit can be repeated? 

59. Making license plates How many six-digit license plates 
can be manufactured if no license can begin with 0 and if 
no digit can be repeated? 


60. Making license plates How many license plates can be 
manufactured with two letters followed by four digits? 


61. Phone numbers How many seven-digit phone numbers are 
available in area code 815 if no phone number can begin 
with 0 or 1? 

62. Phone numbers How many ten-digit phone numbers are 
available if area codes 000 and 911 cannot be used and if no 
local number can begin with 0 or 1? 

63. Arranging books In how many ways can four novels and 
five biographies be arranged on a shelf if the novels are 
placed on the left? 

64. Making a ballot In how many ways can six candidates for 
mayor and four candidates for the county board be 
arranged on a ballot if all of the candidates for mayor must 
be placed on top? 

65. Combination locks How many permutations does a com- 
bination lock have if each combination has three numbers, 
no two numbers of any combination are equal, and the lock 
has 25 numbers? 

66. Combination locks How many permutations does a com- 
bination lock have if each combination has three numbers, 
no two numbers of any combination are equal, and the lock 
has 50 numbers? 

67. Arranging appointments The receptionist at a dental office 
has only three appointment times available before Tuesday, 
and ten patients have toothaches. In how many ways can the 
receptionist fill those appointments? 

68. Computers In many computers, a word consists of 
32 bits—a string of thirty-two 1’s and 0’s. How many differ- 
ent words are possible? 

69. Palindromes A palindrome is any word, such as madam or 
radar, that reads the same backward and forward. How 
many five-digit numerical palindromes (such as 13531) are 
there? (Hint: A leading 0 would be dropped.) 

70. Callletters The call letters of U.S. commercial radio sta- 
tions have 3 or 4 letters, and the first is always a W ora K. 
How many radio stations could this system support? 


See Examples 8-9. (Objective 3) 

71. Planning a picnic A class of 14 students wants to pick a 
committee of 3 students to plan a picnic. How many com- 
mittees are possible? 

72. Choosing books Jeff must read 3 books from a reading list 
of 15 books. How many choices does he have? 


1000 


73. 


74. 


75. 


76. 


77. 


78. 
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Forming committees The number of three-person commit- 
tees that can be formed from a group of people is ten. How 
many people are in the group? 

Forming committees The number of three-person commit- 
tees that can be formed from a group of people is 20. How 
many people are in the group? 

Winning a lottery In one state lottery, anyone who picks 
the correct 6 numbers (in any order) wins. With the 
numbers 0 through 99 available, how many choices are 
possible? 

Taking atest The instructions on a test read: “Answer any 
ten of the following fifteen questions. Then choose one of 
the remaining questions for homework and turn in its solu- 
tion tomorrow.” In how many ways can the questions be 
chosen? 

Forming a committee In how many ways can we select a 
committee of two men and two women from a group con- 
taining three men and four women? 

Forming a committee In how many ways can we select a 
committee of three men and two women from a group con- 
taining five men and three women? 


Probability 


Objectives 


Vocabulary 


Answer each question. 


Getting Ready 


@ Find a sample space for an experiment. 
® Find the probability of an event. 


1. What are the possible outcomes on one roll of one die? 
2. What are the possible outcomes after flipping a single coin two times? 


79. Choosing clothes In how many ways can we select 2 shirts 
and 3 neckties from a group of 12 shirts and 10 neckties? 


80. Choosing clothes In how many ways can we select five 
dresses and two coats from a wardrobe containing nine 
dresses and three coats? 


WRITING ABOUT MATH 


81. State the multiplication principle for events. 


82. Explain why permutation lock would be a better name for a 
combination lock. 


SOMETHING TO THINK ABOUT 
83. How many ways could five people stand in line if two 
people insist on standing together? 


84. How many ways could five people stand in line if two 
people refuse to stand next to each other? 


14.7 Probability 1001 


The probability that an event will occur is a measure of the likelihood of that event. A 
tossed coin, for example, can land in two ways, either heads or tails. Because one of these 
two equally likely outcomes is heads, we expect that out of several tosses, about half will 


be heads. We say that the probability of obtaining heads in a single toss of the coin is 5. 

If records show that out of 100 days with weather conditions like today’s, 30 have 
received rain, the weather service will report, “There is a ani or 30% probability of rain 
today.” 


(i) Find a sample space for an experiment. 


Activities such as tossing a coin, rolling a die, drawing a card, and predicting rain are 
called experiments. For any experiment, a list of all possible outcomes is called a sample 
space. For example, the sample space S for the experiment of tossing two coins is the set 


S = {(H, H), (H, T), (T, H), (T, T)} There are four possible outcomes. 


where the ordered pair (H, T) represents the outcome “heads on the first coin and tails on 
the second coin.” 


EXAMPLE 1 List the sample space of the experiment “rolling two dice a single time.” 


Solution We can list ordered pairs and let the first number be the result on the first die and the 
second number the result on the second die. The sample space S is the following set of 
ordered pairs: 

(1, 1), 2) 0, 3) C, 4) C, 5) , 6) 
(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) 
(3, 1) B, 2) GB, 3) GB, 4) GB, 5) (G, 6) 
(4, 1) (4, 2) (4, 3) (4 4) (4, 5) (4, 6) 
(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6) 
(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6) 


By counting, we see that the experiment has 36 equally likely possible outcomes. 


SELF CHECK 1 How many pairs in the sample space have a sum of 4? 


An event is a subset of the sample space of an experiment. For example, if E is the 
event “getting at least one heads” in the experiment of tossing two coins, then 


E = {(H, H), (H, T), (T, H)} ~~ There are 3 ways of getting at least one heads. 


Because the outcome of getting at least one heads can occur in 3 out of 4 possible ways, 
we say that the probability of E is 7, and we write 


3 
P(E) = P(at least one heads) = 4 
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Probability of an Event 


EXAMPLE 2 


Solution 


FY SELF CHECK 2 


EXAMPLE 3 


Solution 


ES) SELF CHECK 3 


If a sample space of an experiment has n distinct and equally likely outcomes and E is 
an event that occurs in s of those ways, the probability of E is 


P(E) = = 


Since 0 = 5 <2, it follows that 0 = 4 <= 1. This implies that all probabilities have a 
value from 0 to 1. If an event cannot happen, its probability is 0. If an event is certain to 
happen, its probability is 1. 


Find the probability of an event. 


Find the probability of the event “rolling a sum of 7 on one roll of two dice.” 


In the sample space listed in Example 1, the following ordered pairs give a sum of 7: 
{(1, 6), 2, 5), (3, 4), (4, 3), G, 2), (6, D} 


Since there are 6 ordered pairs whose numbers give a sum of 7 out of a total of 36 
equally likely outcomes, we have 


P(E) = P(rolling a sum of 7) = : = 2 =— 


Find the probability of rolling a sum of 4. 


A standard playing deck of 52 cards has two red suits, hearts and diamonds, and two 
black suits, clubs and spades. Each suit has 13 cards, including the ace, king, queen, jack, 
and cards numbered from 2 to 10. We will refer to a standard deck of cards in many 


examples and exercises. 


Find the probability of drawing an ace on one draw from a standard card deck. 


Since there are 4 aces in the deck, the number of favorable outcomes is s = 4. Since 
there are 52 cards in the deck, the total number of possible outcomes is n = 52. The 
probability of drawing an ace is the ratio of the number of favorable outcomes to the 
number of possible outcomes. 

4 1 


Ky 
P(an ace) 5 13 


The probability of drawing an ace is ie 


Find the probability of drawing a red ace on one draw from a standard card deck. 


14.7 Probability 1003 


EVERYDAY CONNECTIONS Winning the Lottery 


©Shutterstock.com/rj lerich 


Suppose a certain state lottery has the following Mega ¢ Each lottery ticket has six different numbers from 
Millions design. (Hoe Ibistt Hil, 2 Boo > o 5 AO. 
¢ The last number must match the sixth drawn 


¢ A spinning machine contains 49 different balls. Each 


ball is labeled with exactly one number from the list nN: 

{1, 2,3,. . . , 49}. The spinning machine ensures Suppose that a grand-prize winning ticket consists of all 

that each ball has an equal chance of being selected. six numbers drawn from the machine. Find the probabil- 
e Six different balls are drawn, without replacement, ity associated with the winning ticket. 


from the spinning machine. 


EXAMPLE 4 


Solution 


Find the probability of drawing 5 cards, all hearts, from a standard card deck. 


The number of ways we can draw 5 hearts from the 13 hearts is C(13, 5), the number of 
combinations of 13 things taken 5 at a time. The number of ways to draw 5 cards from 
the deck is C(52, 5), the number of combinations of 52 things taken 5 at a time. The 
probability of drawing 5 hearts is the ratio of the number of favorable outcomes to the 
number of possible outcomes. 
s  C€(13,5) 
P(5 hearts) = _- (52,5) 
13! 
5!8! 
52) 
5!47! 
_ 131 5i47! J sj 
BI8! 52! 2 
. 192122 lhe 10s oe 8! 47! 
8! "52-51 + 50-49-48 - 47! 
13-12-11-10-9 
~ §2+51+50+49+ 48 
= ad 
66,640 


P(5 hearts) = 


The probability of drawing 5 hearts is nace or 4.951980792 x 10+. 
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>| SELF CHECK 4 Find the probability of drawing 6 cards, all spades, from a standard card deck. 


FB} SELF CHECK ANSWERS = 4.3 2h 3. 4, gy83,5 or 8.428903476 x 1075 


The notation P(£) represents the probability that event E will occur. The notation P(E) repre- 
sents the probability that event F will not occur. Because either event E or event E must occur, 
P(E) + P(E) = 1. Thus, P(E) = 1 — P(E). 7 

Sometimes it is easier to determine P(£) by finding P(£) and subtracting the result from 1. 
1. Ina family of 5 children, find the probability that at least one child is a girl. 


2. In a clinical trial, the probability of experiencing a serious side effect is 0.15 while the prob- 
ability of a minor side effect is 0.45, with no overlapping side effects. What is the probabil- 
ity that a person in the trial picked at random experiences no side effects? 


14.7 EXERCISES 


WARM-UPS 


1. Find the probability of rolling a 3 on one roll of an ordi- 
nary die. 
2. Find the probability of drawing the ace of spades with one 
draw from an ordinary card deck. 
REVIEW Solve each equation. 
1 


: AX 4. ae a ee 
3. 5 195 8 
5 oF 8 6. 3 -** = 81 
2 1 2 1 
7. x A é Fi», ee 
: 81 eet 49 
VOCABULARY AND CONCEPTS Fill in the blanks. 
9. An is any activity for which the outcome is 
uncertain. 


10. A list of all possible outcomes for an experiment is called a 


11. The probability of an event E is defined as P(E) = _. 
12. If an event is certain to happen, its probability is __. 
13. If an event cannot happen, its probability is __. 

14. All probability values are between __ and __, inclusive. 


15. Fill in the blanks to find the probability of drawing a black 
face card from a standard deck. 


a. The number of black face cards is _. 

b. The number of cards in the deck is__. 

c. The probabilityis or . 

Fill in the blanks to find the probability of drawing 4 aces 

from a standard card deck. 

a. The number of ways to draw 4 aces from 4 aces is 
C4, 4) = _. 

b. The number of ways to draw 4 cards from 52 cards is 
C(52,4)=___ 


c. The probability is 


16 


GUIDED PRACTICE 


List the sample space of each experiment. See Example 1. 
(Objective 1) 


17. Rolling one die and tossing one coin 


18. Tossing three coins 


19. Selecting a letter of the alphabet 


20. Picking a one-digit number 

An ordinary die is rolled once. Find the probability of each event. 
See Example 2. (Objective 2) 

21. Rolling a 2 

22. Rolling a number greater than 4 

23. Rolling a number larger than | but less than 6 

24. Rolling an odd number 

Balls numbered from 1 to 42 are placed in a container and stirred. 


If one is drawn at random, find the probability of each result. 
See Example 3. (Objective 2) 


25. The number is less than 20. 

26. The number is less than 50. 

27. The number is a prime number. 

28. The number is less than 10 or greater than 40. 

Refer to the following spinner. If the spinner is spun, find the 


probability of each event. Assume that the spinner never stops on 
a line. See Example 3. (Objective 2) 


29. The spinner stops on red. 
30. The spinner stops on green. 
31. The spinner stops on brown. 


32. The spinner stops on yellow. 


Find the probability of each event. See Example 4. (Objective 2) 


33. Drawing a diamond on one draw from a standard card deck 


34. Drawing a face card from a standard card deck 

35. Drawing a red face card from a standard card deck 

36. Drawing a face card from a standard deck followed by a 10 
after replacing the first card 

37. Drawing an ace from a standard deck followed by a 10 after 
replacing the first card 

38. Drawing 6 diamonds from a standard card deck without 
replacing the cards after each draw 

39. Drawing 5 aces from a standard card deck without replac- 
ing the cards after each draw 

40. Drawing 5 clubs from the black cards in a standard card 
deck 


14.7 Probability 1005 

ADDITIONAL PRACTICE 

Find the probability of each event. 

41. Rolling a sum of 4 on one roll of two dice 

42. Drawing a red egg from a basket containing 5 red eggs and 
7 blue eggs 

43. Drawing a yellow egg from a basket containing 5 red eggs 
and 7 yellow eggs 


Assume that the probability that a backup generator will faila 
test is} and that the college in question has 4 backup generators. 
In Exercises 45-49, find each probability. 


44. Construct a sample space for the test. 

45. All generators will fail the test. 

46. Exactly | generator will fail. 

47. Exactly 2 generators will fail. 

48. Exactly 3 generators will fail. 

49. No generator will fail. 

50. Find the sum of the probabilities in Exercises 45-49. 


APPLICATIONS 


51. Quality control Ina batch of 10 tires, 2 are known to be 
defective. If 4 tires are chosen at random, find the probabil- 
ity that all 4 tires are good. 

52. Medicine Out of a group of 9 patients treated with a new 
drug, 4 suffered a relapse. If 3 patients are selected at 
random from the group of 9, find the probability that none 
of the 3 patients suffered a relapse. 


A survey of 282 people is taken to determine the opinions of 
doctors, teachers, and lawyers on a proposed piece of legislation, 
with the results shown in the table. A person is chosen at random 
from those surveyed. Refer to the table to find each probability. 


53. The person favors the legislation. 
54. A doctor opposes the legislation. 


55. A person who opposes the legislation is a lawyer. 


Number 
Number Number with no 
that favor that oppose opinion Total 
Doctors 70 32) 17 19 
Teachers 83 24 10 ily 
Lawyers 23 15 8 46 
Total 176 all 35 282 
WRITING ABOUT MATH 


56. Explain why all probability values range from 0 to 1. 
57. Explain the concept of probability. 
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SOMETHING TO THINK ABOUT _/fP(A) represents the 
probability of event A, and P(B | A) represents the probability that 
event B will occur after event A, then 


P(A and B) = P(A) - P(B| A) 


58. Ina school, 30% of the students are gifted in math and 
10% are gifted in art and math. If a student is gifted in 
math, find the probability that the student is also gifted 
in art. 


PROJECTS 


Project 1 


Baytown is building an auditorium. The city council has 
already decided on the layout shown in the illustration. 
Each of the sections A, B, C, D, E is to be 60 feet in length 
from front to back. The aisle widths cannot be changed 
due to fire regulations. The one thing left to decide is how 
many rows of seats to put in each section. Based on the fol- 
lowing information regarding each section of the audito- 
rium, help the council decide on a final plan. 

Sections A and C each have four seats in the front row, 
five seats in the second row, six seats in the third row and so 
on, adding one seat per row as we count from front to 
back. 

Section B has eight seats in the front row and adds one 
seat per row as we count from front to back. 

Sections D and E each have 28 seats in the front row 
and add two seats per row as we count from front to back. 


A c 
f ™N 


a. One plan calls for a distance of 36 inches, front to 
back, for each row of seats. Another plan allows for 
40 inches (an extra four inches of legroom) for each 
row. How many seats will the auditorium have under 
each of these plans? 


59. The probability that a person owns a luxury car is 0.2, and 
the probability that the owner of such a car also owns a 
second car is 0.7. Find the probability that a person chosen 
at random owns both a luxury car and a second car. 


b. Another plan calls for the higher-priced seats (Sections 
A, B, and C) to have the extra room afforded by 
40-inch rows, but for Sections D and E to have enough 
rows to make sure that the auditorium holds at least 
2,700 seats. Determine how many rows Section D and 
E would have to contain for this to work. (This answer 
should be an integer.) How much space (to the nearest 
tenth of an inch) would be allotted for each row in 
Sections D and E? 


Project 2 


Pascal’s triangle contains a wealth of interesting patterns. 
You have seen two in Exercises 68 and 73 of Section 14.1. 
Here are a few more. 


a. Find the hockey-stick pattern in the numbers in the 
illustration. What would be the missing number in the 
rightmost hockey stick? Does this pattern work for 
larger hockey sticks? Experiment. 


6 15 20 15 
1 #7 213% 3524 
1 8) 28 56 


b. In Illustration 1, find the pattern in the sums of 
increasingly larger portions of Pascal’s triangle. Find 
the sum of all of the numbers up to and including the 
row that begins! 10 45.... 


c. In Illustration 2, find the pattern in the sums of the 
squares of the numbers in each row of the triangle. 
What is the sum of the squares of the numbers in the 
row that begins] 10 45...? (Hint: Calculate 
P(2, 1), P(4, 2), P(6, 3),. . . . Do these numbers 
appear elsewhere in the triangle?) 


. In 1653, Pascal described the triangle in Treatise on the 
Arithmetic Triangle, writing, “I have left out many 
more properties than I have included. It is remarkable 
how fertile in properties this triangle is. Everyone can 
try his hand.” Accept Pascal’s invitation. Find some of 
the triangle’s patterns for yourself and share your dis- 
coveries with your class. Illustration 3 is an idea to get 
you started. 


1 1 1 
1 i | 1-2 1 
1 1 1 12 1 i 3.3 4 
1 1 1 #12 1 2133 1 14 64 ~1 
=1 =3 =7 =? =? 


ILLUSTRATION 1 


REVIEW 


Chapter 14 


Chapter 14 Review 


ited =1 
r+ PV =2 
1? 4 2? 41? =6 
P4+3274374+ 7 =20 
r++ 644 4 17 =70 
127 + 574+ 107 +102+ 52 + 1? =? 
+ 674+ 157+ 20? +157+ 64+ =? 
ILLUSTRATION 2 
1 
1 1 
12 1 


13 3 1 


1 4/6 4\1 
1 5 (0 10 5) 1 
1 6 15\20 15/6 1 
1. 7 21.35 35 21.7 1 


1 8 28 56 70 56 28 8 1 
ILLUSTRATION 3 


- I 


any, 


? 
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SECTION 14.1 


DEFINITIONS AND CONCEPTS EXAMPLES 
The symbol 7! (factorial) is defined as T!=7:6:5:4-3-2-1 = 5,040 
n! = n(n — 1)(n — 2)+ ++ + (3)(2)0) 5! _5:4:X _20_ 
where 7 is a natural number. 213! 2-1-9 2 
O!=1 7°61=7:6°5-4°3-2-1=7! 
n(n — 1)! = n! (nis a natural number) 
The binomial theorem: (x — 2y)* 
(a+ by =a" +> a pa — oi m r r 
Be pees ; HH TON + gape’ + gaa + Cy" 
"Gaooe °F = x4 + 4x3(—2y) + 6x°(4y)? + 4(—8y°) + 1Oy4 
= xt — 8x4y + 24x7y? — 32xy? + loy4 
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REVIEW EXERCISES 
Evaluate each expression. 


5! 
1. (49!) 2. 31 
6! 12! 
a 4. 
2'(6 — 2)! 3112 — 3)! 
, 8! 
5. (n — n)! 6. 7 


Use the binomial theorem to find each expansion. 
7. (x+y)? 
8. (x — y)* 
9. (4x — yy 

10. (x + 4y) 


SECTION 14.2 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


Specific term of a binomial expansion: 

The binomial theorem can be used to find a spe- 
cific term of a binomial expansion. The coefficient 
of the variables can be found using the 


formula aa =a where 7 is the power of the 


expansion and r is the exponent of the second 
variable. 


To find the third term of (x + y)°, note that the exponent on y will be 2, 
because the exponent on y is | less than the number of the term. The power 
on x will be 3 because the sum of the powers must be 5. Thus, the variables 
will be x*y. 

The coefficient of the variables can be found with the formula. 


5! ; 
EDI” Substitute the values into the formula. 
“4-H 
: ae fey Expand the factorials. 
10x°y? Simplify. 


REVIEW EXERCISES 

Find the specified term in each expansion. 
11. (x + y)*; third term 

12. (x — y)°; fourth term 


13. (3x — 4y)*; second term 
14. (4x + 3y)*; third term 


SECTION 14.3 


DEFINITIONS AND CONCEPTS 


EXAMPLES 


An arithmetic sequence is a sequence of the form 
4,4, + d,a, + 2d,... ,a, + (n— l)d 
where 


a, is the first term 
the nth term is a, = a, + (n — 1)dand 
dis the common difference. 


Find the first 5 terms of the sequence with a, = 15 andd = —2. 
a, = 15 
a = 15+ (-2) = 13 
a, = 15+ 2(-2) = 11 
a4 = 15 + 3(-2) = 9 
as = 15+ 4(-2) =7 


Arithmetic means: 

If numbers are inserted between two given 
numbers a and 4 to form an arithmetic sequence, 
the inserted numbers are arithmetic means 
between a and b. 


To insert two arithmetic means between 7 and 25, note that a; = 7 and 
a4 = 25. Then substitute these values into the formula for the nth term and 
solve for d. 


a, = a, + (n— I)d 


25=7+(4-—1)d Substitute values. 


25=7+ 3d Simplify. 
18 = 3d Subtract 7 from both sides. 
6=d Divide both sides by 3. 


The two arithmetic means are 7 + 6 = 13 and 7 + 2(6) = 19. 
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Sum of terms of arithmetic sequences: To find the sum of the first 12 terms of the sequence 4, 12, 20, 28,. . . , note 
The sum of the first n terms of an arithmetic that the common difference is 8 and substitute into the formula for the nth 
sequence is given by term to find the twelfth term: 
+ ‘ 4+ (12 — 18 = 4+ 88 = 92 
S, = meee) : An) with a, = a, + (n — l)d oe ( ) 
Then substitute into the formula for the sum of the first 1 terms: 
where d is the first term, a,, is the nth term, and n 
: ‘ + 
is the number of terms in the sequence. Sy = 5 ed ee = 576 
Summation notation: 
n 3 
Pi) FO) + fQ) ++ + f(r) 2 Gk 1) = BG) — 1] + B2) — 1+ BB) - 
B-1l+6-)+O0-) 
=2+5+8 
= 15 
REVIEW EXERCISES 
15. Find the eighth term of an arithmetic sequence whose first 19. Find the sum of the first ten terms of the sequence 9, 6h, 
term is 7 and whose common difference is 5. 7. en 
16. Write the first five terms of the arithmetic sequence whose Find each sum. 
ninth term is 242 and whose seventh term is 212. ol a 
20. S\xk 21. SK 
j=42 k=2 
17. Find two arithmetic means between 8 and 25. 4 10 
18. Find the sum of the first 20 terms of the sequence 11, 18, 22. = (3k — 4) 23. ay bk 
293028 7 7 
SECTION 14.4 
DEFINITIONS AND CONCEPTS EXAMPLES 
Geometric sequences: The first four terms of the geometric sequence with a, = 8 andr = 2 areas 
A geometric sequence is a sequence of the form follows: 
a,ar,ar,qr,...,aqr"} a, = 8 
where az = 8(2) = 16 
= 8(2)? = 32 
a, is the first term ed @) : 
a, = ar" | is the nth term and a4 = 8(2)° = 64 
r is the common ratio. 
Geometric means: To insert the positive geometric mean between 4 and 1, note that a; = 4 and 
If numbers are inserted between a and bto forma | a3 = 1. Then substitute these values into the formula for the nth term and 
geometric sequence, the inserted numbers are geo- | solve for d. 
metric means between a and b. aa 
a, = ar Formula for the nth term 
a,=4r' — Formula for the 3rd term 
1 = 4r Substitute 1 for a3. 
1 a8 j 
ee r Divide both sides by 4. 
1 a : 
raed Take the positive square root of both sides. 
Since r 7 a = ar 4(5) 2. The geometric mean between 4 and 1 is 2. 
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Sum of terms of a geometric sequence: 
The sum of the first n terms of a geometric 
sequence is given by 


— ay" 


a, = 2(3)' = 2(3) = 6 


To find the sum of the first 4 terms of the geometric sequence defined by 
a, = 23)"; 


note that the first term and the common ratio are 


and r=3 


Then substitute into the formula for the sum of the first 7 terms and simplify: 


a — ay" 
Le 
6 — 6(3) 
sa Substitute values into the formula. 


6— 6(81) 6 — 486 


Ss, = = (r # 1) 

where S,, is the sum, a is the first term, r is the Ss, = 

common ratio, and 7 is the number of terms in 

the sequence. 

q S,= 
Thus, 
S4 

The sum o 


24 
2 422 : 


f the first 4 terms is 240. 


REVIEW EXERCISES 

24. Write the first five terms of the geometric sequence whose 
fourth term is 3 and whose fifth term is 2 

25. Find the sixth term of a geometric sequence with a first 
term of t and a common ratio of 2. 

26. Find two geometric means between —6 and 384. 


27. Find the sum of the first seven terms of the sequence 162, 
54,18,.... 
28. Find the sum of the first eight terms of the sequence 7 


1 
gee 


al 
4 


29. Car depreciation A $5,000 car depreciates at the rate of 
20% of the previous year’s value. How much is the car 
worth after 5 years? 


DEFINITIONS AND CONCEPTS EXAMPLES 


30. Stock appreciation The value of Mia’s stock portfolio is 
expected to appreciate at the rate of 18% per year. How 
much will the portfolio be worth in 10 years if its current 
value is $25,700? 

Planting corn A farmer planted 300 acres in corn this 
year. He intends to plant an additional 75 acres in corn in 
each successive year until he has 1,200 acres in corn. In 
how many years will that be? 


31 


32. Falling objects If an object is in free fall, the sequence 16, 
48, 80,. . . represents the distance in feet that the object 
falls during the first second, during the second second, 
during the third second, and so on. How far will the object 


fall during the first 10 seconds? 


SECTION 14.5 


Sum of an infinite geometric series: 

If ris the common ratio of an infinite geometric 
series and if |r| < 1, the sum of the series is given 
by 


ay, So _ 
S. == 
ed 
where a, is the first term and r is the common Sco = 
ratio. 
Thus, 
Si = 


To find the sum of the geometric series 8 + 4 + 2 + 
term is 8 and the common ratio is r = 5. Since [3| < 1, the sum exists. To find 


++, note that the first 


it, proceed as follows: 


qQ 
l-r 
i Substitute values into the formula. 
1 — 
2 
8 
—=8:2=16 
I 
2 


The sum is 16. 


Chapter 14 Review 1011 


REVIEW EXERCISES 


33. Find the sum of the infinite geometric series 34. Change the decimal 0.05 to a common fraction. 
25+ 20+ 16+:°:::. 
SECTION 14.6 
DEFINITIONS AND CONCEPTS EXAMPLES 
Multiplication principle for events: If Danielle has 5 shirts, 4 pairs of jeans, and 3 pairs of shoes, she has a choice 
If £, and E> are two events and if £; can be done of 
in a, ways and E) can be done in a, ways, then the _ 
event “E, followed by E>” can be done in a + a> 34°39 = 60 
ways. different outfits to wear. 
Formulas for permutations: 
n! 6! 6°5°4°3-2-1 720 
P - P(6, 4 360 
eG Hi A 6 = ail (2)! a1 
P(n,n) = n! P(5, 5) = 5! = 5-4+3-2-1 = 120 
P(n, 0) = 1 P(5, 0) = 1 
Order matters in a permutation. 
Formulas for combinations: 
n n! 12! 12! 
C(12, 5 
Olt) (") rin — rn)! (2,5) = Sa — 51 SIM 
12-11-10-9-8-H 12-11-10-9-8 792 
5+4+3+2+1-H 5+4+3+2+1 
C(n, n) = (") =1 C(n,0)= (*) =1 C6,5)=1 C5,0)=1 
Order does not matter in a combination. 
REVIEW EXERCISES 
35. Planning atrip If there are 17 flights from New York to 46. Lining up In how many ways can five people be arranged 
Chicago, and 8 flights from Chicago to San Francisco, in in a line? 
how many different ways could a passenger plan a trip 47. Lining up In how many ways can three men and five 
from New York to San Francisco? women be arranged in a line if the women are placed 
Evaluate each expression. ahead of the men? 
36. P(7, 7) 37. P(7, 0) 48. Choosing people In how many ways can we pick three 
38. P(8, 6) 39. P(9, 6) people from a group of ten? 
P(10, 7) 49. Forming committees In how many ways can we pick a 
Evaluate each expression. committee of two Democrats and two Republicans from a 
40. C(7,7) 41. C(7, 0) group containing five Democrats and six Republicans? 
8 9 
42. 43. 
() @ 
C(7, 3) 
44. C(6, 3) + C(7, 3 45. 
(6, 3) + C(7, 3) C6, 3) 
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SECTION 14.7 


DEFINITIONS AND CONCEPTS EXAMPLES 


An event that cannot occur has a probability of 0. | The probability of rolling a 7 with a single standard die is 0 because there is 


An event that is certain to occur has a probability | 2° 7 ona standard die. 


of 1. The probability of drawing a red card from a stack of red cards is 1 because 


All other events have probabilities between 0 all the cards are red. 


and I. 
Sample space: The sample space of rolling one standard die is the set of all possible out- 
The sample space consists of all possibilities of comes: 
outcomes for an experiment. 

{1, 2, 3, 4, 5, 6} 
Probability of an event: To find the probability of rolling a prime number with one roll of a standard 
If Sis the sample space of an experiment with n die, first determine that there are 6 possible outcomes in the sample space: 


distinct and equally likely outcomes, and F is an 


event that occurs in s of those ways, then the The set of possible outcomes is {1, 2, 3, 4, 5, 6}. 


probability of E is Then determine that there are 3 possible favorable outcomes: 
P(E) = Ss The prime numbers on a face of a die are 2, 3, and 5. 
Thus, 


3 
P(prime number) = Es 


The probability of rolling a prime number is 5. 


REVIEW EXERCISES 
In Exercises 50-52, assume that a dart is randomly thrown at the 
colored chart. 
52. What is the probability that the dart lands in an area whose 


number is greater than 2? 
Bf oo 53. Find the probability of rolling an 11 on one roll of two 
dice. 


D> [oe af 54. Find the probability of drawing a black card from a stack 
ae red cards. 7 
55. Find the probability of drawing a 10 from a standard deck 
of cards. 
50. What is the probability that the dart lands in a blue area? 56. Find the probability of drawing a 5-card poker hand that 
has exactly 3 aces. 
51. What is the probability that the dart lands in an even- 57. Find the probability of drawing 5 cards, all spades, from a 
numbered area? standard card deck. 


gg me 
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7! ; : : F 
1. Evaluate: —. 2. Evaluate: 0!. 5. Find the tenth term of an arithmetic sequence with the first 
4! 
; three terms of 3, 10, and 17. 


: 3 : Bas 
BM le De scepe tes tae Ce BO, 6. Find the sum of the first 12 terms of the sequence —2, 3, 
4. Find the third term in the expansion of (x + 2y)*. enna 


7. Find two arithmetic means between 2 and 98. 
3 
8. Evaluate: >) (2k — 3). 
k=1 


9. Find the seventh term of the geometric sequence whose first 
three terms are 5, 5, enival =I, 
10. Find the sum of the first six terms of the sequence +. § 


i 
Foro se 


11. Find two geometric means between 3 and 648. 
12. Find the sum of all of the terms of the infinite geometric 


Sequence Gee |anmnaeme 
Find the value of each expression. 
13. P(5, 4) 
15. C(6, 4) 


14. P(8, 8) 
16. C(8, 3) 


2x+y=5 


1. Use graphing to solve { 


x—-2y=0 
3x +y=4 


2. Use substitution to solve { : 
2x 23 


ete Neely) 
3. Use elimination to solve : 
es = = 
xX ak a aly 
4. Use any method to solve ee - 
oe de 18 
Dy ea 
3 =) 
5. Evaluate: L 
i =i 
4x —3y =-1 
6. Use Cramer’s rule and solve for y only: { é _ : 
306 ay 7 


26a ae 4 Il 


7. Solve: (2x —y—-—z=—4, 
26 ae 4 
x +2y + 3z =6 


8. Solve forzonly: (3x + 2y+2=6. 
Dee ae Sy ae eZ =O) 


—2y< 
9. Solve: ee v 6 
PS oe a 
y 
> X 
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17. C(6, 0) + P(6, 5) 
P(6, 4) 
C(6, 4) 


18. P(8, 7) + C(8, 7) 
C(9, 6) 


AGA 


21. Choosing people In how many ways can we pick three 
people from a group of seven? 


22. Choosing committees From a group of five men and four 
women, how many three-person committees can be chosen 
that will include two women? 


Find each probability. 

23. Rolling a 5 on one roll of a die 

24. Drawing a jack or a queen from a standard card deck 
25. Receiving 5 hearts for a S-card poker hand 

26. Tossing 2 heads in 5 tosses of a fair coin 


11. Graph: f(x) = (5). 


y 
A 


12. Write y = log, x as an exponential equation. 


Find the value of x. 
13) lop 25 —2 
15. log; x = —3 


14. logs 125 = x 
16. logs x = 0 


17. Find the inverse of y = logs x. 
18. If logio 10* = y, then y equals what quantity? 


Iflog 7 = 0.8451 and log 14 = 1.1461, evaluate each expression 
without using a calculator or tables. 


19. log 98 20. log 2 


1014 


21. 


22. 


32. 


33. 


. Evaluate: 
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log 49 
7 : 
logs (Hint: log 10 = 1.) 
5 Sohee 2 3. 
. Solve: log 5 + log x — log4 = 1. 
Use acalculator. 


. Boat depreciation How much will a $9,000 boat be worth 


after 9 years if it depreciates 12% per year? 


. Find log, 8. 


6!7! 


Sl 


. Use the binomial theorem to expand (3a — b)*. 
. Find the seventh term in the expansion of (2x — y)*. 


. Find the 20th term of an arithmetic sequence with a first 


term of —11 and a common difference of 6. 


. Find the sum of the first 20 terms of an arithmetic sequence 


with a first term of 6 and a common difference of 3. 
Insert two arithmetic means between —3 and 30. 


3 
Evaluate: Ss 3k. 
k= 


34. 


35. 


36. 


37. 


38. 


ck) 
40. 


41 


42. 


43 


44. 


45. 


5 


Evaluate: 5) (2k + 1). 
k=3 
Find the seventh term of a geometric sequence with a first 


term of 5 and a common ratio of 3. 


Find the sum of the first ten terms of the sequence ap o> 
1 
Tec: 


Insert two geometric means between —3 and 192. 


Find the sum of all the terms of the sequence 9, 3,1,.... 


Evaluate: P(9, 3). 
Evaluate: C(7, 4). 
C8, 4) + C(8, 0) 
Evalvates. ———— 
valuate PO.2) 
If n > 1, which is smaller: P(n, n) or C(n, n)? 


Lining up In how many ways can seven people stand in a 
line? 

Forming a committee In how many ways can a committee 
of three people be chosen from a group containing nine 
people? 

Cards Find the probability of drawing a black face card 
from a standard deck of cards. 


absolute value The distance between a given number and 0 on 
a number line, usually denoted with | | 


addition property of equality The property that states if a, b, 
and c are real numbers anda = b, thena+c=b+c 


additive inverses A pair of numbers, a and bd, are additive in- 
verses if a + b = 0; also called negatives or opposites 


algebraic expression A combination of variables, numbers, 
and arithmetic operations; an algebraic expression does 
not contain an equality or inequality symbol. 


algebraicterm An expression that is a constant, variable, or a 
product of constants and variables; for example, 37, xyz, 
and 32¢ are terms. 


altitude The length of the perpendicular line from a vertex of 
a triangle to its opposite side 


angle A geometric figure consisting of two rays emanating 
from a common point 


annual growth rate The rate r that a quantity P increases or 
decreases within one year; the variable r in the exponential 
growth formula A = Pe” 


area The amount of surface enclosed by a two-dimensional 
geometric figure 


arithmetic means Numbers that are inserted between two ele- 
ments in a sequence to form a new arithmetic sequence 


arithmetic sequence A sequence in which each successive 
term is equal to the sum of the preceding term and a con- 
stant; written a,a + d,a + 2d,a + 3d, ... 


arithmetic series The indicated sum of the terms of an arith- 
metic sequence 


ascending powers of a variable An ordering of the terms of a 
polynomial, such that a given variable’s exponents occur in 
increasing order. 


associative properties The properties that state for real numbers 
a, b, and c, (a+ b) +c =a+ (b+) and (ab)c = a(bc) 
Note: The associative property does not hold for subtraction 
or division. 


augmented matrix A matrix representing a system of linear 
equations written in standard form, with columns consist- 
ing of the coefficients and a column of the constant terms 
of the equations 


axis of symmetry The line that passes through the vertex of a 
parabola and divides it into two congruent halves 


back substitution The process of finding the value of a second 
(or third, etc.) variable after finding the first by substitut- 


ing the first into an equation of two variables and, if neces- 
sary, substituting both values into an equation of three 
values to find the third, etc. 


base In the expression x”, x is the base and y is the exponent. 
The base, x, will be used as a factor y times. 

base angles of an isosceles triangle The two angles of an 
isosceles triangle opposite the two sides that are of the 
same length 

binomial A polynomial with exactly two terms. 

binomial theorem The theorem used to expand a binomial 


Cartesian coordinate system A grid composed of a horizontal 
axis and a vertical axis that allows us to identify each point 
in a plane with a unique ordered pair of numbers; also 
called the rectangular coordinate system 

Cartesian plane The set of all points in the Cartesian coordi- 
nate system. 

center of acircle The point that is equidistant from all points 
on a circle 

center of ahyperbola The midpoint of the segment joining the 
foci of a hyperbola 

change-of-base formula A formula used to convert a loga- 
rithm from one base a to some other base b 

circle The set of all points in a plane that are the same dis- 
tance from a fixed point (center) 

circumference The distance around a circle 

closure properties The properties that state the sum, difference, 
product, or quotient of two real numbers is a real number. 

coefficient matrix A matrix consisting of the coefficients of 
the variables in a system of linear equations 

combinations The number of ways to choose & things from a 
set of n things if order is not important 


common difference The constant difference between succes- 
sive terms in an arithmetic sequence, that is, the number d 
in the formula a, = a, + (n — 1)d 

common logarithm A logarithm with a base of 10 


common ratio The constant quotient of two successive terms 
in a geometric sequence, that is, the number r in the for- 
mula a, = ar” 

commutative properties The properties that state for real 
numbers a and b,a+ b=b-+aand ab = ba. Note: The 
commutative property does not hold for subtraction and 
division. 
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complementary angles Two angles whose measures sum to 90° 


completing the square The process of forming a trinomial 
square from a binomial of the form x* + bx 


complex fraction A fraction that contains another fraction in 
its numerator and/or denominator 


complex number The sum of a real number and an imaginary 
number 


composite function A new function formed when one func- 
tion is evaluated in terms of another, denoted by (f © g)(x) 


composite numbers A natural number greater than | with fac- 
tors other than | and itself 


composition The process of using the output of one function 
as the input of another function 


compound inequality A single statement representing the in- 
tersection or union of two inequalities 


compounding periods The number of times per year interest 
is compounded is the number of compounding periods 


compound interest The total interest earned on money de- 
posited in an account where the interest for each com- 
pounding period is deposited back into the account, which 
increases the principle for the next compounding period 


conditional equation A linear equation in one variable that 
has exactly one solution 

conic section A graph that can be formed by the intersection 
of a plane and a right-circular cone 


conjugate An expression that contains the same two terms as 
another but with opposite signs between them; for exam- 


ple, a + Vbanda— Vb. 


consistent system A system of equations with at least one so- 
lution 


constant A term whose variable factor(s) have an exponent of 0 


contradiction An equation that is false for all values of its 
variables; its solution set is @. 


coordinate The number that corresponds to a given point on 
a number line. 


Cramer's rule A method using determinants to solve systems 
of linear equations 


critical points Given a quadratic or rational inequality, the 
points on the number line corresponding to its critical values 


critical values Given a quadratic inequality in standard form, 
the solutions to the quadratic equation ax* + bx + c = 0; 
given a rational inequality in standard form, the values 
where the denominator is equal to zero and the numerator 
is equal to zero 


cube root If a = 5°, then b is a cube root of a. 
cube root function The function f(x) = Wx 


cubic function A polynomial function whose equation is of 
third degree; alternately, a function whose equation is of 
the form f(x) = ax* + bx? + ex +d 


cubic units The units given to a volume measurement 


decibel A unit of measure that expresses the voltage gain (or 
loss) of an electronic device such as an amplifier 


decreasing function A function whose value decreases as the 
independent value increases (graph drops as we move to 
the right) 

degree A unit of measure for an angle 


degree of a monomial The sum of the exponents of all vari- 
ables in a monomial. 


degree of a polynomial The largest degree of a polynomial’s 
terms 


denominator The expression below the bar of a fraction 


dependent equations A system of equations that has infi- 
nitely many solutions 


dependent variable The variable in an equation of two vari- 
ables whose value is determined by the independent vari- 
able (usually y in an equation involving x and y) 

descending powers of a variable An ordering of the terms of a 
polynomial such that a given variable’s exponents occur in 
decreasing order. 


determinant A calculated value from the elements in a square 


b 
| the determinant 


is ad — bc. For a three-by-three determinant or larger, we 
use the method of expanding by minors. 


: _ | a 
matrix: For a two-by-two matrix 
c 


diameter A line segment connecting two points on a circle 
and passing through the center; the length of such a line 
segment 


difference The result of subtracting two expressions 

difference of two cubes An expression of the form a* — b° 

difference of two squares An expression of the form a~ — b* 

f(x + h) — fx) 
h 


discriminant The part of the quadratic formula, b* — 4ac, 
used to determine the number and nature of solutions to 
the quadratic equation 


difference quotient The function defined by 


distributive property The property that states for real numbers 
a, b, and c, c(a + b) = ca + chand (a + b)c = ac + be. 

dividend In a long division problem, the expression under 
the division symbol; in a fraction, the expression in the 
numerator 

divisor In a long division problem, the expression in front of 
the division symbol; in a fraction, the expression in the de- 
nominator 

double inequality Two inequalities written together to indi- 
cate a set of numbers that lie between two fixed values 

doubly shaded region The area of a graph depicting the inter- 
section of two half-planes 


eccentricity A measure of the flatness of an ellipse 


element of a matrix One of the numbers in a matrix 


elimination (addition) An algebraic method for solving a sys- 
tem of equations where one variable is eliminated when the 
equations are added 


ellipse The set of all points in a plane the sum of whose dis- 
tances from two fixed points (foci) is a constant 


ellipses A symbol consisting of three dots (...) meaning 
“and so forth” in the same manner 


empty set A set that has no elements, denoted by the symbol 
@ or {} 


equal ratios Two (or more) ratios that represent equal values 

equation A statement indicating that two quantities are equal 

equivalent equations Two equations that have the same solu- 
tion set 

equivalent fractions Two fractions with different denomina- 
tors describing the same value; for example, a and 4 are 
equivalent fractions. 

even integers The set of integers that can be divided exactly 
by 2; Note: 0 is an even integer. 

even root If b = Va, bis an even root if 7 is even. 

event A situation that can have several different outcomes or 
a subset of the sample space of an experiment 

exponent In the expression x”, x is the base and y is the expo- 
nent. The exponent y states the number of times that the 
base x will be used as a factor. 


exponential equation An equation that contains a variable in 
one of its exponents 


exponential expression An expression of the form y*, also 
called a power of x 


exponential function A function of the form f(x) = ab* 


exponential function (natural) A function of the form 
f(Q) = Pel 

extraneous solution A solution to an equation that does not 
result in a true statement when substituted for the variable 
in the original equation 


5 ce 
extremes In the proportion — = 7 the numbers a and d are 
called the extremes. 


factorial For a natural number n, the product of all the natu- 
ral numbers less than or equal to n (Exception: 0! is defined 
as 1.) 


factoring The process of finding the individual factors of a 
product 


factoring tree A visual representation of factors of a number, 
usually used as a tool to express the number in prime-fac- 
tored form 


factors of anumber The natural numbers that divide a given 
number; for example, the factors of 12 are 1, 2, 3, 4, 6, 
and 12. 


Fibonacci sequence The sequence 1, 1, 2,3,5,8, .... with 
every successive term the sum of the two previous terms 
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finite sequence A sequence with a finite number of terms 


foci of an ellipse The two fixed points used in the definition of 
the ellipse 


foci of ahyperbola The two fixed points used in the definition 
of the hyperbola 

FOILmethod An acronym representing the order for multiply- 
ing the terms of two binomials 

formula A literal equation in which the variables correspond 
to defined quantities 

fundamental theorem of arithmetic The theorem that states 
there is exactly one prime factorization for any natural 
number greater than | 

future value The amount to which an invested amount of 
money will grow 

Gaussian elimination A method of solving a system of linear 
equations by working with its associated augmented matrix 


general form of the equation of a circle The equation of a circle 
written in the form x7 + y? + Dx + Ey + F=0 


general form of a linear equation A linear equation written in 
the form Ax + By = C 


geometric means Numbers that are inserted between two ele- 
ments in a sequence to form a new geometric sequence 


geometric sequence A sequence in which each successive term 
is equal to the product of the preceding term and a con- 
stant, written a), ayr, ayr’, ayr’, ... 

greatest common factor (GCF) The largest expression that is a 
factor of each of a group of expressions 


greatest integer function The function whose output for a 
given x is the greatest integer that is less than or equal to x 


grouping symbol A symbol (such as a radical sign or a fraction 
bar) or pair of symbols (such as parentheses or brackets) 
that indicate which operations should be computed before 
other operations 


half-life The time it takes for one-half of a sample of a ra- 
dioactive element to decompose 


half-plane A subset of the coordinate plane consisting of all 
points on a given side of a boundary line 


horizontal-line test A test used to determine if a given func- 
tion is one-to-one: If every horizontal line that intersects 
the graph does so exactly once, then the graph represents a 
one-to-one function. 

horizontal translation A graph that is the same shape as a 
given graph, except that it is shifted horizontally 

hyperbola The set of all points in a plane the difference of 
whose distances from two fixed points (foci) is a constant 

hypotenuse The longest side of a right triangle; the side op- 
posite the 90° angle 

identity An equation that is true for all values of its variables; 
its solution is R. 

identity elements The additive identity is 0, because for all 
reala,a + 0 = 0 + a =a. The multiplicative identity is 1, 
because for all reala,a: 1 =1l-a=a. 


G-4 Glossary 


identity function The function whose rule is f(x) = x 
imaginary number The square root of a negative number 


improper fraction A fraction whose numerator is greater than 
or equal to its denominator 


inconsistent system A system of equations that has no solu- 
tion; its solution set is @. 


increasing function A function whose value increases as the 
independent variable increases (graph rises as we move to 
the right) 


independent equations of a two-by-two system A system of 
two equations with two variables for which each equation’s 
graph is different 


independent variable The variable in an equation of two vari- 
ables to which we assign input values (usually x in an equa- 
tion involving x and y) 

index If b = Va, we say nis the index of the radical. 


inequality A mathematical statement indicating that two 
quantities are not necessarily equal; most commonly a 
statement involving the symbols <, =, >, or = 


inequality symbols A set of six symbols that are used to de- 
scribe two expressions that are not equal: 

“is approximately equal to” 

“is not equal to” 

“is less than” 

“is greater than” 

“is less than or equal to” 

“is greater than or equal to” 


R 
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infinite geometric series The sum of the terms of a geometric 
sequence for which |r| < 1 


infinite sequence A sequence with infinitely many terms 
input value A value substituted for the independent variable 


integers The set of numbers given by {..., —4, —3, —2, -l, 
0,1,2,3,4, ...} 


integer square An integer that is the square of another integer 


interval A set of all real numbers between two given real 
numbers a and 6; it must be specified whether or not a and 
b are included in the interval. 


inverse function The function, denoted by f~', obtained by 
reversing the coordinates of each ordered pair (x, f(x)); for 
example, if f(2) = 3, then f '(3) = 2. 

irrational numbers The set of numbers that cannot be put in 
the form of a fraction with an integer numerator and 
nonzero integer denominator; can be expressed only as 
non-terminating, non-repeating decimals 

isosceles triangle A triangle that has two sides of the same 
length 

least (or lowest) common denominator The smallest expression 
that is exactly divisible by the denominators of a set of ra- 
tional expressions 

like radicals Radicals that have the same index and the same 
radicand 


like signs Two numbers that are both positive or both negative 


like terms Terms containing the same variables, each with the 
same exponents 


linear equation in one variable An equation of the form 
ax + b = c, where a, b, and c are real numbers and a # 0 


linear equation in two variables An equation of the form 
Ax + By = C, where A, B, and C are real numbers; A and 
B cannot both be 0. 


linear function A function whose graph is a line; alternately, a 
function whose equation is of the form f(x) = ax + b 


linear inequality A statement written in one of the following 
forms: y>ax+b, y2ax+b, y<ax+b, or 
ysaxt+hb 


literal equation An equation with more than one variable, 
usually a formula 


logarithm The exponent to which 6 is raised to get x, denoted 
by log, x 

logarithmic equation An equation with logarithmic expres- 
sions that contain a variable 


logarithmic function The function f(x) = log, x; vy = log, x if 
and only if x = b” 

lowest terms A fraction written in such a way so that no inte- 
ger greater than | divides both its numerator and its de- 
nominator; also called simplest form 


major axis of an ellipse The line segment joining the vertices of 
an ellipse 


matrix A rectangular array of numbers 


: d Cc 
means In the proportion — = —, the numbers 5 and c¢ are 
called the means. bod 


minor A number associated with an element of a square ma- 
trix used to find a determinant of next lower order, by 
crossing out the elements of the matrix that are in the same 
row and column as the element 


minor axis of an ellipse The line segment passing through the 
center of an ellipse perpendicular to the major axis 

minuend The first expression in the difference of two expres- 
sions; for example, in the expression (3x7 + 2x — 5) — 
(4x? — x + 5), the expression (3x* + 2x — 5) is the minu- 
end. 

mixed number A rational number expressed as an integer plus 
a proper fraction 

monomial A polynomial with exactly one term 

multiplication principle of events The method of determining 


the number of ways that one event can be followed by an- 
other 


multiplication property of equality The property that states if 
a, b, and c are real numbers and a = J, then ac = be. 


multiplicative inverse Two numbers whose product is 1; also 
called reciprocals 


natural logarithm A logarithm with a base of e 


natural numbers The set of numbers given by {1, 2, 3, 4, 
5, ... }; also called positive integers 

negative numbers The set of numbers less than zero 

negatives A pair of numbers, a and b, represented by points 
that lie on opposite sides of the origin and at equal dis- 
tances from the origin. If a and } are negatives, a + b = 0. 
Also called opposites or additive inverses 


number line A line that is used to represent real numbers or 
sets of real numbers 

numerator The expression above the bar of a fraction 

numerical coefficient The number factor of a term; for exam- 
ple, the numerical coefficient of 8ab is 8. 

odd integers The set of integers that cannot be divided ex- 
actly by 2 

odd root If b = Wa, bis an odd root if n is odd. 

opposites A pair of numbers, a and b, represented by points 
that lie on opposite sides of the origin and at equal dis- 
tances from the origin. If a and 4 are opposites, a + b = 0. 
Also called negatives or additive inverses 


ordered pair A pair of real numbers, written as (x, y), that de- 
scribes a unique point in the Cartesian plane 


parabola The graph of a quadratic function 


partial sum The sum of finitely many consecutive terms of a 
series, starting at the first term 

Pascal's triangle A triangular array of numbers in which 1’s 
begin and end each row, and each entry between the 1’s is 
the sum of the closest pair of numbers in the line immedi- 
ately above it; the first 4 rows of Pascal’s triangle are 


I 3 3 1 


percent The numerator of a fraction whose denominator is 
100 


perfect-square trinomial A trinomial of the form 
a’ + 2ab + b* or of the form a~ — 2ab + b? 


perimeter The distance around a non-circular geometric figure 


periodic interest rate The interest rate used for each com- 
pounding period 

permutations The number of ways to choose k things from a 
set of n things if order is important 


perpendicular lines Two lines that meet at a 90° angle, two 
lines whose slopes are negative reciprocals of each other, 
or a horizontal line and a vertical line 


piecewise-defined function A function defined by using differ- 
ent equations for different parts of its domain 


plane The graph of an equation of the form 
ax + by +cz=d 


point circle A circle with radius zero; a single point 
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point-slope form The equation of a line in the form 
y — y; = m(x — x), where m is the slope and (x, y,) is a 
point on the line 

polynomial An algebraic expression that is a single term or 
the sum of several terms containing whole-number expo- 
nents on the variables 

polynomial function A function whose equation is a polyno- 
mial, for example, f(x) = x°* — 3x + 6 

positive integers The set of numbers given by {1, 2, 3, 4, 
5, ...}, that is, the set of integers that are greater than 
zero; also called the natural numbers 

power of x An expression of the form x’; also called an expo- 
nential expression 

power rule The rule that states if x, y, and 7 are real numbers 
and x = y, then x” = y” 

prime-factored form A natural number written as the product 
of factors that are prime numbers 

prime number A natural number greater than | that can be 
divided exactly only by | and itself 

prime polynomial A polynomial that does not factor over the 
rational numbers 


principal square root The positive square root of a number 
probability A measure of likelihood of an event 
product The result of multiplying two or more expressions 


proper fraction A fraction whose numerator is less than its de- 
nominator 


proportion A statement that two ratios are equal 


Pythagorean theorem If the length of the hypotenuse of a 
right triangle is c and the lengths of the two legs are a and 
b, then a® + b? = c’. 

quadrants The four regions in the Cartesian plane, formed by 
the x- and y-axes. 


quadratic formula A formula that gives the solutions to the gen- 
—b + Vb* — 4ac 
2a 


quadratic function A polynomial function whose equation in 
one variable is of second degree; alternately, a function 
whose equation is of the form f(x) = ax* + bx +c 
(a # 0) 


quadratic inequality An inequality involving a quadratic poly- 
nomial in one variable 


eral quadratic equation; x = (a # 0) 


quotient The result of dividing two expressions 
radical sign The symbol used to represent the root of a number 
radicand The expression under a radical sign 


radius A segment drawn from the center of a circle to a point 
on the circle; the length of such a line segment 


rate A ratio used to compare two quantities of different units 


ratio The comparison of two numbers by their indicated 
quotient 
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rationalizing the denominator The process of simplifying a 
fraction so that there are no radicals in the denominator 
rationalizing the numerator The process of simplifying a frac- 
tion so that there are no radicals in the numerator 

rationalnumbers The set of fractions that have an integer nu- 
merator and a nonzero integer denominator; alternately, 
any terminating or repeating decimal 

realnumbers The set that contains the rational numbers and 
the irrational numbers 

reciprocal One number is the reciprocal of another if their 
product is 1; for example, + is the reciprocal of a Also 
called multiplicative inverses 

rectangular coordinate system A grid that allows us to identify 
each point in a plane with a unique pair of numbers; also 
called the Cartesian coordinate system 

remainder The computation of x + y will yield an expression 


of the form g + 7 The quantity r is called the remainder. 


repeating decimal A decimal expression of a fraction that 
eventually falls into an infinitely repeating pattern 


Richter scale A unit of measure that expresses magnitude 
(ground motion) of an earthquake 


right angle An angle whose measure is 90° 


root A number that makes an equation true when substituted 
for its variable; if there are several variables, then the set of 
numbers that make the equation true; also called a solution 


sample space The set of all possible outcomes for an 
experiment 


scientific notation The representation of a given number as 
the product of a number between | and 10 (1 is included), 
and an integer power of ten, for example, 6.02 x 107 


sequence An ordered set of numbers that are defined by the 
position (1*, 2°", 3°, etc.) they hold 

set A collection of objects whose members are listed or de- 
fined within braces 


set-builder notation A method of describing a set that uses a 
variable (or variables) to represent the elements and a rule 
to determine the possible values of the variable; for exam- 
ple, we can describe the natural numbers as {x|.x is an inte- 
ger and x > O}. 


similar triangles Two triangles that have the same shape, that 
is, two triangles whose corresponding angles have the same 
measure 


simplest form The form of a fraction where no expression 
other than | divides both its numerator and its denominator 

simplify (a fraction) To put a fraction into its simplest form 

simultaneous solution Values for the variables in a system of 
equations that satisfy all of the equations 

slope-intercept form The equation of the line in the form 
y = mx + bwhere mis the slope and b is the y-coordinate 
of the y-intercept. 


solution/solution set A number that makes an equation true 
when substituted for its variable; if there are several vari- 
ables, then the numbers that make the equation true; also 
called a root 


solution of an inequality The numbers that make a given in- 
equality true 

square matrix A matrix with the same number of rows as 
columns 

square root If a = b°, then b is a square root of a. 

square root function The function f(x) = Vx 

square-root property The property that states the equation 
x* = chas two solutions: Ve and — Vc 

square units The units given to an area measurement 


standard deviation A measure of how closely a set of data is 
grouped about its mean 


standard form of the equation of a circle The equation of a cir- 
cle written in the form (x — A) 4 (y ky = 7°, where 
(A, k) is the center and r is the radius 


standard notation The representation of a given number as an 
integer part, followed by a decimal, for example, 
212.3337012 


step function A function whose graph is a series of horizontal 
line segments 

straight angle An angle whose measure is 180° 

subset A set, all of whose elements are included in a different 


set; for example, the set {1, 3,5} is a subset of the set 
{1, 2, 3, 4, 5}. 

subtrahend The second expression in the difference of two ex- 

. . . je 

pressions; for example, in the expression (3x7 + 2x — 5) — 
(4x? — x + 5), the expression (4x* — x + 5) is the sub- 
trahend. 

sum The result of adding two expressions 

summation notation A shorthand notation for indicating the 
sum of a number of consecutive terms in a series, denoted 
by = 

sum of two squares An expression of the form a” + b* 

supplementary angles Two angles whose measures sum to 
180° 

system of equations Two or more equations that are solved si- 
multaneously 


term An expression that is a number, a variable, or a product 
of numbers and variables; for example, 37, xyz, and 3x are 
terms. 

terminating decimal A decimal expression for a fraction that 
contains a finite number of decimal places 

tree diagram A way of visually representing all the possible 
outcomes of an event 

triangular form of a matrix A matrix with all zeros below its 
main diagonal 


trinomial A polynomial with exactly three terms. 


unit cost The ratio of an item’s cost to its quantity 


unlike signs Two numbers have unlike signs if one is positive 
and one is negative. 


unlike terms Terms that are not like terms 
variables Letters that are used to represent unknown numbers 


vertex The lowest point of a parabola that opens up, or the 
highest point of a parabola that opens down 

vertex angle of an isosceles triangle The angle in an isosceles 
triangle formed by the two sides that are of the same 
length 


vertical translation A graph that is the same shape as a given 
graph, only shifted vertically 


vertices of a hyperbola The endpoints of the transverse axis, 
the axis that passes through the foci 


vertices of an ellipse The endpoints of the major axis 


Glossary G-7 


volume The amount of space enclosed by a three-dimen- 
sional geometric solid 

whole numbers The set of numbers given by {0, 1, 2, 3, 4, 
5, ... }, that is, the set of integers that are greater than or 
equal to zero 

x-coordinate The first number in the Cartesian coordinates of 
a point. 

x-intercept The point (a,0) where a graph intersects the 
X-axis. 

y-coordinate The second number in the Cartesian coordinates 
of a point. 

y-intercept The point (0,5) where a graph intersects the 
y-axis. 

zero-factor property The property of real numbers that if the 


product of two quantities is 0, then at least one of those 
quantities must be equal to 0. 
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Appendix | 


There are several ways that a graph can exhibit symmetry about the coordinate axes and 
the origin. It is often easier to draw graphs of equations if we first find the x- and y- 
intercepts and find any of the following symmetries of the graph: 


1. y-axis symmetry: If the point (—x, y) lies on a graph whenever the point (x, y) does, 
as in Figure I-1(a), we say that the graph is symmetric about the y-axis. 

2. Symmetry about the origin: If the point (—x, —y) lies on the graph whenever the 
point (x, v) does, as in Figure I-1(b), we say that the graph is symmetric about the 
origin. 

3. x-axis symmetry: If the point (x, —y) lies on the graph whenever the point (x, y) 
does, as in Figure I-1(c), we say that the graph is symmetric about the x-axis. 


(a) (b) (c) 
Figure I-1 


Tests for Symmetry for Graphs in x and y 


To test a graph for y-axis symmetry, replace x with —x. If the new equation is equiv- 
alent to the original equation, the graph is symmetric about the y-axis. Symmetry 
about the y-axis will occur whenever x appears with only even exponents. 


To test a graph for symmetry about the origin, replace x with —x and y with —y. If 
the resulting equation is equivalent to the original equation, the graph is symmetric 
about the origin. 


To test a graph for x-axis symmetry, replace y with —y. If the resulting equation is 
equivalent to the original equation, the graph is symmetric about the x-axis. The only 
function that is symmetric about the x-axis is f(x) = 0. 


EXAMPLE 1 Find the intercepts and the symmetries of the graph of y = f(x) = x° — 9x. Then 
graph the function. 


A-1 


A-2 
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Symmetri 


Solution 


es of Graphs 

x-intercepts: To find the x-intercepts, we let y = 0 and solve for x: 
y=x- 9x 
0=x - 9x Substitute 0 for y. 
0 = x(x? — 9) Factor out x. 
0 = x(x + 3)(x — 3) Factor x* — 9. 

x=0 or x+3=0 or x—3=0 __ Set each factor equal to 0. 
| x= -—3 | x = 3 


Since the x-coordinates of the x-intercepts are 0, —3, and 3, the graph intersects the 
x-axis at (0, 0), (—3, 0), and (3, 0). 


y-intercepts: To find the y-intercepts, we let x = 0 and solve for y. 


y= x? — 9x 
y = 0° — 910) Substitute 0 for x. 
y=0 


Since the y-coordinate of the y-intercept is 0, the graph intersects the y-axis at (0, 0). 


Symmetry: We test for symmetry about the y-axis by replacing x with —x, simplify- 
ing, and comparing the result to the original equation. 


(1) y= x? — 9x This is the original equation. 
y = (—x) — 9(—x) Replace x with —x. 
(2) p= x? + 9x Simplify. 


Because Equation 2 is not equivalent to Equation 1, the graph is not symmetric about 
the y-axis. 

We test for symmetry about the origin by replacing x with —x and y with —y, 
respectively, and comparing the result to the original equation. 


(1) y=x— 9x This is the original equation. 
—y = (—x)? — 9(—x) Replace x with —x, and y with —y. 
-y=—-x> + 9x Simplify. 

(3) y= x? — 9x Multiply both sides by —1 to solve for y. 


Because Equation 3 is equivalent to Equation 1, the graph is symmetric about the 
origin. Because the equation is the equation of a nonzero function, there is no symme- 
try about the x-axis. 

To graph the equation, we plot the x-intercepts of (—3, 0), (0, 0), and (3, 0) and the 
y-intercept of (0, 0). We also plot other points for positive values of x and use the sym- 
metry about the origin to draw the rest of the graph, as in Figure I-2(a). (Note that the 
scale on the x-axis is different from the scale on the y-axis.) 

If we graph the equation with a graphing calculator, with window settings of 
[-10, 10] for x and [—10, 10] for y, we will obtain the graph shown in Figure I-2(b). 

From the graph, we can see that the domain is the interval (—, ~), and the range 
is the interval (—%, °%), 
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Figure I-2 


EXAMPLE 2 Graph the function y = f(x) = |x| — 2. 


Solution x-intercepts: To find the x-intercepts, we let y = 0 and solve for x: 


y= |x| —2 

0= |x| -2 

2 = |x| 
x=-2 or x=2 


Since —2 and 2 are solutions, the points (—2, 0) and (2, 0) are the x-intercepts, and the 
graph passes through (—2, 0) and (2, 0). 


y-intercepts: To find the y-intercepts, we let x = 0 and solve for y: 


y= |x| —2 

y= |0| -2 

y=-2 
Since y = —2, (0, —2) is the y-intercept, and the graph passes through the point 
(0, —2). 


Symmetry: To test for y-axis symmetry, we replace x with —x. 
(4) y= |x| —-2 This is the original equation. 
y= |-x| —2 Replace x with —x. 
GO 7= 2 |x| = |x| 


Since Equation 5 is equivalent to Equation 4, the graph is symmetric about the y-axis. 
The graph has no other symmetries. 

We plot the x- and y-intercepts and several other points (x, y), and use the y-axis 
symmetry to obtain the graph shown in Figure I-3(a) on the next page. 

If we graph the equation with a graphing calculator, with window settings of 
[—10, 10] for x and [—10, 10] for y, we will obtain the graph shown in Figure I-3(b). 

From the graph, we see that the domain is the interval (—~, %), and the range is 
the interval [—2, ©). 


x 
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y 
A 
y= |x| —2 
x|y y = bel 2 
0| -2 E 
1} =1 wx E 
2) 0 E 
3) 1 fa 
A) 2 E 
E 
(a) (b) 
Figure I-3 


1.1 EXERCISES 


Find the symmetries of the graph of each equation. Do not draw 15. f(x) = —x* 16. f(x)=x°+2 

the graph. y y 
lLy=x-1 2y=ax | : 

3S x 4.y=x' 

5. y= x +2 6y=xtl 

7y=x-x 8 y=xt+7 | 

9. y=—-|x+2| 10. y =|x| - 3 ae 
11. |y| =x 12, y =2Vx 

Graph each function and give its domain and range. Check each 17. f(x) = xt tx 18. f(x) =3-—x* 


graph with a graphing calculator. y 


y 
1 
13. f(x) = x1 - 4 14. f(x) = 7 al 
2 y 
A A x x. 
—_ ———_ }—————_- 1 
> XxX 


19. f(x) =x? — x 20. f(x) =x +x 
y 


y 
vf > X 
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21. f(x) = Fx Lj 22, #@) = |x| 41 23. f(x) = —|x 7 24. f(x) = =2| 


y 
y J 
x 
> xX 
> Xx x 
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TableA Powers and Roots 


Tables 


n nv Va n Wn n w Va n Vn 
1 1 1.000 1 1.000 Sill 2,601 7.141 132,651 3.708 
2, 4 1.414 8 1.260 a 2,704 TAM 140,608 3.733 
3 9 732 Pi 1.442 53 2,809 7.280 148,877 3.756 
4 16 2.000 64 1.587 54 2,916 7.348 157,464 3.780 
5 25 2.236 125 1.710 55 3,025 7.416 166,375 3.803 
6 36 2.449 216 UL I 7/ 56 3,136 7.483 175,616 3.826 
qf 49 2.646 343 1.913 57 3,249 7.550 185,193 3.849 
8 64 2.828 512 2.000 58 3,364 7.616 5) IL 3.871 
9 81 3.000 729 2.080 59 3,481 7.681 205,379 3.893 

10 100 3.162 1,000 2.154 60 3,600 7.746 216,000 3.915 

11 121 Sy ahll7/ SSI 2.224 61 Sal 7.810 226,981 3.936 

12 144 3.464 1,728 2.289 62 3,844 7.874 238,328 3.958 

13 169 3.606 2,197 2.351 63 3,969 WSBT 250,047 3.978) 

14 196 3.742 2,744 2.410 64 4,096 8.000 262,144 4.000 

15 225 3.873 Bir) 2.466 65 4,225 8.062 274,625 4.021 

16 256 4.000 4,096 2.520 66 4,356 8.124 287,496 4.041 

17 289 4.123 4,913 evil 67 4,489 8.185 300,763 4.062 

18 324 4.243 5,832 2.621 68 4,624 8.246 314,432 4.082 

19 361 4.359 6,859 2.668 69 4,761 8.307 328,509 4.102 

20 400 4.472 8,000 2.714 70 4,900 8.367 343,000 4.121 

ll 441 4.583 9,261 AS!) 71 5,041 8.426 SOI 4.141 

2p) 484 4.690 10,648 2.802 PB 5,184 8.485 373,248 4.160 

23 529 4.796 12,167 2.844 73 5,329 8.544 389,017 4.179 

24 576 4.899 13,824 2.884 74 5,476 8.602 405,224 4.198 

2) 625 5.000 15,625 2.924 75 5,625 8.660 421,875 4.217 

26 676 5.099 17,576 2.962 76 5,776 8.718 438,976 4.236 

27 12S) 5.196 19,683 3.000 Vil 5,929 8.775 456,533 4.254 

28 784 Sey ZROS2) 3.037 78 6,084 8.832 474,552 4.273 

29 841 5.385 24,389 3.072 ® 6,241 8.888 493,039 4.291 

30 900 5.477 27,000 3.107 80 6,400 8.944 512,000 4.309 

ill 961 5.568 29,791 3.141 81 6,561 9.000 531,441 4.327 

By 1,024 5.657 32,768 SS 82 6,724 9.055 551,368 4.344 

33 1,089 5.745 So193i 3.208 83 6,889 9.110 571,787 4.362 

34 1,156 5.831 39,304 3.240 84 7,056 9.165 592,704 4.380 

35 11, 2225) 5.916 42,875 3. e7ill 85 W222 9.220 614,125 4.397 

36 1,296 6.000 46,656 3.302 86 7,396 9.274 636,056 4.414 

37 1,369 6.083 50,653 Broo” 87 7,569 9.327 658,503 4.431 

38 1,444 6.164 54,872 3.362 88 7,744 9.381 681,472 4.448 

39 1,521 6.245 See) 3.391 89 opal 9.434 704,969 4.465 

40 1,600 6.325 64,000 3.420 90 8,100 9.487 729,000 4.481 

41 1,681 6.403 68,921 3.448 91 8,281 9,338) oS soil 4.498 

42 1,764 6.481 74,088 3.476 Oy 8,464 2). 778,688 4.514 

43 1,849 6.557 79,507 3.503 95 8,649 9.644 804,357 4.531 

44 1,936 6.633 85,184 3.530 94 8,836 9.695 830,584 4.547 

45 2,025 6.708 CML 2S) 3},55)1/ 95 9,025 9.747 857,375 4.563 

46 2,116 6.782 97,336 3.583 96 9,216 9.798 884,736 4.579 

47 2,209 6.856 103,823 3.609 97 9,409 9.849 912,673 4.595 

48 2,304 6.928 110,592 3.634 98 9,604 9.899 941,192 4.610 

49 2,401 7.000 117,649 3.659 99 9,801 9.950 970,299 4.626 

50 2,500 7.071 125,000 3.684 100 10,000 10.000 1,000,000 4.642 


TableB Base-10 Logarithms 


TableB (continued) 


N 0 1 2 3 4 5 6 7 8 9 N 0 1 2 3 4 5 6 a 8 9 

1.0 .0000 .0043 .0086 .0128 .0170 .0212 .0253 .0294 .0334 .0374 5.5 .7404 .7412 .7419 .7427) 743574437451 £7459 £7466 £7474 
11.0414 =.0453 0492, 0531 =.0569 0607 = 06450682. 0719 = .0755 5104825490 4971 05a 3m 520 28n 530. O43ne. Doll 
1.2 .0792 .0828 .0864 .0899 .0934 .0969 .1004 .1038 .1072 .1106 anf SS) 16S 1A 1S SD TAS IIIS TK 
13) JES) is) TANI) TIBI} IIIS) ITB? BS) TIAIBKO) 5.8 .7634 .7642 .7649 .7657 .7664 .7672 .7679 .7686 .7694 = .7701 
14 1461 .1492  .1523 .1553 1584 1614 = .1644 1673. .1703.1732 S39 0D AG W123 AB VBS WAS TS SD A Te! 
1S iol ISS) IIB CIS IIS MOBIL IGS) IN AIT 6.0 .7782 .7789 .7796 .7803  .7810 .7818 .7825 .7832 .7839 = .7846 
IEG ie O11 206 See 209502 2A Se Seo? O22? Se 279) 6.1 .7853  .7860 =.7868 )=— £7875 .7882_—.7889_—.7896 = .7903—.7910 7917 
1.7  .2304 .2330 = .2355 =.2380 )=.2405. Ss .2430 Ss 24552480) )=—.2504 = .2529 Of Je RBI BS eB (be Jee) 7 798) SO 8ST) 
ts} SB) ABT PASI AS) PES eS IS AD) TOS} 6.3 .7993 .8000 .8007 .8014 .8021 .8028 .8035 .8041 .8048 .8055 
1S) PUTAS ESI) PASS) ISS NSA INO) 8) AIS) AST) IK) 6.4 .8062 .8069 .8075 .8082 .8089 .8096 .8102 .8109 8116 .8122 
2.0 .3010 .3032 .3054 .3075 .3096 .3118 .3139 .3160 .3181 .3201 6.5 .8129 8136 .8142 .8149 8156 .8162 .8169 .8176 .8182 .8189 
2.1 .3222 .3243 .3263 .3284 .3304 = .3324 = .3345— 3365 .3385 = 3404 6.6 .8195 .8202 .8209 8215 .8222 .8228 .8235 .8241 .8248 8254 
2.2 .3424 (3444 3464 .3483 3502 3522. 3541) = 3560) )=— 3579 = 3598 6.7 .8261 .8267 .8274 8280 .8287 .8293 .8299 .8306 .8312 .8319 
2.3. .3617 .3636 =©.3655 3674 = 3692S .3711 = 3729S 3747S 3766 = 3784 6.8 .8325 8331 .8338 .8344 .8351 .8357 .8363 .8370 .8376 .8382 
2.4 .3802 .3820 .3838 .3856 .3874 .3892 .3909 .3927 .3945 .3962 6.9  .8388 .8395 8401 .8407 .8414 .8420 .8426 .8432 .8439 8445 
2.5 .3979 3997 4014 4031 .4048 .4065 .4082 .4099 4116 .4133 7.0 .8451 .8457 8463 .8470 .8476 .8482 .8488 .8494 .8500 .8506 
2.6 4150 4166 .4183 .4200 .4216 .4232 4249 4265 .4281 4298 7.1 .8513 .8519 = .8525 8531 = 8537S 85438549 85558561 = 8567 
2.7 4314 4330 .4346 .4362  .4378 .4393 4409 .4425 4440 4456 WA) S313) $3579) 355) ASO 257 es} EE) oll) ol f027/ 
2.8 4472 4487 4502 .4518 4533 .4548 =.4564 =.4579 = 4594 4609 7.3 .8633 .8639 8645 .8651 .8657 .8663 .8669 .8675 .8681 .8686 
2.9 4624 4639 4654 .4669 4683 .4698 4713 .4728 .4742  .4757 74 .8692 .8698 .8704 .8710 .8716 .8722 .8727 .8733  .8739 .8745 
3.0 .4771 4786 .4800 .4814 4829 4843 4857 4871 4886 ~—.4900 7.5 .8751 .8756 .8762 .8768 .8774 .8779 .8785 .8791 .8797 .8802 
3.1 4914 4928 4942 4955 4969 .4983 .4997 5011 .5024 .5038 7.6 .8808 .8814 .8820 .8825 .8831 .8837 .8842 .8848 .8854 .8859 
a2, sil sO 0709 082 oils sll) pile sigs Sie sil 7.7 .8865  .8871 8876 .8882 .8887  .8893 .8899 .8904 .8910 8915 
28 RS S198 sill samt sve ses .e} D2 see S32 7.8 .8921 .8927 .8932 .8938 .8943 .8949 8954 .8960 .8965  .8971 
3.4 5315 .5328 .5340 .5353 .5366 5378 §=.5391 =—.5403. 5416 39.5428 7.9 .8976 .8982 .8987 .8993 .8998 .9004 .9009 .9015 .9020 .9025 
3.5 5441 5453 .5465 .5478 5490 5502 .5514 5527 .5539 5551 8.0 .9031 .9036 .9042 .9047 .9053 .9058 .9063 .9069 .9074 .9079 
1k oP) 0s ES) > I 1c) A) | CED | 02 ED 06 > ED 07-0 DO OO) Sill WES SR) SIO OIL RSS INE) 
a SSE SS ST SPD) SLM Sie SIS STIS SIRO Se) IES Olds Oe) ile OS) OS «= ITD) ITS =~ OIE) INES 
3.8 5798 .5809 .5821 .5832 .5843 5855. 5866 = .5877 5888 5899 Shh IO OS Sol Sats wile Sil Lee Sway Mey) Ors 
38) Sl SSD SB) SUE SSS) 6 eUIN) )6 oS) SRRE (SIIO) 8.4 9243 .9248 9253 .9258 .9263 .9269 .9274 .9279 .9284 .9289 
4.0 .6021 .6031 .6042 6053 .6064 .6075 .6085 .6096 .6107  .6117 8.5 9294 .9299 9304 .9309 9315 .9320 .9325 .9330 .9335 .9340 
41  .6128 6138 .6149 .6160 .6170 .6180 6191 .6201 .6212 .6222 BO SBE SBE) Uses) Weis Pete a) Osis) OBE) Lets 30 
4.2 .6232 .6243 .6253 .6263 .6274 .6284 .6294 .6304 .6314 .6325 8.7. .9395 .9400 .9405 .9410 9415 .9420 9425 .9430 .9435 .9440 
4.3 .6335 .6345  .6355  .6365  .6375 = .6385. 6395 640564156425 8.8 9445 9450 9455 .9460 .9465 .9469 .9474 9479 .9484 9489 
44 6435 .6444 .6454 .6464 6474 .6484 6493 6503 .6513  .6522 8.9 9494 9499 9504 .9509 9513 .9518 .9523 9528 9533 9538 
4.5 .6532  .6542 .6551 .6561 .6571 ~=—-.6580 = 6590 = .6599-— 6609 ~—-.6618 9.0 .9542 .9547 .9552 .9557 .9562 .9566 .9571 .9576 .9581 .9586 
4.6 .6628 .6637 .6646 .6656 .6665 .6675 .6684 .6693 .6702 .6712 9.1  .9590 .9595 .9600 .9605 .9609 .9614 .9619 .9624 .9628 .9633 
4.7  .6721 .6730 .6739 .6749 .6758 .6767 .6776 .6785 .6794 —_.6803 9.2 .9638 .9643 .9647 .9652 .9657 .9661 .9666 .9671 .9675 .9680 
48 .6812 .6821 .6830 .6839 .6848 .6857 .6866 .6875 .6884  .6893 O83 es Oey Co Oo O70 Ls Sls Lily ie Mei 
49 6902 .6911 .6920 .6928 .6937 .6946 .6955 .6964 .6972  .6981 Ql Sil OS GIA Ge Sie) Set! Oe Mies Ss Me 
5.0 .6990 .6998 .7007 .7016 .7024 .7033 .7042 .7050 .7059 .7067 99 ST Oe Oo Ol OSS S00 OES SED Oeil Isis 
Syll AACS AOS TAO} IIL MII) li} ily ISA) PAS) 9.6 .9823 .9827 .9832 .9836 .9841 .9845 9850 .9854 .9859 .9863 
32 fle) iets INS IWS TOI) 2) BS) 9.7 9868 .9872 .9877 9881 .9886 .9890 .9894 .9899 .9903 .9908 
a3 PHB) IPS IS) ROTI IRAE PR) TBS TBI 9 SOI, Ol CMa GON BSR Mev Os) ues Lees Oey) 
5.4 .7324 .7332 .7340 .7348 = .7356 = .7364. Ss .7372_~— 7380 = .7388 ~—.7396 DO 95 Oo 0) eo 05 969 o 9] 49] OD SOMO 81) ao lOO 


Il XIGNAddV 8-V 


sajge, 


TableC Base-e Logarithms 


TableC (continued) 


N 0 1 2 3 4 5) 6 7 8 9 N 0 1 2 3 4 5) 6 7 8 9 

10 .0000 .0100 .0198 .0296 .0392 .0488 .0583 .0677 .0770 .0862 5.5 1.7047 .7066 .7084 .7102 .7120 .7138 .7156 .7174 .7192  .7210 
1.1 =.0953, 1044 1133) 1222) 1310) .1398 )— 1484. .1570) 1655-1740 0 fi STIs) RSI PBI BBA! BS TB) BIST 
a tleeass IS NOE) AND) UIs SINT UBS) AN 8) WSYANG 5.7 .7405 .7422,— 7440.) .7457,) 747574927509 75277544 7561 
13 Atel TO) KS A KOI KOS) SENS SIL SB} 5.8 .7579 .7596 =.7613. -.7630 = .7647 Ss £7664 —.7681 = .7699' 7716 ~—.7733 
14 .3365  .3436 = 3507) .3577 3646) 3716) 3784 = 38533920 = 3988 5.9 .7750 .7766 =.7783 = .7800) 7817S .7834—.7851 = £7867 = .7884 ~~ 7901 
1.5 4055 .4121 .4187 .4253 .4318 4383 .4447 4511 4574 = .4637 6.0 1.7918 .7934 .7951 .7967 .7984 .8001 .8017 .8034 .8050 .8066 
1.6 .4700 .4762 .4824 4886 .4947 .5008 .5068 .5128 .5188 .5247 6.1 8083 .8099 .8116 .8132 .8148 8165 .8181 .8197 .8213 .8229 
1/3 O53 09423 eer 40) 559) ee ON 055 ei) me OOM O22 6.2 .8245 .8262 .8278 .8294 .8310 .8326 .8342 .8358 .8374  .8390 
1.8  .5878 .5933 5988 =.6043 6098 )=— 6152 6206 »=.6259 63136366 6.3  .8405 .8421 .8437 .8453 8469 8485 8500 =.8516 =.8532. 8547 
19 6419 .6471 .6523 .6575 .6627 .6678 .6729 .6780 .6831 .6881 6.4  .8563  .8579 .8594 8610 .8625 .8641 8656 .8672 .8687 8703 
2 OSB SINS TADS OO) ID) TS IPI BRL BT 6.5 1.8718 .8733 .8749 .8764 .8779 .8795 .8810 .8825 .8840 .8856 
2.1 .7419 .7467  .7514 7561 =.7608 = 7655-7701) .7747 S793 7839 6.6 8871 .8886 .8901 .8916 .8931 .8946 .8961 .8976 .8991 .9006 
2.2 .7885 .7930 .7975 .8020 .8065 .8109 .8154 .8198 .8242 .8286 6.7 .9021 .9036 .9051 .9066 9081 .9095 9110 9125 .9140  .9155 
2.3. 8329 .8372 .8416 .8459 .8502 .8544 .8587 .8629 .8671 .8713 Gr O mo LODO S Amen 199 e222 Seo A 2) 212 SONOS OL 
2.4 .8755  .8796 8838 .8879 =.8920 = .8961 .9002 .9042 .9083 .9123 6.9 9315 .9330 .9344 .9359 .9373 .9387 .9402 .9416 .9430 9445 
2.5 .9163 .9203 .9243 .9282 .9322 .9361 .9400 .9439 .9478 9517 7.0 1.9459 .9473 .9488 .9502 .9516 .9530 .9544 .9559 .9573  — .9587 
2.6 9555 .9594 .9632 .9670 .9708 .9746 .9783 .9821 .9858 .9895 7.1 .9601 .9615 .9629 .9643 .9657 .9671 .9685 .9699 .9713  .9727 
2.7 .9933 .9969 1.0006 .0043 .0080 .0116 .0152 .0188 .0225 .0260 Te SYA SBS Ot Sse Oe Osl@ Oey Pests Basil kos 
2.8 1.0296 .0332 .0367 .0403 .0438 .0473 .0508 .0543 .0578 .0613 7.3, .9879 .9892 9906 =.9920 .9933 .9947 9961 .9974 .9988 2.0001 
2.9 0647 .0682 .0716 .0750 .0784 .0818 .0852 .0886 .0919 .0953 7.4 2.0015 .0028 .0042 .0055 .0069 .0082 .0096 .0109 .0122 .0136 
3.0 1.0986 .1019 1053 .1086 .1119 .1151 .1184 1217 .1249 .1282 7.5 2.0149 .0162 .0176 .0189 .0202 .0215 .0229 .0242 .0255 .0268 
3.1 1314 1346 8.1378 §.1410 1442) 1474 1506 =.1537 1569-1600 7.6 0281 .0295 .0308 .0321 .0334 .0347 .0360 .0373 .0386  .0399 
3.2 .1632 .1663 .1694 1725 1756 .1787 .1817 .1848 .1878 .1909 7.7 0412 .0425 0438 =.0451 =.0464 =.0477_ 0490 = 0503, 0516 =~ .0528 
BeOS ORO OO Re 2000 205020602090 lO eA oe Oe 2208 7.8  .0541 .0554 0567 .0580 =.0592 0605 0618 =.0631 + =.0643 = 0656 
3.4 .2238 .2267 .2296 .2326 .2355 .2384 2413 .2442 .2470 .2499 7.9 .0669 .0681 .0694 .0707 .0719 .0732 .0744 .0757 .0769  .0782 
2y5) ABYSS YE Pees) Mold Aol ACE) PR 2) Ai! TR 8.0 2.0794 .0807 .0819 .0832 .0844 .0857 .0869 .0882 .0894  .0906 
3.6 .2809 .2837 .2865 .2892 .2920 .2947 .2975 .3002 .3029 .3056 8.1 .0919 .0931 .0943 .0956 .0968 .0980 .0992 1005 .1017 .1029 
ab ak) SIUNI@) SIRES! Bl ST 33h 8 Je LOT OSA OGG LOTS LODO 02 St D6 eS Se SO 
3.8  .3350 .3376 =.3403.—- 3429) 34553481 = .3507) = 3533. 3558 13584 Bs) ll i) SINS) MLNS LTS) DIT) Ir} LS} ILA 
3.9 3610 .3635 .3661 .3686 .3712 .3737 .3762 .3788 .3813 .3838 Ste 282 eee 2 Ae SOW SiS 5505423 5 eels OS mn Sti eenS Oo) 
4.0 1.3863 .3888 .3913 .3938 .3962 .3987 .4012 .4036 .4061 .4085 8.5 2.1401 .1412 1424 1436 1448 1459 .1471 .1483 .1494 =.1506 
41 4110 .4134 4159 4183 4207 .4231 .4255 4279 ~—.4303— 4327 Sie ISI ISS) ISHN IIIS! ISIS IES) OI Iu 
4.2 4351 .4375  .4398 4422 .4446 4469 .4493 4516 4540 4563 8.7 .1633 1645 1656 = .1668 = .1679 1691S .1702,— 1713, 1725 —S 1736 
43.4586 .4609 .4633 .4656 .4679 .4702 .4725 .4748 4770  .4793 8.8  .1748 .1759 1770 .1782 .1793 .1804 .1815 .1827 .1838 ~—.1849 
44 4816 .4839 4861 4884 4907 .4929 .4951 .4974 4996  .5019 Bx) ilfSKonllTIGS72. INGA} TE IOS ING IS IE) IOS) IE oil 
Ao) IO“ sles} SRS SII SII) SIS SIG) SIS) SIIB) 9.0 2.1972 .1983 .1994 .2006 .2017 .2028 .2039 .2050 .2061 .2072 
4.6 5261 .5282 .5304 .5326 .5347 .5369 5390 =.5412 54335454 One 20832094 2 See 2 1G ee? Ie Sie Seek ee 2 
4.7 5476 .5497 = 5518 —-.5539 5560) =.5581 = 5602) =—.5623. 5644 = 5665 OQ il a) A IS) SS PG PE PSS PI) PSY) 
48 5686 .5707 .5728 .5748 = =.5769 5790-5810) =—.5831 5851 5872 OFS 23 0023 12327 2330 34m 3 4S Ome SI 2 SOO 590 
49 5892 .5913  .5933. 59535974. 59946014 =—.6034 = 6054 ~— 6074 94 2407 .2418 .2428 .2439 2450 .2460 .2471 2481 .2492 .2502 
5.0 1.6094 6114 6134 .6154 .6174 .6194 .6214 6233 .6253 .6273 Qs) 2A) sv) we aay! ISS) OS) NTI) ato) SR PALO 
5.1 .6292 6312 =.6332,—-.6351_— 6371 = 6390 = .6409 6429 «6448 = 6467 9.6 2618 .2628 .2638 .2649 .2659 .2670 .2680 .2690 .2701 2711 
5.2. .6487 6506 = 6525. 6544 6563 6582 —.6601 +=.6620 §=—.6639 = 6658 Si APL AB ATED IS PO PA RS PBB eS) eae! 
5.3 .6677 .6696 .6715 .6734 .6752 .6771 .6790 .6808 .6827  .6845 9.8 .2824 .2834 .2844 2854 .2865 .2875 .2885 .2895 .2905 .2915 
5.4  .6864 .6882 .6901 .6919 .6938 .6956 .6974 .6993 .7011 .7029 OT er 202523 24 Omer 0 mer OO 201 OMS Om J Ol OOOMEES OIG 


Use the properties of logarithms and In 10 ~ 2.3026 to find logarithms of numbers less than | or 


greater than 10. 
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Appendix Ill ts to Selected Exercises 


Getting Ready (page 2) 
1.1,2,3,etc. 2. 5, é, etc. 3. —3, —21, etc. 


Exercises 1.1 (page 10) 


11. —15 13. set 15. whole 17. integers 19. subset 
21. rational 23. real 25. natural, prime 27. odd 
29. < 31. variables 33.7 35. parenthesis, open 
37. absolute value 39. 1,2,6,9 41. 1,2,6,9 
43, —3,-1,0,1,2,6,9 45. —3, -3,-1,0, 1, 2,3, V7, 3.25, 
6,9 47. —3,-1,1,9 49.6,9 51.< 53. = 
55.< 57> 
ae ; 6,6 i oar aie em Gla It 
63. <—e——e—>  .:2,2 65. <—e——_e—> :8,8 
0 2 0 8 
67. <— | _¢ 4 ¢ 4 4 |» 
12 3 4 5 6 7 8 
69. SE 71, ———— 
1 5 8 
73. 
10 11 12 13 #14 #15 16 17 #18 #19 20 
75.36 77.0 79. 230 81.8 83. 9; natural, odd, 


composite, and whole number 85. 0; even integer, whole 


number 87. 24; natural, even, composite, and whole number 
89. 3; natural, odd, prime, and whole number 91. = 
93. = 95.< 97.> 99, = 101. 7 > 3 
103.8<8 105.3+4=7 107. V2~141 
109.7=3 111.0<6 113.8<3+8 
115. 10-4>6-2 117.3-4>2-3 119.252 
—\—_o——— 
121, 5 
123. <— | a | | | | je 
15 16 17 18 19 20 21 22 23 24 25 
125. —— 127. 2 
Be 4 
Getting Ready (page 13) 
1.250 2.148 3. 16,606 4. 105 
Exercises 1.2 (page 27) 
1 1 5 4 11 1 
Ge Be See Me Oe ee 18y 286 
15.0.5 17. 3.24 19. true 21. false 23. true 
25. true 27. = 29. = 31. numerator 
33. undefined 35. prime 37. improper 39. | 
41. multiply 43. numerators,denominator 45. least 


common denominator, equivalent 
49. divisor, dividend, quotient 


47. terminating, 2 
51.2-3-5 53.2-+5-7 
9 3 8 

61.2 63. 3 . 65.2 67. _ 
9 

69.27 71.75 73.2 75.28 77.5 79.2 815 
22 1 2 1 5 

83. 5, 85.35 87.5; 89.13 91. 1 93. 5 

95. 0.8, terminating 97. 0.409, repeating 99. 158.65 

101. 44.785 103. 44.88 105. 4.55 107. 587.27; 

587.269 109. 6,025.40; 6,025.398 111.5 113. 4 

115.4 117. 2 


19 17 9 29 
119.75 121.75 123.5 125. > 

127. 350.49 
135. 314 acres 


129. 3,337.52 131. 10.02 133. 55.21 
137. 455 yd 139. $68.45 million 

141. $12,240 143. 13,475 145. $20,944,000 

147. $1,764.23 

boards 153. 205,200 Ib 


4 


3 
55,5 57.3 595 


Ihe wo|BXi— 


149. $1,170 151. the high-capacity 
155. the high-efficiency furnace 


Getting Ready (page 30) 


8 
4 29 S07 48 SiG Bae Fog 


Exercises 1.3 (page 38) 


1.32 3.64 5.24 711 9 16 


11. 
10 11 12 13 14 15 16 17 #18 19 20 


13. prime number 15. exponent 17. grouping 

19. perimeter, circumference 21. P = 4s; units 

23. P=2/+ 2w;units 25. P=a+bh+c; units 

27. P=at+b+c+dunits 29. C = zDor C = 2zr;units 
31. V = /wh; cubic units 33. V= 5Bh; cubic units 


37. 4:4; 16 
41. x-°x 


35. V= tar’; cubic units 
39. (od(io)t0)(i0): 008 


43. 3-2:°2:°72°2 


45. 51-5t 47. 5+2x-2x+2x 49. 36 51. 1,000 
53.18 55.216 57.11 59.3 61.13 63. 16 
65.17 67.8 69.34 71.11 73.1 75.1 

77. 1l6in. 79.15m 81. 25m? 83. 60 ft 

85. approx. 88m 87. approx. 1,386 ft? 89. 6cm* 

91. approx.905m* 93. approx. 1,056cm? 95. 36 
97.28 99.64 101.2 103.16 105.21 107.9 
109.8 111.5 113. 493.039 115. 640.09 

117. (3-8) + (5-3) 119. (3-8 + 5)-3 

121. 40,764.51 ft? 123. 1212 m 125. 480 ft? 127. 8 


131. bigger 


A-11 


A-12 APPENDIX III Answers to Selected Exercises 


Getting Ready (page 41) 


1.1752 2.294 3.2 41 5.96 6, 382 
Exercises 1.4 (page 48) 

1.5 383 54 72 9.20 11.24 #4213. arrows 
15. unlike 17. subtract, greater 19. add, opposite 
21,12 23. -10 25.342 27.78 29.2 31.0.5 
33. j5 35.1497 37.7 39-1 41.4 43, -7 
45.1 47.2.2 49.4 51.12 53.5 55.4 57.4 
59. -7 61.10 63.0 65.8 67.1 69.3 

71. 2.45 73. —-041 75. —7.08 77. —-2 79. -7 
81.-8 83.3 85.1.3 87. -8} 89. -4.2 91. -6 
93. -7 95. $175 97. +9 99. —4° 101. 2,000 yr 
103. 1,325m 105. 4,000ft 107. 5° 109. 12,187 
111. 700 113. $422.66 115. $83,425.57 


Getting Ready (page 50) 
1.56 2.54 3.72 463 59 66 7.8 8 8 


Exercises 1.5 (page 56) 


1.-3 3.24 5.-2 7-9 9-9 11. 1,125 1b 
13. —45 15. positive 17. positive 19. positive 

21.a 23.0 25.48 27.56 29. —144 31. 448 
33. -24 35.4 37. -64 39.72 41.5 43. —3 
45.-8 47.16 49. —-16 51.2 53. —-4 55. 2 
57. -4 59. —-20 61.-6 63. —-30 65.2 67. 1 
69.0 71. undefined 73.9 75.88 77.1 79. —8 
81. —96 83. —420 85.49 87.-9 89.5 91.9 
93.5 95.7 97.20 99-1; 101.-¢ 103. —y 


105. —+ 107. (2)(+3) = +6 


36 
109. (—350)(15) = —$5,250 111. (+23)(—120) = —2,760 
b. —$969 


113. 2 = +46 115. a. —$2,400 
c. —$1,044 d. —$4,413 117. 2-point loss per day 
119. yes 


Getting Ready (page 59) 


1. sum 2. product 3. quotient 4. difference 
5. quotient 6. difference 7. product 8. sum 


Exercises 1.6 (page 64) 

1,61 #3.—-I11 5.16 7. —12 
13. sum 15. multiplication 17. algebraic 19. term, 
coefficient 21.x+y 23. y—x 25. xy 27. 3xy 
29.2 31.7 33.3 35.30 37.4 39. -3 

41. undefined 43.5 45.1;6 47.3;-1 49. 4;3 
51.3;-4 53.4;3 55.2+5 S5%z2-xy 59. 5 
61. ~ S 4 63. the quotient obtained when the sum of 3 and x 
is divided by y 65. the product of x, y, and the sum of x 
andy 67. thesumofxand3 69. the quotient obtained 
when x is divided by y 71. the product of 2, x, and y 


1 
9.532 11.5 


73. the quotient obtained when 5 is divided by the sum of x 
andy 75.x+2;10 77y—2z;2 79 yz —3;5 
81. ea 16 83. 19andx 85. x 87. 3,x,y,andz 
89. 17,x,andz 91.5,l,and8 93. xandy 95. 75 
97. xandy 99ct+4 101.a,4-—20 bct 20 
103. $35,000n 105. 500—x 107. $(3d + 5) 

109. 49,995,000 


Getting Ready (page 67) 


1.17 2.17 3. 38.6 
8.1 9.777 10. 777 


4. 38.6 5.56 6.56 7.0 


Exercises 1.7 (page 73) 
7. x+ypez 9.2 
17. (b+ c) 
25. a, i: multiplicative 

33. 3 35. Bothare 12. 


11. positive 13. real 15. a 
19. ac 21. a 23. element, multiplication 
27.10 29. —24 31. 144 

37. Bothare 29. 39. Both 
are 60. 41. Bothare 175. 43.4x+8 45. 2z —6 
47.3x+3y 49.x°+3x 51. —ax — bx 
53. —4x7—4x—8 55. -2,5 57. —4,3 
61.3,-2 63.0.2,-5 65. —3,3 67. 3x+3-2 
69. xy? 71. (y+ x)z 73. x(yz)_~—s 75. Both are 0. 
77. Bothare—6. 79. —5t—10 81. —2ax + 2a 
83. comm. prop. of add. 85. comm. prop. of mult. 
87. distrib. prop. 89. comm. prop. of add. 91. identity 


59. 0, none 


for mult. 93. add.inverse 95. add. identity prop. 
Chapter Review (page 75) 
1.1,2,3,45 22,35 3135 444 5. -6,0,5 
6. —6,-3,0,2.6,5 7.5 8. allof them 
9-60 10.5 11. V2,7 12.-6,-3 13. < 
14.< 15.= 16> 17.8 18 -8 
19: oe pg 

14 15 16 17 18 19 20 
20. 

19 20 21 22 23 24 25 
21, es] $f 22, <> 

a 4 4 3 

23.11 24.31 25.3 2611 27.4 284 29.1 
30.2 31.5 32.5 335° 342 35. 36% 
37. 815 38. 215 39. 48.61 40. 12.99 41. 18.55 
42.3.7 43. 4.70 44, 26.36 45. 3.57 46, 3.75 
47. 66; acres 48. 6.85hr 49.57 50. 40.2ft 51. 81 
52.5 53.025 54.33 55.25 56. 49 
57. 223sqft 58. 15,133.6ft? 59.32 60.7 61. 6 
62.3 63.98 64.38 65.3 66.15 67. 58 
68.4 69.7 70.3 71.22 72.1 73. 15 
74. -57 75.-65 76.5 77.-12 78.16 79.1.2 
80. -3.54 81.19 82.1 83.-5 84-7 85.3 
86.1 87.1 88 -+ 89.12 90.60 91.4 
92. 1.3875 93.35 94-105 95.3 96. —45.14 


97.5 98.7 99.4 100.6 101.-5 102. —2 
103. 26 104.7 105.6 106.3 107. xz 
108. x + 2y 109. 2(.x+ y) 110. x — yz 


111. the product of 3,x,andy 112. 5 decreased by the 
product of yandz 113. 5 less than the product of y and z 
114. the sum of x, y, and z, divided by twice their product 
115. -4 116. —1 117. —-2 1185 119. 4 
120.6 121. -6 122.3 123.2 124.6 125. —7 
126. 39 127.6 128-2 129.3 130.7 131. 1 
132. 9 133. closure prop. of add. 134. comm. prop. of 
mult. 135. assoc. prop. of add. 136. distrib. prop. 

137. comm. prop. of add. ‘138. assoc. prop. of mult. 

139. comm. prop. of add. 140. identity for mult. 

141. add. inverse 142. identity for add. 


Chapter 1 Test (page 82) 
1. 31,37, 41,43,47 2.2 


3, <b 1 
“0 1 2 3 4 5 6 7 8 9 10 
0 


4. ee 5. —-23 6. 
BI 15 


13 


92> 10= W532 121 135 143=45 

15. -1 16. -j; 17.77.7118. 301.57ft? 19. 64cm? 
20. 1,539in.® 21. -2 22. -14 23. -4 24. 12 
28.5 26,=23 °° 27.5 28. Sy = (+ 7) 

29. 24x + 14y 30. $(12a + 8b) 31. 3-32. 4 

33. 3x +6 34 -prt+pt 35.0 36.5 37. comm. 


prop. of mult. 38. distrib. prop. 
40. mult. inverse prop. 


39. comm. prop. of add. 


Getting Ready (page 84) 


1-3 27 3.x 41 5- 61 74 84 
9. 3 


Exercises 2.1 (page 95) 

1.20 32 51 7210 972 11.3 13.14 
15. —317 17. equation, expression 19. equivalent 
21. equal 23. equal 25. regular price 27. 100 
29. equation 


31. expression 33. equation 


35. expression 37. yes 39. no 41. yes 43. yes 

45. yes 47. yes 49.19 51.—-8 53.519 55.5 
57.6 59-13 61.-4 63.-j; 65.25 67. 15 
69.1 71.-3 73.3  75.-11 77.-9 79. 27 
81.5 83.98 85.85 87. 4,912 89. $9,345 

91. $90 93.80 95.19 97. 320 99. 380 101. 150 
103. 20% 105. 3.3 107. —64 109. —28 

111. 5.58 113.3 115.74 117. -33. 119. 4 
121. j; 123. -5 «125.5 127. -2 129. —} 

131. 8% 133. 200% 135. $270 137. 6% 139. $260 
141. 234 143. 55% 145. 2,760 147. 370 

149. $17,750 151. $2.22 153. $4.95 155. $145,149 


159. about 3.16 


APPENDIX Ill Answers to Selected Exercises A-13 


Getting Ready (page 98) 


1.22 236 35 44% 5-1 6-1 7.3% 
a, <8 : 

7 3 

Exercises 2.2 (page 105) 

1.add7 3.add3 5. multiplyby3 7.3 9. 50cm 
11. 80.325in.? 13. cost 15. percent 17. percent of 
increase 19.1 21. —-2 23. —-1 25.3 27. —54 
29. -9 31.3 33. —-33 35.28 37.5 39. 10 
m.42 43.10 45.-4 47.10 49.4 51.2 
53. -0.7 55.-2 57.2 59-5 61.3 63. 20 
65. "> 67.2 69.7 71.-8 73. -; 75.0 
77.6 79.2 81. $250 83. 7days 85. $50 

87. 6%to 15% 89.5 91.3 93. 29min 95. $7,400 
97. nochance; he needs 112 101. —— 4 = 5 

Getting Ready (page 107) 

1.3x+4x 2. 7x +2x 3. 8w-3w 4 10y — 4y 


5. 7x 6.9x 7. 5w 8. 6y 


Exercises 2.3 (page 113) 


1.68% 320 5.12 73 92 411.0 13. 2 


15. a 17. x 19. variables, like, unlike, numerical 


21. identity, contradiction 23. 20x 25. 3x° 

27. unlike terms 29. 7x+6 31. 7z — 15 

33. 12x +121 35. 6y+62 37. -2x+7y 39. —41 
41. —3 43. —2 45. 3 47. | 49. 1 51. 6 
53.35 55.-9 57. -20 59.9 61.16 63.5 
65.4 67. identity,R 69. contradiction, @ 

71. contradiction,@ 73. identity,R 75. expression, 
2+y 77. equation,8 79. expression, 5x + 7 

85. equation, 4 


81. equation, —20 83. equation, R 


87. equation,2 89. expression,5x + 24 91. equation, 
—3 93. expression, 0.7m + 22.16 95. equation, | 
97. equation,0 99.0.9 105. 0 


Getting Ready (page 115) 
1.63 20-5 3r 4-a 57 612 Ad &s 


Exercises 2.4 (page 120) 


1,a= 3 3.b=ac 5.5x—-—Sy 7 -x- 13 


9. literal 11. isolate 13. subtract 15. / =&£ 
_/V = _ 3V _ 3V 
7.w=7, 19. A= K-— 32 21..h4= 5 23.4 ==35 
25.x=2y-2 27.B=84-4 29, B=5A-Sor 
2A — 15 2p — hr 2 G 
B= 3 31.q¢= 75 “org=f r 3B. r=55 + 1 
orr = SE 35.1=41= 37.c=P-a-b;c=3 
39. = 5 41. w=! 43. 1=454 45. w = 78 
_ we _ Fd? Dg 
47.g=%% 49.M=G, 51. t=J5t= 
— 2K 4 — _ BV Ae _E, 
53.4 = 7a = 8 55. h = —3;h = 3 in. 57. l=; 


A-14 APPENDIX III Answers to Selected Exercises 
T=4amp 59. R= £;R = 13.78ohms 61. m= Ht 


63. D = £— 325 — 3.25R pn — GF 65. C ~ 0.13047, about 
13% of taxable income 69. 90,000,000,000 joules 


Getting Ready (page 123) 


1. (x + x + 2) ft or (2x + 2) ft 
3. P=2/+2w 


2. (x + 3x) ft or 4x ft 


Exercises 2.5 (page 128) 


Le S20 Sem FH 6 8. 
11. $1,488 13. 2/+2w 15. vertex 17. degrees 
19. straight 21. supplementary 23. 4 ft and 8 ft 

25. Sft, 10 ft, IS ft 27. 6ft, 8 ft, 10ft 29. 9,500 hard- 


3 


covers, 104,500 paperbacks 31. 10° 33. 159° 35. 47° 
37. 27° 39. 53° 41. 130° 43. 19 cm by 26 cm 
45. 17in. by 39in. 47. 19ft 49. 20° 51. $6,000 


53. $4,500 at 9% and $19,500 at 14% 55. $3,750 in each 
account 57. $5,000 59. 6% and 7% 


Getting Ready (page 131) 


1.60mi 2. 385mi 3. 5.6gal 4. 9 lbs 


Exercises 2.6 (page 137) 


1.50hmi 3.480z 5. -17 7-1 9-3 11.6 
13.d=rt 15.v=pn 17. 3hr_ 19. 3.5 days 

21. 6.5hr 23. 2 br or approximately 17min 25. 10 hr 
27. 75hr 29. 65mphand45mph 31. 4hr 

33. 2.5liters 35. 20gal 37. 50gal 39. 7.50z 

41. 40 Ib lemon drops and 60 Ib jelly beans 43. $1.20 


45. 80lb 47. $5.60 


Getting Ready (page 140) 
1. 2 2. ——|__- 
-1 5 
3. ooo 4. ——SJ 
= 4 


2 A 


Exercises 2.7 (page 145) 


x<2 Bx2=2 BX<6 7. 5x - 2; 
9. —x +14 11. is less than; is greater than 13. double 


inequality 15. inequality 17. x > 3; <———{eememp— 
3 
19. x = — 1; ~ee]— > 
af 
21. x 45 ~et —___> 
4 
23. x > -3;-+<_—_—> 
3 
25. x > —1; <__ > 
-1 
27. x = 3; <__$__ 
3 
29. x = — 10; <—___}— 


-10 


31. x> — 3; <—$_$_ 
-3 
33. x < —2; ———}_> 
an 
35. x < —-4; ——— 
4 
37. x > 3; —— 
a 
39. x > —15; —— 


-15 
41.7<x< 10; << $_{s) > 
- 10 


43. —9< x = 3; 
-9 3 

45. —10=x =0; .__, 
-10 0 

47. “4<x<1,. 
4 1 


49. 


51. x= 


53.x5 as 


20 
55. x > —-7; ——— 
=<] 
57. x24; ——— 
4 
59. -S5<x< 25 <—$,s) > 
-5 2 
61. -6=x5 10; $f] > 
-6 10 


63. 2=x<3,. poy 
2 3 

65. -“lsx<2;. {ou 
-1 2 


67. -6<x< a 
6 14 


69.s=98 71.s217cm 73. r= 27 mpg 
75.0..misx=2.5mi 77. 3.3mi<x< 4.1 mi 
79. 66.2°< F< 71.6° 81. 37.052 in. < C < 38.308 in. 


83. 68.18kg<w< 86.36kg 85. 5ft<w<9ft 


Chapter Review (page 148) 
1. yes 2.no 3.no 4 yes 5. yes 6 no 7. 1 


89 916 10.0 11.4 12. -2 13. $105.40 
14. $97.70 15.5 16-2 17.45 183 19.18 
20.-35 21.-5 22.6 23.245 24. 1,300 
25.37% 26.12.5% 27.3 282 291 30.1 
31,1 32,-2 33.2 347 35.-2 36-1 
37.5 38.3 39.13 40.-12 41.5 42.7 
43.8 44.30 45.1 46.44 47. $320 48. 6.5% 
49. 96.4% 50. 53.8% 51. 14x 52. 19a 53. 5b 
54. -2x 55. —2y 56. unliketerms 57. 9x 
58.6—7x 59.4y°-6 60.4 61.7 62. 13 


63. -3 64 —41 65.9 66. —-7 67.7 68.4 
69. -8 70. —-18 71. identity, R 72. contradiction, @ 
73. identity, 74. contradiction,@ 75. R= 

_i _P __d _ 
Le aaa 77. R=p 78.67 =7 79.h=;, 

_y=b _v¥ a _ Fa? 
80.m="—" 81.h=73 82.r=575, 83. G= Fz, 
84. m= gr 85. 5ftfromoneend 86. 15° 87. 45° 
88. 21° 89. 111° 90. 13in. 91. $16,000 at 7%, $11,000 
at9% 92. 20min 93. 2hr 94. 7.5 hr 


95. 24liters 96. lliter 97. 10 lb of each 


EE 
1 


= 
100, <font 101, -< [em 
4 6 
102. <p 103. ee} > 
3 3 
104, oe ee. 105. oe ee 
6 11 -1 1 


106. 6ft</=20ft 


Chapter 2 Test (page 154) 


1. solution 2. solution 3. notasolution 4. solution 
5. -36 6.47 7.-12 8-7 9-2 10.1 
11.7 12. -3 13.6x-—15 14 8x-—10 15. —-18 
16. —36x +13 17.-2 180 19.7=4 
20.1/="5%* ah=A 2r=45* 
23. 75° 24. 75° ~=—-.25. $6,000 at 6%, $4,000 at 5% 
26. 2hr or 36min 27. 7 liters 28. 40 Ibs 
a es 
3 -28 

31. —————— 32. <——$—————| —_> 

-3 4 3/5 3 


Cumulative Review Exercises (page 155) 


1. integer, rational, real 2. rational, real 
3. <—l |__¢ _¢ 4 4 1, 


1 


a ae re eee ee 
2 7 
9.0 10.-2 11.16 12.0 13. 24.75 14. 5,275 
15.5 16. 37,y 17. -2x+2y 18%x-5 
19. —2x7y) 20. 3x +16 21.13 22.41 23.4 
24.R 25.h=;74, 26.x=%—* 27, $22,814.56 
28. $900 29. $12,650 30. 125lb 31. no 
32. 7.3 ftand10.7ft 33. 147kwh 34. 85ft 35. —9 
36. 1 37. 280 38. —564 
39, <<} ___- 40. .—___——|__.. 
-14 as ai 
Getting Ready (page 158) 
age —-= 
23 os 3. ——— | 
2 3 
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a oe 


-3 2 


Exercises 3.1 (page 165) 


3. IV 5.12 7.8 9% 7 11. —49 
15. origin 17. rectangular, Cartesian 
21. no 23. origin, left, up 25. II 
27. y 29. 3 or —3, 5 or —5, 4 or —4, 
he 4 Be 5 or —5, 3 or —3, 5 or —5, 4 or 
—4 31. 10 minutes before the 
workout, her heart rate was 
> x 60 beats per min. 
33. 150 beats per min 
Ce 35. approximately 5 min and 
De oF 50 min after starting 


37. 10 beats per min faster after cool-down 39. $2 41. $7 
43. 44¢;76¢ 45. 32¢ 47. Carbondale (55, J), Champaign 
(7, D), Chicago (85, B), Peoria (53, C), Rockford (53, A), 


13. ordered pair 
19. coordinates 


ne 


Springfield (45, E), St. Louis (44,H) 49. a. 60°: 4 ft 
b. 30°; 4 ft 
51. y a. 35mi__ib. 4 gal 
A c. 32.5 mi 
35 
> 30 
& 95 
3 20 
Qa 10 
5 
> xX 
1234567 8 
Gasoline (gal) 
53. y a. A 3-yr-old car is worth 
$7,000.  b. $1,000 
7 c. 6 yr 
Z 6 
S 5 
Bw 4 
o3 
S 2 
1 
1234567 8 
Age of car (years) 
Getting Ready (page 169) 
1.10625 3.-3 42 
Exercises 3.2 (page 180) 
1.3 7. —96 9. anexpression 11. 1.25 13. 0.1 
15. two 17. independent, dependent 19. linear 
21. y-intercept 23. yes 25. no 
27. —3, —2, —5, —7; (0, —3), (1, —2), (—2, —5), (-4, —7) 


29. 0, —2, —6, 4; (0, 0), 1, —2), (3, —6), (—2, 4) 


A-16 APPENDIX III Answers to Selected Exercises 
31. y 33. 55. y 57. y 
A 
y =|2x 
Rxl=5 
y=0 
> X ee > xX 
35. y 37. y 59. Cc 
re A Paes 
> xX Ss 6 
B 5 
& 4 
> XxX on 
33 
ly = 12x42 ly = .5k 4 5 32 
2 
fo} 
ia > U 


2 4 6 8 101214161820 
Units taken 
a. c= 50+ 25u  b. 150, 250, 400; (4, 150), (8, 250), (14, 400) 
c. The service fee is $50. d. $850 
61. h 


A 


65 


(in.) 


Height 
S 


r 
a 7 8 9 10 ~ 


Length of radius bone (in.) 


a. 56.2, 62.1, 64.0; (7, 56.2), (8.5, 62.1), (9, 64.0) b. 
c. 58.1in. 69. (6,6) 71. (—3,3) 


taller the 
73. (7, 6) 


woman is 


Getting Ready (page 184) 
1.-3 2.-2 31 4.6 


ax + dy = 12 
Exercises 3.3 (page 192) 


1. yes 3.no 5.16 7. —-18 9. system 


51. y 


y= 5 


53. 


11. independent 


13. inconsistent; @ 


19. no 


21. yes 


23. no 


25. no 
29. 


y 


15. yes 


x\-ys4 


17. yes 


> xX 


BX by= 18 
inconsistent 


inconsistent 


system system 
39. y 41. y 
A A 
ox 3y = 9 
> x y+ 2x = 3 
ya Dx = 4 
4x4 2ys8 > x 
dependent dependent 
equations equations 


55. (1,3) 57. (3,-3) 59. 1994; about 4,100 
61. a. Houston, New Orleans, St. Augustine —_b. St. Louis, 
Memphis, New Orleans c. New Orleans 63. yes, (2, 2) 
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Getting Ready (page 196) 
1.6x+4 2. —-25-10x 3.2x-4 4 3x- 12 


Exercises 3.4 (page 201) 


1.2z2+1 3.3f+3 5.5 7.12 9 10 

11. y,terms 13. @ 15. infinitelymany 17. (2, 4) 

19. (3,0) 21. (-3,-1) 23. (3,-2) 25. (—1, 2) 

27. (1,1) 29. (4,-2) 31. (—2,3) 33. (4, 2) 

35. (-5,—-5) 37. ©;inconsistent system 39. ©; inconsis- 
tent system 41. dependent equations, (x, 3x — 4) 

43. dependent equations, (a, -143) 45. (5, 3) 47. (3, 2) 
49. (1,4) 51. (-1,-1) 53. (-3,-1) 55. (-1, —3) 


57. (4,4) 59. (-6,4) 61. (3,4) 63. (5,5) 


65. 30°, 60° 


Getting Ready (page 203) 
1.5x=10 2y=6 3.2x=33 4 18y = 28 


Exercises 3.5 (page 208) 


ee a es 
2 

11. coefficient 13. general 15.15 17. (1,4) 

19. (—2,3) 21. (1,1) 23. (2,5) 25. (2,3) 

27. (3,-2) 29. (2,7) 31.(2,2) 33. (-2,3) 

35. (-5,0) 37. (-1,2) 39. (-1,-1) 41. (-1,2) 

43. (0,1) 45.@ 47. @ 49. infinitely many solutions 


of the form (x, 3% = 6) 


form(x,*54) 53. (-3,4) 55. (0,8) 57. (2, -1) 
59. (3.3) 61. (1,-3) 63. (-2,3) 65. (2, 2) 
67.x=3,y=2 71. (1,4) 


51. infinitely many solutions of the 


Getting Ready (page 210) 
lxty 2x-y Bxy 4 ri 5. A= lw 
6. P = 2/ + 2w : 


Exercises 3.6 (page 218) 

1.2x 3.2x+3y 5. $(3x + 2y) 

a Se ae Sere | 8c 
4 -1 2 


13. ab? 15. variable 17. system 19. President: 
$400,000; Vice President: $192,600 21. $162,500 23. 10 ft, 
15 ft 25. mitt: $29.50, glove: $21 27. 25 ft by 30 ft 

29. 60 ft? 31.9.9 yr 33. 80+ 35. $2,000 37. 250 
39. 1Omph 41. 50mph 43. 5 L of 40% solution, 10 L of 
55% solution 45. 321lb peanuts, 16lbcashews 47. 32, 64 
49. 8,5 51. cleaner: $5.40, soaking solution: $6.20 

53. 6,720 ft 55. 81Z1b 57. 38,500 diabetes; 

269,500 cancer 59. 3% 61. $800 


Getting Ready (page 222) 


1. below 2. above 3. below 4. on 5. on 
6. above 7. below 8. above 
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Exercises 3.7 (page 230) 55. y 57. y 
1.no 3. yes 5.no 7 no 9 3 W.7=454 \ 
13. 7a—15 15. —2a+7b 17. inequality x-2ys4 ‘ amie 
19. boundary 21. inequalities 23. doubly shaded . =e 
25.a.no b. yes 27. a. yes bono oc yes d. no . y aia 
29. a. no b. yes cc. yes. d. yes . 
42-38. 
31. y 33. y = \ 
A ‘ 
59. y 61. y 
A A F 
=x > x ae Bx fF 2 a 
ae La2 
y<xt+2 aur) al 
y<4x a pal 
ae 2y-x<8 4a 
é 3x — 4y> 12 
35. y 37. y aa * 
A A / 
H 63 
y>ix+3 7 y>2x-4 y * : 
— al x J sltde 5x + 4y = 20 
Zan df 
\all / 
7 
ral # 
5x +/4y =|20 
39. y 41. y a 
A zy 
y 224 q 
I 
x<2 | 
x ee 
I 
I 
I 
I 
I 
I 
1 
43. 45. y 


47. 


51. 3x + 4y < 120 


77. (50, 50), (30, 40), (40, 40) 


y 
A 


50 


40 100x + 88y > 4,400 


30F 
20 


10- 


79. (80, 40), (80, 80), (120, 40) 


81. y 


10x + Sy 230 
10x + I5y-<'60 


> xX 


1 $10 CD and 2 $15 CDs; 
4 $10 CDs and 1 $15 CD 


Chapter Review (page 236) 


1-6. y 
Ey 
eA 
oc 
"a lA > Xx 
eB 


| | | L = 
10 20 30 40 50 


y 
A 


160 


120 


80 


40 


40 80 120 160 200 


50x + 100y 4 
< 900 4 


y>ix| jo 


2 desk chairs and 4 side chairs; 
1 desk chair and 5 side chairs 


7. (3,1) 8. (—4, 5) 
9. (-3, -4) 10. (2, —3) 
11. (0,0) 12. (0, 4) 
13. (—5,0) 14. (0, —3) 
15. no 16. yes 
18. y 

A 

y=|2x +11 
>X 
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19. Bb 20. y 
A 


BxTE DYE ES 
Tx - 4y = 28 


> x 


25. yes 26. no 
29. (4, 3) 


y 


27. yes 28. yes 


30. (—3, 0) 


ax +y=|2 
> xX 
a2y=|2 
dependent|equations inconsisten 
system 
33. (-1,-2) 34. (-2,5) 35. (1,-1) 36. (-2,1) 
37. (3,—5) 38. (3,4) 39. (-1,7) 40. (-3,4) 
41. (0,9) 42.0 43. (x,-3x +3) 44. (0,0) 
45.3,15 46. 3ftby9ft 47. 50¢ 48. $66 49. $1.69 
50. $750 51. 3mph 52. 30 milliliters of 10% saline, 


20 milliliters of 60% saline 


A-20 APPENDIX III Answers to Selected Exercises 


53. 


54. y 13. inconsistent 14. consistent 15.65 16. 3 adult 
17. $4,000 18. 1 mph 


ee 


Getting Ready (page 246) 
1.68 2.9 3.6 46 5.12 632 7.18 8 3 


Exercises 4.1 (page 252) 


1. base x,exponent3 3. baseb,exponentc 5.36 7.9 
ee a ae Os Ee ee Oe ee 
4 3 2 -l1 0 1 2 3 


11. the product of 3and the sum of xandy 13. |2x| + 3 
15. base, —5,3 17. (3x)(3x)3x)3x) 19 yryryryry 
21. x"y" 23. a’ ~—s.27. base 4, exponent 3-29. base x, 
exponent5 31. base2y,exponent3 33. base x, 
exponent4 35. base x,exponent1 37. base x, exponent 3 
39.625 41.13 43.561 45. —-725 47.5-5°5 

AO, xe xe xxx XxX 51. 4 exe xe xxx 


59. 3 shirts and | pair of pants, | shirt and 2 pairs of pants 53. (32)(30(30(30(31) 55.2 57. x* 59. (2x)? 

61. —4¢¢ 63. x’ 65. x19 67.a'° 69% y? 71. 12x’ 
Chapter 3 Test (page 243) 73. —4y° 75.38 «77. y 79. x 81.47’ 83. x?! 
1. y 2: y 85. °° 87. xy 89. rs? 91. 16a°b* 93. — 87°? 


95.53 97.5 99% x7 101. y* = 103. 3a 105. abt 

107. ¢ 3109. 6x?) «111. a@! 113. 24329115. 

117, 2" 419, 7 121,22" 123.2 125, 84 
an ° 27a ° 2 ° 8 * 27 


127, W129. 2ft 131. $16,000 133, $45,947.93 


Getting Ready (page 255) 


weo2a2 Rt at 
2 y 


3: xy 
Exercises 4.2 (page 259) 
15°32 5x 21 92 11.8 
ali : 13, 5=f@=Dos- PH 45,14 175 19.1 
21,2 28.0 25.0 Bigs 29.2 Ble Gea 
33. —ips 35. Sp 378 A AB 2? 


15 


5b* 1 1 1 c 
45. — 47.72 49. aS opp = 53- aGQRS 


8. 
u 55." 57. 59"? 61 y+ 63.8 65. 1 
(1,4) 67.1 69.512 71.1 73.-2 75.4 77. 0” 
b 
ely 79, x8"? gay 883.” 85. 87. a 
2. 
a 89.3, Os 938 951 OT a 9% as 
aL, 1 8,12 _ y!? oh. 
bebe 101.5 103.5 105. a°*b'* 107. —x3as 109. a 
y= ll =Bx 766.28 i 14 14 : 4,8 
256x*' l6y x l6uty 
1 1 1 ee 1 


9. (—3,-4) 10. (12,10) 11. (2,4) 12. (—3, 3) 


17y2725 
x35 


1 
119. <5 0-121. 


127. $3,183.76 


123. <a 
129. $9,875.85 


125. $6,678.04 


Getting Ready (page 261) 
1.100 2.1000 3.10 4& 7 
7 


7.30 8. 705 


5. 500 6. 8,000 


Exercises 4.3 (page 266) 


1. 3.7210? 3. 4.72 x 10° 
9. comm. prop. of add. 11. 6 
15.2.3 10' 17.1.7 10° 19. 6.2 x 10°? 
21.2.75X 10° 23. 425x107 25.2.5x 102 

27. 230 29. 812,000 31. 0.00115 33. 0.000976 
35. 714,000 37. 30,000 39. 200,000 41. 0.000075 
43.51xX10° 45.2.57x 108 47.4x 10” 

49. 25,000,000 51. 0.00051 53. 2.57 xX 10° mi 

55. 114,000,000 mi 57. 6.22 X 10-7 mi 

59. 1.9008 x 10'' ft 61. 1.09914 x 10’ gallons 

63. 3.3 X 10 ‘km/sec 65. x-rays, visible light, infrared 
67. 1.5 X 10-4,2.5 x 103 


5.3.72xX10' 7.5 
13. scientific notation 


Getting Ready (page 268) 


1.277? 23x70 320° 43P Bax ty 5. Oxy 
6. 5x74 7. Sry? 8. x yh? 
Exercises 4.4 (page 277) 
98 IW. 13. x8 15,” 
-3 
17. algebraic 19. monomial; binomial; trinomial 
21. sum =: 23. _ independent; dependent 
25. quadratic, parabola 27. descending;5 29. function 
31. yes 33. no 35. binomial 37. trinomial 
39. monomial 41. binomial 43. 4th 45. 3rd 
47. 8th 49. 6th 51.7 53. —-8 55. —-4 57. —5 
59. 1,—2,—-3,-2,1 61. —6,1,2,3,10 63. 1 
65.-3 67.5 69. —~ 
71. y 73. y 
A A 
ale fa) = 42 
fee = 92 +4 > Xx 

D: R; R: [-1, ~) D:R;R:R 
75. trinomial 77. noneof these 79. binomial 81. 12th 
83. Oth 85.3 87.11 89.2.25 91. 64 ft 
93. $28,362 95. 63 ft 
Getting Ready (page 280) 
1.5x 2. 2y 3. 25x 4.52 5. 12r 6. not possible 


7.0 8. not possible 


APPENDIX Ill Answers to Selected Exercises A-21 
Exercises 4.5 (page 284) 
1.4x° 3. 2y 5. -2y? 74° +p 9-8 11. -9 
13. <——— |} _- 15. monomial 
3 


17. coefficients, variables 19. like terms 
Ty 23. unliketerms 25. like terms, 13x° 27. like terms, 
8x*y* - 29. like terms, 65t° 31. unliketerms 33. 9y 

35. x 37. —41° 39. 25x74. -2la 43. 16" 

45. 7x°y° 47. —8ab> 49. 7x +4 51. 7x — Ty + 22 
53.5x°+x+11 55. -7x°-7x?-x-1 57. 2a+7 
59.207 +a-—3 61. 5x7 + 6x —-8 

63. —xt+6x+x+14 65. -19x-4y 67. -2x7- 1 
69. 6x-—2 71. —5x7-8x-—19 73. 5x? — 25x — 20 
75. 4y°— 12y° + 8y +8 77. 14rst 79. —6a7be 

81. 15x° 83. 4x7y? 85. 95x84 87. Sx + 15 

89. 3x —3y 91.70 + 7c 93. 2x°y + xy + 137° 

95. —12x°y? — 13xy + 36)" 97. 3a°b? — 6ab + b° — 6ab* 
99. —6x°y" + 4xy*z — 20xy? + 2y = 101. 6x7 — 2x - 1 

103. +32 +6t-—5 105. —3x° + 5x -7 
107. $114,000 109. $132,000 111. a. $263,000 
b. $263,000 113. y = —1,100x + 6,600 

115. y = —2,800x + 15,800 119. 6x + 3h — 10 


21. like terms, 


b 


i) 


121. 49 


Getting Ready (page 287) 


1. 6x 2. 3x* 3. 5x? 4. 8x? 5 3X +15 
6. -2x-10 7. 4y-12 8 -2y° +6 
Exercises 4.6 (page 294) 

1. 6x° — 2x7 3. Ixy t+ Ixy? 5. x + 5x + 6 


7.2x°+7x+6 92° + 6x +9 
13. comm. prop. of mult. 15. 0 


11. distrib. prop. 
17. monomial 


19. special products 21. 6x7 23. 15x 25. 12x° 

27. —1017 29. 6x°y> 31. —24b° BB. a? 

35. ab'c’ «37. 3x +12 39. —4¢- 28 41. 3x* — 6x 
43. —6x' + 2x? 45. 3x°y + 3xy? 47. 6x4 + 8x79 — 142° 
49.2x’-x 51. -6° °° +2r' 53. a? + 9a + 20 


57. 64 +2a—20 59. 6° — 7x —5 
63. uw? + 2tu + uv + 2tv 


55. 3x° + 10x — 8 
61. 657 + 7st — 307 


65. x°+xz+xyptyz 67. 2x7 -6x-8 

69. 3a° — 3ab*>— 71. —6x4*y4 — 6x3? 73. 50? — 11t 

75. x°+10x +25 77.x°-8x+16 79. 49° +4541 
81. x — 4xy + 4y> 83. 7° — 16 85. 16x° — 25 


89. 47° + 110° + 181+ 9 

93. 12x° + 14xy — 10y” 95. —3 
97. -8 99.-1 101.0 103. x'°y'? 105. x!>y® 
107. —3x*y’z8 109. 2x7 +3x-9 111. 7° —6r+9 
113. 6x7 — 7x —5 115. —4r? — 20rs — 215° 


87. 2x°4+ 72? 4+x-1 
2 


91. 4x° + Ilx + 6 


117. 4a? — 12ab + 9b? 119. 16x” — 25y? 121. x? - 1 
123. —3x° + 25x°y — 56xy> + 16y? 125. x° — By" 
127. x°y + 3xy> + 2x7 129. 2x7 +xy— yy? 131. 4 


135. 4.7 —5x— 11 137. 3b°>+ 25-4 


141. 90 ft 


133. —12x 
139. 4m 


Getting Ready (page 297) 
1. 2xy?> 2y 3B. _ 4. = 5. xy 6.3 


A-22 APPENDIX III Answers to Selected Exercises 


Exercises 4.7 (page 301) 


1.2.7 3. 5bc? 5.1. 7. binomial 9. none of these 
11.2 134 15.-3 174 191 21.-; 23.2 
25. polynomial 27. two 29. 5 31. = 33. = 

2x? 3u3 2 5. 3 Kp 2 1 2 

1, 2y 1 1,2 2 1 
45. 2 + 2 ADs ip Ty 49. 3x°y — 2x — 5 

2 
Sse ty ti §3.3¢-2) 55.0 = 5 
4x, 3x? 4r 13 

57. -3 “p 7 59. xy — 1 61. 2 63. Pz 65. = 345 

xt 828 3r x8 125 xy? 
67% 69.0 71,-5 73-5 75. g3 77. 5 
79.0 81.2 83,1, 95.2-U+2 87. yes 


89. yes 


Getting Ready (page 304) 
1.613 2.21 3.19 4. 13 


Exercises 4.8 (page 309) 


1.2+2 3.244, 5.x 7. 21,22, 24,25, 26, 27, 28 
9.5 11. -5 13. 8x7-6x+1 15. divisor, dividend 


17. remainder 19. 4x7 — 2x7 + 7x + 6 


21. 6x4 — x79 + 2x7 + 9x 23. Oxtand0x 25. x+2 
27.x+2 29. x-3 PAs aes 33. 3a — 2 : 
35.543 37.x +1 tag 39. 2x +2 + 5744 
4l.a+b 43.2x—y 45.x—-3y 47.a+2b 
49.2x+1 51.x-7 53.x4+1 £55. 2x -3 
57.x-y 59x +2x4+4 61. 4¢2xy4+ 

63. a — 3a + 10 + i 65. 3x+2y 67. x + 5y 
69.x-—S5y 71x +2x—-1 73. 2x7 + 2x41 


77. x° + 2x41 
xf 81. 2? + 8x +4 14H SK 
a 
2y + 3 


75. x +xyty? 
79. x°+2x—-1+ 
83. 3y° + 6y —9 + 


Chapter Review (page 311) 


1. (=3x)(—3x)(—3x(-3x) 2. (Spa) (4pa)(Spa) 3. 125 
4.243 5.64 6-64 7.13 825 9x 10. x° 
Wy?) 12, x7 13. ab? 14. 81x* 15. 6”? 

16. -y°2> 17. 256s 18. —3y® 19. x'> 20. 4x4y* 
21.x4 22. 23,72 24a. Syzt 25.1 26. 1 


27.9 28.9x* 29.4 30.x 31. y 32. x! 


a 1 i) 
33. 2 34. BS 35. rm) 36. 2 37. 7.28 X 10 


38. 9.37 x 10° 39. 1.36107 40. 9.42 x 10°37 

41. 7.73 X 10° 42. 7.53 xX 10° 43. 1.8 x 10°* 

44.6 xX 10* 45. 726,000 46. 0.000391 47. 2.68 

48. 57.6 49. 7.39 50. 0.000437 51. 0.03 52. 160 
53. 7th,monomial 54. 2nd, binomial 55. 5th, trinomial 
56. 5th, binomial 57.11 58.2 59. —-4 60.4 

61. 402 62.0 63.82 64. 0.3405 65. —4 66. 21 


15 
67.0 68. —} 


69. y 70. 
A 
> XxX 
> xX 
y= fex+ § 

71. 7x 72. not possible 73. 4x°y? 74. xyz 
75. 8x°— 6x 76. 4a°+4a—6 77. 5x? + 19x +3 
78. 6x° + 8x7 +3x—72 79. 10x*y° 80. xyz" 
81. 5x +15 82. 6x +12 83. 3x4 — 5x° 
84. 2) + 10y? 85. —x°y + x4)? 86. —3x°y? + 3x7 p 
87.x°+5x+6 88. 2x°-x-1 89. 6a’ — 6 
90. 60° -6 91. 2a -—ab-b 92. 6x°+xy-y" 
93.x°+6x+9 94.x°-25 95. -4 
96.x°+8x+16 97%.x°-6x+9 98. y°-2y 41 
99. 47° + 4y+1 100. 4-1 101. 3x° + 7x7 + 5x41 
102. 8a —27 103.1 104.-1 105.7 106. 5 
107.1 108.0 109%. 5-+2 110. 2-4 
Wie 3a=4b4 5c 112.32 11. eS 
W4.x-5 115.2x+1 16x+5+ 7 


ane 


117, 3x7 + 2x41 45% 5 118. 3x7-x-4 


1 


Chapter 4 Test (page 316) 


1. 2x*y4 2. 1343. y® 
7.3 8% 9%) 10. 


12.2.5 107% 13. 7,400 
16. 10thdegree 17. 0 
18. y 19. —7x+2y 20. —3x +6 

A 21. 5x? + 2x7 + 2x — 5 

22. -x° —5x+4 23. —4x°y 
24. 3y* — 6y° + 9y" 

25. 6x — 7x — 20 

26. 2x° — 7x7 + 14x — 12 


y ab 
27. 2x 28. 4b 2a 


29.x—-—2 30. 


4. 6b’ 5. 32x7! 6: 88 
64a" 11. 2.8 x 104 


bs 
14. 0.000093 


15. binomial 


VSO? 
—_— 


1 
2 
D: R; R: [2, ~) 


Cumulative Review Exercises (page 317) 


wll 271 3B -j 4&7 5.15 64 7. -10 


a a ns 
a 
10, —<———_—- 1 11, <_——— 
2 —2 5 


APPENDIX Ill Answers to Selected Exercises A-23 


15. y 16. y Exercises 5.2 (page 333) 

1. (x +3)\x- 3) 3. (2 +2)z2-2) 5. (64+05-2 

7. (10+ y10-y) %p=wWk-h-F) 11. difference 
of two squares 13. prime 15. (x — 3) 17. (2m — 3n) 
{ 19. (x + 4)(x -— 4) 21. (v + 7) — 7) 


y= 2s 4-14) 23. (2y + 7)(2y — 7) 25. (3x + yGBx — y) 

27. (5t + 6u\(5t — 6u) 29. (4a + 5b)\(4a — 5b) 

31. 8(x + 2y)(x — 2y) 33. 2(a + 2y\)(a — 2y) 
17, -2 18.13 19. -12 20.-1 21. y'4 22, xy 35. 3(r + 2s\(r — 2s) 37. x(x + v(x — y) 
23.% 24. xy? 25. x7 +4x-14 26. 6x7 + 10x — 56 39. (@ + 4) t+ 2)a-2) 41. (a + bya +t bia — b) 
27.x°-8 28 2x+1 29.48% 10'%m 30. 4 units 43. 2x" + Px t+ Wx —y) 45. H+ bYa + bya ~ b) 
31. 879.6 square units 32. $512 47. ae 7 ee + dy\(x — 4y) 49. (a + 3)"(a — 3) 

51. (a + 2b)\(a — 2b) 53. prime 
Getting Ready (page 320) 55. (7y + 152°)\(7y — 152°) 57. (14x? + 13y)(14x° — 13y) 

5 7 59. x(2a + 3b)(2a — 3b) 61. 3m(m + n)\(m — n) 

1.5% 1S 2. Ty — 56 3. 3x° — 2x 4. Sy ai Oy 63. x7(2x fh. y)\(2x = y) 65. 2ab(a Ai 11b)(a = 115) 


5.3x+ 3ytaxtay 6xyt+x+5y+5 


2 67. (x + 9)(x + 3)(x — 3 
7.5x+5-yx-y 8 x° + 2x — yx - 2y , Mx Me ) 


69. (97° + 16s°)(3r + 45)(3r — 45) 


PH 4 2 2: 
Exercises 5.1 (page 327) 71. (a + bYat ba — b) 


44 JAyy2 1 42 \ 
127-37 3.34 5.30 Ax+3 9 SBxy +2) I ee 

11. (x + 3)(a—3) 13.7 15.11 17. prime-factored 75. 3n(4m" + 9n°)(2m + 3n)(2m — 3n) 

19. largest 21. grouping 23. 27-3 25. 3-5 77. 2p°q(p* + 4q°\(p* + 2q\(p* — 2g) 79. 2xy(x* + y*) 
27.27-5 29.2+7 31. 3°-5? BB. 29-3 35. Sxyp 81. @ h(a + b°c’\(a + bela — be) 

37. 6xy «39.4 41. 4B. B(x +2) 45. A(x — 2) 83. a b(b° + 25\(b + 5)(b — 5) 

47. x(yv-—2z) 49. P(t +2) 51. ab*z*(az — 1) 85. 3rs(9r? + 45°)(Br + 2s)(3r — 2s) 

53. 8xy-2(3xyz +1) 55. 3(x + y — 22) 87. (4x — 4y + 3)\(4x — 4y — 3) 89. (6 + 5)(b — 5)(b — 2) 
57.a(b+c—d) 59 2y2y+4-— x) 91. (a+ 7)a—-—7)\(a+2) 93. 30m + n)\(m — n)\(m + a) 
61. 3r(4r — s + 3rs*) 63. abx(1 — b + x) 95. 2(m + 4)(m — 4)(mn? + 4) 

65. 2xyz-(2xy — 3y + 6) 67. —(x +2) 69. —(a +d) 

71. —(2x —5y) 73. —(2a— 3b) 75. —(3xy — 2z — 5w) Getting Ready (page 335) 

dT Nab Sa Dey ADs Ae Sey) 1x? t+ 12x +36 2 y-14y +49 3.a°-6at9 

81. —4a py (b— 3a) 83. —8a°b'(a" + b’) 4.x°°+9x+20 5.°P-7+10 6 m —4m—-21 

85. —2ab~c(2ac — Ta + Sc) 87. (a+b) 89. (m—n) 7.0¢-+ab—12b2 8 we— Suv + 15" 

91. (x + y(2 +b) 93. (x — 3)(x - 2) 9. x° — Ixy — 247° 


95. (v + 1)(x— 5) 97. (34 + 5)(3t + 4) 

99. (x + y(2 +a) 101. (p — gh9 + m) Exercises 5.3 (page 343) 
103. (a+ b)(x-—1) 105. (a—b)\(x—y) 107. 4,x 

109. (7 +1) 111. 6uvw?(2w — 3y) ieee Seca eet 


113. 7a°b°c?(10a + The — 3) 115. —(3m + 4n — 1) Te (mn 9+ et > 
117. —7ab(2a°b® — Tab” + 3) 8 -3 
119. —Sa°b?c(1 — 3abe + Sa*) = 121. (r — 2s)(3 — x) er a ee ore 
123. (a+ b+ c)\3x —2y) 125. 7Txy(r + 2s — 1)(2x — 3) 17 =2 4 
Qi G@athe+3=7) 29.0 —DGr—7+H 15. (x+y 17.4.2 19% y,2y 21. (x + 2)(x + 1) 
131. 3(c — 3d)\(x + 2y) 133. (Fr + 5)(x + y) 23. (2+ 1D)i+1) 25. (t-7/(t-2) 27. (p— 5p — I 
135. (2x + 3)(a +b) 137. (b + c)(2a + 3) 29. (a + 8a — 2) 31. (s + 13)(s — 2) 
139. (v — 3w)3rt+u) 141. (3p + g)\(3m — n) 33. (c+ 5)(c— 1) 35. (t — 10)(t + 5) 
143, x(a + b)(x + 2y) 145. 4a(b + 3)(a — 2) 37. (a—5)\(at+1) 39% (y— 6\(y + 5) 
147. (x + y)(2x — 3) 149. (x” + I(x + 2) 41. (m+ 5n)\(m— 2n) 43. (a — 6b)(a + 2b) 
Bly -yYe=—) 153, ¢=-92+h) 45. (a+ 9b)\(a +b) 47. (m— 10n)(m — n) 
155. (x + ya +b) 157. (a — be — d) 49. —(x + 5)(x +2) 51. -(y + 5)(y — 3) 
159. r(r + s\a— b) 161. (6 + 1)(a + 3) 53. —-(¢+ 17)(t-—2) 55. —(r—10)(r—4) 57. prime 
163. (r — s\(p — 4g) 59. prime 61. 2(x + 3)(x +2) 63. 3y(y — 6)(y — 1) 
. 65. 3(z2 — 41)(z2 — ft) =67. —4x(x + 3y)(x — 2y) 
Getting Ready (page 330) 69. (x+2+y\(x+2-y) 71. (6-34 06-3-0 
Lae-B 24P°-s 3.92 -4 4 16xt-9 73. (x + 2)(x+ 1) 75. (¢— 7(t— 2) 77. (a + 8)a — 2) 


79. (vy — 6)\(y +5) 81. (x +37 983. (v — 4° 


A-24 


85. 
91. 
95. 
99. 


103. 3y(y + 1) 
109. (¢ + 10)? 
113. (a+ b+ 2)a+b— 2) 


APPENDIX III Answers to Selected Exercises 
(u-9) 87. (x+2y)P 89. (x — 4)(x — 1) 
Vv+9y+1) 93. -(r - 2s\r + 5) 


(r + 3x)(r + x) 
—(a + 3b)(a + b) 


97. (a — 2b)(a — b) 

101. —(x — 7y)(x + y) 

105. 4y(x + 6)\(x — 3) 107. (y +z) 
111. (r — 5s) 
115. (b+ y + 2)(b — y — 2) 


Getting Ready (page 345) 


1. 6x7 + 7x +2 
4. 47° + 4r — 15 


3. 80° + 6 —9 
6. l6a* + l6a + 3 


2. 6y* — 19y + 10 
5. 6m’ — 13m + 6 


Exercises 5.4 (page 352) 


1.2.3 34+,- 5.31 2n=—t*4 

9. descending 11. opposites 13.2 15.2,1 17. y,y 
19. 3a+1\(a+3) 21. 3a+ 1)\(a+ 4) 

23. 3b-— 1)2b- 1) 25. 2y — I) — 3) 

27. (5t + 3)(t +2) 29. (8m — 3)(2m — 1) 

31. Gat 2)a—2) 33. (2x + 1)(x — 2) 

35. (2m — 3)(m + 4) 37. (y + 2)(2y — 1) 

39. (2x + y\(x+y) 41. (3x — yx — y) 

43. (2u + 3v)(u—v) 45. (2p + q)(3p — 2q) 

47. 2(3x + 2)(x — 5) 49. (2a — 5)(4a — 3) 

51. (4x — Sy)(3x — 2y) 53. (Sm + 2n)(2m — Sn) 

55. (z + 3)(4z + 1) 57. (2x + 3)(2x + 1) 

59. (2u—3)(5u+1) 61. (Sy +1)2y—1) 63. (3x — 2) 
65. (5x +3) 67. (2x +3) 69. (3x + 2) 

71. (2x +y + 42x + y — 4) 

73. (3 + a+ 2b)(3 —a-— 2b) 75. (4a — 3b)(a — 3h) 
77. (2a + 3b\(at+b) 79. 3p—q)2p+q) 81. prime 
83. —(4y — 3)(3y — 4) 85. prime 87. (4x — yy 

89. (2x + 3y)2x + yy) 91. 2(2x — 1)(x + 3) 

93. vy + 12)(y +1) 95. 3x(2x + 1)(x — 3) 

97. 3r'(5r — 2)2r +5) 99. 4(a — 2b)(a + b) 

101. 4(2x + y)(x — 2y) 103. (2a — bY 

105. —2mn(4m + 3n)(2m + n) 

107. —2uv*(7u — 3v)(2u — v) 

109. Bp +1+qB3p+1-4q) 

Getting Ready (page 354) 

1x9 -27 22°4+8 By +64 4. - 125 
5.a-bh 60+ 


Exercises 5.5 (page 358) 


1. ( 
5. ( 


9. 0.0000000000001 cm 


13. 
17. 
21. 
25. 
29. 
33. 
35. 
37. 
39. 


La Yor + ape y) 


3. (a + 2)(a’ — 2a + 4) 
7. (xy + DQey? — xy + 1) 

11. sum of two cubes 
GQ ay eP) WG e)G" = y+ 1) 
(2+ x4 —-2x +27) 19. (m+ n\(m — mn + 2’) 
Qu + w)(4u° —2uvw + ww’) 23. (x - 2)(x? + 2x + 4) 
(s — (8s + st +) 27. (Sp — g)(25p* + S5pq + G7) 
(3a — b\(9a? + 3ab +b?) = 31. 2x + 3)(x” — 3x + 9) 

(x — 6)(x* + 6x + 36) 


1 + 2x)(1 — 2x + 4x’) 


8x(2m — n)(4m? + 2mn + n’) 
xy(x + 6y)\(x? — 6xy + 36y7) 
(x + DO? -— x + Dix - DO? + x4 1) 


Al. (x7 + yt — xy + WYO? — yO* + xy + y) 

43. (5 + b)(25—5b+b°) 45. (3x + 5)(9x — 15x + 25) 
47. (4x + 3y)(16x* — 12xy + 9y’) 

49. (a+ ba — ab? + b*) 51. (x — (x? + xy? + y) 
53. 4m-n(m + 5n)(m? — S5mn + 25n’) 

55. 8ab*(3a — 5b)(9a* + 15ab + 25h”) 

57. xy(x — pi(x° + xp + Vy’) 
59. 3m°-n(2m — n)(4m? + 2mn + n°) 
61. (2a — b)(4a” + 2ab + b?)(x + 4) 
63. (a + b)(a’ — ab + b*)\(x — y) 

65. (x + yx’ — xy + x — y) 

67. (y + 2)(y — 2)z + 2)(z? — 22 + 4) 


Getting Ready (page 359) 

1. 3ax(x +a) 2. (x + 3y)(x — 3y) 

3B. (x — 2)? + 2x +4) 4. 2(x + 2)(x — 2) 
5. (x — 5)(x + 2) 6. (2x — 3)(3x — 2) 

7. 23x — 1)(x- 2) 8 (a+ b\(x + y\(x — y) 


Exercises 5.6 (page 362) 


sum of two cubes 
11.0 13. factors 


1. common factor 3. 5. none, prime 


7. difference of two squares 9. : 
15. binomials 17. 3(2x +1) 19. (x — 7)(x + 1) 

21. (¢— 1)(2r+3) 23. (t-1) 25. 2x + 4)(x — 4) 
27. prime 29. —2x°(x — 4)(x? + 4x + 16) 


31. 27°(31 — 5)(t + 4) 33. prime 35. a(6a — 1)(a + 6) 
37. x°(4— 5x)? 39. —3x(2x + 7/7 

41. 8(x — I(x + x + I(x + DO - x +1) 

43. —5x°(x7° —x—5) 45. prime 47. 2a(b + 6)(b — 2) 
49. —4p°@i(2Qpg4 +1) 51. (2a — b + 3)(2a — b — 3) 


53. (a+ bla —ab+b*) 55. (vy — 2)(x + 1)(x - 1) 
57. (a+b+y/lat+tb—y) 59% (x —a/jat bya — b) 
61. (2p° — 3q°)(4p* + 6p°¢° + 9q") 

63. (5p — 4y)(25p? + 20py + 16y") 

65. —x°y°2(16x* — 24x* yz? + 15yz°) 

67. (9p + 4q°)(3p + 29)(3p — 2q) 

69. 2(3x + 5y°)(9x* — 15xy? + 25y4) 


71. (x + yx — yx + yO? — xy + y”) 

73. 2(a + b)(a — b\(c + 2d) 

Getting Ready (page 363) 

ii 2B 23 23 

Exercises 5.7 (page 368) 

1.7,8 3.0,-7 51,1 7%w 9.§ 11. quadratic 
13. second 15.2,-3 17.4,-1 19. 3,-2 

21. 1,-2,3  23.0,3  25.0,-4 27.0,7  29.0,-§ 
31.5,-5 33.5,-$ 35.7,-7 37.3,-3 39. 12,1 
41.5,-3 43.4,-% 45.5,2 47. 1,-2,-3 

49. 3,-3,-5 51.0,-1,-2 53. 0,9, -3 

55. 0,-3,-; 57. 0,-3,-3 59% 0,2 61. 0,-4 
63.7,-7 65.5,-5 67. -3,7 69.8,1 71. —3,-5 
73. -4,2 75. -3,1 77. -5,-3 79. 1,5,-3 


81.9,-9,-2 83. 4,3 85.3,-5 87. —3,5 
1 1 3 
89. 5,1 91. 0,5, -5 
Getting Ready (page 370) 
1. sqin. 2. (2Qw+4)cm 3. x(x +1) 
4. w(w + 3) sq in. 
Exercises 5.8 (page 373) 
1.A=Ww 3.A=S 5. P=21+2w 7. -10 
9. 675cm* 11. analyze 13. 5,70r—7,-5 15. 9orl 
17. 9sec 19. B sec and1l0sec 21. 2sec 23. 21 ft 
25.4mby9m = 27. 48ft 29. b=4in.,h = 18 in. 
31. 18squnits 33. 1m 35.3cm 37. 4cmby7cm 
39. 12 41. 84l7sqm 43. 6, 16 ft 


Chapter Review (page 377) 


1.5°7 2.37-5 3.2553 4.2-3-17) 5. 3-29 
6.3°-11 7.2-57-41 8.2!" 9, 3(x + 3y) 
10. Sa(x7 +3) 11. Tx(x +2) = 12. 3x(x — 1) 


13. 2x(x° + 2x —4) 14. a(x + y-2z) 
16. xyz(x + y) 17. (x + ya +t b) 
18. (x + y(xt+yt1) 19. 2x(x + 2)(x + 3) 

20. 3x(y + z)\(1 — 3y — 3z) 21. (p + 3q)(3 + a) 

22. (r — 2s\(a +7) 23. (x + a\(x + J) 

24. (y + 2x — 2) 25. (x + y)(a + b) 

26. (x — 4)(x7 + 3) 27. (x + 3)(x — 3) 

28. (xy + 4)(xy — 4) 29. (Xx +24 pix +2-y) 
30. (z+ xt+ylz-x—y) 31. 6y(x + 2y)(x — 2y) 
32. (x+y+z\(xt+y—z) 33. (x + 3)(x + 7) 

34. (x — 3)(x +7) 35. (x + 6)(x — 4) 

36. (x — 6)(x + 2) 37. (2x + 1)(x — 3) 

38. (3x + 1)(x — 5) 39. (2x + 3)(3x — 1) 

40. 3(2x —1)(x+ 1) 41. x(x + 3)(6x — 1) 

42. x(4x + 3)(x — 2) 43. —2x(x + 2)(2x — 3) 

44. —4a(a — 3b)(a + 2b) 45. (c — 3)(c? + 3c +: 9) 
46. (d + 2)(d?7 — 2d+4) 47. 2(x + 3)(x? — 3x + 9) 
48. 2ab(b — 1)(b> +b +1) 49. y(3x — y)(x — 2) 
50. 5(x + 2)(x — 3y) 51. a(a + b)(2x + a) 

52. (x+tat+y\(x+a-—y) 53. (x + 2)x—-—2+4 5) 


15. ax+y-— 1) 


54. a(x + yar — xy +(x — VQ? +xy+y*) 55. 0, -2 
56. 0,3 57.0,2 58 0,-5 59.3,-3 60. 5,-5 
61.3,4 62.5,-3 63. 4,6 64.2.8 65. 3,—4 
66. 1,-3 67.5,-5 68.5,-; 69. 0,3,4 

70. 0,-2,-3  71.0,5,-3 72.0,-3,1 73. Sand7 
74,5 75. 6ftby8ft 76. 3ftby9ft 77. 3ftby6ft 
78. 7ft 


Chapter 5 Test (page 381) 


1.27-7 2.3+°37 3. 5a(12b°c? + 6a7h’c — 5) 

4. 3x(a+ bl(x—-—2y) 5. (x + ylatb) 6 (x + 5\(x — 5) 
7. 3(a + 3b\(a — 3b) 8. (4x° + 9y")(2x + 3y)(2x — 3y) 

9. (x + 3)(x+1) 10. (x — 11)(x + 2) 

11. (x + 9y)l(x + y) 12. 6(x — 4y)(x — y) 


APPENDIX III Answers to Selected Exercises A-25 
13. (3x + I(x +4) 14. (2a — 3)(a + 4) 
15. (2x — y)(x + 2y) 16. (4x — 3)(3x — 4) 
17. 6(2a — 3b)\(a + 2b) 18. (x — 4)(x* + 4x + 16) 
19. 8(3 + a)\(9 — 3a + a’) 
20. 2°(x° — yz)(x° + x8yz + yz?) «6-21. 0,-3 22. 1, 3 
9 1 9 19 
23, 3,3. 24,3,-6 25.5-5 26. 2 a-5 
28. —75,9 29. 12sec 30. 10m 
Getting Ready (page 383) 
wi 22 BF 45 
Exercises 6.1 (page 390) 
1.3 oe 5. 5 71 2% (at+b)+c=at+(bt+oc) 
11.0 13. 2 15. numerator 17.0 19. negatives 
21. 5 23. factor,common 25.2 27. 5 29. 2,-1 
31. 2 —-1 33. t 35. 2x 37. = 39. in simplest form 
a 1 x Xr ate Il KS 
41.¢ 43.3 45.2 47.3 49.%2) 51,255 
2x 4 7 xw—x+1 
So. -—= S5.a=2- 57.5 50.221 61.5 
63.7*2 65.-1 67.-1 69> 71.2 73, 3% 
x+2 2 3 2 3 
72> Th Wists Be Hl BAZ BS. 
87 aa 2 89. insimplest form 91. 3 93.5 — 2 or 
ae pae3 
ae 9S Xt 1 97. a 
Getting Ready (page 392) 
14 5 3 
if 22 239 86 SS G1 RG 8.2 
Exercises 6.2 (page 399) 
1 5.6 1 tL 
1. 3.5 5. 4 7. —6x yz 9. 81)4 11. xn 


13. 4y° + 4y° — 8y + 32 


15. numerator 17. numerators, 


45 


denominators 19.1 21. divisor, multiply 23. 97 
25.% 27.4 29, -3y7 31.5% 33, © + DE+D 
B.x+2 37.1 3x 41.5 43.555 45.2 
W.c¢ oy Weg Sg S85 SES ST 
59.232 61.255 63,2=5 65.a+2 67.*5° 
Cis Meg THE Wage Wee 5 
79.7; 81.5 83.5 85.3 874 89x77" 

91. 2xy* 93.7" 95.2 97,6 99.% 101. x 
103. § 105. =) 197, Man) 

109, Gert) aa Be +5 115. 1 
117, -~2— 119, SEVER D yar, BD 423, F 
Getting Ready (page 402) 

wi 21 37 42 55 65 72-4 BT 


A-26 APPENDIX III Answers to Selected Exercises 
Exercises 6.3 (page 411) 
1. equal 3. notequal 5. equal 7. equal 9 77 
11, 23-17) 13. 2-3-1715, 24-3? «17. LCD 
19. numerators, common denominator 21. : 23. i 
25.7% 27.9 29.-; 31.% 33.5 35.1 37.4 
2(x + 5) 125 8xy 3x(x_ + 1 
39, al. p48. 45. Op 
2v(x + 1) xz + 1) 24x + 2) 
47. er ae 49. a | 51. Se Be ED 53. 6x 
55. 18xy 57. (x—Dixt 1) 59. x(x +6) 61.2 
Sy Ixy +x -y 2x? +2 x? + Tx + 6 
3.0 68 I ene ey. 6% ae 
2x2 -— 1 1 53x x2 + 4x +1 
Wega. We Wee Ie 
x +2 2 2y +7 x at+4 
79. 5 81. er 83 SA 85. 5 87 a) 
B= see eS 3). 81,5 ea 8. 2 
2x 14y? + 10 4x — 2y i | 
97.5 101. SY 103. Gages 
Getting Ready (page 414) 
1.64 2.-18 3.7 4-8 5.3+3x 62-y 
7. 12x-2 8 3y 4+ 2x 
Exercises 6.4 (page 419) 
4 1 9 7 81 a 
1. 3 3. 4 5. ¢ 7. —2r 9. 25678 11. 9 
13. complex fraction 15. single, divide 17. 8 19. ° 
2 502 5 5 1 + 3y L+x 
21,5 285, 285° 2 e gee BhgaS 
a3, 5 oo SS 5. SS a, 
= dl i 3 we a 2 x3 cyt 
y 3y + 2x? x y 1+y 
3.7, 6.75 47.27 p 49. 51.7% 
e-atl x Ix +3 x-2 
53. aie 55. 2 57. ee | 59. =e 3 61. x43 
nr — 3m — 4 2x(x — 3) 3x + 1x - 1) 
63. m2 + 5m — 3 65. (4x — 3)(x + 2) 67. (x + 1y 
ye 5 1 2.3: 5 
68-1 W543 Wags 


Getting Ready (page 421) 


1.63x+1 #2.8x¥-1 3.3+2x 
6.7x+6 7y 8 3x+5 


4.y-6 5.19 


Exercises 6.5 (page 426) 


1. Multiply by 10. 3. Multiply by9. 5. x(x + 4) 
7. (2x + 3\x-— 1) 9 (x7 + 4)(x + 2)(x — 2) 


11. extraneous 13. LCD 15. xy 17.4 19. —20 
21.6 23.60 25. —-12 27.0 29. —7 31. —1 
33. ©; —Zisextraneous 35. O;5isextraneous 37. 3 
39. ©, Oisextraneous 41.1 43.5 45.2 47. —3 
49.5 51. @;—2isextraneous 53.0 55. —2,1 

57. 1,2 59. —4;4isextraneous 61. a= ga 
63.b= 7“ 65.12 67.0 69-3 71. -1 

73. : Hi 3; —3isextraneous 77.1 79. f= wt 
83. 1, —- 


Getting Ready (page 428) 


£ 2, $(0.05x) 3. S(s33) 4 


1.5 0.0 


De, 
5 hr 


52 
Exercises 6.6 (page 432) 

3. C=qd 5.-1,6 7. —2,—-3,—-4 
11.2,-4 15.2 17.5 19. 30min 

21. 23 hr 23. heron, 20 mph; goose,30 mph 25. 150 mph 
27. Mand 8% 29.6% 31. 3and3 33. Shr 


35.4mph 37.30 39.25mph 41.5 43. 44 mph 
and 64 mph 


1. i = pr 
9. 0,0, 1 


Getting Ready (page 435) 


4 
13 2 2. 3 3. 5 4. mo) 


Exercises 6.7 (page 439) 


1 
he Bg Sel? 


11. (2x + 3)(x— 2) 13. quotient 15. equal 19. 
2 1 1 3 

23.5. 16S: Dig Wee Bice 38. 

35.75 37. $1,825 39. 241, $3329: $3.15 /gal 


17 gal’ 
43. the6-ozcan 45. 23759. $19 so/hr 47. 65 mph 
49. 7¢/oz 


27hr ° 
53. the second car 
55, 11880 gal. 44 gal/min 


7.6 9. 2x + 3) 


AlN 
Bl wWrln 


51. the truck 
27 min ° 57. $8,725 59. 


Getting Ready (page 441) 


1.610 22 


: 45 5.44 65 7.21 8.3 


20 
3. > 
Exercises 6.8 (page 449) 


1. proportion 3. notaproportion 5.90% 7. t 


9. 480 11. $73.50 13. proportion, ratios 15. means 
17. similar 19. ad,bc 21. triangle 23. no 25. yes 
27. no 29. yes 31. yes 33. no 35.4 37.6 


39.0 41.-17 43.-3 45.9 47,.-3 49% 
51.-6 53.$17 55. $6.50 57.24 59. about 44 
61.47 63. 7; gal 65. $309 


67. 65 ft 3 in. 
69. 288 in. or 24 ft 71. not exactly, but close 
75. 46¢ ft 


77. 6,750 ft 79. 15,840 ft 


73. 39 ft 


Chapter Review (page 452) 


2 2 ‘ik 
1;. 3;,.=3 2. 2,3 3. 5 4. —3 5. 3 6. 3 7. ax 
8 = 9 10.4 11.2 12,1 13. -1 
7 - 


ee I 
14, ~ 15. — 16. “= 


22.4 23.x+2 24.1 


2x + 1) 
ee tf. 


31, = 


20. 
25.x+2 26. 


29. ~— 


33.0 34.2 35 
38. x° +3 


IT 
ry eae 

T. -T, _ 
47. T, = 75 or Tj =F 7 «448. R= payor R= ae 


43.4,-3 44.-2 45.0 46.7, = 


49. 93 hr 50. 52 days 51. 5mph 52. 40mph __ 53. 5 
54.4 55.5 56.2 57. $2.93/lb 
58. 568.75 kwh per week 59. no 60. yes 61. 3 
62.0 63.7 64.1 65. 20ft 
Chapter 6 Test (page 459) 

8x x +1 5y? peeaall | 37 
io 2 Se ee Fee oe 

x? . 10x -— 1 13 2x7+x+1 
we Bear? Biya Mga May 
12.2+8 43,25 14,542 15.-5 16.6 17.4 
18. B=;"4, 19. 3i2hr 20. Smph_ 21. 8,050 ft 
22.; 23. yes 24.3 25. 45ft 


Cumulative Review Exercises (page 460) 


1x’ 2x 32 4&1 5. 6x3 - 2x -1 

6.25 ty SHH 1. 7: Be Hoes 

8. 16x° — 24x +2 9. —12x°y° 

10. —35x° + 10x* + 10x* 11. 6x7 + 14x + 4 

12. 15x° —2xy -8y? 1B, x t+4 14° +x41 

15. 3xy(x — 2y) 16. (a+ 6b) 3 +x) 17. (a + b\(2 + BD) 
18. (5p? + 4q)(S5p> — 4q) «19. (x — 12)(x + 1) 

20. (x — 3y)\(x + 2y) 21. (3a + 4)(2a — 5) 

22. (4m + n)(2m — 3n) 23. (p — 3q)(p? + 3pq + 9q°) 


24. 8(r + 2s)(r? — rs +45?) 25.15 26.4 27. 3, -5 
28. 0,2 29. -1,-2 30. 3,-4 
eo ee. i es 

2 2 
a a ae 

—2 5 —2 4 
35. y 36. y 
> X 


Bx} 4y= 4y}+ 12 


37.-3 38.15 39.5 40.8%°-3 41.°—5 
x—3 (x — 2) (p + 2p — 3) 
42. Pr) 43. =a 44. 3p + 3) 45. 1 
2x? + 1) -1 ytx 
46. (x + I(x - 1) 47. 2(a — 2) 48. pax 


Getting Ready (page 462) 
1.62 2.8 3.10 4 -7 


Exercises 7.1 (page 472) 


1.1 Bx<2 5x<-4 7. a 9. 471 or more 


11. equation 13. multiplied, divided 
17. is greater than 19. half-open 


15. contradiction 
21. positive 23. 6 


APPENDIX Ill Answers to Selected Exercises A-27 
25.4 27.2 29.6 31. —-4 33. —-6 35. 24 
37.6 39.0 41. —-2 43. R, identity 
45. ©, contradiction 47. B= a 49. w=" F = 
51.x=zo +p 53. x =2-2 


m 


55. (2, ~) ——— 57. [—2, ~) en 
2 —2 


-8/5 


61. [—36, ~) <—$ 


-36 
63. (—2, 5) ————_— 65. (8, 11) ———_— 
2 5 8 ig 
67. [—4,6) _ pHi . 69. O 
-4 6 
71. (—%, 2) U (7, ©) —— SS} 
2 ii 


73. (—%, 1) ———__> 75. —11 77. R, identity 
1 

79. (-*, 1] —}_. 81. [2, 0) —$_|_ 
il ps 


63, [2 a «85 oe 
= 
87. 12mby24m 89. 20 ftby45ft 91. 7ft, 15 ft 


93. p<$15 95. 18 


Getting Ready (page 475) 


6 62:5 322=% 4:7=2 


Exercises 7.2 (page 480) 
3 


15 3-6 5.80r-8 7.5 92 11.6 13. x 

15.0 Wa=-b 19.8 21.12 23-2 25. —30 
27.50 294-2 31.|2| 33.|5| 35. |—2| 

37. —|-4| 39. -|-7| 41. -x 43. 8,-8 45. 9, -3 
47.4,-1 49.4-6 51.0,-6 53. 40,-20 55.2 
57.-8 59. —2,-; 61.3,-1 63.0,-2 65.0 


1 


20 4 
69. 2, a) 71. 3 73. 3 75. D 


79. —16.6, 16.2 


Getting Ready (page 481) 


421 28> =2) Broce 7 


Exercises 7.3 (page 486) 

1.6-8<x<8 3x=-4orx=4 
A-p P-—2w 

a a i 11, 


13. x< -korx>k 15. a 
4 4 


5. -3<x<1 
k<x<k 


17. [-21,3] ~ poy , 19.[-$4]. 5 1 


21 3 -8/3 4 
21. (=2, 5) oe 
2 5 


A-28 APPENDIX III Answers to Selected Exercises 


eo) — — << 71. —3(x — 3)(x—2) 73. (2x — 1)(x — 5) 
A Hl 75. 3y +. 2)(2y +1) 77. (4a — 3)(2a + 3) 
25. (—%, —12) U (36, ) ) ‘ 79. (2y — 3t)(y + 2t) 81. prime 83. (4x — 3)(2x — 1) 
1% 85. x(3x — I(x -— 3) 87. D(a — 11)(a 7 2) : 
16 89. —3a+ 2b)a—b) 91. —x(2x — 3 93. (x" + ly 
27. (—», —3) U (4, *) —_—_— 95. ee + ie ~2) 97.02% + > 
; a 99. (3x” — 1)(2x" +3) 101. (x +24 y\xt+2-y) 
Le Ge Oa) en 103. (x + 1 + 3z(x+1—3z) 105. (y+ 1)G2-y +1) 
: 2 10/3 107. (a — 3a’ + 3a+9) 109. (2 + x)(4 — 2x + 2°) 
31. (—%, —24) U (-18, ~) ) , 111. 2(x + 3x? — 3x +9) 113. (s — As? + st + 7) 
ay ee 115. (3x + ee - a + - 
= a 117. (a + 2b)(a — 2ab + 4b° 
ll = 119. (3x — 5y)(9x2 + 15xp + 25y?) 
j ‘ 7 121. (x + Dix — x + Dix — DOP +x 4+ 1) 
35. (—=, =) U (5, «) — —-_ 123. (x7 + y)(xt = x? yp + W(X? — y)(xt + xp + y’) 
VS 3/5 125. 2x(x + 4)(x — 4) 127. (x7 + 5)(a* + 3) 
37. (=, —10) U (14, 0) es) $f 129. (v7 — 10)? — 3) 131. (a2 — bya + ab +b’) 
-10 14 133. (x° + y)(x® — x*y + py’) 
ae Ay) SS 41. © 135. —Twv'2(Quv'z’ — 4y* + 3uz*) 
a3. [-3 -1| . 137. (a + 3)(a — 3)(a + 2)(a — 2) 
2 -1/2 139. (c + 2a — b\(c — 2a + b) 
45. (—%, —4) U (—4, « x 141. —(x — 6)(x? + 6x + 36) 
: ae a 143. 8x(2m — n)(4m* + 2mn + n’) 
47, (—©, —4] U [=1, ©) gem] fo 145. xy(x + 6y)(x° — Oxy + 36y") 
oh ef 147. 3rs°(3r — 2s)(917 + 6rs + 4s”) 
49. [-7, -7) <*> 149. a®b*(5a + 46)(25a* — 20ab + 167) 
, = 151. (m + 2n)(m? — 2mn + 4n7)(1 + x) 
51. (—0, 25) U (25, ©) qn 153. (a + 3)(a’ — 3a + 9)(a — D) 
25 155. (vy + I — DY — 3)0* + 3y + 9) 
So or 157. 2mp(p + 2q)(p* — 2pq + 4q°) 
1 3 159. (x + yx? — xy + y°)3-—2) 161. (a+ b)a-b+1) 
55. (—%, ~) ——- 163. (2x + y(1 + 2x—y) 171. (m — 2n)1 + m + 2n) 
57. (—%, %) a od Getting Ready (page 501) 
59. (—6.6,3.8) 61. (—%, —3.5) U (3.2, &) 12024 32 4-4 


65. x and y must have different signs. 


Exercises 7.5 (page 511) 
Getting Ready (page 488) 2 5 


; i : 1.4 Bese 5. a a rs 
16x y-3xy 2x -4 BB -x- 6 . . 


2 3 3 4 5 

4.6x°+ 7x -3 5.x -27 62x +8 P—2I A aa 
11. | on ol 13. 2, —2, 3,.—3 15. b 17. be 

. ‘g _4y 3y =3G% +2) 
Exercises 7.4 (page 498) 19. 4x° 21. -32 23. Gy O28. 127. SAF 
1. Sey — 2x) 3 & + Oe — 1) 29.x+2 31.2%! 33,444 35, 1 
5. (a+ 2a —2a+4) 7. 1,100 ft/sec 9. 12 oe as - 5 cas ; ee es 
11. ab+ac_ 13. perfect, key number ; 15. (x° — xy + y’) 37. am = 38 41. oy x typ 43. oa 
17. 2(x+ 4) 19. 2x(x — 3) 21. 5x-y(3 — 2y) 45.x+1 47.1 49.¢-! 51 _ xl? 53. 4 
23. 3ab2c(c? — 2a’) 25. 32(92? + 42 + 1) os ae a 

x 


27. 65(4s7 — 2st + 7?) 29. —3(a + 2) 31. —3x(2x + y) 55, Se ae SS. Clee +3) 


BB. x(x" + x"*!) 35. y"(2y? — 3y*) 3B. (x + pa t+ db) 63. 7 65. * - : 67. <+ : 69.3 71.4 
39. (x + 2)(x+y) 41. (3 —-c)(c + d) ss is 

a 8 73 6x 75, 10a+4b gy 9 gg 17 
43.2(2+ x)y+2) 45.7, = 7 47.67 = "Sj *@— 3% —-2) OF * 10 * 12x 

ft: a= ai = 8x — 2 xt) —2(2a + 9) 

ie aie 2) ely ey) Svea pam Se 8 Geass 
53. a + ae — 7b) 55. (xt+tyt+z)\(x +y— 2) a M2 + x a0 4x2 + 14x + 54 
57. (x +y)\xt+ylx—-y) 59. 2(x + 12)(x — 12) * (& + 3) + 2x — 2) * “x(x + 3) = 3) 


61. (a+ b\(a— 4b) 63. (x + 3)\(x +2) 65. prime 91. ~ = are 5 93, —2 95. s g7.—! 99,2 = a 
67. —(a— 8(at+4) 69. 3(x + 7)(x — 3) , e 2 


APPENDIX Ill Answers to Selected Exercises A-29 


101. y—x 103. 4, 105.243 107, 2+ * 45. (x + 2 + 2p \(x +2— 2p) 46. (vy + Wy + 1 + x) 


sie 47. (x + 7)? — 7x + 49) 48. (a — 5)(a? + 5a + 25) 
xy 1) (b + aj(b — a) 3a? + 2a 5 
109. sa) O111- BG aay 118-4 49. 8(y — 407 + > +16) 50. 4y(x + 3z)(x? — 3xz + 92’) 
_xt3 atb x+y = 31x x= sya 3 
115. =, «117, GG 5a 119. > 5 121. —1 51. Ty 52. >> i 53.1 54 1 55. 5 =5 
| 42 3x +1 6x — 7 5x + 13 4x? + 9x + 12 
123, -33 «125.127.1129. 2 131. oa 56.259 57. G3 D073 58 Gada FD 
=f 3x(x — 1) 5x? + 11x 2(3x + 1) 
133. ari 135. XY 141. yes 143. a, d 59. (x — 3)(x + 1) 60. | 61. (x + 1)(x + 2) 62. x —-3 
63 5x7 + 23x +4 64 —x* — 4.9 + 3x7 + 18x + 16 
Getting Ready (page 515) " . + re = 1 . on + 2) 
IY — LX y LX x yue=S 
1. x + 1 with a remainder of 1, 1 65. x2y? 66. ay — x 67.41 $8. pre 69. 20 
2. x + 3 with a remainder of 9, 9 70. —1 71. yes 72. no 
Exercises 7.6 (page 520) Chapter 7 Test (page 531) 
5 P : P-L 180n — 360 
1.9 Byes 5.4 7.1207 +4a-1 9 8x7 +2x4+4 1-12 26 31=MF5D 4g = Be 
W.x-r 1s P(r) 15.x+2 17%x-3 5. 133 ft 6. 36cm? 7. (—~, —5] r 
19.x—-7+ 28, 23x +2 23 2744x433 -5 
25.x+2 27 4x24 2x—-1 29. 6x? — xt 1 4235 a i Pe ne 
31, —37 33.23 35.—-1 37,-1 39-1 41, 18 [7.1] - 
43. 174 45.2 47. yes Pe no 51. —-8 53. 59 is 7 
29 0. 368 - 
55. 44 57. 30 59. 7. 2x — 0. 66 ales 02 12. (-, —9) U (13, 0) ) ( 
61. 2.7x — 3.59 + 228, a 
63. 9x? — 513x + 29,241 + LST 65. 64 69. | 13. 3xy(y + 2x) 14, 3abe(4a°b — abe + 2c’) 
: 15. (a—y\(xt+y) 16. (x+ y\atb-c) 
Chapter Review (page 523) 17. (x + 7) — 7) 18. 2(x + 4)(x — 4) 
ss 19. 40° + 4)(y + 2p — 2) 20. (b + 5)(b* — 5b + 25) 
1.8 27 319 48 5R 60 Fh=-5 21. (b — 3)\(b° + 3b +9) 9 22. 3(u — 2)(u? + 2u + 4) 
8 x= or —y 9.5 ftfromoneend 10. 45 m? 23. (x + S)\(x + 3) 24. (3b + 2)(2b — 1) 
11, (—%, —24] 25. 3u +2)2u-1) 26. (x+3+y\(x+3-y) 27. 3xy 
‘ = as, = t1 29.4% 30.1 31, 250 
51 2x + 3 uw 2x ty 
12. (—~, —71) Spee 32.5 Det 3838 Gyy «384 8S. -7 86. 47 
51/11 ; 
(1 2) Getting Ready (page 533) 
ae ae: et 2.9 Sa 45 
14. (2, 0) <§—__{eepe Exercises 8.1 (page 540) 
2 
ul 26 10 1 1. (3,0), (0,3) 3. (8,0), (0,2) 5. (4, 6) 
5.3.5 15.55. Ihe 55. <1 7. 9. = 
19. (=); =2) <——— > 
aa ay 
4 . ~ 11. (x — ae +x+1) 13. origin 15. y-coordinate 
20. (—~, | Uy [4, 20) | $$ Fp 17. x-axis 19. horizontal 
43 4 21-28. y 29. (2,4) 31. (—2, -1) 
21, (—%, ~) SSS 22. © Pp 33. (4,0) 35. (0,0) 
23. 4(x + 2) 
24. Sxy(xy —2) 25. —4x7327(227 + 3x7) H A 
26. 3a°b*c7*(4a* + Sc*) 27. (x + 2)(y + 4) By 
28. (a+ ble+3) 2.x(x7+1) 30. "(1 —-y’) ull ples 
BLO +407 + y) 32. (8+ 0a +b) G 
33. (2 + 42-4) 34. (y + Iv —- 1) D, iia 
35. 2(x° + 7)\(x° — 7) 36. 3x°(x7 + 10)(x* — 10) 
37. (y + 20(y +1) 38. (z — 5)(z — 6) 


39. —(x + 7)\(x— 4) 40. —(y — 8)(y + 3) 
41. Wy + 2)Xy — 1) 42. 2a°(a + 3)(a — 1) 
43. 3(5x + yx —4y) 44. 5(6x + y)(x + 2y) 
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37. y 39. y 
A 
x+ys4 alg 
> xX 2x y=3 
41. y 43. y 
A 
ar¢4y=12 pemc Ety yl 
5) > XxX 
x <0 
(3:9) 


45. y 
x/=B 
> xX 
49. (3,4) 51. (9,12) 53. (4,6) 55. (4, -2) 
57. 59. 


y 
A 


sys 6x 49 


61. (-4,0) 63. (*4,2b) 65. (a,2b) 67. (4, 1) 

69. $162,500, $200,000 71. 200 73. 100 rpm 
77.a=0,b>0 

Getting Ready (page 543) 

wl 2-1 38 ad 

Exercises 8.2 (page 551) 

1.3 B.yes 5. yes 7.x 9. xy’? 11, x1? 
13. change 15. rise 17. horizontal 19. positive 
21. perpendicular, reciprocals 23.2 25.3 27. —1 


1 


29. -} 31.0 33. notdefined 35. —} 37.3 
1 


39.5 41.0 43. negative 45. positive 
47. notdefined 49.0 51. perpendicular 
55. parallel 57. perpendicular 59. perpendicular 


53. neither 


61. neither 63. parallel 65. sameline 67. same line 
69. notthesameline 71. x = 0,nodefined slope 79. t 
81. * te A 83. ta of a degree increase per year 


2 1 1 


85. a. 55 ob. 59,59 «© 87. «$525.13 peryr 93. —4 


Getting Ready (page 554) 
1142-3 3B y=3x-4 4y=—4 3 


Exercises 8.3 (page 564) 


1.y-—3=2(x-2) 3. y=—-3x+5 5. parallel 7. 6 


9. -1 11. 200z 13. y— yy = mx — xj) 

15. Ax + By =C_ 17. perpendicular 19. y — 7 = 5x 
21. y=-3(x-2) Bey=x 2. y=tx-3 

27. y=3x+17 29. y=—-7x+ 54 31. y= —-4 


33. y= —5x +11 
39. 1, (0, -1) 


3 1 5 
35. 3,(0,-4) 37. -3,(0, -2) 
2 
41. 2, (0, 2) 


y y 
A 
> Xx > xX 


43. parallel 45. perpendicular 47. parallel 
49. perpendicular 51. perpendicular 53. perpendicular 


55.y=4x 57. y=4x-3 
61. y=-yx+4 63. ) 
67. perpendicular 
71. 4, (0,2) 


59. y= -ix 
p= ty -% 65. y= —}x +3 
69. parallel 


2 
73. —3, (0, 6) 


y 
A 


> Xx ‘a ny Ga ean SW wl Kc 


75. y=3xtq Ty= -ix + t 79. x = —2 


81.x=5 83% y=—Sx+" 85. y = —2,298x + 19,984 
87. y = 1,811,250x + 36,225,000 
89. y = 50,000x + 250,000 91. y = —73°x + 1,750 


93. $490 95. $154,000 97. $180 107.a<0,b>0 
Getting Ready (page 568) 


lo 27 3-20 4-1 


Exercises 8.4 (page 574) 


3B.no 5.3 7-2 92 ~~ 11. relation 

13. domain 15.0 17. cannot 19. slope, y-intercept 
21.y 23. y 25. D: {3,5, —4,0}, R: {—2, 0, —5}; yes 
27. D: {—2, 6, 5}, R: {3,8,5,4};no 29. D:(—~%, 1]; 
R:(—®, ©);notafunction 31. D:(—%, ©); R:(—%, ©); 
afunction 33. 9,-3,0 35. 3,-5,3 37. 4,9 

39. 7,26 41.4,4 43.2,2 45. 2w,2w+2 

47. 3w-—5,3w-2 49.12 51. 2b —- 2a 

53. {-2,4,6} 55. (-~, 4) U (4, ~) 

57. (-~, —3) U(-3, %) 59. (—%, ~) 


1. yes 


61. D: (—~, ©); 63. D: (—%, 2); 
R: (—®, ©) R: (—%, ~) 
¥ 2 
A 


fo|=Rx\- [1 


65. no 67. yes 69.9,16 71.6,15 73. 22,2 
75. 3,11 77.25 79.1 81. 192 

83. a. [(h) = 0.10h + 50 b. $61.50 85. 624 ft 
87. 12ft 89. 77°F 93. yes 


Getting Ready (page 577) 
1. 2,(0,-3) 2. -3,(0,4) 3.6,-9 4. 4,3 


Exercises 8.5 (page 588) 


5. 41,43,47 Za:b=b-a 91 11. squaring 
13. absolute value 15. horizontal 17. 2, down 
19. 4, tothe left 21. rational 
23, y 25. 


> xX 


foes 


27. y 29. y 
A 
> xX > XxX 
fx) =kx- 1 
SO = ll + 2 
31. y 33. y 
A A 
% 
> Xx 
f= @- 1? 
Tx) |= WED 
35. y 37. y 
A 
> Xx 
> Xx 
JMET AI fle + DF -2 
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39. y 41. y 
A 


ies fix) 4 =(«- 2-8 


> xX 


43. 20hr 45. 12hr 
47. D: (—~, 2) U (2, ©); R: (—~, 1) U1, ~) 
49. D: (—~, —2) U (—2, 2) U (2, ©); R: (—%, ©) 


57. 59. $5,555.56 61. $50,000 
A | 63. c = f(x) = 1.25x +700 65. $1,325 
67. $1.95 69. c= f(n) = 0.09n + 7.50 
71. $77.25 73. 9.75¢ 75. c = f(x) = 350x + 5,000 
77. $47,000 


Getting Ready (page 591) 


13 22 3.4 4, 36 


Exercises 8.6 (page 597) 


1.1 3.a=kb 5.a=kbe 7.x'° 9-1 
11. 3.5 x 10* 13. 0.0025 15. proportion 17. direct 
19. rational 21. joint 23. direct 25. neither 27. 3 


29.5 31.-3 33.5 35.4=kp 37.7=4 


39. B=kmn 41, P= e 43. L varies jointly with m 
andn. 45. E varies jointly with a and the square of b. 

47. X varies directly with the square of x and inversely with the 
square of y. 49. R varies directly with L and inversely with 
the squareofd. 51.4,—-1 53.2,—-2 55. 39 


57. -5,-1 59. 36min.” 61. 432mi 63. 25 days 


65. 12in.? 67. 85.3 69.12 71. 26,437.5 gal 
73. 30hms 75. 0.275in. 77. 546 Kelvin 


Chapter Review (page 601) 


y= Bxrlt4 


> Xx 
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5. 6. y 
A 
x= 42 
> XxX 
7 y 8 
x= 4 
> xX 

9.(38) 101 1.4 125 132 14.0 
15. no defined slope 16. : 17;. —2 


18. no defined slope 19. 0 


21. parallel 


24. $21,666.67 25. 3x-—y=-—29 26. 13x + 8y =6 
27. 3x -—2y=1 28. 2x + 3y = —21 
29. 30. perpendicular 
31. y = —1,720x + 8,700 
32. yes 33. yes 34. no 
35.no 36. —-7 37. 60 
38.0 39. 17 
40. D: (-%, 2); Ri(-%, 00) 
41. D: (—%, ©); R: (—, ~) 
42. D: (—~, ©); R: [1], ©) 
43. D: (—~, 2) U (2, ©); R: (~~, 0) U (0, ~%) 
44. D: (—~, 3) U (3, %); R: (~~, 0) U (0, %) 
45. D:(—~, ~);R: {7} 46. afunction 47. nota function 
48. notafunction 49. a function 
50. y 51. y 
A A 
Xx 
> xX 
y=lal|-4 
53. y 
A 
> X 


20. perpendicular 
22. neither 23. perpendicular 


fo s@+4ar3 


A 


faol= Hy -[11+ 2 


) U (2, %); 


)U (0, ») f 


62. D: (—%, 
R: (-®, 


on 


63. D: 
R 


Chapter 8 Test (page 608) 
1. y 
A 


“ 


-intercept (3, 0), y-intercept 


(0, -3) 4. vertical 5. 5 
x 6 5 7. no defined slope 
8. 0 2, 3B 


11. m= + ( ,-3) 


13. perpendicular 
15. y=3x+2 16. no 17. D: (—~, »); R: [0, %) 
18. D:(—%, ©);R:(—»,%) 1910 20. —2 
21.3a+1 22.x°-2 23. yes 24. no 

25. y 26. y 


12. neither 14. y= 3x 


tx) = > br /2t 


44 


29. 3 


27.6,-1 28. 


30. yes 
Cumulative Review Exercises (page 609) 
1.1,2,6,7 2.0,1,2,6,7 3. ~2,0,1,2,3,6,7 
4,V5,7 5.-2 6. —2,0,1,2,43,6,7, V5, 7 
86 9. —2,0,2,6 10. 1,7 
1. <_-—4— 

—2 J 


7. 2,7 


12. ~ — f——} > 13. -2 14. —2 
=) 0 3 6 


15.22 16.-2 17. -4 18-3 19. 4 
21. assoc. prop. of add. 22. distrib. prop. 

23. comm. prop. of add. 24. assoc. prop. of mult. 

25. x8? 26. 27. -% 28.1 29. 4.97 x 10° 
30. 932,000,000 


20. —5 


Getting Ready (page 611) 
1.0 216 316 4-16 5.7 6 24 
7. 49x°y 8. 34377 


Exercises 9.1 (page 621) 


1.3 3-2 5. 8|x| 7 notreal 9.2+3 11.1 
3(m?_+ 2m — 1) D2 72 _ wa: 

13. ee oe ty 15. (Sx), 6 = 36 ~=17. positive 

19. 5, left 21. radical, index, radicand 23.|x| 25. x 


27. even 29.3x° Bla +h? 33.11 35. -8 
37.5 39. -3 41. notreal 43.0.4 45. 2|x| 
47.3a = 49. |t+5| 51./a+3| 53.1 55. —5 
57-3 59.0.4 61.20 63.—l0pq 65.3 67. —3 
69.-2 71.2 73.4 75. notreal 77. 2|x| 79. 2a 
81. 5|x|  83.|x°| 85. —x 87. —3u 89.0 91.4 


93.1 95. 0.5 


97. D:[—4, ©), R:[0,2%) 99. D:(—2, ~), R: (—, ~) 


y 
A 
Her 
3 
fix|=Nx=1 
101.4 103. notreal 105. 5|b| 107. |t + 12| 
109. —Sm?n 111. 0.225 113, x+2 115. 0.1x° |p| 
117. 3.4641 119. 26.0624 121. 4.1231 123. 2.5539 
125. 1.67 127. 11.8673 129. 3units 131. 4sec 
133. about 7.4 amperes 
Getting Ready (page 624) 
1.25 2.169 3.18 4. 11,236 


Exercises 9.2 (page 629) 


1.5 3.5 5.4 7. 12x? - 14x — 10 
9. 151° + 2ts — 8s? 11. hypotenuse 13.0 +h = 


15. positive 17. 10ft 19. 80m 21. 48in. 23. 3 mi 
25.5 27.5 29.13 31.10 33. 10.2 35. 13.6 
37. about 127 ft 39. about 135ft 41.9.9cm 47. 13 ft 
49. yes 51. 90yd 53. 24cm? 55. yes 57. no 

59. 0.05 ft 63. about 25 

Getting Ready (page 632) 

1x’ 2a? Bat Al OS. 4 6x 7. a 


8:4" 


APPENDIX Ill Answers to Selected Exercises A-33 


Exercises 9.3 (page 638) 

1.2. 39 SS MS She Mi ess 

13. r > 28 17. a-a:a:a_ 19. a" 
21.4 23,40 25.(2)" 27.|x| 29. V7 31. WB 


33. W3x 35. Whey 37. War 39. Ve +P 


15. 13 pints 


41.2 43.3 45.3 47.4 49. —2 51. notreal 
53. 11? 55. 3a)'/4 57. 30/5 59. (Fabc)/* 
61. ($mn)'/5 63. (a — b°)' 65. S|y| 67. 3x 
69. |x +1) 71. notreal 73.216 75.27 77. 1,728 
1 1 1 1 1 
79.4 81.5 83% 5 85. Gs 87.53 89.8 
91.2 93. 58° 95. 4° 97, 99. 95 101. 7!” 
103. 2°73) 105.a «6107. a? 109. y +” 
Wx — x tx°5 113. x—-y 
115. x4? + 2x7/57/3 + 734117. Vp 119. 5b 
121.2 123.2 125.0 127. -3 129. 125x° 
4x? 1 3 3/441/2 n?/> 
131. “133. ga 135. —3, 137. ab? 139, Tas 
141. 143. 4x 145. x7 + 3x9 — 4x 
147,..-2+x 149.247 151. 1.01 153. 0.24 
155. —1.32 159. yes 
Getting Ready (page 641) 
15 224 35 47 5.4% 6 fx? 7, 300° 


8. —2a‘ 


Exercises 9.4 (page 648) 
7% 83 52V2 2IV3 9.59 11,552 


13. 977 + 12 +4 


15. 3pt4t+y°3 17. VWaWb 


19. like 21.6 23.¢ 25. 5x 27.10 29. 7x 

31. 6b 33.2 35.3a 37.25 39. -10V2 

41. 2\/10 43. -3\/3. 45. 2W2 47. 2V/3 49. a 
51.27 53, v3 55.03 57. 5xV2_ 59. 4V/2b 
61. —4aV7a 63. Sabb 65. —10V3xy 

67. -3° V2 69. 2x*yW2 71.2 73. 4V3 
75.-V2 77.2V2 79.9V6 81.3V2+ V3 
83.373 85.-V/4 87. -10 89. -11W/2 

91. —xW/3x? 93. 82Vyp 95. - 7) Vy 97. 0 


99. b = 3,c = 3V2 
103. b = 5V2,c = 10 
107. b = 5V3,c = 10 


101. a = 3c =3V2 
105. a=7,b=7 
109. a=9,c = 18 


WWW. a@=12,6=12V3 113.4= 2b =2V3 
4 
115. 10V2x 117. 2x°yW2 119. Y® aaa. -4V2 
123. 81 125. 94\/3 127. 10W/3—- 129. 9W/5y 
131. 9V/ 12xyz = 133. 4x V xy> 135. 2x + 2 


137. h = 2.83, x = 2.00 
141. x = 4.69, y = 8.11 


139. x = 8.66, = 10.00 
143. x = 12.11, y = 12.11 
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145. 10 V3 mm, 17.32mm_ 149. If a = 0, then b can be any 
nonnegative real number. If b = 0, then a can be any 
nonnegative real number. 


Getting Ready (page 651) 


wa oD 3. a 2a 4. 6b +: Ob 
5.a°—3a-—10 6. 4a? — 9b 


Exercises 9.5 (page 658) 


ie Save S.6ee2: oO oa ant 

13. 2,V7, V5 15. Vx—1 17. conjugate 19. 4 

21.5V2 23.6V2 25.5 27.23 29. ab? 

31. rW10s 33. x°(x +3) 35. 12V5 — 15 

37. 12V6+6V14 39. -1-2V2 

Al. 8x — 14Vx—15 43. 52 + 2V/152 +3 

45. 6a + 5V3ab — 3b = 47. 18r — 12V2r +4 

a9. be Ve=6 51.2 53, M2 55, V0 

3 3 

57.2 59.%4 61.%6 63,2V2x 65. 

67. V2+1 69,2¥22 VI 94,04 V3 

ea Te see ) oy, Bees) =s 
x-2Vxyty 1 x= 9 

BS Bh BR rer 85. 18 

87. 5aVb 89. 2b? V\/2_— 91. 3B + W4 


93. -8xV10+ 6V15x 95. W397. we 99, ¥2 
3 5 
101. “44103. V2z + 1 


105, —_~___. 


ViVi - V9) 
107. fi4 109. r=“24 111. 4V2.cm 
x= 9) 
113. 2/3 ft,4V/3 ft 117. dix) 


Getting Ready (page 661) 


lea o2.5x 3x+4 4y-3 


Exercises 9.6 (page 667) 


1.67 3.0 5.17 7.2 9.6 11. x” = y", power rule 


13. square 15. extraneous 17.2 19.4 21. 4 
23. 35 25. 14;6isextraneous 27. 4,3 
29. 2;7isextraneous 31.2,-1 33.0 35.1 37. 16 
39. 0;4isextraneous 41.1 43. 6;0 is extraneous 
45. 2;142isextraneous 47.0 49. 3; —1 is extraneous 

2 8T- 3 
S1.h=7 53.1="% 55. A= P(r + 1)° 

L? ; 
57. = eI - 75) 59. 1,-4 61. 2; —8 is extraneous 
B 


65. 1,9 67. 2; —2 1s extraneous 
71. ©; 8isextraneous 73. 2 
79. 2,010 ft 


85. $5 87. R= 


63. —1; 1 is extraneous 
69. ©; 6 is extraneous 
75. 1 77. 2, —1 is extraneous 
81. about 29 mph _ = 83. 16% 
91. 0,4 


8K1 
7, yt 


Getting Ready (page 670) 


17x 2 -x +10 3. 12x74+5x—-25 4. 9x7 — 25 


Exercises 9.7 (page 678) 
16775 3.108 5.-i 271 95 11. -1 


13. 20mph 15.7 17. — 19. imaginary 21. Va 
Vb 
23. 5,7 25. conjugates 27.31 29. 6i 31.77 
33. 21/2 35. yes 37.no 39.8-—2i 41.3—5i 
43.15+7i 45.6—-8i 47.34+6i 49. —25 —25i 
51.7+i 53.14-8i) 55.8+ V2i 57.34 4i 
59. -5+12i 61.74 17i 63. —20-30i 65. 61 
: 1 5:. 6. 1 3 
67.2+i1 69. 5 + 5/ 71. -2- 8; 73.44 Gi 
5 12 11 3 1 Vi1I5. 
75. B B 77. 10 Bs To! 79. 4 at 
81.5 + mi 83.1 85.-i 87.1 89% 
91.-1-3) 93.0-i 95.0+%i 97.$-0i 
99.0+327 101.10 103.13 105. V74 107. 1 
109.no «6111.24 9% 113, -15+2V3i 115. 5 + 5i 
117.16+2) 119.2+4) 121. “a! 


127. 7—4ivolts 129.1-—3.4i 133. 


oe 


Chapter Review (page 681) 
1.67 2.-11 3.-6 415 5.-3 6-6 7.5 


8-2 9. 5|x| 10.|x+2| 11. 3ab 12. 4x*]p| 
13. y 14. y 
A 
Deere Sx) =|= Nxi= 
> XxX > xX 

Vay = Vx +2 cite 
15. y 16. y 

A A 

SSSLCh |. FRYER EB : 

far vrt2 rEELL LLLP? 
17. 12 18. about5.7 19. 3mi 20. 8.2ft 21. 88 yd 
22. 16,000 yd, orabout9 mi 23.13 24. 2.83 units 


25.5 26. —-6 27.27 28.64 29. -2 30. —4 


1 


31,4 32.5. 33, —16,807 34.59 (35:8 36.5 
37. 3xy"3 38, 3xy"?_—-39. 125x°7y6 40. gas 
41.54 42.0” 43.u-1 44 y+" 

45. x4 2x!?y 4 y 46. a*?-— 5%) 47. W548. Vx 
49. V3ab> 50. V5ab 51. 4V/15— 52. 33/2 
53.2W2 54.21/83 55. 2xV2x 56. 3x°*yV2y 

57. 2xy W 2x? “y 58. 3x°yW2x 59. 4x 60. 2x 


61, 222 go, VD 93,32 64. V5 65.0 
66. 8/2 67. 29x72 68. 32aV3a_—s«9. 13 V2 

70. —4xW/2x 71. 7V2m 72. 6\V’3.cm, 18cm 

73. 7.07in. 74. 8.66cm 75.6V10 76.72 77. 3x 
78.3 79. -2x 80. —20x7y°Vxy 81. 4- 3V2 
82.2+3V2 83 VI0O-V5 84.3+ V6 85.1 
86.54+2V6 B7.x—-y 88. Gut Vu- 12 89. %3 


3/3 
0.2: on, 2) 93, 93,02 44) 


y uy 


94, VOL V2 gs. o(Ve-4) 96, o¢2Va41 


a=! 
3 ah v= % a-) 

Oca Oe APG gy 1 eae 
101. 22 102. 16,9 103. 3,9 104 ;2 105. 2 
106. 0,-2 107. 12-—8% 108.2-—68i 109. —96 + 3i 
110. —2—2V2i 111. 22429) 112. -16 + 7i 
113. —12 + 28V3i 114, 118+ 10V2i 115. 0 — Zi 

2. 12 6. 21 qs 15 8. 
pene ee eek aa 119. 45 + qa 
120. 3 3 121. 39 — a9! 122. 3 +31 123. 15 
124.26 125.1 126. —i 
Chapter 9 Test (page 689) 
1.67 2.4 3.2|x| 4 2x 
5. D:[2, ©), R: [0, %) 6. D: (—%, «), R: (—%, 0) 

y y 
Aa) =a a3 
fey N=? 
‘ 
> X 
7. 28in. 8.1.25m 9.10 10.25 11.2 12.9 
13.532 143 15.243 16. 8xy 17. 4V3 
18. Sxy’V10xy 19. 2x yW3 20. 1 21. |x| V3 
22. 2)x°|V2 23. 3xW3 24. 3x72y*V2y 25. — V3 
26. 14W/5 27. 2)°V3y_— 28. 62/32 
29. -6xVy — 2x? 30.3-7V6 31. 
3 a-—b 
32.7341 33,—= “34, —“—2—. 36; 10 
V3 V2 a-—2Vab+b 
36. @;4isextraneous 37. —-1+1li 38. 4-7i 
V2 


39.8+ 6) 40.-10-1li 41.0-“77 42.4443 


Getting Ready (page 692) 


1. (x +5\(x—5) 2. (6+ 9)(b — 9) 
4. (2x — 3)(2x + 1) 


3. (Bx + 2)(2x — 1) 


Exercises 10.1 (page 701) 


9 


G27 24 84 71 


1.x = Ve,x = —-Ve 


9754 
13. positive or negative 
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15.5,-5 17.0,-2 19. -2,-4 21.3,-3 23. +6 
25.+V5 27.0,-2 29.24 V5 31.44) 33. +3: 
35.2,-4 37.2,4 39.—-1,-4 41. 10,-1 

1 3 5 1 3 3 1 
43. “39 9. 45. 3? i) 47 a ~~? 49 iI ~~? 
51. -L+V2% 53-14; 55. -4+iV2 
57.1+2¥2; 59.61 61. +4¥3 63. 4,10 
65.-52V3 67.2,1 69.14 ¥%% 71,1434; 

= 6h _ VEm 1 V 41 
73.d=" 75.c=S™ 77.-42-4 
79. -5+ 48 81. 4sec 83. 72mph 85. 4% 
87. width: 7 ft.; length: 133 ft 91. 3 
Getting Ready (page 704) 
1.07 + 12x + 36,(x +6 2. = Ix t+ B(x - FY 
3.7 4.8 
Exercises 10.2 (page 709) 
1.3,-4,7 3B y=-BF£ 5.2V6 7. V3 
9.3,-2,6 11. -1,-2 13. —-3,5 15. —6,—-6 
17. -1,3 199,-2 21.-3-} 23.4-3 

1, V5 1, V7. 
25. 5 sue 10 27 lti 29. 4 a “4a? 
a1, 2+¥2; 393,142¥2; gs, y= 12 Vitec 
37,x=h2 VE rte gq) 1) gg, 34 

3 17 1 1, V5 

43. 5+ -y- 45. 3+ V5 47. Sq tig t 
49. 8.98, -3.98 51. x° — 8x + 15=0 
53. x°- 2x - 14x +24=0 55. 8ftby12ft 57. 4 units 
59.icm 61. 16,18 or—16,-18 63. 6, 7 or —6, —7 
65. 30mph 67. $4.80 or $5.20 69. 4,000 
71, 2.26in. 73. 1985 75. about 6.13 x 10°*M 
79. V2,-3V2 81. i, 2i 
Getting Ready (page 712) 
1.17 2. -8 


Exercises 10.3 (page 718) 


Wo 


1. —3 3. irrationalandunequal 5.no 7. —-2 9 
11. 5° —4ac 13. rational, unequal 15. rational, equal 
17. complex conjugates 19. irrational, unequal 
21. rational, unequal 23.6,—-6 25. 12, —-12 


Lal 281, = V3.0 

31. 1,-1,V5,-V5 33. 1,-1,2,-2 35. 16,4 
37. 3: lisextraneous 39. 1; Fis extraneous 

41. ©; ; and 1 are bothextraneous 43. —8, —27 
45. -1,27 47. -1,-4 49.4,-5 51. 0,2 


27 2 
53. -1,-% 55.1,1,-1,-1 57. -4,3 


= 2y poeccs? A 
ne me: xt VOx — 28x 


2x 


61. y= 
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63.3,-; 65. 3+? 67.4447 69. -1 +23 
71. yes 73. a lisextraneous 75. -*. 1 

77. 1, -1,2V3,-2V3 79. 2,-2,iV7,-iV7_— 81. 3,1 
g3.3.-1 85.1+i 97.-53 89,d=+VH 
91.2 == G6? 93.5 95. 12,-3. 97.k<-4 
101. no 

Getting Ready (page 720) 

16-2 22 3.0 48 5.1 64 

Exercises 10.4 (page 732) 

1.down 3.up 5.(3,-1) 7.10 9. 32hr 

11. f(x) = ax’ +bx+c,a#0 13. maximum, minimum, 
vertex 15. upward 17. totheright 19. upward 


21. y 23. y 
A 


(0, 2) Ax) = x7 +2 


> xX 


27. y 


fixi= (x= 3) +2 


29. (1,2),x=1 31. (-3,-4),x=—3 33. (0,0),x =0 
35. (1, -2),x=1 
37. y 39. 


aah 8) 


? y 
A A 
CRED: 
> x 
x 
(2,2) 


f= 3x2] 1241.0 


Ax) & 1 


41. (2,21),x=2 43. (3,48)x=3 

45. 47. (0.25, 0.88) 
51. 2,-3 53. —1.85, 3.25 

x 55. (5,2) 57. 36 ft, 1.5 sec 
59. 50 ft by 50 ft, 2,500 ft? 
61. 0.25 and 0.75 
75 ft, 5,625 ft? 65. 14 ft 
67. 5,000 69. 3,276, $14,742 
71. $35 


49. (0.5, 7.25) 


63. 75 ft by 


Getting Ready (page 736) 
1. (x + 5)(x— 3) 2. (x — 2)(x — 1) 


Exercises 10.5 (page 743) 


1x=2 Bx<2 5S.x¥>-3 Z1<2x X29 y=kx 
11.¢t=kxy 13.3 15. greater 17. quadratic 
19. undefined 21. sign 
23. (1, 4) 25. (—c0, 3) U (5, &) 
1 4 3 5 
27. [-4, 3] 29. (—co, —5] U [3, ©) 
-4 3 -5 3 
31. © 
33. (co, -3] U [3, ~) 35. (-», 0) U (1/2, ~) 
<———}___|_—» ee} ee 
-3 3 0 1/2 
37. (0, 2] 39. (-e, -3) U (IL, 4) 
| 
0 2 -3 1 4 
41. [-5, -2) U [4, -) 43. (-»0, -4) 
<——} 
5 — 4 -4 
45. (-1/2, 1/3) U (1/2, ») 
-1/2 1/3 1/2 
47. (0, 2) U (8, °) 49. (-ee, —2) U (2, 18] 
$f} <} fot 
0 a 8 —2 2 18 


51. [-34/5, -4) U (3, ©) 53. (ce, -2) U ( -2, -) 


34/5 -4 3 -2 
55. y 57. y 


59. 
63. y 
A 
yates ai | 14 
2 
x Fe 
S ? 
N v 
S ? 
N | 4 
See 
a > x 
y<ix+4l 
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67. (-5, 5) 69. (ce, —5/3) U (0, -) 27. y 29. y 
<—}$+o$o A A 
=o 3 -5/3 0 
71. (-4, -2] U (-1, 2] 
«—_eI ——= 'y = 3x7 +2 ar 
4 -2 -l 2 
=e = ae! > x 
73. (-0, -16) U (-4, 1) U (4, 9) ae 
-16 a | 4 notjone-to-one one-to-one 
75. (-1,3) 77. (~~, —3) U (2, ©) 31. {(2, 3), (1, 2), (0, 1)}; yes 33. {(2, 1), (3, 2), (3, 1), (5, 1}; 


81. when 4 factors are negative, 2 factors are negative, or no 35. f (x) = ix = 


i 37. f (x) =5x-4 


no 


factors are negative 


Getting Ready (page 746) 


13x-1 2x43 3.2x7-3x-2 424) (42) 
Exercises 10.6 (page 752) 
15x 3B. 8x7 502 7. 8x 9, EFT 
x-4 : 

11. =D 13. f(x) + g(x) 15. f(x)g(x) 
17. domain 19. f(g(x)) 21. f(x) 23. 7x, (—~, ~) 
25. 12x°,(—%, %) 27. x,(—%, ») 
29. 4, (—~, 0) U(0,%) 31. 3x — 2, (—%, «) 
33. 2x7 — 5x — 3,(—%, 0%) 35. —x — 4, (—2, ~) 

Pees 1 1 
37, 24, (-», -3)U(-5,%°) 39.7 41.24 43. -1 
45. —-5 47.2x°-1 49. 16x°+ 8x 51.2 
53. 2x +h 55.4x 4+ 2h 57.2x+h+1 
59. 2x+h+3 61.4x+2h+3 63. —2x* + 3x — 3, 
(—%,%) 65. (3x — 2)(2x7 + 1),(—%, ©) 67. 3, (—%, ~) 
69. (x — 4)M(x? — 1),(—%, -1) U(-1, 1) U(1, ~) 71. 58 
73.110 75.2 77.9x°-9x+2 79.2 81.x+a 
83.2x+2a 85.x+a+1 87.x+a+3 
89. 2x +2a+3 95. 3x°4+3xh +r 
97. C(t) = 3(2,668 — 2002) 
Getting Ready (page 754) 
y=? 2 y= 45 
Exercises 10.7 (page 761) 
1. {(2, 1), (3,2), (10,5)} 3. f (x) =2x 5. no 
7.3-—8i 9.18—i 11.10 13. one-to-one 15. 2 
17. x 19. yes 21. no 
23. 


one-to-one 


one-to-one 


39. 
43. 


f (x) = 5x +4 


47. 


M1. f (x) =Fx4+5 


7 BxE- yas 
PaNka| Yt | EE 3e 
5l.y=+Vx-—4,no 53. f 'x= Wx, yes 
55. y 57. 
A Kd 
7 
va 
LV ax 
7 
y= 40 
FP 4¢ x 
7 
4 
¢ 
ryi 
7 yea t 
Pal 


59. td, 1), (4, 2), (9, 3), (16, 4)} 


Chapter Review (page 764) 


1 p) 


ay 2. 3279 3. 


8. 9 


1 
1 24424 
+VI 


4— 


61. x = |y| 


63. f(x) = W835 67. fy = 841 


—-1 9. 0,10 
V7. 


1 1 
. —7,3 12. 4 


- 4cm by 6cm 
. Irrational, unequal 19. 
. 12,152 2.k=-4 


24.1 25.1,-5 26. 


4 


15. 2 ft by 3 ft 


13. 5 ty 
16. 7 sec 
complex conjugates 


22. 1,144 23. 8,—27 
27. 1 


17. 196 ft 
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28. y 29. y 53. no 54. no 
A A y ¥. 
A A 
> xX 
(0,|-1) 
fa) = 
> xX 
f(x) =a 
(0,=3) T y= 2x7 43 
at x3 1 x= 

55. f (x)= 4 56. f (x)= 
57. y= \/2s4 58. x = |p| 
Chapter 10 Test (page 772) 
1.3,-6 2-3-2 3.144 4.625 5,.-2+V3 
6. 2 + = 7. 3 ae na 8. u an ti 9. nonreal 

32. (2, -17) 2 2 
10. 2 1 

33. 9 (co, -7) U (5, ©) 34. (-9, 2) 
13. 14. (2, 1) 

-7 2 9 2 
35. (-, 0) U [3/5, =) 36. (-7/2, 1)U(4,~) 
0 3/5 1/2 1 4 


37. x<-7orx>5 38 -9<x<2 


WY iva 15. y 16. (-c0, -2) U (4, ~») 
—}-+_—— 


39. x<0orx=2 .-$<x<lorx>4 1 FS 
YE H3 - 
17. (-3, 2] 
——+}— 
> X 3 2 
41. 18. (g + f)\(x) = 5x - 1 
yaa ES 19. (f — g(x) =3x+1 


20. (g+ f(x) = 4x7 — 4x 21. (gfx) = {422.3 


23.-4 24.-8 25.-9 26.4(x—1) 27. 4x-1 


28. y=45* 29. y=-1\/*74 


Cumulative Review Exercises (page 773) 


43. (f+ g(x)=3x+1 44 (f-g(x)=x-1 1. D: (—%, ~); R:[—3, ~) : 2. D:(—%, ~); R: (—%, 0] 
45. (f - g\(x) = 2x72 +2x 46. (flg\(x) = an (x # -1) 3B y=3xt2 4 y=-3x-2 5. 4a? + 12a —7 
47.6 48-1 49. 2(x+1) 50. 2x ie 66 —Sx=6 7.@°+4y71R4 2y\(x 2y) 
51. yes 52. no 8. (3x + 2)(5x-—4) 9 6,-1 10. 0,2 5 5 11. 5x? 
A 12.4131 13. -3x 14 4x 15.5 16.1617.” 
18. x2 
19. y 20. y 
A A 


> X 


fey = x(2x—-3) 7 
x x 
{op T ol FOS 4-412 Ht 


domain = [2, ce) 
range = [0, 9) domain|= [—2, s) 
range = (ee, 0] 


J) = 12% + 3) 


21x87 aait+2+x 23. 7V2 
Bs a 
24, —12N/2 + 10W/73 25. 186-26, SV 


27,*+3Vx+2 9¢ Voy 29.2.7 30.1 


coun | 


31.3V2in. 32.2V3in. 33.10 34.9 


35,1,-2 36, 2+ V7 
37. y 
A 
.5)[ya tas 
ae! 


39.7+2) 40.-5-7i 41.13 42. 12-6 
43.-12-10i 44.3+35i 45. V13 46. Vol 
47, -2 48. 9, 16 


49. (—00, -2) U (3, &) 50. [-2, 3] 
—}_$__$_—= | 
=) 3 —2 3 


51.5 52.27 53. 12x7-12x +5 54. 6x7 +3 
Po 


55. f \(x)=*7* 56. f 'Q) = Vx-4 


Getting Ready (page 776) 


1 8 


1.80625 3.55 459 
Exercises 11.1 (page 786) 
1.4 3.18 5.4 7% 9.40 11. 120° 


13. exponential 15. (0,%) 17. increasing 
kt 


19. P(1+) 21. 2.6651 23. 36.5548 25. 8 


2: 
29. 31. 
33.b=5 35.5=3 
37. y 39. y 

A A 

> xX 
fix) = 3°! 
flee 2 Pie oe 


41.b=2 
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43. increasing function 45. decreasing function 


47. approximately 29.8 million 
49. 324) 51. $22,080.40 53. $32.03 


55. $2,273,996.13 57. 5.0421 x 10 * coulombs 
59. $1,115.33 


Getting Ready (page 788) 
1.2 2.2.25 3.244 4. 2.59 


Exercises 11.2 (page 794) 


1.1 3.739 5.2 7. 4x°V15x 9 l0yV3y 

11. 2.72 13. increasing 15. A = Pe” 

17. y 19. y 
ry ry 


fo ert 3 


fw|=e4+ 1 


21. y 23. y 


Fx) = 2e4 


—————> + 


25.no 27. no 29. $10,272.17 31. $6,391.10 

33. 10.6 billion 35.2.6 37. 72yr 39. 3.68 grams 

41. 2,498.27grams 43. $7,518.28 from annual compounding; 
$7,647.95 from continuous compounding 45. 6,817 

47. 0.076 49. 0mps 51. thisobject 53. $3,094.15 
57.2 59. k=e° 


Getting Ready (page 797) 
110225 3% 44 
Exercises 11.3 (page 804) 


1.3 35 5.2 7. j 9.2 11. ©; 2 is extraneous 


13.4 15. (0,%) 17.x 19. exponent 


21. (b,1),(1,0) 23. 20log 52.25, 3° = 27 
1\4:_ =3 1 1\3 _ 1 
pela] mend (=| 


33. log,36=2 35. logs =—2 37. logy 32 = —5 


39. log.z=y 41.49 43.6 45.5 47.4 49.5 
3 


51.3 53.4 55.2 57.3 59.4 


A-40 APPENDIX III Answers to Selected Exercises 


61. increasing 63. decreasing 
y y 


fix) =|log3x fry logy 


fix) =3 + logax 


ated fiy=toginey—2) 


73. 0.9165 75. —2.0620 77. 17,378.01 79. 0.00 
81.: 83.-3 85.-} 87.5 89.8 91.4 93.4 


2 
95.4 97. 3 101. 25.25 103. 8 


99. 100 
105.b=3 £107. novalueofb 109. 29.0dB 
111. 49.5 dB 


113.44 115.4 117. 4.2 yr old 
119. 10.8 yr 


Getting Ready (page 807) 
1.62 2.-3 31 40 


Exercises 11.4 (page 811) 


le =x 3. = 02 5.vy=9x+5 7.y=-3x +5 
Ry=5 11. ern 1 43, * 4 15. (0, 2), (—20, 20) 
17.10 19. 21. 3.2288 ~ 2.2915 25. —0.1592 


27. no real valve 29. ian a. 23. = 33. 0.0089 


— 


41. no 43. no 45. = yr 47. im yr 
49. about 2.9 hr 
Getting Ready (page 814) 


1 xntn 2. 1 3.7" 4. x" 


Exercises 11.5 (page 821) 
1 


12 3.34 52 74 92 
13,.y=—-2x+% 15.1 12x 1% - 21x 


23. = 25.0 27.7 29.10 31.1 33.0 35.7 
37.10 39.1 45. log, x + log, y + log, z 
47. log, 2 + log, x — log, vy 49. 3log,x + 2 log, y 


51. 5(log, x + log, y) 53. log, x + 5 log, = 


1 1 1 1 

55. 3log,x — glog,y — glog,z 57. log, * * 

2, 1/2 gi? : baa x 
59. log, xy 61. log, 33,2 63. log, 7 = logy | 

7 me y J 

65. 1.4472 67. 0.3521 69. 1.1972 71. 2.4014 
73. 2.0493 75. 0.4682 77. 1.7712 79. —1.0000 
81. 1.8928 83. 2.3219 87. false 89. false 91. true 
93. false 95. true 97. true 99. 4.77 
101. from 2.5119 X 10-8 to 1.585 X 10°”: 103. It will 


increase bykIn2. 105. The intensity must be cubed. 


Getting Ready (page 824) 


1. 2 log x 2. 5 log x 3.0 4. 2bloga 


Exercises 11.6 (page 832) 


logs _log7 2 
pes ee ee 7 OOS Ag a 


13. exponential 15. Age“ 17. 1.1610 19. 3.9120 
21.0 23. 22.1184 25. 1.2702 27. 1.7095 29. 4,-1 
31. —2,-2 33. +1.0878 35. 0,1.0566 37. 1.8 
39.3,-1 41.2 43.3 45. -7 47. 10,—-10 

49. 50; —2isextraneous 51. 20; —S is extraneous 

53. 10; —100isextraneous 55. 10; 1 is extraneous 

57. 4;0isextraneous 59. 4: lisextraneous 61. 20 
63.8 65.0 67. 6; —1 is extraneous 

69. 9; —9isextraneous 71. 0.2789 73. 100,1 75. 4 
77.1,7 79.4 81. 53days 83.6.2 yr 85. about 


4,200 yr 87. 25.3 yr 89. 2.828 timeslarger 91. 13.3 
93. 42.7days 95. 5.6yr 97. 5.4 yr 
99. becauseIn2~0.7 103. x =3 


Chapter Review (page 836) 
ise 20" " 


3. y 4. 


A) i ay J+ 2 


9. $2,189,703.45 10. $2,324,767.37 


11. y 12. y 
FY A 
SOE e+ I 
ee fd) = et — 3 


13. about 582,000,000 14. 30.69 grams 
15. D: (0, %),R:(-%, 0) 17.2 18-5 19.0 


20.-2 21.5 22.4 23.32 24.9 25. 27 

26.-1 27.3 28.2 29.4 30.2 31.10 32% 
33.5 34, 3 

35.) 36. 


fx) =log-(~+—2) 


38. 


y= logia x 


39.53dB 40.44 41. 6.1137 42. —0.1111 
43. 10.3398 44. 2.5715 
45. y 46. y 

A 


JO=l + In x A) = In@ +) 1) 


= xX 


47. 23yr 48.0 49. 1 50. 3 51.4 52.4 53. 
54.7 55.3 56.4 57.9 
58. 2 log, x + 3 log, y — 4 log, z 


59. 5(log, x — log, y — 2log,z) 60. log, xz? 


y 


61. log, py 62. 3.36 63. 1.56 64. 2.64 
65. —6.72 66. 1.7604 67. about 7.94 x 10 * gram-ions 


perliter 68. kln2less 69. ees = 1.7712 70. 2 


log 3 ss 
71. 31.0335 72.2 73. es — lees 2.7095 
74. —1,-3 75. 25,4 76. 4; —2 is extraneous 


77. 2; —3isextraneous 78. 4,3 79. 6; —1 is extraneous 


Ind _ e 
80. 31 81. 25 ~ 3.1699 82.0 83. 25 ~ 1.5820 


84. 1 85. about 3,400 yr 
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Chapter 11 Test (page 842) 
Ms y 2. 


3. Agram 4. $1,060.90 5. ¥ 


6. $4,451.08 7.2 8 3 


10.10 11.2 12.2% 
13. y 


> X 


fx)-=log3x 


15. 2loga + logh + 3loge 16. $(Ina — 2Inb — Inc) 


Va 


17. og 2 484 19. 1.3801 
mee 08 Ve 
log3 ... In3 loge Ine 
20. 0.4259 21. log7 OF in? 22. ine! in 23. true 
24. false 25. false 26. false 27.6.4 28. 46 
29, 223 39, 83 34,132. 10; —1 is extraneous 


log 5 (log 3) — 2 


Getting Ready (page 844) 


1.x - 4x44 2.27 4+8x4+16 3. i 


a A. 36 


Exercises 12.1 (page 853) 
1. (0,0),12 3. (2,0),4 5.down 7. left 9. 5,-4 


11. 3, =| 13. conic 15. standard, (0, 3), 4 
17. circle, general 19. parabola, (3, 2), right 
21. y 23. y 

A 


GH Dt +y=9 
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25. y 


2)P 4 ( —i4)P = 4 


29. y 


Answers to Selected Exercises 


27. y 


Get 3)? 4 dy t 12s 16 


31. y 


— 


r=] 
> X 
9x7 4 Oy? 12y=5 
33. 35. y 
A 
3-2} 
eC! 
| = 3 
> X 
x-Hy2 D+ dy ed 
a+ -yP+16%—1491=!-12 
37. x° +y—-1=0 
39. (x — 6) + (vy — 8) = 25,x° + y* — 12x — l6y + 75 = 0 
Al. (x + 2) + (y — 6) = 144, x7 + yp? + 4x — 12y — 104 = 0 
4.x + y=2x°4+y-2=0 
45. y 47. y 
A A 
(0, 0) > xX @, o) > xX 
Pane 
x = 4 
49. y 51. y 
A A 
(2,3) \/ 
(3) 
Ly = ACr|— 17 +13 
> Xx > X 
yi +44 [64 S—I 
53. y 55. oy 
A 
> X 
(0; =3) 
4,1) 
> xX 


x4 +lo/+ Bt SII 


pa yet Abe 4 5 


57. y 


63. 65. 


SJ 


67. (x-77 +y =9 
73. 2 AU 


69. no 71. 30 ft away 


Getting Ready (page 857) 


ly=tb Bwx=+a 
Exercises 12.2 (page 865) 
1. (+3,0),(0,+4) 3. (2,0) 5. 12)? + 2 7: Xs + 
9. ellipse,sum 11. center 13. (0, 0), major axis, 2b 
15. y 17. y 
K 
> XxX 
at 
al ToT =| 
19. y 
A 
= X 


27. y 29. y 


A 
Cea |” 
(x+1)?+4G]+2)7=4 al 
or 
vA 
wor elope 2 y 


25(x+ 1)? + Oy? = 225 
or 
@+1y, y_ 
5 ~*a5"' 


A 
thy Ore t 


39. GG the=1 43. 12 7 sq. units 


144 


a1. y = 5400 = x 


Getting Ready (page 869) 
y= t20 2 y= +29 


Exercises 12.3 (page 877) 


1. (43,0) 3. —3x°(2x7 - 3x +2) 5. (Sa + 2b)(3a — 2b) 
7. hyperbola, difference 9. center 11. (+a, 0), 
y-intercepts 


17. 19. 


> X 
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21. 


tl? _@-27 _ A(x +3)?-(v- 1)? =4 


1 M4 
or (x +3)2- woe = 1 


25. 
> XxX 
@+1? _(y+2P _, G41y G2 _; 
a Caer cee 1 407 
29. y 31. y 
r 
> xX 
xy=8 
33. 35. 
ral |g 
37. 3units 39. 10\/3 units 


Getting Ready (page 880) 


1. positive 2. negative 3.98 4. —3 


Exercises 12.4 (page 883) 


1. increasing 3. constant 5.20 7. domains 
9. constant, f(x) 11. step 13. increasing on (—%~, 0), 
decreasing on (0, ©) 15. decreasing on (—%, 0), 
constant on (0, 2), increasing on (2, %) 
17. constant on (—%, 0), 19. decreasing on (—%, 0), 
increasing on (0, ©) increasing on (0, 2), 
decreasing on (2, %) 


> xX 


hit xe<0 
xix > 0 


fa = 


—t iff x 
fas f if 0 


—x ifix 
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21. y 23. y 
eo A 
eo eo 
oo fw = +E 
eo fixy = 2-2 
rt > X o> > X 
eo 
eo ep) 
eo 
eo eo 
25. y 27. $30 
A c (in $10) 
SWE $gn x 
i ——- ee aaa 
e > xX 10 
77 -# > h (in hr) 
29. After 2 hours, network B is cheaper. C 
A 
35 
45 c= 
25| 68 
20 
15 
10 
5 j 
>t Goi? tir; 
4 9 
Chapter Review (page 886) 13. increasing on (—®, —2), constant on (—2, 1), decreasing 
1. y 2. y on (1, ©) 
A 14, y 15. y 
A 
i Mifixs J 
a = ii ifx>1 ai 
fo) = 31 
x 
> XxX 
@EIYF 04 27=9 
3. y 4. y 
i Chapter 12 Test (page 892) 
[leap LED? Bee = ) 
> xX 
gi X=|-30)— 2)? #5 
G+ 2)? 4O-|D?7=9 
5. 


Q+ D7 +0 -P7=9 


5. y 
A 
> xX 
9x74 4y? = 36 
or 
aa 
a He o> 1 
7. y 
A 
> X 


2 
erareeeet hy 


9. increasing on (—3, 0), 
decreasing on (0, 3) 


A 4. 
Fe ifx<0 
+x if x20 


> xX 


Cumulative Review Exercises (page 893) 


we i 2 2n n 5 
1. 12x 5xy — 3) 2. a 2a 30 3B. 75 
2 4a —1 
4. a —-3a+2 5. | 6. (@+ Dia — Dd 7. parallel 
i a fa a, 
8. perpendicular 9. y= —2x+5 10. y= —V4x + 73 
11. y 12. 
A 
2x —3y <6 S 
321+ Ba 
4 
¢ 
po 2k +3756 
cil 
cal 
¢ 
ya 


13.5V2 14. 81xV/3x 15. 5;0isextraneous 16. 0 


17.5,-3 18. $44" 19. 4x7 + 4x - 1 


3 - 
20. fx) = \3/x * ia St 4 


APPENDIX Ill Answers to Selected Exercises A-45 


ee 2 log 2 
21. 22.2”=x 23. ibg3 — lop? 
24. 16 
25. y 26. y 
A APL 1)? =9 
; or 
|_| a 
che L 9 oF Db. =1 
— AE x 
PHD =9 


Getting Ready (page 896) 
1.2 25 3.-4 4 —3 


Exercises 13.1 (page 906) 


1. nosolution 3. onesolution 5.2 7.4 9 a” 


13,.r=4-2 15,7 = 
V2 


zo . 
11. 81x°7)4 pt +7, 17. consistent 


19. independent 
21. 


25. y 


x= 342y 


Ix +3y=0 24 +4) 46 


> X 


infinitely 
many solutions, 


GA) 


29. (2,2) 31. (5,3) 33. (—2,4) 35. no solution 
37. (5,2) 39. (—4,—-2) 41. infinitely many solutions, 
(x,2x — 4) 43. no solution 
45. y 

Lie SF 


N U 
‘ t 
yEreet 3N ny=sxt2 


T 
1 
i 
U 
yr 


49. (2,3) 51.0 53. (1,-2) 55. (5,3) 57. (-2,3) 


A-46 APPENDIX III Answers to Selected Exercises 
12 
59. (1,2) 61. (4,3) 63. (4,8) 65. (20, -12) 
67. (—0.37, —2.69) 69. (—7.64,7.04) 71. a. $2 million 
b. $3 million c. 10,000 cameras 73. $57 75. 625 ohms 
and 750 ohms 77. l6mby20m_ 85. no 
Getting Ready (page 909) 
1. yes 2. yes 3.no 4. yes 
Exercises 13.2 (page 916) 
1. yes 3. 2 5.1 7. 2s°+1 9. plane 
11. infinitely 13. yes 15. (1,1,2) 17. (0,2, 2) 
19. 3, . 4) 21. @ 23. infinitely many solutions of the 
form (19 — 9z,5 — 3z,z) 25. (3,2,1) 27. (2, 6,9) 


29. © 31. infinitely many solutions of the form 
(5,.3-42,2) 33. -2,4,16 35. A = 40°, B= 60°, 
C= 80° 37. 1,2,3 39. 30 expensive, 50 middle-priced, 


41. 250 $5 tickets, 375 $3 tickets, 
43. 3 poles, 2 bears,4 deer 45. 78%, 21%, 
49. x° + -2x-2y-2=0 


100 inexpensive 
125 $2 tickets 
I% 47. y=x- 4x 
53. (1, 1, 0, 1) 


Getting Ready (page 919) 


1.5 8 13 2.0 3 7 3-1 -l 
4.3. 3° =5 


Exercises 13.3 (page 926) 


3. 2 7 a 
1. ss 3B. yes 5. 9.3 X 10 7. 6.3 X 10 
9. matrix 11. 3,columns 13. augmented, coefficient 
15. type! 17. nonzero 19.0 21.8 23. (1,1) 
25. (2,-3) 27. (1,2,3) 29. (-1,-1,2) 31.0 
33. (1,2) 35. (2,0) 37.0 39. (-6— 2,2 - 2,2) 
41.(2—2z,1—2,z) 43. (0,—3) 45. (8,8) 47. (4,5, 4) 
49. (1,2) 51. (2,3) 53.@ 55. (2, 1,0) 
57. (x,3x —9) 59. (4—2,2,2) 61. (x,0,1— x) 
63. 22°, 68° 65. 40°, 65°, 75° 67. y= 2x7 - x41 
69. 76°, 104° 71. 20,40,4 75.k #0 
Getting Ready (page 928) 
1.—-22 2.22 3.-13 4. —13 
Exercises 13.4 (page 936) 

5 2 
11 3.0 5. 4 4 7. -—3 9.0 11. number, 
square 13. es 15. Cramer’srule 17. consistent, 
a3 3 
independent 19.8 21. —-2 23.0 25. —-13 27. 26 
29.0 31. (-1,3) 33. (4,2) 35. @ 37. dependent 
equations, (x,-$x +3) 39. (1,1,2) 41. G, 2,1) 
43. 45. dependent equations, G.3 - 42, z) 
47.x°-y 49. 10a 51.0 53. —23 55. 26 
1 1 14 

57.(-3,4) 59. (2,-1) 61. (5,4) 63. (3, -2, 1) 


3 Ad 
65. es 2 5) 67. (-2,3,1) 69.2 71.2 


75. $5,000 in HiTech, $8,000 in SaveTel, $7,000 in HiGas 
81. —4 


Getting Ready (page 939) 
1. 7x7 =44 2. -3y? =8 


Exercises 13.5 (page 944) 


1.0,1,2 3.0,1,2,3,4 5. -IlxV2 7.5 
9. graphing, substitution 11. four 
13. ) 15. y 
A 
(1, 3) (1, 3) 
VW > XxX 
by =+10 


17. 


: id 


457 = 25 


12x27 64y7|= 768 


21. (3,0),(0,5) 23. (1,1) 25. (1,2), (2,1) 
27. (-2,3),(2,3) 29. (V5, 5), (-V5, 5) 
21s 2G 3 2) 

33. (0, —4), (—3, 5), (3, 5) 

95. (9, 3),02; 3), (2-9), 3) 


37. y 
r f* 
yet H2 74 
ed ar 
v7 N a/ 
7 x iy 


q 
/ 


\ 
i 
1 
1 
1 
Fal Y 
41. (1,2),(-2,-1) 43. (2,4), (2, -4), (-2, 4), (-2, -4) 
4s. (—V/15, 5), (15, 5), (-2, -6), (2, -6) 47. (3, 3) 
49. (6, 2), (-6, —2), (V/42, 0), (-V42,0) 51. (5,3), 3.5 
53. 4and8 55. 7cmby9cm __ 57. either $750 at 9% or 
$900 at 7.5% 59. 68mph,4.5hr 63. 0, 1,2, 3,4 


} 
i 

1 

i 

| n 

1 

I 

{ 


73. 50°, 80° 


) 
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Chapter Review (page 948) 25. 


yy =atB 


Getting Ready (page 958) 


infinitely rn Lox t4x +4 2.2°-6x +9 3° 4+3x7 43x41 
many solutions, 4. x° — 6x7 + 12x -8 


no solution 


B 
HH 6- b Ba] 
{ Exercises 14.1 (page 963) 
ert 1.1031 So t+2mn+nr 7. p+ 4pqt+4¢° 
> x 


9.2 11.5 13. one 15. Pascal’s 17. 6! 19. 1 
21. a? + 3a°b + 3ab? +b? 

23. a’ — 4a*b + 6a°b* — 4ab? + b*) «025.6 = =27. —120 
29.30 «31. 144 «933. 775 «35. 2,352 37. 72 «39. 10 
Al. x° + 3x°y + 3xy 


5 3) 6.8: 7a 8. 42) 
9.(-3,1) 10. (1,-1) 11.,-4) 12. (4,4) 
13. (1,2,3) 14. nosolution 15. (2,1) 16. (1, 3, 2) 


A 3) 2.2 3 op2 4 
17, (2) “98, Gz. 1— 22,2) (19,18 2038 o-3 Bex arp oey ary 5 Pe acs 
22. 28 23. (2, 1) 24. (-1, 3) 25. (1, —2, 3) 45. 8x7 + 12x*y ai 6xy +y 47. x Ox yt l2xy" = Sy 
26. (—3,2,2) 27. (4,2), (4, -2), (4, 2), (4, -2) 49, 8x" + 36x°y + Sdxy? + 27y) BI. — AP + AG 5 
26. (2,3), 2; —3), 2, 3),(-2,.—3) 53. 40,320 55.21 57. 7 
29. 


59. 39,916,800 61. 2.432902008 x 10/8 


63. 81 + 216y + 216)" + 96y° + 16y4 

xt Dy | xy? oxy | yt : 
65, — 4 EH 78, 1,1,2,3,5,8, 13,.. 5 
beginning with 2, each number is the sum of the previous two 


numbers. 


Getting Ready (page 965) 
1.6 2.10 3.—-20 4 —4 


Chapter 13 Test (page 955) Exercises 14.2 (page 967) 


- (7,0) 3. (2, —3) 1.2 36 55 71 #9 (2,3) 11.8 13.3 

. (=6,4) 5. dependent 15.7 17.3ab 19. 15x*y* 21. —4xy? 23. 28x%)? 

ee. eek See 25. 640x372 27. —12x3y 29. —70,000x* 31. 810xy4 
: : : : 33. 180x*y? 35. —ix3y 37. 90x* 39. ee 


9. 1 1 = 6 ni n—4,4 n! n—r+1pr-1 
2 -3 1 -l MN. qq@-7e 8 43. Go h@ rt 4 b 


47. 252 


N 


1. y 


af 


Getting Ready (page 968) 


1 1 1 
0.11 1 -1) 11.02) 12.¢1,3) 13,22 ted, O02 Set TNO 

2-3 ! Exercises 14.3 (page 975) 

-6 -l 6a? + 16 

14. -17. 15.4 16. 13 17. aa | 1.14 3.5 5.3 7. 187+ 8x—-3 9% GHG 

1 =§ 11. sequence, finite, infinite 13. arithmetic, difference 
18. | | 19. -—3 20.3 21.3 22. —1 15. arithmeticmean 17. series 19.1 +2+3+4+5 

31 21.1 23.73 25. 3,5,7,9, 11 
23,.12:),2,-1,-2),62-) 24:6,4,63,4) 27. =§, 8, =11,=14,-17 28; 5, 11,17, 33,99 

31. —4, -11, -18, -25,-32. 33. 2? 


35. 12,14,16,18 37.7 39.3 41. 1,335 43. 459 


A-48 APPENDIX III Answers to Selected Exercises 
45.34+6+9+12 47. 164+ 254+ 36 49.60 51. 31 
53. —118, —111, —104, -97,—-90 55. 34, 31, 28, 25, 22 
57. 5,12, 19,26,33 59. 355 61. —-179 63. —23 

65. 12 67. 354 69. 255 71.1,275 73. 2,500 

75. 12 77. $60, $110, $160, $210, $260, $310; $6,060 

79. 11,325 81. 368 ft 85. 3,2,3,3,4.4 


Getting Ready (page 977) 
1. 10,20,40 2. 18,54, 162 


Exercises 14.4 (page 983) 


1.27 3.25 5.6 7. [-1,6] 9 (—%, —3) U [4, ~) 
11. geometric 13. commonratio 15. S, = os 

: 1 _1 i 1 
17. 3,6, 12, 24, 48; 384 19. —5, -1, —3, —93, —793) -Ts@35 
21. 2,8, 32,128,512 23. —3, —12, —48, —192, —768 
25. —64, 32, -16,8,-4 27. —64, —32, —16, —8, —4 
29. 6,18,54 31. —20, —100, —500, —2,500 33. —16 
35. 10V2 37.728 39.122 41.42 43, -4 
45. 2, 10,50, 250,1,250 47. 3,584 49. 4 51. 3 
53. No geometric mean exists). 55. —255 57. 381 
59. about 669 people 61. $1,469.74 63. $140,853.75 
65. (5) ~ 0.0005 67. $4,309.14 73. arithmetic mean 
Getting Ready (page 985) 
1.64 245 3.3 4 25 
Exercises 14.5 (page 988) 
1.8 3. i 5.27 7. yes 9 no 11. infinite 
13. S..=;= 15.16 17.81 19.8 
21. nosum becauser >1 23. } 25.—-3 27. 4 
22.3 31. -% 33. -Y 35. 30m _—-37.. 5,000 
41. % 45. no; 0.999999 = Par < | 
Getting Ready (page 990) 
1.24 2.120 3.30 4. 168 
Exercises 14.6 (page 998) 
1.15 33 51 7.6,-3 98 ILp-g 
13. permutation 15. P(n,r) = ao al 17. combination 
19. Clin) = aq 21. 6 = 23. 60-25. 1227.5 
29. 10 31.20 33.50 35.2 
37. x1 + 4x7y + 6°? + 4xy? + yt 
39. 8x° + 12x°y + Oxy? +y*> 41.1 43. 1,260 

i} 
45. Cla, 2) = Tie = DI 
A7. 81x* — 216x7 + 216x7 — 96x + 16 49. —1,250x°y" 
51. —4x°y' 53. 35.55. 5,040 57. 1,000,000 
59. 136,080 61. 8,000,000 63. 2,880 65. 13,800 
67. 720 69.900 71. 364 73.5 75. 1,192,052,400 
77. 18 79. 7,920 83. 48 


Getting Ready (page 1000) 
1. {1,2,3,4,5,6} 2. {(H, H), (H, T), (T, H), (T, T)} 


Exercises 14.7 (page 1004) 


We a= 


; 2 5.3,-1 7. -2,-2 
Ss 6 3 

11. 7 13. 0 15. a. 6 b. 52 Cc. 52° 26 

17. {(1, H), (2, H), (3, H), (4, A), (5, H), (6, H), (1, T), (2, T), 

(3, T), (4, T), (5, T), (6, T)} 


9. experiment 


19. {a,b,e,defg,hij, kL, 


m, n, 0, p,q, t, 8, t, U,V, W,X,y,z} 21. 7 23. 5 25. 5 
27.45 29.3 31.0 33.4 35.5% 37.75 39.0 
a. 43.5 454 47.3 49.4% 51.4 

53.75 55.7 59. 0.14 

Chapter Review (page 1007) 

1.144 2.20 3.15 4.220 51 6.8 

7. x° + 5x4y + 10x73 y? + 10x7y? + Sxy* + 

8. x* — 4x°y + 6x°y? — 4xy? + y* 

9. 64x* — 48x7y + 12xy? — 3 

10. x° + 12x*y + 48xy? + 64y? 11. 6x7y? 12. —10x7y? 
13. —108x°*y 14. 864x7)* 15. 42 

16. 122, 137, 152, 167,182 17.9,°3 18. 1,550 

19. -9 20.19 21. 378 «22. 14-23. 360 

24. 24,12,6,3,3 25.4 26. 24,-96 27. 8 

28. —"2 29. $1,638.40 30. $134,509.57 31. 12 yr 
32. 1,600ft 33.125 343 35. 136 36. 5,040 
37.1 38. 20,160 39,5 40.1 41.1 42. 28 
43.84 44.700 45.7 46.120 47.720 48. 120 
49.150 50.3 51.5 522 537 54.0 55.4 
56.105 57. ew 

Chapter 14 Test (page 1012) 

1.210 21 3. —-Sx*y) 4. 24x77 5. 66-6. 306 
7. 34,66 8&3 9-81 10.3% 11. 18,108 12.7 
13. 120 14. 40,320 15.15 16.56 17. 720 

18. 322,560 19.24 20. 21.35 22.30 23./ 
24.7; 25. Geig 26 7g 


Cumulative Review Exercises (page 1013) 


WO) 26,1) 3.02) 2G. 5.41 
6-1 Ke-1,3) ai 
9. y 10. y 
\. A A 
s Grd 
as wT 
WS Ly 
SA 
<GERP 
oN 
om 
fi SN 
y mabe 
/ 
+ 
Vd 


11. 12,.27=x 13.5 14.3 
15.5 161 17%. y=2" 
18. x 19. 1.9912 
20. 0.3010 21. 1.6902 
5 log 2 
22. 0.1461 23. i553 — toad 
24.8 25. $2,848.31 
26. 1.16056 27. 30,240 
28. 8la* — 108a°b + 54a°*b* — 12ab* + b* = 29. 112x*y® 
30. 103 31. 690 32. 8and19 33. 42 34. 27 
35.27 36.1422 37. 12,-48 38. 39. 504 
40.35 41.4 42. C(in,n) 43. 5,040 44.84 45. 
Exercises I.1 (page A-4) 
1. y-axis 3. origin 5. y-axis 7. none 9. none 
11. x-axis 
13. 15. 


(Fe4, 9p), 


[#4 ee) 


3 
26 


17. 


21. 
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A 
Absolute inequalities, 468 
Absolute value 
of complex number, 677-678 
defined, 9, 475 
finding, 475-476 
of real numbers, 9-10 
Absolute value equations, 476 
Absolute value functions, 579-580 
Absolute-value inequalities, 481-486 
Accent on Technology 
Approximating Zeros of Polynomials, 
519 
Checking Solutions of Quadratic 
Equations, 699 
Computing Gas Mileage, 438 
Evaluating Determinants, 932 
Evaluating Exponential Expressions, 
777 
Evaluating Logarithms, 808 
Factorials, 961 
Finding Base-10 (Common) 
Logarithms, 801 
Finding Power of Decimals, 265 
Finding Present Value, 258 
Finding the Domain and Range of a 
Function, 586-587 
Finding the Period of Pendulum, 
618-619 
Graphing Circles, 848 
Graphing Ellipses, 862-863 
Graphing Exponential Functions, 781, 
782, 792 
Graphing Functions, 580 
Graphing Hyperbolas, 872-873 
Graphing Logarithmic Functions, 801, 
809-810 
Graphing Polynomial Functions, 
275 
Graphing Quadratic Functions, 
728-729 
Height of a Rocket, 273 
Making Tables and Graphs, 178-179 
Rational Exponents, 635 
Solving Absolute Value Equations, 
478-479 
Solving Absolute Value Inequalities, 
485-486 


Solving Equations Containing 
Radicals, 663-664, 665 
Solving Equations with Calculators, 
445 
Solving Exponential Equations, 826 
Solving Inequalities, 741 
Solving Investment Problems, 784-785 
Solving Logarithmic Equations, 828 
Solving Systems of Equations, 191, 
899-900, 940 
Translations of the Exponential 
Function, 791 
Verifying Properties of Logarithms, 
815 
Adding 
complex numbers, 673 
decimals, 23 
fractions, 18-19 
mixed numbers, 21—22 
monomials, 280 
polynomials, 279-284 
radical expressions, 644-646 
radicals, 645 
rational expressions, 402-403, 407-408, 
505-506 
real numbers, 41-44, 47 
Addition property 
of equality, 86-87 
of inequalities, 141 
Additive inverses, 71, 72 
Ahmes papyrus, 9 
Aiken, Howard, 186 
Algebra, origins of, 9 
Algebraic expressions 
defined, 59 
evaluating, 61-62 
identifying terms in, 63 
translate English phrases into, 59-61 
Algebraic terms, 63, 268 
Altitude, of equilateral triangle, 647 
Amount, 92 
Amount of an annuity, 982 
Angles 
base, 127 
complementary, 125 
defined, 124 
right, 124 
straight, 124 


supplementary, 125, 126 
vertex, 127 
Annual depreciation rate, 561 
Annual growth rate, 790 
Annuity 
amount of, 982 
term of, 982 
Areas 
of circles, 35, 36 
defined, 34 
of rectangles, 36, 115 
of squares, 36, 115 
of trapezoids, 36 
of triangles, 36 
Arithmetic, fundamental theorem of, 
321 
Arithmetic means, 971-972 
Arithmetic sequences 
common difference, 970 
defined, 970 
first term of, 970-971 
nth term of, 970 
summation notation, 973-974 
sum of the first n terms, 972-973 
Arithmetic series, 973 
Array of signs for 3 X 3 determinant, 
930-931 
Ascending order, 270 
Associative properties 
of addition, 68, 72 
of multiplication, 68-69, 72 
Asymptotes 
horizontal, 585 
vertical, 585 
Augmented matrices, 920 
Axes 
x-axis, 158, 534, 583 
y-axis, 158, 534 
Axis of symmetry, of parabolas, 722, 725, 
726-728 


B 
Back substitution, 921 
Base, defined, 30, 92, 247 
Base-10 logarithms, 801-802, A-8 
Base angles, 127 
Base-e exponential functions, 788-793 
Base-e logarithms, 807-811, A-9 
l-1 


|-2 Index 


Binomial expansion 
binomial theorem, 962-963 
combinations for finding terms of, 
996-997 
factorial notation, 960-961 
finding particular term of, 965-966 
Pascal’s triangle, 959-960 
raising binomial to power, 958-959 
Binomials 
classification of, 269 
conjugate, 291, 655 
dividing polynomials by, 304-309, 
515-517 
greatest common factor, 324-325 
multiplying, 289-291 
multiplying polynomial by, 291-292 
raise to power, 958-959 
Binomial theorem, 962-963, 997 
Briggs, Henry, 801 


C 
Calculators 
graphing, 178-179, 275 
Calculus, 386 
Carbon-14 dating, 829 
Careers and Mathematics 
aircraft pilots and flight engineers, 461 
athletes, coaches, and related, 319 
atmospheric scientists—weather 
forecasters, 532 
carpenters, | 
electronics engineers, 895 
financial analysts and financial 
planners, 957 
food-processing occupations, baker, 
382 
market and survey researchers, 157 
medical scientists, 245 
pest control workers, 775 
photographers, 610 
police officers and detectives, 691 
securities and financial services sales 
agents, 83 
water transportation occupations, 843 
Carroll, Lewis, 931 
Cartesian coordinate system, 158, 534 
Cartesian plane, 159 
Catenary, 796, 852 
Cauchy, Augustin, 671 
Cayley, Arthur, 920 
Center 
of circle, 35, 845-847 
of ellipse, 858 
of hyperbola, 870 
Change-of-base formula, 819-820 
Circles 
area of, 35, 36 
center of, 35, 845-847 


circumference of, 34-35, 592 
defined, 845 
diameter of, 34 
equations of, 845-848, 864 
general form of equations of, 847, 848 
perimeter of, 36 
radius of, 35, 845-847 
standard equations of, 845, 846 
Circumference, of circle, 34-35, 592 
Closed intervals, 467 
Closure properties, 67-68, 72 
Coefficient matrices, 920 
Coefficients, 63, 108 
Column of constants, 920 
Combinations 
C(n, 0), 995 
C(n, n), 995 
C(n, r), 993-996 
terms of binomial expansion, 996-997 
Combined variations, 596 
Combining like terms, 108 
Common difference of arithmetic 
sequence, 970 
Common logarithms, 801-802 
Common ratio of geometric sequence, 
978 
Commutative properties 
of addition, 68, 72 
of multiplication, 68, 72 
Complementary angles, 125 
Completing the square 
solving quadratic equations by, 
695-700 
steps in, 696 
Complex conjugates, 674 
Complex fractions, 414-418, 506-511 
Complex numbers 
absolute value of, 677-678 
adding, 673 
defined, 672 
dividing, 675-676 
equality of, 672 
imaginary numbers and, 672 
multiplying, 673 
real numbers and, 672 
simplifying expressions containing, 
671-675 
simplifying imaginary numbers, 
670-671 
subtracting, 673 
Composite functions, 748 
Composite numbers, 5 
Composition of functions, 747-750, 751 
Compound inequalities, 143-144, 
470-471 
Compounding periods, 784 
Compound interest, 700, 783, 789-790 
Compound interest formula, 700, 784 


Conclusion, stating, 429-432 
Conditional equations, 112, 464 
Conditional inequalities, 468 
Cones, volume of, 3 
Congruent triangles, 452 
Conic sections, 844-845 
Conjugate binomials, 291, 655 
Consistent systems, 186, 897 
Constant functions, 573 
Constant of proportionality, 592 
Constant of variation, 592-593, 594, 595 
Constants, 63 
Contradiction equations, 112, 465 
Coordinate plane, 159, 626-628 
Coordinates 
defined, 7, 159, 534 
x-coordinates, 159, 534 
y-coordinates, 159, 534 
Coordinate systems 
Cartesian, 158 
rectangular, 158-162, 533-539 
Cramer, Gabriel, 931, 932 
Cramert’s rule, 931-936 
Critical points, 737 
Critical values, 737 
Cube-root function, 619 
Cube roots 
defined, 614 
simplifying perfect cube root, 614-615 
Cubes 
difference of, 356-357, 360, 497-498 
sum of, 354-356, 360, 496-497 
Cubing function, 275 
Cubing functions, 275, 578-579 
Cubit units, 37 
Cylinders, volume of, 36 


D 
Decibels, 802 
Decibel voltage gain, 802 
Decimal place, 23 
Decimals 
adding, 23 
dividing, 24 
multiplying, 23-24 
repeating, 22, 987-988 
rounding, 24-25 
subtracting, 23 
terminating, 22 
Decreasing functions, 779, 780 
Degree 6, 269 
Degree of monomial with several 
variables, 270 
Degrees 
defined, 124 
of monomials, 270 
of polynomials, 269-270 
Demand equations, 221, 541 


Denominators 
defined, 13 
least common denominator, 19, 405-406 
rationalizing, 653-656, 675-676 
Dependent equations, 188, 200, 207-208, 
898, 912-914 
Dependent variables, 171, 272, 570 
Derivatives, 386 
Descartes, René, 158, 159, 161, 533, 670, 
671, 844 
Descending order, 270 
Determinants 
array of signs for 3 X 3, 930-931 
defined, 929 
solving systems of linear equations 
with, 928-936 
value of 2 X 2, 929 
value of 3 X 3, 929-930 
Diameter, 34 
Difference 
defined, 6, 41 
of two cubes, 356-357, 360, 497-498 
of two functions, 746-747 
of two squares, 330-331, 360, 490-491 
Difference quotient, of functions, 750 
Direct variations, 592-593 
Discounts, 91 
Discriminant, defined, 712 
Distance formula, 626-628 
Distributive properties 
extended, 70 
of multiplication over addition, 69-70, 
72 
Dividends, 24, 304 
Dividing 
complex numbers, 675-676 
decimals, 24 
fractions, 17-18 
polynomials by binomials, 304-309, 
515-517 
polynomials by monomials, 297-301 
polynomials by polynomials, 303-309 
radicals, 642 
rational expressions, 395-397, 398, 
504—505 
real numbers, 53—54, 55 
Division 
by 1, 387 
of negatives, 390 
synthetic, 514-520 
Division property 
of equality, 89 
of inequalities, 142 
of radicals, 642 
Divisors, 24, 304 
Domain 
defined, 272, 568 
of exponential function, 778, 779 


of functions, 569-572 

of logarithmic function, 797 

of rational functions, 586 

of relations, 568-569 

of square-root function, 616-619 
Double inequalities, 143, 470 
Double negative rule, 7 
Doubling time, 810, 811 
Doubly shaded region, 226 
Dry mixture problems, 136 


E 
e, 789 
Eccentricity, of ellipses, 861 
Einstein, Albert, 118, 274 
Elementary row operations, 921, 922-925 
Elements 
identity elements, 70-71 
of matrices, 920 
of sets, 2 
Elimination (addition) method, 202-208, 
902-904, 942-943 
Ellipses 
center of, 858 
defined, 3, 857, 858 
eccentricity of, 861 
equations centered at origin, 860 
equations of, 858-863 
focus of, 858, 875 
general form of the equation of, 
863-864 
graphing, 858-864 
major axis, 860 
minor axis, 860 
standard equations of, 861-862 
vertex, 860 
Ellipsis, 969 
Empty sets, 112, 465 
Equality 
addition property of, 86-87 
of complex numbers, 672 
division property of, 89 
logarithmic property of, 816 
more than one property of, 98-105 
multiplication property of, 89 
subtraction property of, 86-87 
Equations. See also Linear equations; 
Quadratic equations; Systems of 
equations; Systems of linear 
equations 
absolute value, 476 
of circles, 845-848, 864 
conditional, 112, 464 
contradiction, 112, 465 
defined, 84, 462 
demand, 221 
dependent, 188, 200, 207-208, 898, 
912-914 


Index I-3 


of ellipses, 858-863 
equivalent, 87 
exponential, 824-826 
expressions distinguished from, 84-85 
general form of line, 174, 559-560 
of horizontal lines, 176, 538 
of hyperbolas, 870-875 
identity, 112, 464 
independent, 186, 898 
literal, 115 
logarithmic, 808-809, 824, 826-828 
of parabolas, 850-851, 915-916 
point-slope form of line, 554-556 
as proportions, 441-443 
in quadratic form, 713-716 
radical, 661-666 
roots of, 85, 462 
second-degree, 939-943 
slope-intercept form of line, 556-557 
solutions of, 85, 462 
solving, 85, 109 
solving by factoring, 363-368 
solving containing rational expressions, 
421-426 
supply, 221 
with two absolute values, 479 
two-point form, 946 
of vertical lines, 176, 538 
Equilateral triangles, 647 
Equilibrium prices, 221 
Equivalent equations, 87 
Equivalent fractions, 18 
Euclid, 36, 484 
Euler, Leonhard, 671, 789 
Evaluating 
algebraic expressions, 61-62 
formulas for values of variables, 118, 
119 
logarithms, 818-819 
natural logarithms, 807-808 
polynomials, 270-271 
Even integers, 5 
Even root, 615 
Events 
defined, 1001 
multiplication principle for, 990-991 
probability of, 1001-1004 
Everyday Connections 
Eccentricity of an Ellipse, 861 
Focus on Conics, 875 
NBA Salaries, 276 
Olympic Medals, 214 
Rate of Growth (or decrease), 550 
Renting a Car, 99 
Selling Calendars, 367 
Shortest Distance between Two Points, 
484 
Staffing, 924 
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State Lotteries, 996 
Traveling Through Water, 658 
2008 Presidential Election, 25 
U.S. Population Growth, 831 
US. Renewable Energy Consumption, 
385 
Winning the Lottery, 1003 
Experiments, 1001 
Exponential equations, solving, 824-826 
Exponential expressions 
defined, 31 
simplifying, 30-32 
writing without exponents, 246-247 
Exponential functions 
base-e, 788-793 
defined, 778 
domain of, 778, 779 
graphing, 778-781, 782, 790-791 
graphing translation of, 781-782 
graphs of, 776 
one-to-one, 780 
properties of, 779 
range of, 778, 779 
writing logarithmic functions as, 
797-798 
Exponential growth, formula for, 790, 
830 
Exponents 
defined, 30, 247 
irrational, 777 
natural-number, 31, 246 
negative, 256-257, 418 
power rule for, 249-251 
product rule for, 248-249 
product to a power rule for, 250 
properties of, 252, 257 
quotient rule for, 251-252 
quotient to a power rule for, 250 
rational, 632-638 
rules of, 298, 632 
variable, 257-258 
writing an expression using, 247-248 
zero, 255-256 
Expressions. See also Radical 
expressions; Rational expressions 
algebraic, 59-62 
defined, 84 
equations distinguished from, 84-85 
exponential, 30-32, 246-247 
simplifying, 108-109 
simplifying using power rule for 
exponents, 249-251 
simplifying using product rule for 
exponents, 248-249 
simplifying with scientific notation, 
264-265 
Extraneous solutions, 422-423 
Extremes, of proportions, 442, 591 


F 

Factorability, test for, 493 
Factorial notation, 960-961 
Factorials, property of, 961 
Factoring 


with binomial greatest common factor, 


324-325 

completely factoring a polynomial, 
331-333, 339-340, 357, 360-361 

completely factoring a trinomial, 
349-350 

difference of two cubes, 356-357, 360, 
497-498 

difference of two squares, 330-331, 
360, 490-491 

general trinomials, 345-352, 360, 494 


with greatest common factor, 321-325, 


488-489 

by grouping, 325-326, 340-341, 
349-350, 360, 489-490, 495-496 

with negative greatest common factor, 
324, 339 

polynomials, 321-326, 331-333, 
339-340, 357, 360-361, 488-490 


prime factorization of natural number, 


320-321 
solving equations by, 363-368 
solving quadratic equations by, 
692-693 
sum of two cubes, 354-356, 360, 
496-497 
trinomials, 335-343, 491-496 
Factoring out the greatest common 
factor, 321-325 
Factoring tree, 321 
Factors, defined, 14, 63 
Factor theorem, 518-519 
Fermat, Pierre de, 492 
Fibonacci, Leonardo, 7, 706, 969 
Fibonacci sequence, 7, 706, 969 
Finite sequences, 969 
First term of arithmetic sequences, 
970-971 
First term of geometric sequences, 
977-978 
Focus 
of ellipse, 858, 875 
of hyperbola, 870, 875 
of parabola, 849 
FOIL method, 289-291 
Formulas 
for area of circle, 35, 36 
for area of geometric figures, 36 
for area of rectangle, 36, 115 
for area of square, 36, 115 
for area of trapezoid, 36 
for area of triangle, 36, 595 
change-of-base, 819-820 


for circumference of circle, 34, 592 

C(n, 0), 995 

C(n, n), 995 

C(n, r), 994 

compound interest, 700, 784 

defined, 115 

for direct variation, 592 

distance, 626-628 

doubling time, 810, 811 

evaluating for values of variables, 118, 
119 

exponential growth, 790, 830 

for inverse variation, 594 

Malthusian growth model, 792, 830 

midpoint, 539 

for motion and mixture problems, 131 

percent formula, 92 

for perimeter of circles, 36 

for perimeter of geometric figures, 36 

for perimeter of rectangles, 36 

for perimeter of squares, 36 

for perimeter of trapezoids, 36 

for perimeter of triangles, 36 

pH of solution, 820 

P(n, 0), 993 

P(n, n), 993 

P(n, r), 992 

quadratic, 704-705 

radioactive decay, 793 

Richter scale, 803 

rule of seventy, 834 

solving for indicated variable, 425-426 

solving for variables, 116-118, 
465-466 

sum of first n terms of arithmetic 
sequence, 973 

sum of first n terms of geometric 
sequence, 980 

sum of infinite geometric series, 986 

vertex of parabola, 726 

for volume of cones, 36 

for volume of cylinders, 36 

for volume of geometric solids, 36 

for volume of pyramids, 36 

for volume of rectangular solids, 36 

for volume of spheres, 36 

Weber-Fechner law, 820 


Fractions. See also Rational expressions 


adding, 18-19 

complex, 414-418, 506-511 

dividing, 17-18 

equivalent fractions, 18 

fundamental property of, 15, 384, 385 

improper, 16 

multiplying, 15-17 

proper, 16 

rationalizing denominator of fractions 
with complex numbers, 675-676 


rationalizing denominator of fractions 
with radical expression, 653-656 
rationalizing numerator of fractions 
with radical expression, 656-657 
repeating decimals in fractional form, 
987-988 
simplifying, 13-15 
subtracting, 20 
Froude, William, 658 
Function notation, 271-273, 570-571 
Functions 
absolute value, 579-580 
composite, 748 
composition of, 747-750, 751 
constant, 573 
cube-root, 619 
cubing, 275, 578-579 
decreasing, 779, 780 
defined, 271-272, 568 
difference of two functions, 746-747 
difference quotient of, 750 
domain of, 569-572 
exponential, 776, 778-782, 788-793 
graphs of, 569-570, 572 
greatest integer, 882 
hyperbolic cosine, 796 
identity, 750 
increasing, 779 
inverse of, 756-760 
linear, 273, 572-574 
logarithmic, 797-800, 809-810 
nonlinear, 577-587 
one-to-one, 754-757, 780 
operations on, 746-747 
piecewise-defined, 880-881 
polynomial, 273-276 
quadratic, 274, 721-728 
quotient of two functions, 746-747 
range of, 569-570 
rational, 584-586 
square-root, 616-619 
squaring, 577-578 
step, 882 
Fundamental property 
of fractions, 15, 384, 385 
of proportions, 442 
Fundamental rectangle, 871 
Fundamental theorem of arithmetic, 321 
Future value, 784 


G 
Gauss, Carl Friedrich, 338, 637, 671 
Gaussian elimination, 919-922 
GCF (greatest common factor) 
binomial, 324-325 
factoring using, 321-325, 488-489 
finding, 321 
negative, 324, 339 


General form 
of equation of circle, 847, 848 
of equation of ellipse, 863-864 
of equation of hyperbolas, 873-874 
of equation of line, 174, 559-560 
of equations of parabolas, 851 
Generation time, 831 
Geometric means, 979-980 
Geometric problems, 371-373 
Geometric sequences 
common ratio, 978 
first term, 977-978 
infinite, 985-988 
nth term, 978 
specified term of, 978-979 
sum of the first 7 terms, 980-981 
Germain, Sophie, 224 
Golden ratio, 510, 706 
Graphing 
ellipses, 858-864 
exponential functions, 778-781, 782, 
790-791 
greatest integer function, 882 
horizontal line, 175-176, 537-538 
hyperbolas, 870-875 
intercept method, 173-175, 535-537 
linear equations, 169-179, 534-535, 
557 
linear inequalities, 223-225 
logarithmic functions, 799-800, 
809-810 
nonlinear inequalities, 742 
parabolas, 849-851 
piecewise-defined functions, 880-881 
polynomial functions, 273-276 
quadratic functions, 721-728 
rational functions, 584-586 
solving systems of equations 
containing second-degree terms by, 
940 
solving systems of linear equations by, 
184-191, 896-900 
with table of values, 171-173 
vertical line, 175-176, 537-538 
Graphing calculators, 178-179, 275, See 
also Accent on Technology 
Graphs 
of exponential functions, 776 
of functions, 569-570, 572 
horizontal translations of, 582-583, 724 
interpreting, 163 
of linear functions, 572-574 
of nonlinear functions, 577-587 
of ordered pairs, 158-162, 534 
of real numbers, 8 
step graphs, 164 
symmetries of, A-1—A-4 
vertical translations of, 581, 723 
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Greatest common factor (GCF) 
binomial, 324-325 
factoring using, 321-325, 488-489 
finding, 321 
negative, 324, 339 
Greatest integer function, 882 
Grouping, factoring by, 325-326, 
340-341, 349-350, 360, 489-490, 
495-496 
Grouping symbols, 33, 44 


H 
Half-life, 828 
Half-open intervals, 467 
Half-planes, 223, 226 
Hippasus of Metapontum, 626 
Hooke’s law, 593 
Hopper, Grace Murray, 543 
Horizontal asymptotes, 585 
Horizontal lines 
graphing, 175-176, 537-538 
slopes of, 545-546, 560 
Horizontal line test, 755-756 
Horizontal translations, 582, 723-725, 800 
Hydrogen-ion index, 820 
Hypatia, 415 
Hyperbolas 
center of, 870 
defined, 870 
equations of, 870-875 
focus of, 870, 875 
fundamental rectangle of, 871 
general form of equation of, 873-874 
graphing, 870-875 
LORAN, 869 
standard equations of, 870-872 
vertices, 870 
Hyperbolic cosine function, 796 
Hypotenuse, 624 


l 
i, powers of, 676-677 
Identity elements, 70—71 
Identity equations, 112, 464 
Identity function, 750 
Identity properties, 72 
Imaginary numbers, 613, 670-671, 672 
Improper fractions, 16 
Inconsistent systems, 187-188, 199-200, 
207, 897, 912 
Increasing functions, 779 
Independent equations, 186, 898 
Independent variables, 171, 272, 570 
Indeterminate forms, 386 
Index 
hydrogen-ion index, 820 
of radical, 615, 644-645 
of summation, 973 
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Inequalities 
absolute, 468 
with absolute-value term, 481-486 
addition property of, 141 
compound, 143-144, 470-471 
conditional, 468 
defined, 140, 467 
division property of, 142 
double, 143, 470 
multiplication property of, 142 
properties of, 468-469 
quadratic, 736-738 
rational, 738-741 
subtraction property of, 141 
systems of, 943 
Inequality symbols, 6, 140 
Infinite geometric sequences, 985-988 
Infinite geometric series, 986-988 
Infinite sequence, 969 
Input value, 170 
Integer problems, 370 
Integers 
defined, 3 
even, 5 
odd, 5 
positive, 2 
Integer squares, 612 
Intercept method of graphing a line, 
173-175, 535-537 
Intercepts 
defined, 173 
x-, 174, 535, 726-728 
y-, 174, 535, 557, 560, 726-728 
Interval notation, defined, 467 
Intervals 
closed, 467 
defined, 8, 143, 467 
half-open, 467 
open, 467 
piecewise-defined functions, 880-881 
unbounded, 467 
Inverse functions, 756-760 
Inverse variations, 594-595 
Irrational exponents, 777 
Irrational numbers, 4, 5, 613 
Isosceles triangles 
base angles of, 127 
defined, 127 
right triangles, 646-648 
vertex angles of, 127 


J 
Joint variations, 595-596 


K 

Key number, 340, 495 
Khowarazmi, al-, 9, 322 
Kinetic energy, 285 


L 


Least common denominator (LCD), 19, 


405-406 
Leibniz, Gottfried Wilhelm von, 386 
Like radicals, 644 
Like signs, 41-42 
Like terms, 108 
Linear equations 
defined, 85, 363 
general form of, 174, 559-560 
graphing, 169-179, 534-537, 557 
point-slope form of, 560 
slope-intercept form of, 560 


solving in one variable, 85-92, 98-105, 


107-113, 123-128, 131-137, 
462-465 
solving percent problems, 92—95 
in two variables, 171-173, 176-179, 
534-537 
Linear functions, 273, 572-574 
Linear inequalities 
defined, 222, 469 
graphing, 223-225 
solving in one variable, 140-145, 
467-470 
systems of, 221-230, 905 
Liquid mixture problems, 134-135 
Literal equations, 115 
Lithotripsy, 875 
Logarithmic equations 
defined, 824 
solving, 808-809, 826-828 
Logarithmic functions 
defined, 797 
domain of, 797 
graphing, 799-800, 809-810 
range of, 797 


vertical and horizontal translation of, 


800 
writing as exponential function, 
797-198 
Logarithmic property of equality, 816 
Logarithms 
base-10, 801-802 
change-of-base formula, 819-820 
common, 801-802 
evaluating, 818-819 
as exponent, 798 
Napierian, 807, 809 
natural, 807-811 
power rule of, 816 
product property of, 814-815 
properties of, 814-821 
quotient property of, 814-815 
LORAN, 869 
Lowest common denominator (LCD), 
19, 405-406 
Lowest terms, 14 


M 
Major axis of ellipse, 860 
Malthus, Thomas Robert, 792 
Malthusian growth model, 792, 830 
Markdowns, 91 
Mark I Relay Computer, 186 
Markups, 91 
Matrices 
augmented, 920 
coefficient, 920 
defined, 920 
determinants of, 928-936 
elementary row operations, 921, 
922-925 
elements of, 920 
solving systems of linear equations 
using, 919-925 
square, 920, 929 
triangular form, 920-921 
Means 
arithmetic, 971-972 
geometric, 979-980 
of proportions, 442, 591 
Metric system, 263 
Midpoint, 538-539 
Midpoint formula, 539 
Minor axis of ellipse, 860 
Minors of determinant, 929 
Minuends, 282 
Mixed numbers 
adding, 21-22 
defined, 21 
subtracting, 21-22 
Monomials 
adding, 280 
classification of, 269 
common monomial factor, 360 
degree of, 270 
dividing, 297-298 
dividing polynomials by, 297-301 
multiplying, 287-288 
multiplying polynomials by, 
288-289 
subtracting, 281 
Motion problems, 132—134, 370-371 
Multiplication principle for events, 
990-991 
Multiplication property 
of equality, 89 
of inequalities, 142 
of radicals, 641 
Multiplicative inverses, 71, 72 
Multiplying 
binomials, 289-291 
complex numbers, 673 
decimals, 23-24 
fractions, 15-17 
monomials, 287-288 


polynomials, 287-294 

polynomials by monomials, 288-289 

radical expressions, 651-653 

radicals, 651-653 

rational expressions, 393-395, 398, 
503-504 

real numbers, 51-52, 55 


N 

Napier, John, 809 

Napierian logarithms, 807, 809 

apier’s rods, 809 

atural logarithms, 807-811 

atural-number exponents, 31, 246 

atural numbers, 2 

egative exponents, 256-257, 418 

egative greatest common factor, 324, 
339 

Negative numbers, 3 

Negative reciprocals, 547 

Negatives, 7, 71, 390 

N 

N 


N 
N 
N 
N 
N 
N 


ewton, Isaac, 386, 859 
ewton’s law of cooling and warming, 
835 
Noether, Amalie, 274 
Nonlinear functions, 577-587 
Nonlinear inequalities, graphing, 742 
Notation 
factorial, 960-961 
function, 271-273, 570-571 
scientific, 261—265 
set-builder, 3 
standard, 261-264 
summation, 973-974 
nth roots, simplifying perfect nth root, 
615-616 
nth terms 
of arithmetic sequence, 970 
of geometric sequence, 978 
Number line, 7 
Numbers. See also Real numbers 
complex, 670-678 
composite, 5 
even integers, 5 
imaginary, 613, 670-671, 672 
integers, 3 
irrational, 4, 5, 613 
mixed, 21—22 
natural, 2 
negative, 3 
odd integers, 5 
positive integers, 2 
prime, 5, 36, 320 
proportional, 443 
rational, 3, 6 
Number theory, 36 
Numerators, defined, 13 
Numerical coefficients, 63, 108 


Oo 
Odd integers, 5 
Odd root, 615 
One-to-one functions, 754-757, 780 
Open intervals, 467 
Operations, order of, 32-34, 43-44, 45, 
398 
Operations on functions, 746-747 
Opposites, 7, 71 
Ordered pairs 
defined, 160, 534 
equation in two variables, 169-170 
functions as, 568 
graphs of, 158-162, 534 
on rectangular coordinate system, 
533-534 
relations as, 568 
Order of operations, 32-34, 43-44, 45, 
398 
Order of radical, 615 
Oresme, Nicole, 159, 632 
Origin, 7, 159, 534 
Output value, 170 


P 
Parabolas 
axis of symmetry, 722, 725, 726-728 
defined, 274, 578, 722 
equations of, 850-851, 915-916 
general form of equations of, 851 
graphing, 849-851 
standard equations of, 850 
vertex of, 722, 725, 726-728, 850 
Paraboloids, 584, 849 
Parallel lines 
general form of equation, 559-560 
slope-intercept form of equation, 
558-559 
slopes of, 546-547 
Parsec, 318 
Partial sum, 986 
Pascal, Blaise, 844, 959 
Pascal’s triangle, 959-960 
Percent formula, 92 
Percent of decrease, 104 
Percent of increase, 103 
Percents 
defined, 26, 92 
solving linear equations involving, 
92-95 
Perfect cubes, 642 
Perfect squares, 331, 642 
Perfect-square trinomials, 341-342, 
350-351, 360, 695 
Perimeter 
of circles, 36 
defined, 34 
of rectangles, 36 
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of squares, 36 
of trapezoids, 36 
of triangles, 36 
Periodic interest rate, 784 
Period of pendulum, 618-619 
Permutations 
P(n, 0), 993 
P(n, n), 993 
Pn, r), 991-993 
Perpendicular lines 
defined, 158 
general form of equation, 559-560 
slope-intercept form of equation, 
558-559 
slopes of, 548 
Perspectives 
Calculating Square Roots, 613 
Complex Numbers, 671 
Descartes, 161 
Equations, 88 
Fibonacci Sequence and The Golden 
Ratio, 706 
First Irrational Number, 5 
Golden Ratio, 510 
Graphs in Space, 584 
Indeterminate Forms, 386 
Lewis Carroll, 931 
Mark I Relay Computer, 186 
Metric System, 263 
Origins of Algebra, 9 
Pythagorean Theorem, 626 
Teamwork, 322 
pH of solution, 820 
PH scale, 820 
Piecewise-defined functions, 880-881 
Plane 
coordinate plane, 159, 626-628 
defined, 910 
Plotting points, 160, 534-535 
Point circle, 846 
Point-slope form of equation of line, 
554-556 
Polynomial equations, solving, 367 
Polynomial functions, graphing, 273-276 
Polynomials 
adding, 279-284 
classification of, 269 
defined, 268 
degree of, 269-270 
determining, 268-269 
dividing by binomials, 304-309, 
515-517 
dividing by monomials, 297-301 
dividing polynomials by, 303-309 
evaluating, 270-271 
factoring, 321-326, 331-333, 339-340, 
357, 360-361, 488-490 
multiplying, 287-294 
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prime, 332, 339, 360 
subtracting, 279-284 
zeros of, 518-519 
Population study, 792 
Positive integers, 2 
Power of x, 31, 247 
Power rule, 661 
Power rule for exponents, 249-251 
Power rule of logarithms, 816 
Power series, 521 
Powers of i, 676-677 
Prediction equations, 562 
Present value, 258, 784 
Prime-factored form, 14, 320, 321 
Prime numbers, 5, 36, 320 
Prime polynomials, 332, 339, 360 
Principal square root, 612 
Probability, of events, 1001-1004 
Problem solving 
geometric problems, 371-373 
integer problem using quadratic 
equation, 370 
motion and mixture problems, 131-137 
motion problem using quadratic 
equation, 370-371 
percent problems, 92-95 
strategies for, 123, 211 
Product 
algebraic expressions, 60 
defined, 6, 51 
special products, 291 
of two functions, 746-747 
Product rule for exponents, 248-249 
Product to a power rule for exponents, 
250 
Projects 
Chapter 1, 74 
Chapter 2, 148 
Chapter 3, 235-236 
Chapter 4, 311 
Chapter 5, 376 
Chapter 6, 452 
Chapter 7, 521-522 
Chapter 8, 600-601 
Chapter 9, 680-681 
Chapter 10, 763-764 
Chapter 11, 835-836 
Chapter 12, 886 
Chapter 13, 946-947 
Chapter 14, 1006-1007 
Proper fractions, 16 
Properties 
addition of equality, 86-87 
associative, 68-69, 72 
closure, 67-68, 72 
commutative, 68, 72 
distributive, 69-70, 72 
division of equality, 89 


division of inequalities, 142 
division of radicals, 642 
of exponential functions, 779 
of exponents, 252, 257 
of factorials, 961 
fundamental property of fractions, 15, 
384, 385 
fundamental property of proportions, 
442 
identity, 72 
of inequalities, 468-469 
inverse, 72 
justifying given statements, 71—72 
logarithmic of equality, 816 
of logarithms, 814-821 
multiplication of equality, 89 
multiplication of inequalities, 142 
multiplication of radicals, 641 
power rule of logarithms, 816 
of radicals, 671 
of real numbers, 66-72 
of similar triangles, 447-448 
square root, 694 
subtraction of equality, 86-87 
transitive, 468 
trichotomy, 468 
zero-factor, 364-366 
Proportional numbers, 443 
Proportions 
defined, 441, 591 
equations as, 441-443 
extremes of, 442, 591 
fundamental property of, 442 
means of, 442, 591 
solving, 443-445, 591-592 
Pyramids, volume of, 36 
Pythagoras of Samos, 5, 625, 626, 671 
Pythagorean theorem, 5, 624-625, 626, 
859 


Q 
Quadrants, 159, 533 
Quadratic equations 
defined, 363, 364 
discriminant determining types of 
solutions, 712-713 
equations written in quadratic form, 
713-716 
solutions of, 716-717 
solving by completing the square, 
695-700 
solving by factoring, 692-693 
solving geometric problem using, 
371-373 
solving integer problem using, 370 
solving motion problem using, 370-371 
solving using zero-factor property, 
364-366 


solving with quadratic formula, 
704-707 
solving with square root property, 
693-695 
Quadratic formula 
defined, 704-705 
solving formula for specified variable 
using, 707 
solving quadratic equations using, 
704-707 
Quadratic functions 
defined, 274, 721 
graphing, 721-728 
Quadratic inequalities 
defined, 736 
solving, 736-738 
Quotient 
algebraic expressions, 61 
defined, 6, 53, 305 
difference quotient, 750 
of two functions, 746-747 
Quotient rule for exponents, 251—252 
Quotient to a power rule for exponents, 
250 


R 
Radical equations 
solving with one radical, 661-664 
solving with one three radicals, 666 
solving with two radicals, 664-665 
Radical expressions 
adding, 644-646 
multiplying, 651-653 
rationalizing denominator of fractions 
with, 653-656 
rationalizing numerator of fractions 
with, 656-657 
simplified form of, 642 
simplifying perfect cube root, 614-615 
simplifying perfect nth root, 615-616 
simplifying perfect square root, 
611-613 
simplifying perfect square root 
expressions, 613-614 
simplifying with properties of radicals, 
641-644 
simplifying with rational exponents, 
637-638 
subtracting, 644-646 
Radicals 
adding, 645 
changing from rational exponents to, 
634 
division property of, 642 
like, 644 
multiplication property of, 641 
multiplying, 651-653 
properties of, 671 


similar, 644 
solving equations containing, 662, 
663-664, 665 
for specified variables, 666-667 
subtracting, 645 
Radical signs, 612, 653 
Radicand, 612, 644 
Radioactive decay formula, 793 
Radius, of circle, 35, 845-847 
Range 
defined, 272, 568 
of exponential function, 778, 779 
of functions, 569-570 
of logarithmic function, 797 
of rational functions, 586 
of relations, 568-569 
Rate of growth (or decrease), 550 
Rates, 92, 437-438 
Rational exponents 
changing to radicals, 634 
defined, 632, 634 
simplifying expression with negative 
rational exponent, 635-636 
simplifying expression with positive 
rational exponent, 632-635 
simplifying expression with properties 
of exponents, 636-637 
simplifying radical expression with, 
637-638 
Rational expressions 
adding, 402-403, 407-408, 505-506 
defined, 383 
dividing, 395-397, 398, 504-505 
least common denominator, 405406 
multiplying, 393-395, 398, 503-504 
simplifying, 383-390, 501-503, 
506-511 
solving equations containing, 
421-426 
subtracting, 404-405, 408-411, 
505-506 
Rational functions, 584-586 
Rational inequalities, solving, 738-741 
Rationalizing denominators, 653-656, 
675-676 
Rationalizing numerators, 656-657 
Rational numbers 
defined, 3 
relationship between, 6 
Ratios 
defined, 435, 591 
expressing in simplest form, 435-436 
translating English sentence to, 436 
writing as rate, 437-438 
writing as unit cost, 437 
Real numbers 
absolute value of, 9-10 
adding, 41-44, 47 


closure properties, 67—68 
commutative properties, 68 
complex numbers and, 672 
dividing, 53-54, 55 
graphs of, 8 
multiplying, 51-52, 55 
properties of, 66-72 
sets of, 4 
subtracting, 44-46, 47 
Reciprocals 
defined, 17, 71 
negative, 547 
Rectangles 
area of, 36, 115 
perimeter of, 36 
Rectangular coordinate system 
defined, 158, 534 
graphs, 158-162 
ordered pairs on, 533-534 
Rectangular solids, volume of, 36 
Reflections about the x-axis, 583 
Regression, 562 
Regression equations, 562 
Relations 
defined, 568 
domain of, 568-569 
range of, 568-569 
Relativity, theory of, 118 
Remainder, 305 
Remainder theorem, 518 
Repeating decimals, 22, 987-988 
Richter scale, 802, 803 
Right angles, 124 
Right triangles, 624-625, 646-648 
Rise, 544 
Robert of Chester, 322 
Roots. See also Square roots 
cube roots, 614-615 
of equations, 85, 462 
nth roots, 615-616 
Rounding decimals, 24-25 
Rudolff, Christoff, 612 
Rule of seventy, 834 
Rules 
Cramer’s, 931-936 
double negative, 7 
of exponents, 298, 632 
power rule, 661 
power rule for exponents, 249-251 
product rule for exponents, 248-249 
product to a power rule for exponents, 
250 
quotient rule for exponents, 251-252 
quotient to a power rule for exponents, 
250 
of seventy, 834 
Run, 544 
Rutherford, Ernest, 875-876 


Index 1-9 


S 
Salvage value, 561 
Sample space, 1001 
Scattergrams, 562 
Scientific notation 
converting from standard notation to, 
261-263 
converting to standard notation, 
263-264 
defined, 261 
simplifying expressions with, 264-265 
Second-degree equations, 939-943 
Sequences 
arithmetic, 970-974 
Fibonacci, 7, 706, 969 
finite, 969 
general term, 968-969 
geometric, 977-982 
infinite, 969 
infinite geometric, 985-988 
term of, 969 
Series, 973 
Set-builder notation, 3 
Sets 
elements of, 2 
empty sets, 112, 465 
of real numbers, 4 
solution sets, 85, 462 
subsets, 3 
Similar radicals, 644 
Similar triangles, 447-448 
Simplest form, 14, 385 
Simplifying 
complex fractions, 414-418, 506-511 
exponential expressions, 30-32 
expressions, 108-109 
expressions containing complex 
numbers, 671-675 
fractions, 13-15 
imaginary numbers, 670-671 
with power rule for exponents, 249-251 
with product rule for exponents, 
248-249 
radical expressions, 611-616, 637-638, 
641-644 
rational expressions, 383-390, 501-503, 
506-511 
with scientific notation, 264-265 
Simultaneous solutions, 185 
Sixth degree, 269 
Slope-intercept form of equation of line, 
556-557 
Slopes 
of a line, 542-550 
defined, 543 
finding from general form, 560 
finding given equation, 545 
finding given graph, 543-544 


1-10 Index 


of horizontal lines, 545-546, 560 
of nonvertical line, 544 
of parallel lines, 546-547 
passing through two points, 544 
of perpendicular lines, 548 
of vertical lines, 545-546, 560 
Solution of an inequality, 140 
Solutions 
of equations, 85, 462 
extraneous, 422-423 
of inequalities, 140 
of quadratic equations, 716-717 
Solution sets, 85, 462 
Solving 
absolute-value inequalities, 481-486 
equations, 85, 109, 462 
equations by factoring, 363-368 
equations containing radicals, 662, 
663-664, 665 
equations containing rational 
expressions, 421-426 
equations in one variable containing 
absolute values, 475-479 
formulas containing radicals, 
666-667 
formulas for variables, 116-118, 
465-466 


linear equations in one variable, 85-92, 


98-105, 107-113, 123-128, 131-137, 
462-465 

linear inequalities in one variable, 
140-145, 467-470 

logarithmic equations, 808-809, 
826-828 

polynomial equations, 367 

proportions, 443-445, 591-592 

quadratic equations by factoring, 
692-693 

quadratic equations using zero-factor 
property, 364-366 

quadratic equations with square root 
property, 693-695 

quadratic inequalities, 736-738 

radical equations, 661-666 

rational inequalities, 738-741 

systems of equations containing 
second-degree terms, 939-943 

systems of linear equations by 
elimination (addition), 202-208, 
902-904 

systems of linear equations by 
graphing, 184-191, 896-900 

systems of linear equations by 
substitution, 196-200, 900-902 

systems of linear equations using 
determinants, 928-936 

systems of linear equations using 
matrices, 919-925 


systems of linear inequalities, 221-230, 


905 
systems of three linear equations in 
three variables, 909-916 
systems of two linear equations in two 
variables, 896-905 
Special products, 291 
Spheres, volume of, 36 
Square 
area of, 36, 115 
perimeter of, 36 
Square matrices, 920, 929 
Square-root function, domain of, 
616-619 
Square root property 
defined, 694 
solving quadratic equations with, 
693-695 
Square roots 
defined, 611 
principal, 612 
simplifying perfect square root, 
611-613 
simplifying perfect square root 
expression, 613-614 
standard deviation, 619-620 
Squares 
difference of two squares, 330-331, 
360, 490-491 
perfect, 331 
perfect-square trinomials, 341-342, 
350-351, 360, 695 
sum of two squares, 330, 332 
Square units, 37 
Squaring functions, 577-578 
Standard deviation, 619-620 
Standard equations 
of circles, 845, 846 
of ellipses, 861-862 
of hyperbolas, 870-872 
of parabolas, 850 


Standard form of quadratic equation, 705 


Standard notation 
converting from scientific notation to, 
263-264 
converting to scientific notation, 
261-263 
defined, 263 
Step functions, 882 
Step graphs, 164 
Stokes’ law of resistance, 835 
Straight angles, 124 
Straight-line depreciation, 560 
Subsets, 3 
Substitution method, 196-200, 900-902, 
941-942 
Subtracting 
complex numbers, 673 


decimals, 23 
fractions, 20 
mixed numbers, 21—22 
monomials, 281 
polynomials, 279-284 
radical expressions, 644-646 
radicals, 645 
rational expressions, 404-405, 408-411, 
505-506 
real numbers, 44-46, 47 
Subtraction property 
of equality, 86-87 
of inequalities, 141 
Subtrahends, 282 
Sum 
defined, 6, 41 
of first n terms of arithmetic sequence, 
972-973 
of first n terms of geometric sequence, 
980-981 
of infinite geometric series, 986-988 
of two cubes, 354-356, 360, 496-497 
of two functions, 746-747 
of two squares, 330, 332 
Summation, index of, 973 
Summation notation, 973-974 
Supplementary angles, 125, 126 
Supply equations, 221, 542 
Symbols 
grouping, 33, 44 
inequality, 6, 140 
Symmetries of graphs, A-1—-A-4 
Symmetry, axis of, 722, 725, 726-728 
Symmetry about the origin, A-1 
Synthetic division, 514-520 
Systems of equations. See also Systems of 
linear equations 
consistent systems, 186, 897 
defined, 185 
elimination (addition) method, 
202-208, 902-904, 942-943 
inconsistent systems, 187-188, 
199-200, 207, 897, 912 
solving containing second-degree 
equations, 939-943 
substitution method, 196-200, 
900-902, 941-942 
Systems of inequalities, 943 
Systems of linear equations 
solving by elimination (addition), 
202-208, 902-904 
solving by graphing, 184-191, 
896-900 
solving by substitution, 196-200, 
900-902 
solving three in three variables, 
909-916 
solving two in two variables, 896-905 


solving using Cramer’s rule, 931-936 
solving using determinants, 928-936 
solving using matrices, 919-925 
Systems of linear inequalities, 221—230, 
905 


~ 
Table of values, 162, 170, 171-173, 178 
Terminating decimals, 22 
Terms 
algebraic, 63, 268 
of annuity, 982 
like, 108 
lowest, 14 
of sequences, 969 
unlike, 108 
Tests 
for factorability, 493 
horizontal line, 755-756 
vertical line, 569-570, 756 
Theorems 
binomial, 962-963, 997 
factor, 518-519 
fundamental theorem of arithmetic, 
321 
Pythagorean, 5, 624-625, 626, 859 
remainder, 518 
Trace feature, of graphing calculators, 
178-179 
Transitive property, 468 
Translations 
of exponential functions, 781-782 
horizontal, 582, 723-725, 800 
vertical, 581, 722-725, 800 
Trapezoids 
area of, 36 
perimeter of, 36 
Tree diagrams, 990 
Triangle Inequality, 484 
Triangles 
area of, 36 
congruent, 452 
equilateral, 647 
isosceles, 127 
isosceles right, 646-648 


Pascal’s, 959-960 
perimeter of, 36 
right, 624-625, 646-648 
similar, 447-448 
Triangular form of matrices, 920-921 
Trichotomy property, 468 
Trinomials 
classification of, 269 
factoring, 335-343, 491-496 
factoring general, 345-352, 360, 494 
perfect-square, 341-342, 350-351, 360, 
695 
Two-point form of equations, 946 


U 

Unbounded intervals, 467 
Unit costs, 437 
Unknowns, 85 

Unlike signs, 42-44 
Unlike terms, 108 


V 
Values 
of 2 X 2 determinant, 929 
of 3 X 3 determinant, 929-930 
input, 170 
output, 170 
table of, 162, 170, 171-173, 178 
Variable exponents, 257-258 
Variables 
algebraic expressions, 61—62 
defined, 6, 85 
dependent, 171, 272, 570 
evaluating formulas for specified 
values, 118, 119 
independent, 171, 272, 570 
set-builder notation, 3 
solving formulas for, 116-118, 
465-466 
Variance, 731 
Variations 
combined, 596 
direct, 592-593 
inverse, 594-595 
joint, 595-596 
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Vertex 

of ellipse, 860 

of hyperbola, 870 

of parabola, 722, 725, 726-728, 850 
Vertex angles, 127 
Vertical asymptotes, 585 
Vertical lines 

graphing, 175-176, 537-538 

slopes of, 545-546, 560 
Vertical line test, 569-570, 756 
Vertical translations, 581, 722—725, 800 
Vieta, Francois, 9, 86, 671 
Viewing window, 178 
Volume 

of cones, 36 

of cylinders, 36 

defined, 36 

of pyramids, 36 

of rectangular solids, 36 

of spheres, 36 


Ww 

Weber-Fechner law, 820 
Whole numbers, 2, 3 
Wiener, Norbert, 508 


X 

x-axis, 158, 534, 583 

x-axis symmetry, A-1 
x-coordinates, 159, 534 
x-intercepts, 174, 535, 726-728 
xy-plane, 534 


Y 

y-axis, 158, 534 

y-axis symmetry, A-1 

y-coordinates, 159, 534 

y-intercepts, 174, 535, 557, 560, 726-728 


Z 

Zero exponents, 255—256 

Zero-factor property, 364-366 

Zeros of polynomials, 518-519 

Zoom feature, of graphing calculators, 
178-179 
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REAL NUMBERS AND THEIR BASIC 
PROPERTIES 


Natural numbers: {1, 2, 3,4,5,. . .} 
Whole numbers: {0, 1, 2, 3,4,5,. . .} 
Integers: {. . . , —3, —2, -1,0,1,2,3,.. .} 


Rational numbers: All numbers that can be written as a 
fraction with an integer numerator and a nonzero integer 
denominator 


CHAPTER 1 


Real numbers: All numbers that are either a rational 
number or an irrational number 


Prime numbers: {2, 3, 5,7, 11, 13,17,.. .} 
Composite numbers: (4, 6, 8, 9, 10, 12, 14, 15,. . .} 


Even integers: {. . . , —6, —4, —2,0,2,4,6,. . .} 
Odd integers: {. . . , —5, —3, -1,1,3,5,.. .} 
Fractions: 


If there are no divisions by 0, then 


ax =a aC a 
bx b bd bd 
a La 
b d_ be d od d 
aq 8 @=9 

ddd 


Exponents and order of operations: 
If nis a natural number, then 
n factors of x 

lt a eo Sea SG, we, 9 
To simplify expressions, do all calculations within each 
pair of grouping symbols, working from the innermost 
pair to the outermost pair. 
1. Find the values of any exponential expressions. 
2. Do all multiplications and divisions from left to right. 
3. Do all additions and subtractions from left to right. 


In a fraction, simplify the numerator and denominator 
separately and then simplify the fraction, if possible. 


Figure Perimeter Area 

Square P=4s A= 5 
Rectangle P=21+ 2w A=lw 
Triangle IP= aap ar @ A= shh 
Trapezoid P=atbte A= sMb ar @) 
Circle C = 7D = 2ar A=ar 


Figure Volume 
Rectangular solid V=Iwh 
Cylinder V = Bh* 
1 
Pyramid V= ae 
Cone V= + Bh 
4 3 
Sphere V= a 


*B is the area of the base. 


If a, b, and c are real numbers, then 
Closure properties: 

a + bisa real number. 

a — bisareal number. 

ab is a real number. 


zis arealnumber (b # 0). 


Commutative properties: 
a+b=b+a_ for addition 
ab = ba for multiplication 
Associative properties: 
(a+b)+c=a+(b+c)_ for addition 
(ab)c = a(bc) for multiplication 
Distributive property: 
ab + c) = ab + ac 


CHAPTER2 EQUATIONS AND INEQUALITIES 

Let a, b, and c be real numbers. 
Ifa=b,thena+c=b+e. 
Ifa=b,thena-—c=b-e. 
If a = b, then ca = cb. 


; 
Ifa=b,then-=— (¢ #0). 
(63 (& 


Sale price = regular price — markdown 
Retail price = wholesale cost + markup 
Amount = rate - base 

Solving inequalities: 

Let a, b, and c be real numbers. 
Ifa<b,thena+c<bte. 
Ifa<b,thena-—c<b-e. 

If a< b,andc > 0, then ac < be. 


Ifa<b,andc < 0, then ac > be. 


feeb ade Wh 
co 


b 
If a <b, andc <0, then > ~. 
cl 


CHAPTER 3 GRAPHING AND SOLVING SYSTEMS 
OF EQUATIONS AND INEQUALITIES 


General form of the equation of a line: 
Ax + By=C 
Equation of a vertical line: x = a 


Equation of a horizontal line: y = b 
CHAPTER 4 POLYNOMIALS 
Properties of exponents: If x # 0 and y # 0, then 


n factors of x 


x” —d hy . xX ° xX ieee x 
Baie ie = xntn (or —_ ie 
An Hh 
Xx Xx 
n __ non ae —_— __ 
(xy)" = x"y char” 
y y 
IN 
x 
- 0 
— = x” HW x = 1 
xX 
1 IM 
=n. a mn 
xX = a an ane xX 


Special products: 
(x + yP =x? + 2xy + y” 
Q=I) =x = 2p ey 
CA Ne=D=x =i 
CHAPTER5 FACTORING POLYNOMIALS 
Factoring the difference of two squares: 
a — b’? = (at bia — b) 
Factoring perfect-square trinomials: 
a + 2ab +B? = (at by 
a — 2ab + b? = (a- bY? 
Factoring the sum and difference of two cubes: 
x+y = (x + yi? - xy ty) 
ey =(x— yi + xy ty) 
Zero-factor property: Let a and 5 be real numbers. 


If ab = 0, then a = Oorb = 0. 


CHAPTER6 PROPORTION AND RATIONAL 
EXPRESSIONS 


If there are no divisions by 0, then 


= ; 774 » is undefined ae 
a ¢_ad 42% 308 

b d_ be d od d 

a b a-b 

ddd 

= then ad = be. 


CHAPTER 7 MORE EQUATIONS, INEQUALITIES, 
AND FACTORING 


If x = 0, then |x| = x. 


If x <0, then |x| = —x. 
If k > 0, then 
|x| = kis equivalent to x = k or x = —k. 


|x| < kis equivalent to -k<x<k. 
|x| > kis equivalent tox < —korx>k. 


CHAPTER 8 WRITING EQUATIONS OF LINES, 
FUNCTIONS, AND VARIATION 


Slope of a line: If (x, y,) and (x2, yz) are two points on a 
line, the slope of the line is 
y2 7 Vi 


m (x. # x4) 
X2 — X] 


Equations of a line: 
y- yy, = mx — x1) point-slope form 
y=mx + b- slope-intercept form 
Ax + By = C general form 
y= 6b  ahorizontal line (slope is 0) 
x =a_ avertical line (slope is undefined) 
Two distinct lines with the same slope are parallel. 


If the product of the slopes of two lines is —1, the lines 
are perpendicular. 


Direct variation: y=kx 
tec k 
Inverse variation: yrs 
x 

Joint variation: y= kxz 

kx 


Combined variation: y = — 
Z 


CHAPTER9 RADICALS AND RATIONAL EXPONENTS 


Pythagorean theorem: If a and b are the lengths of two 
legs of a right triangle and c is the length of the 
hypotenuse, then 

at+Pe=ac 
Distance formula: The distance d between the points 
(x1, ¥1) and (x, 2) is given by the formula 


d= V (x2 — 11 + (2 — vv? 
Rational exponents: 


If is a positive integer (n > 1) and all radicals represent 
real numbers, then 


@”"" =a qn = ay" = ay" 
—mlin __ 1 1 min 
a mln —min 
a a 
n 
qi” = Wa 


Properties of radicals: If a and 6 are not both negative, 
then 


Wa 
Wab = Vaw/b and nf (b # 0) 
bp 


Radical equations: 
Let a and b be real numbers. 


If a = b, thena? = b°. 

Complex numbers: 
i= V-1 P?=-1 
at+ bi=c+diwhena=candb=d 
(a+ bi)+ (c+ di)=(at+eo)+(b+ di 
(a + bi)(c + di) = (ac — bd) + (ad + be)i 
a+ bianda — biare complex conjugates. 
(a+ bia — bij) =a +h 
la+ bil = Vae+B? 

CHAPTER 10 QUADRATIC FUNCTIONS, INEQUALITIES, 

AND ALGEBRA OF FUNCTIONS 


The quadratic formula: The solutions of 
ax> + bx +c=0 (a # 0)are given by 


—b+Vb? — 4ac 
g= 
2a 
The discriminant: 


then the roots of 


If ax’ + bx + c = Oare 
b* — 4ac > 0 real and unequal 

b° — 4ac = 0 rational and equal 

b> — 4ac <0 complex conjugates 


If r; and r> are the roots of ax” + bx + c = 0, 
c 
notnhn=- ro. 
a 


Graphs of quadratic functions: 
The graph of y = ax? + bx +c (a # 0) isa parabola. It 
opens 


{ upward } ohn : > of 

downward a<0 

The graph of y = a(x — hy +k (a #0) isa parabola 
with vertex at (h, k). It opens 


{ upward } _ {a> 0 
downward a a<0 


Vertex of a parabola f(x) = axrt+bxt+ec (a #0): 


b b 

(74(-z)) 
Algebra of functions: 

(Ff + g(x) = fx) + g(x) 

(f — g)(x) = fx) — g(x) 

(fg) = fsx) 

(fey(x) = 22 (e(x) # 0) 

g(x) 

(f ° g)(x) = flex) 
The functions f(x) and g(x) are inverses if 
(f° gx) = @° f(x) = x 
CHAPTER 11 EXPONENTIAL AND LOGARITHMIC 

FUNCTIONS 

y=log,x if andonlyif x=b” (6>0,b# 1) 
y = b* and y = log, x are inverse functions (x > 0). 


k 


Continuous compound interest: 4 = Pe” 


kt 
Compound interest: 4 = (1 + r) 
Malthusian population growth: 4 = Pe” 
: E, 
Decibel voltage gain: db gain = 20 log z, 
TE 
: A 
Richter scale: R = log P 


In 2 
Doubling time: ¢ = aes 
r 


Properties of logarithms: If M/, N, and 5 are positive CHAPTER 13 MORE SYSTEMS OF EQUATIONS 


numbers and b # 1, then AND INEQUALITIES 
- = b 
logsl 0 logsb i a | a 
log,b* = x Hie = x cd 
log, MN = log,M + log, CHAPTER 14 MISCELLANEOUS TOPICS 
eae = log,M — log,N Factorial notation: 
i n! = n(n — 1)(n — 2)0++5+3+2+1 
log,M” = plog,M If log,x = log,y, then x = y. =] 
] a 
Change-of-base formula: log,y = ie The binomial theorem: 
¢ n n n! n—1 
pH scale: pH = —log|/H*] (a+ b= alt In — hia b 
Weber—Fechner law: L = k In J n! a , 
Carbon dating: A = e“ * 2n — 21° Pp ee 
CHAPTER 12 CONIC SECTIONS AND MORE GRAPHING Arithmetic sequence: 


Equations of a circle with radius r: dy = a + (n ~ Yd 


(x — hy + (y—kP = 9° center at (h, k) s,= nee (sum of the first n terms) 


x? + y? =r? center at (0, 0) ‘ 
: Summation notation: 
Equations of a parabola: ‘ 
a K=14+24+3+4 
Parabola Vertex at at . 
opening _ origin Vertex at (h, k) Geometric sequence: 
Up y=ar (a>0) y=alx—-hP +k (a>0) ay = ar" 
Down y=ax* (a<0) y=a(x—-h)Pt+k (a<0) a, — ar" 
Right x=ay (a>0) x=ay—-k? +h (a>0) S, = usa (r # 1) (sum of the first 1 terms) 
Left x=ay (a<0) x=ay-—k?t+h (a<0) J 
The sum of an infinite geometric series is given by 
Equations of an ellipse: <9 ({r| < 1) 
Center at (0, 0) Ifa>b>0, b=? 
x. Vv x ¥ Formulas for permutations and combinations: 
2 + fe = il re) + oe =1 P| 
P(n, r) = aoe 
Center at (h, k) (n —r)! 
(x-—hy  (y—k? 7 P(n,n) = nn! 
Zz + _ 1 (a>b>0) PH OY = 
(—-hy  W-ky _ 7 (") _ a 
pe + = 1 (a>b>0) C(n, r) . jos 
Equations of a hyperbola: = (") _ 
Center at (0, 0) Ce”) n : 
x2 a i x2 
ac bb : ec bh : oe) = (”) =1 
Center at (h, k) Probability of an event 
G=hy W=khy s 
2 2 = P(E) = — 
a b n 
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